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PREFACE 

My purpose in presenting the third edition of this book continues to be that of 
the previous edition: "to provide a vehicle for teaching, either through a formal 
course or through self-study, the techniques of, and principles of equipment 
design for, the mass-transfer operations of chemical engineering." As before, 
these operations are largely the responsibility of the chemical engineer, but 
increasingly practitioners of other e!lgineering disciplines are finding them 
necessary for their work . This is ~~pecially true for those engaged in pollution 
control and environment protection, where separation processes predominate, 
and in, for example, extractive metallurgy, where more sophisticated and diverse 
methods of separation are increasingly relied upon. 

I have taken this opportunity to improve and modernize many of the 
explanations, to modernize the design data, and to lighten the writing as best I 
could. There are now included discussions of such topics as the surface-stretch 
theory of mass-transfer, transpiration cooling, new types of tray towers, heatless 
adsorbers, and the like. Complete design methods are presented for mixer-settler 
and sieve-tray extractors, sparged vessels , and mechanically agitated vessels for 
gas-liquid, liquid-liquid, and solid-liquid contact, adiabatic packed-tower ab
sorbers, and evaporative coolers. There are new worked examples and problems 
for student practice. In order to keep the length of the book within reasonable 
limits, the brief discussion of the so-caUed less conventional operations in the 
last chapter of the previous edition has been omitted. 

One change will be immediately evident to those familiar with previous 
editions; the new edition is written principally in the SI system of units. In order 
to ease the transition to this system, an important change was made: of the more 
than 1000 numbered equations, all but 25 can now be used with any system of 
consistent units, SI, English engineering, Metric engineering, cgs, or whatever. 
The few equations which remain dimensionally inconsistent are given in sr, and 
also by footnote or other means in English engineering units . All tables of 
engineering data, important dimensions in the text, and most student problems 
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are treated similarly. An extensive list of conversion factors from other systems 
to SI is included in Chapter 1; these will cover all quantities needed for the use 
of this book. I hope this book will stimulate the transition to SI, the advantages 
of which become increasingly clear as one becomes familiar with it. 

I remain as before greatly indebted to many firms and publications for 
permission to use their material, and most of all to the many engineers and 
scientists whose works provide the basis for a book of this sort. I am also 
indebted to Edward C. Hohmann and William R. Schowalter as well as to 
several anonymous reviewers who provided useful suggestions. Thanks are due 
to the editorial staff of the publisher, all of whom have been most helpful. 

Robert E. Treyba/ 

Robert E. Treybal passed away while this book was in production. We are 
grateful to Mark M. Friedman who, in handling the proofs of this book. has 
contributed significantly to the usabiHty of this text. 



CHAPTER 

ONE, 

THE MASS-TRANSFER OPERATIONS 

A substantial number of the unit operations of chemical engineering are con
cerned with the problem of changing the compositions of solutions and mixtures 
through methods not necessarily involving chemical reactions. Usually these 
operations are directed toward separating a substance into its component parts. 
For mixtures, such separations may be entirely mechanical, e.g., the filtration of 
a solid from a suspension in a liquid, the classification of a solid into fractions of 
different particle size by screening, or the separation of particles of a ground 
solid according to their density. On the other hand, if the operations involve 
changes in composition of solutions, they are known as the mass-transfer 
operations and it is these which concern us here. 

The importance of these operations is profound. There is scarcely any 
chemical process which does not require a preliminary purification of raw 
materials or final separation of products from by-products, and for these the 
mass-transfer operations are usually used. One can perhaps most readily develop 
an immediate appreciation of the part these separations play in a processing 
plant by observing the large number of towers which bristle from' a modern 
petroleum refinery, in each of which a mass-transfer separation operation takes 
place. Frequently the major part of the cost of a process is that for the 
separations. These separation or purification costs depend directly upon the 
ratio of final to initial concentration of the separated substances, and if this ratio 
is large, the product costs are large. Thus, sulfuric acid is a relatively low-priced 
product in part because sulfur is found naturally in a relatively pure state, 
whereas pure uranium is expensive because of the low concentration in which it 
is found in nature. 

The mass-transfer operations are characterized by transfer of a substance 
through another on a molecular scale. For example, when water evaporates from 
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a pool into an airstream flowing over the water surface, molecules of water 
vapor diffuse through those of the air at the surface into the main portion of the 
airstream, whence they are carried away. It is not bulk movement as a result of a 

" pressure difference. as in pumping a liquid through a pipe, with which we are 
primarily concerned. In the problems at hand, the mass transfer is a result of a 
concentration difference, or gradient, the diffusing substance moving from a 
place of high to one of low concentration. 

CLASSIFICATION OF THE MASS-TRANSFER OPERATIONS 

I t is useful to classify the operations and to cite examples of each, in order to 
indicate the scope of this book and to provide a vehicle for some definitions of 
terms which are commonly used. 

Direct Contact of Two Immiscible Phases 

This category is by far the most important of all and includes the bulk of the 
mass-transfer operations. Here we take advantage of the fact that in a two-phase 
system of several components at equilibrium, with few exceptions the composi
tions of the phases are different. The various components, in other words, are 
differently distributed between the phases. 

In some instances, the separation thus afforded leads immediately to a pure 
substance because one of the phases at equilibrium contains only one con
stituent. For example, the equilibrium vapor in contact with a liquid aqueous 
salt solution contains no salt regardless of the concentration of the liquid. 
Similarly the equilibrium solid in contact with such a liquid salt solution is either 
pure water or pure salt t depending upon which side of the eutectic composition 
the liquid happens to be. Starting with the liquid solution, one can then obtain a 
complete separation by boiling off the water. Alternatively, pure salt or pure 
water can be produced by partly freezing the solution; or, in principle at least, 
both can be obtained pure by complete solidification followed by mechanical 
separation of the eutectic mixture of crystals. In cases like these, when the two 
phases are first formed, they are immediately at their final equilibrium composi
tions and the establishment of equilibrium is not a time-dependent process. Such 
separations, with one exception, are not normally considered to be among the 
mass-transfer operations. 

In the mass-transfer operations, neither equilibrium phase consists of only 
one component. Consequently when the two phases are initially contacted, they 
will not (except fortuitously) be of equilibrium compositions. The system then 
attempts to reach equilibrium by a relatively slow diffusive movement of the 
constituents, which transfer in part between the phases in the process. Separa
tions are therefore never complete, although, as will be shown, they can be 
brought as near completion as desired (but not totally) by appropriate manipula
tions. 
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The three states of aggregation, gas, liquid, and solid, permit six possibilities 
of phase con tact. 

Gas-gas Since with very few exceptions all gases are completely soluble in each 
other) this category is not practically realized. 

Gas-liquid If all components of the system distribute between the phases at 
equilibrium, the operation is known as fractional distillation (or frequently just 
distillalion). In this instance the gas phase is created from the liquid by 
application of heat; or conversely, the liquid is created from the gas by removal 
of heat. For example, if a liquid solution of acetic acid and water is partially 
vaporized by heating, it is found that the newly created vapor phase and the 
residual liquid both contain acetic acid and water but in proportions at 
equilibrium which are different for the two phases and different from those in 
the original solution. If the vapor and liquid are separated mechanically from 
each other and the vapor condensed, two solutions, one richer in acetic acid and 
the other richer in water, are obtained. In this way a certain degree of separation 
of the original components has been accomplished. 

Both phases may be solutions, each containing, however, only one common 
component (or group of components) which distributes between the phases. For 
example, if a mixture of ammonia and air is contacted with liquid water, a large 
portion of the ammonia, but essentially no air, will dissolve in the liquid and in 
this way the air-ammonia mixture can be separated. The operation is known as 
gas absorption. On the other hand, if air is brought into contact with an 
ammonia-water solution, some of the ammonia leaves the liquid and enters the 
gas phase, an operation known as desorption or stripping. The difference is purely 
in the direction of solute transfer. 

If the liquid phase is a pure liquid containing but one component while the 
gas contains two or more, the operation is humidification or dehumidification, 
depending upon the direction of transfer (this is the exception mentioned 
earlier). For example, contact of dry air with liquid water results in evaporation 
of some water into the air (humidification of the air). Conversely, contact of 
very moist air with pure liquid water may result in condensation of part of the 
moisture in the air (dehumidification). In both cases, diffusion of water vapor 
through air is involved, and we include these among the mass~transfer opera~ 
tions. 

Gas-solid Classification of the operations in this category according to the 
number of components which appear in the two phases is again convenient. 

If a solid solution is partially vaporized without the appearance of a liquid 
phase, the newly formed vapor phase and the residual solid each contains all the 
original components, but in different proportions, and the operation is fractional 
sublimation. As in distillation, the final compositions are established by interdif
fusion of the components between the phases. While such an operation is 
theoretically possible, practically it is not generally done because of the incon
venience of dealing with solid phases in this manner. 



Not all components may be present in both phasesJ however. If a solid 
which is moistened with a volatile liquid is exposed to a relatively dry gasJ the 
liquid leaves the solid and diffuses into the gas, an operation generally known as 
drying, sometimes as desorption. A homely example is drying laundry by ex· 
posure to air, and there are many industrial counterparts such as drying lumber 
or the removal of moisture from a wet filter cake by exposure to dry gas. In this 
case, the diffusion is, of course, from the solid to the gas phase. If the diffusion 
takes place in the opposite direction, the operation is known as adsorption. For 
example, if a mixture of water vapor and air is brought into contact with 
activated silica gel. the water vapor diffuses to the solid, which retains it 
strongly, and the air is thus dried. In other instances, a gas mixture may contain 
several components each of which is adsorbed on a solid but to different extents 
(fractional adsorption). For example, if a mixture of propane and propylene 
gases is brought into contact with activated carbon. the two hydrocarbons are 
both adsorbed, but to different extents, thus leading to a separation of the gas 
mixture. 

When the gas phase is a pure vapor, as in the sublimation of a volatile solid 
from a mixture with one which is nonvolatile, the operation depends more on 
the rate of application of heat than on concentration difference and is essentially 
nondiffusional. The same is true of the condensation of a vapor to the condition 
of a pure solid. where the rate depends on the rate of heat removal. 

Liquid-liquid Separations involving the contact of two insoluble liquid phases 
are known as liquid-extraction operations. A simple example is the familiar 
laboratory procedure: if an acetone-water solution is shaken in a separatory 
funnel with carbon tetrachloride and the liquids allowed to settle, a large portion 
of the acetone will be found in the carbon tetrachloride-rich phase and will thus 
have been separated from the water. A small amount of the water will also have 
been dissolved by the carbon tetrachloride, and a small amount of the latter will 
have entered the water layer, but these effects are relatively minor. As another 
possibility, a solution of acetic acid and acetone can be separated by adding it to 
the insoluble mixture of water and carbon tetrachloride. After shaking and 
settling, both acetone and acetic acid will be found in both liquid phases, but in 
different proportions. Such an operation is known as fractional extraction. 
Another form of fractional extraction can be effected by producing two liquid 
phases from a single-phase solution by cooling the latter below its critical 
solution temperature. The two phases which form will be of different composi· 
tion. 

Liquid-solid When all the constituents are present in both phases at eqUilibrium, 
we have the operation of fractional crystallization. Perhaps the most interesting 
examples of this are the special techniques of zone refining, used to obtain 
ultrapure metals and semiconductors, and adductive crystallization, where a 
substance, such as urea, has a crystal lattice which will selectively entrap long 
straight-chain molecules like the paraffin hydrocarbons but will exclude 
branched molecules. 
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Cases where the phases are solutions (or mixtures) containing but one 
common component occur more frequently. Selective solution of a component 
from a solid mixture by a liquid solvent is known as leaching (sometimes also as 
solvent extraction), and as examples we cite the leaching of gold from its ores by 
cyanide solutions and of cottonseed oil from the seeds by hexane. The diffusion 
is, of course, from the solid to the liquid phase. If the diffusion is in the opposite 
direction, the operation is known as adsorption. Thus, the colored material which 
contaminates impure cane sugar solutions can be removed by contacting the 
liquid solutions with activated carbon, whereupon the colored substances are 
retained on the surface of the solid carbon. 

Solid-solid Because of the extraordinarily slow rates of diffusion within solid 
phases, there is no industrial separation operation in this category. 

Phases Separated by a Membrane 

These operations are used relatively infrequently, although they are rapidly 
increasing in importance. The membranes operate in different ways, depending 
upon the nature of the separation to be made. In general, however, they serve to 
prevent intermingling of two miscible phases. They also prevent ordinary hydro
dynamic flow, and movement of substances through them is by diffusion. And 
they pennit a component separation by selectively controlling passage of the 
components from one side to the other. 

Gas-gas In gaseous diffusion or effusion, the membrane is microporous. If a gas 
mixture whose components are of different molecular weights is brought into 
contact with such a diaphragm. the various components of the gas pass through 
the pores at rates dependent upon the molecular weights. This leads to different 
compositions on opposite sides of the membrane and consequent separation of 
the mixture. In this manner large-scale separation of the isotopes of uranium, in 
the form of gaseous uranium hexafluoride, is carried out. In permeation, the 
membrane is not porous, and the gas transmitted through the membrane first 
dissolves in it and then diffuses through. Separation in this case is brought about 
principally by difference in solubility of the components. Thus, helium can be 
separated from natural gas by selective permeation through fluorocarbon
polymer membranes. 

Gas-liquid These are permeation separations where, for example, a liquid solu
tion of alcohol and water is brought into contact with a suitable nonporous 
membrane, in which the alcohol preferentially dissolves. After passage through 
the membrane the alcohol is vaporized on the far side. 

Liquid-liquid The separation of a crystalline substance from a colloid, by 
contact of their solution with a liquid solvent with an intervening membrane 
permeable only to the solvent and the dissolved crystalline substance, is known 
as dialysis. For example. aqueous beet-sugar solutions containing undesired 
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colloidal material are freed of the latter by contact with water with an interven
ing semipermeable membrane. Sugar and water diffuse through the membrane, 
but the larger colloidal particles cannot. Fractional dialysis for separating two 
crystalline substances in solution makes use of the difference in membrane 
permeability for the substances. If an electromotive force is applied across the 
membrane to assist in the diffusion of charged particles. the operation is 
electrodialysis. If a solution is separated from the pure solvent by a membrane 
which is permeable only to the solvent, the solvent diffuses into the solution, an 
operation known as osmosis. This is not a separation operation, of course, but by 
superimposing a pressure to oppose the osmotic pressure the flow of solvent is 
reversed, and the solvent and solute of a solution can be separated by reverse 
osmosis. This is one of the processes which may become important in the 
desalination of seawater. 

Direct Contact of Miscible Phases 

Because of the difficulty in maintaining concentration gradients without mixing 
the fluid, the operations in this category are not generally considered practical 
industrially except in unusual circumstances. 

Thermal diffusion involves the formation of a concentration difference 
within a single liquid or gaseous phase by imposition of a temperature gradient 
upon the fluid, thus making a separation of the components of the solution 
possible. In this way, 3He is separated from its mixture with 4He. 

If a condensable vapor, such as steam, is allowed to diffuse through a gas 
mixture, it will preferentially carry one of the components along with it, thus 
making a separation by the operation known as sweep diffusion. 1f the two zones 
within the gas phase where the concentrations are different are separated by a 
screen containing relatively large openings, the operation is called atmolysis. 

If a gas mixture is subjected to a very rapid centrifugation, the components 
will be separated because of the slightly different forces acting on the various 
molecules owing to their different masses. The heavier molecules thus tend to 
accumulate at the periphery of the centrifuge. This method is also used for 
separation of uranium isotopes. 

Use of Surface Phenomena 

Substances which when dissolved in a liquid produce a solution of lowered 
surface tension (in contact with a gas) are known to concentrate in solution at 
the liquid surface. By forming a foam of large surface, as by bubbling air 
through the solution, and collecting the foam, the solute can be concentrated. In 
this manner, detergents have been separated from water, for example. The 
operation is known asfoam separation. It is not to be confused with the flotation 
processes of the ore-dressing industries, where insoluble solid particles are 
removed from slurries by collection into froths. 

This classification is not exhaustive but it does categorize all the major 
mass-transfer operations. Indeed, new operations continue to be developed, 
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some of which can be fit into more than one category. This book includes 
gas·liquid, liquid-liquid, and solid-fluid operations, all of which involve direct 
contact of two immiscible phases and make up the great bulk of the applications 
of the transfer operations. 

Direct and indirect operations The operations depending upon contact of two 
immiscible phases particularly.can be further subclassified into two types. The 
direct operations produce the two phases from a single-phase solution by 
addition or removal of heat. Fractional distillation, fractional crystallization, 
and one form of fractional extraction are of this type. The indirect operations 
involve addition of a foreign substance and include gas absorption and strip
ping. adsorption, drying, leaching, liquid extraction, and certain types of frac
tional crystallization. 

It is characteristic of the direct operations that the products are obtained 
directly, free of added substance; these operations are therefore sometimes 
favored over the indirect if they can be used. 

If the separated products are required relatively pure, the disadvantages of 
the indirect operations incurred by addition of a foreign substance are several. 
The removed substance is obtained as a solution, which in this case must in turn 
be separated, either to obtain the pure substance or the added substance for 
reuse, and this represents an expense. The separation of added substance and 
product can rarely be complete, which may lead to difficulty in meeting product 
specifications. In any case, addition of a foreign substance may add to the 
problems of building corrosion-resistant equipment, and the cost of inevitable 
losses must be borne. Obviously the indirect methods are used only because they 
are, in the net, less costly than the direct methods if there is a choice. Frequently 
there is no choice. 

When the separated substance need not be obtained pure, many of these 
disadvantages may disappear. For example, in ordinary drying, the water
vapor-air mixture is discarded since neither constituent need be recovered. In 
the production of hydrochloric acid by washing a hydrogen chloride-containing 
gas with water, the acid-water solution is sold directly without separation. 

CHOICE OF SEPARATION METHOD 

The chemical engineer faced with the problem of separating the components of 
a solution must ordinarily choose from several possible methods. While the 
choice is usually limited by the peculiar physical characteristics of the materials 
to be handled, the necessity for making a decision nevertheless almost always 
exists. Until the fundamentals of the various operations have been clearly 
understood, of course, no basis for such a decision is available, but it is well at 
least to establish the nature of the alternatives at the beginning. 

One can sometimes choose between using a mass-transfer operation of the 
sort discussed in this book and a purely mechanical separation method. For 
example, in the separation of a desired mineral from its ore, it may be possible 



to use either the mass-transfer operation of leaching with a solvent or the purely 
mechanical methods of flotation. Vegetable oils can be separated from the seeds 
in which they occur by expression or by leaching with a solvent. A vapor can be 
removed from a mixture with a permanent gas by the mechanical operation of 
compression or by the mass-transfer operations of gas absorption or adsorption. 
Sometimes both mechanical and mass-transfer operations are used~ especially 
where the former are incompIete t as in processes for recovering vegetable oils 
wherein expression is followed by leaching. A more commonplace example is 
wringing water from wet laundry followed by air drying. It is characteristic that 
at the end of the operation the substance removed by mechanical methods is 
pure, while if removed by diffusional methods it is associated with another 
substance. 

One can also frequently choose between a purely mass-transfer operation 
and a chemical reaction or a combination of both. Water can be removed from 
an ethanol-water solution either by causing it to react with unslaked lime or by 
special methods of distillation, for example. Hydrogen sulfide can be separated 
from other gases either by absorption in a liquid solvent with or without 
simultaneous chemical reaction or by chemical reaction with ferric oxide. 
Chemical methods ordinarily destroy the substance removed, while mass
transfer methods usually permit its eventual recovery in unaltered form without 
great difficulty. 

There are also choices to be made within the mass-transfer operations. For 
example. a gaseous mixture of oxygen and nitrogen may be separated by 
preferential adsorption of the oxygen on activated carbon, by adsorption, by 
distillation, or by gaseous effusion. A liquid solution of acetic acid may be 
separated by distillation, by liquid extraction with a suitable solvent, or by 
adsorption with a suitable adsorbent. 

The principal basis for choice in any case is cost: that method which costs 
the least is usually the one to be used. Occasionally other factors also influence 
the decision, however. The simplest operation, while it may not be the least 
costly, is sometimes desired because it will be trouble-free. Sometimes a method 
will be discarded because of imperfect knowledge of design methods or unavail
ability of data for design, so that results cannot be guaranteed. Favorable 
previous experience with one method may be given strong consideration. 

METHODS OF CONDUCTING THE MASS-TRANSFER 
OPERATIONS 

Several characteristics of these operations influence our method of dealing with 
them and are described in terms which require definition at the start. 

Solute Recovery and Fractionation 

If the components of a solution fall into two distinct groups of quite different 
properties, so that one can imagine that one group of components constitutes the 
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solvent and the other group the solute, separation according to these groups is 
usually relatively easy and amounts to a solute-recovery or solute-removal 
operation. For example, a gas consisting of methane, pentane, and hexane can 
be imagined to consist of methane as solvent with pentane plus hexane as solute, 
the solvent and solute in this case differing considerably in at least one property, 
vapor pressure. A simple gas-absorption operation, washing the mixture with a 
nonvolatile hydrocarbon oil, will easily provide a new solution of pentane plus 
hexane in the oil, essentially methane-free; and the residual methane will be 
essentially free of pentane and hexane. On the other hand, a solution consisting 
of pentane and hexane alone cannot be classified so readily. While the compo
nent properties differ. the differences are small, and to separate them into 
relatively pure components requires a different technique. Such separations are 
termed fractionations, and in this case we might use fractional distillation as a 
method. 

Whether a solute-recovery or fractionation procedure is used may depend 
upon the property chosen to be exploited. For example, to separate a mixture of 
propanol and butanol from water by a gas-liquid contacting method, which 
depends on vapor pressures, requires fractionation (fractional distillation) be
cause the vapor pressures of the components are not greatly different. But nearly 
complete separation of the combined alcohols from water can be obtained by 
liquid extraction of the solution with a hydrocarbon, using solute-recovery 
methods because the solubility of the alcohols as a group and water in hydro
carbons is greatly different. The separation of propanol from butanol, however, 
requires a fractionation technique (fractional extraction or fractional distillation, 
for example), because all their properties are very similar. 

Unsteady· State Operation 

It is characteristic of unsteady-state operation that concentrations at any point 
in the apparatus change with time. This may result from changes in concentra· 
tions of feed materials, flow rates, or conditions of temperature or pressure. In 
any case, balch operations are always of the unsteady-state type. In purely batch 
operations, all the phases are stationary from a point of view outside the 
apparatus, i.e., no flow in or out, even though there may be relative motion 
within. The familiar laboratory extraction procedure of shaking a solution wi th 
an immiscible solvent is an example. In semibatch operations, one phase is 
stationary while the other flows continuously in and out of the apparatus. As an 
example, we may cite the case of a drier where a quantity of wet solid is 
contacted continuously with fresh air, which carries away the vaporized mois
ture until the solid is dry. 

Steady. State Operation 

It is characteristic of steady-state operation that concentrations at any position 
in the apparatus remain constant with passage of time. This requires continuous, 
invariable flow of all phases into and out of the apparatus, a persistence of the 



flow regime within the apparatus) constant concentrations of the feed streams, 
and unchanging conditions of temperature and pressure. 

Stagewise Operation 

If two insoluble phases are first allowed to come into contact so that the various 
diffusing substances can distribute themselves between the phases, and if the 
phases are then mechanically separated, the entire operation and the equipment 
required to carry it out are said to constitute one stage, e.g., laboratory batch 
extraction in a separatory funnel. The operation can be carried on in continuous 
fashion (steady-state) or batchwise fashion, however. For separations requiring 
greater concentration changes, a series of stages can be arranged so that the 
phases flow through the assembled stages from one to the other, e.g.) in 
countercurrent flow. Such an assemblage is called a cascade. In order to 
establish a standard for the measurement of performance, the equilibrium, ideal. 
or theoretical, stage is defined as one where the effluent phases are in 
equilibrium, so that a longer time of contact will bring about no additional 
change of composition. The approach to equilibrium realized m any stage is 
then defined as the stage of efficiency. 

Continuous-Contact (Differential-Contact) Operation 

In this case the phases flow through the equipment in continuous, mtlmate 
contact throughout, without repeated physical separation and recontacting. The 
nature of the method requires the operation to be either semibatch or steady
state, and the resulting change in compositions may be equivalent to that given 
by a fraction of an ideal stage or by many stages. Equilibrium between two 
phases at any position in the equipment is never established; indeed, should 
equilibrium occur anywhere in the system, the result would be equivalent to the 
effect of an infinite number of stages. 

The essential difference between stagewise and continuous-contact opera
tion can be summarized. In the case of the stagewise operation the diffusional 
flow of matter between the phases is allowed to reduce the concentration 
difference which causes the flow. If allowed to continue long enough, an 
equilibrium is established, after which no further diffusional flow occurs. The 
rate of diffusion and the time then determine the stage efficiency realized in any 
particular situation. On the other hand, in continuous-contact operation the 
departure from equilibrium is deliberately maintained, and the diffusional flow 
between the phases may continue without interruption. Which method will be 
used depends to some extent on the stage efficiency that can be practically 
realized. A high stage efficiency can mean a relatively inexpensive plant and one 
whose performance can be reliably predicted. A low stage efficiency. on the 
other hand, may make the continuous-contact methods more desirable for 
reasons of cost and certainty. 
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DESIGN PRINCIPLES 

There are four major factors to be established in the design of any plant 
involving the diffusional operations: the number of equilibrium stages or their 
equivalent, the time of phase contact required, the pennissible rate of flow, and 
the energy requirements. 

Number of Equilibrium Stages 

In order to determine the number of equilibrium stages required in a cascade to 
bring about a specified degree of separation, or the equivalent quantity for a 
continuous-contact device, the equilibrium characteristics of the system and 
material-balance calculations are required. 

Time Requirement 

In stagewise operations the time of contact is intimately connected with stage 
efficiency, whereas for continuous·contact equipment the time leads ultimately 
to the volume or length of the required device. The factors which help establish 
the time are several. Material balances permit calculation of the relative quanti
ties required of the various phases. The equilibrium characteristics of the system 
establish the ultimate concentrations possible, and the rate of transfer of 
material between phases depends upon the departure from equilibrium which is 
maintained. The rate of transfer additionally depends upon the physical proper
ties of the phases as well as the flow regime within the equipment. 

It is important to recognize that, for a given degree of intimacy of contact of 
the phases, the time of contact required is independent of the total quantity of 
the phases to be processed. 

Permissible Flow Rate 

This factor enters into consideration of semibatch and steady-state operationsJ 

where it leads to the determination of the cross-sectional area of the equipment 
Considerations of fluid dynamics establish the permissible flow rate, and 
material balances determine the absolute quantity of each of the streams 
required. 

Energy Requirements 

Heat and mechanical energies are ordinarily required to carry out the diffusional 
operations. Heat is necessary for the production of any temperature changes, for 
the creation of new phases (such as vaporization of a liquid), and for overcom
ing heat-of-solution effects. Mechanical energy is required for fluid and solid 
transport, for .dispersing liquids and gases, and for operating moving parts of 
machinery. 



The ultimate design, consequently, requires us to deal with the equilibrium 
characteristics of the system, material balances, diffusional rates, fluid dynamics, 
and energy requirements. In what follows, basic considerations of diffusion rates 
are discussed first (Part One) and these are later appliep to specific operations. 
The principal operations, in turn, are subdivided into three categories, depend· 
ing upon the nature of the insoluble phases contacted, gas-liquid (Part Two), 
liquid-liquid (Part Three), and solid-fluid (Part Four), since the equilibrium and 
fluid dynamics of the systems are most readily studied in such a grouping. 

UNIT SYSTEMS 

The principal unit system of this book is the SI (Systeme International d' Unites), 
but to accommodate other systems, practically all (992 of a total of 1017) 
numbered equations are written so that they can be used with any consistent set 
of units. In order to permit this, it is necessary to include in all expressions 
involving dimensions of both force and mass the conversion factor ge' defined 
through Newton's second law of motion, 

where F = force 
M = mass 
A = acceleration 

F= MA 
gc 

For the SI and cgs (centimeter-gram-second) system of units, gc is unnecessary, 
but it can be assigned a numerical value of unity for purposes of calculation. 
There are four unit systems commonly used in chemical engineering. and values 
of gc corresp~nding to these are listed in Table 1. L 

For engineering work, SI and English engineering units are probably most 
important. Consequently the coefficients of the 25 dimensionally inconsistent 
equations which cannot be used directly with any unit system are given first for 
SI, then by footnote or other means for English engineering units. Tables and 
graphs of engineering data are similarly treated. t' 

Table 1.2 lists the basic quantities as expressed in SI together with the unit 
abbreviations, Table 1.3 lists the unit prefixes needed for this bookt and Table 
1.4 lists some of the constants needed in several systems. Finally, Table 1.5 lists 
the conversion factors into SI for all quantities needed for this book. The 
boldface letters for each quantity represent the fundamental dimensions: F = 
force, L = length, M = mass, mole = mole, T = temperature, e = time. The 
Jist of notation at the end of each chapter gives the symbols used, their meaning, 
and dimensions. 

t In practice, some departure from the standard systems is fairly common. Thus, for example, 
pressures are still frequently quoted in standard atmospheres, millimeters of mercury, bars. or 
kilograms force per square meter, depending upon the local common practice in the past. 
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Table 1.1 Conversion factors gc for the common unit systems 

Furrdamental 
quantity 

MassM 
LengthL 
Time 9 
Force F 

Be 

SI 

Kilogram, kg 
Meter, m 
Second, s 
Newton, N 
1 kg· m/N. $2 

System 

English engineeringt 

Pound mass, Ib 
Foot, ft 
Second, s, or bour. h 
Pound force. Ib, 
32.1741b . ft/lb,· S2 

or 
4.1698 x lOS lb· ft/lbr· h2 

cgs 

Gram.g 
Centimeter, em 
Second, s 
Dyne,dyn 
1 g . em/ dyn . S2 

Metric engineering:f: 

Kilogram mass, kg 
Meter, m 
Second, s 
Kilogram force, kg, 
9.80665 kg· m/kSt· S2 

t Note that throughout this book Ib alone is used as the abbreviation pound mass and Ib, is used 
for pound force. 

t Note that throughout this book kg alone is used as the a.bbreviation (or kilogram mass and kSt 
is used for kilogram force. 

Table 1.2 Basic SI units 

Force = newton, N 
Length = meter, m 
Mass = kilogram, kg 
Mole"" kilogram mole, kmol 
Temperature"" kelvin "" K 
Time = second, s 

Pressure = newton/meterl, N/m2 = pascal, Pa 
Energy = newton-meter. N . m == joule. J 
Power = newton-meter/second. N • m/s - watt, W 
Frequency = 1/ second, s - I = hertz, Hz 

Table 1.3 Prefixes for SI units 

Amount Multiple Prefix Symbol 

1000000 1()6 mega. M 
1000 ItJ3 kilo k 

100 1()2 hecto h 
10 10 deka da 

0.1 10- 1 deci d 
0.01 10-2 centi C 

0.001 10!..3 milli m 
0.000 001 10-6 micro 11 

0.000 000 001 10-9 nano n 
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Table 1.4 Constants 

Acceleration of gravityf 

9.807 m/Sl 
980.7 em/s2 
32.2 ft/S2 

4.17 X lOS ft/b2 

Gas constant R 
8314 N· m/kmol· K 
1.987 cai/g mol· K 
82.c)6 atm . eml / g mol . K 

0.7302 atm' fll/lb mol· "R 
1545 Ib,· £tjlb mol- oR 
1.987 Btu/lb mol· OR 
847.8 k&· m/kmol . K 

Molar volume of ideal gases at standard conditions (STP) 

(O°C, 1 std atm)$ 

22.41 ml/kmol 

22AII/gmol 
359 ftl/lb mol 

Conversion factor &: 

1 kg· m/N· 52 

t 8 . cm/dyn . $2 

9.80665 leg • m/kg, . S2 

32.174 Ib • ftjlb,· 52 

4.1698 X lOS Ib . ft/lb,.· b1 

t Approximate, depends on location. 
t Standard conditions are abbreviated STP, for standard temperature and pressure. 

Table I.S Conversion factors to 81 units 

Length 

Length, L 
(t(O.3048) ... m 
in(O.0254) ,... m 
in(25.4) .. rom 
cm(O.OI) ... m 
A(lO-I~ ... m 
J.lm(lO-6) .. m 

Area, L2 
ft2(O.0929) = m1 

in2(6.452 X 10-4) "" m2 

in1(645.2) == mm1 

cml(lO-4) ... m1 

Volume, Ll 
ft3(O.02832) ... m3 

cmJ(lO-6) ... m l 

1(10- 3) ... m3 

U.S. ga1(3.285 X 10- 3) III m3 

U.K. gal(4.546 X 10- 3) m3 

Specifie area, L2 ILl 
(ft::! /ft3X3.2804) ... m1/m3 
(cm1/cmlXIOO) "" m2jm3 

Velocity, Lie 
«(t/s)(0.3048) ... m/s 
(ft/min)(5.08 X 10- 3) ... mjs 
(ftjb)(8.467 x 10- 5) = m/s 



Table 1.5 (Continued) 

Acceleration, L/f¥ 
(ft/s2)(O.3048) = m/s2 
(ft/h1X2.352 X 10- 11) .. m/s'l 
(cm/sl)(O.Ol) .. m/s2 

Diffwivity. kinematic viscosity, L2/8 
(ft2/hX2.581 X 10-5) = rn'/s 
(em2/s)(IO- 4) .. m2/s 
St(1O-4) == ml/ff 
cSt(IO- fi

) = m2 Is" 
Volume rate, 0/8 

(ftl /s)(O.02832) = ml Is 
(ft3/min)(4.72 x 10-4) ".. mJ Is 
(ftl /h}fl.867 x 10-6) .,. ml/s 
(U.S. gal/min)(6.308 x 10-5) ... rn3/s 
(U.K. gal/min)(7.577 x 10-') =: m3/s 

Mass 

Mass, M 
1b(0.4536) ... kg 
ton(907.2) = leg 
t(1000) = kt 

Density. concentration, M/L3 
(lb/ft3)(16.019) "" kg/ml 
(lb/U,S. sal)(119.8) = kg/m3 

(lb/U.K. gaJ)(99.78) = kg/mJ 

(g/cm3}(IOOO) = kg/m) == gIl 

Specific volume, L3/M 
(ft3/Ib)(0.0624) ... m) /kg 
(cmJ Ig)(O.OOI) ... m3/leg 

Mass rate, MI8 
(lb/s)(0,4536) ... kg/s 
(1b/min)(7.56 X 10-3) = kg/s 
(lb/h)(1.26 X 10-4) "" kg/s 

Mass rate/length, M/Le 
(lb/ft . h)(4.134 x 10-4) = kg/m . s 

Viscosity, M/Le 
(lb/ft . $)(1.488) == kg/m . s 
(lb/ft • h)(4.l34 X 10-4) = kg/m . S 

P(O.l) =: kg/m . SC 

eP(O.OOl) = kg/m . SC 

N . s/m2 
"" kg/m . s 

Mass flux. mass velocity, M/L28 
(lb/n'· h)(1.356 X 10-3) "" kg/m2 • s 
(g/cml . 5)(10):0 kg/m2 • s 

Molar flux, molar mass velocity, moIe/L:e 
(lb mo1jrt2 • h)(1.356 X 10-3) = kmol/m2 • 5 

(g mol/ern" sXIO) "" kmol/m1 . s 

TIm MASS-TRANSFER OPERATIONS IS 
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Table 1.S (Continued) 

Mass-transfer coefficient, mole/LlQ(F /L2) and others 
K8 , kitb mol/Cl2. h· atm)(I.338 X 10- 8) ... krnol/m1 • s' (N/m2) 

KL • K.:, kL> kc[lb mol/ft2 • h . (lb mOl/ft3)](8A65 X 10-5) - kmol/m1 • $, • (kmol/ml) 
Kx, kx' x;.. ~(lb mol/ft2 • h . mole fractionX1.356 X 10-3) ... kmol/m2 • s . mole fraction 
Ky , ky[lb/ft . h . (lbA/lbB)]{t.356 X 10-3) ... kg/m2 • s . (kg A/kg 8) 
FG, FL(lb mol/ft2 • h)(1.356 x 1O- 3} ... kmol/m2 • s 

Volumetric mass-transfer coefficient, mole/Ll9(F /L") and others 
For volumetric coefficients of the type Ka, ka, Fa, and the like, multiply the conversion factors 
for the coefficient by that for a. 

Force 

Force, F 
Ib,(4.448) - N 
kg,(9.807) .. N 
kp(9.807) ... Nd 
dyn(lO-s) - N 

Interracial tension, surface tension, F /1 
(lb,/Ct)(14.59) "" N/m 
(dyn/cmXIO-') "'" N/m 
(erg/cm1)(1O-J) ... N/m 

kg/s2 
- N/m 

Pressure, F /Ll 
(lb,/ft")(47.88) ... N/m2 - Pa 
(lb,/in")(6895) = N/m2 ... Pa 
std atm(L0133 X lOS) - Njm2 = Pa 
inHg(3386) ... N/m2 == Pa 
inH10(249.1)" N/m2 - Pa 
(dyn/cm~lO-I) ... N/m2 .... Pa 
cmH20(98.07) - Njm2 

- Pa 
romHg(133.3) ... N /m2 - Pa 
torr(13).3) == N/ml ... Pa 
(kp/m2)(9.807) - N/m2 

- Pa 
bar(IOS) - N/m2 

... Pa 
(kg,/cm2X9.807 X 10") .. Njm2 ..., Pa. 

Pressure drop/length, (F /L1)/L 
{(lb,/ft2)/rt]{151.0) .. (Njm'l)/m "" Pajm 
(inH20/ft)(817) "" {Njm2)/m - Pajm 

Energy. work, heat, FL 
(ft· IbrXI.3S6) "" N • m .., J 
Btu(lOS5) - N . m .. J 
Chu(I900) - N . m ... JI 
erg(IO-') - N . m "" J 
cal(4.l87) ... N • m ... J 
kcal(4187) - N . m ... J 
(leW • h)(3.6 X l<n ... N . m .... J 

Enthalpy, FL/M 
(Btu/lb)(2326) - N • m/lcg ""' J /kg 
(cal/g)(4187) .. N • mjleg ... J/.lcg 



Table 1.5 (Continued) 

Molar enthalpy. FL/mole 
(Btu/lb molX2326) == N . m/kmol "'" J /kmol 
(cal/S mol)(4187) ... N . m/kmol == J/kmol 

Heat capacity. specific heat. FL/MT 
(Btu/lb· "FX4187) == N· m/leg· K = J/leg· K 
(cal/g· °C)(4187) ... N . m/kg· K ,... J/kg . K 

Molar heat capacity. FL/.moIe T 
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(Btu/lb mol· °F)(4187) - N· m/kmol· K = J/kmo)· K 
(cal/g' °C)(4J87) ... N . m/kmol· K "" J/kmol· K 

Energy nux, FL/L26 
(Btu/ftl . b)(3.155) - N • m/m2. s - W /m2 
(ca1/cm2. 5)(4.187 X 10") ... N . m/m2• s = W /m2 

Thermal conductivity. FL2/LlBT ... FL/L26(T /L) 
(Btu· it/ftl • h . °F)(L7301} ... N . m/m· s . K = W /m . K 
(leca1. m/m2 • h· °C)(1.l63) = N· m/m· s . K = W/m· K 
(cal· em/em2 • s· °C)(418.1}'" N· m/m· s' K = W/m· K 

Heat-transfer coefficient, FL/LlST 
(Btu/ft2 • h . cF)(5.679) "" N . m/m2. s • K == W /m'l· K 
(ca1/cm2 • s· °C)(4.187 X 10") ... N • m/ml. s - K W /m2 • K 

Power, FL/e 
(ft . lb,/s)(1.3S6) -= N - m/s = W 
hp(745.7) "'" N· m/s "" W 
(Btu/min)(4.88S X 10-3) = N . m/s = W 
(Btu/h)(0.2931) ... N· m/s = W 

Power/volume, FL/LJe 
(ft . Ib,/ft3. s)(47.88) - N . m/m3. s ..., W /m3 

(bp/tOOO U.S. gal)(197) "'" N . m/m3 • s ... W 1m3 

Power/mass. FL/M 
(ft· Ib,/Ib • $)(2.988) N . m/leg . s = W /leg 

a St is the abbreviation for stokes. 
II t is the abbreviation for metric ton (= 1000 kg). 
t:' P is the abbreviation for poise. 
ti kp is the abbreviation for kilopond kg force. kSr-
t Chu is the abbreviation for centigrade heat unit. 

In reading elsewhere, the student may come upon an empirical equation 
which it would be useful to convert into SI units. The procedure for this is 
shown in the following example. 

lIJustratioo 1.1 The minimum speed for a four·bladed paddle in an unbaffled, agitated vessel to 
mix two immiscible liquids is reported to be (S. Nagata et at. Trans. Soc. Chern. Eng. Jap., 8, 43 
(1950)] 

N' = 30600 (.E )O.ll1( IIp' )°0

26 
T'3/2 p' p' 
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where H' == impeller speed r /h .= h - I 

T' = vessel diameter. ft 
p.' = continuous-liquid viscosity. Ib/n . h 
pi = continuous-liquid density, Ib/ft3 

Ap' difference in density of liquids, lb/ft] 
Substitution or the units or dimensions of the various quantities shows that neither the 
dimensions nor the units on the left oC the equals sign are the same, respectively, as those on the 
right. In other words, the equation is dimensionally inconsistent, and the coefficient 30600 can 
be used only for the units listed above. Compute the coefficient required for the equation to be 
used with 81 units: N = S-I, T = m. IL = kg/m· 5, p == kg/ml , and IIp "'" kg/mJ• 

SOLlJTION The conversion factors are taken from Table 1.5. The procedure involves substitu
tion of each SI unit together with necessary conversion factor to convert it into the unit of the 
equation as reported. the inverse of the usual use of Table 1.5. Thus, 

H -I 
S == N'h- I 

2.778 X JO- 4 

Then 

N 30600 [ IL/ (4.134 x JO-4) ]0.111 ( IIp/ 16.019 )0.26 
(T /0.3048)3/2 16.019 p/16.0I9 2.778 X 10-4 

or N = 4.621 (.c)O.IIt( hop )D.:U; 
r 3/ 2 p p 

which is suitable for SI units. 



PART 

ONE 
DIFFUSION AND MASS TRANSFER 

We have seen that most of the mass-transfer operations used for separating the 
components of a solution achieve this result by bringing the solution to be 
separated into contact with another insoluble phase. As will be developed, the 
rate at which a component is then transferred from one phase to the other 
depends upon a so-called mass-transfer, or rate, coefficient and upon the degree 
of departure of the system from equilibrium. The transfer stops when 
equilibrium is attained. 

The rate coefficients for the various components in a given phase will differ 
from each other to the greatest extent under conditions where molecular 
diffusion prevails, but even then the difference is not really large. For example, 
gases and vapors diffusing through air will show transfer coefficients whose ratio 
at most may be 3 or 4 to 1. The same is true when various substances diffuse 
through a liquid such as water. Under conditions of turbulence, where molecular 
diffusion is relatively unimportant, the transfer coefficients become much more 
nearly alike for all components. Consequently, while in principle some separa
tion of the components could be achieved by taking advantage of their different 
transfer coefficients, the degree of separation attainable in this manner is small. 
This is especially significant when it is considered that we frequently wish to 
obtain products which are nearly pure substances, where the ratio of compo
nents may be of the order of 1000 or 10000 to 1, or even larger. 

Therefore we depend almost entirely upon the differences in concentration 
which exist at equilibrium. and not upon the difference in transfer coefficients, 
for making separations. Nevertheless, the mass-transfer coefficients are of great 
importance, since, as they regulate the rate at which equilibrium is approached, 
they control the time required for separation and therefore the size and cost of 
the equipment used. The transfer coefficients are also important in governing 
the size of equipment used for entirely different purposes, such as carrying out 



chemical reactions. For example, the rate at which a reaction between two gases 
occurs on a solid catalyst is frequently governed by the rate of transfer of the 
gases to the catalyst surface and the rate of transfer of the product away from 
the catalyst. 

The mass-transfer coefficients,. their relationship to the phenomenon of 
diffusion, fluid motion, and to related rate coefficients, such as those describing 
heat transfer, are treated in Part One. 



CHAPTER 

TWO 

MOLECULAR DIFFUSION IN FLUIDS 

Molecular djffusiQIl is concerned with the mml.emenLaLindiYidlliU molecules 
t.lrrOllg}La-.£ubs.tanc.e by ritl.ile of their thermal en.e~ The kinetic theory of 
gases provides a means of visualizing what occurs, and indeed it was the success 
of this theory in quantitatively describing the diffusional phenomena which led 
to its rapid acceptance. In the case of a simplified kinetic theory, a molecule is 
imagined to travel in a straight line at a uniform velocity until it collides with 
another molecule, whereupon its velocity changes both in magnitude and 
direction. The .average distance the mOleCllle travels between collisions is its 
mean free path, and the average ~ty is ..dependent upon the temperature. 
The molecule thus travels a bjghly zigzae path, the net distance in one direction 
which it moves in a given time, the rate of diffusion. being only a small fractjon 
of the length of jts' actual path. For this reason the diffusion rate is Y..e.fY-Slmi. 
although we can expect it to increase with decreasing pressure, which r.educes. 
the number of collisions, and with increased temperature, which increases the 
molecular velocity. ' 

The importance of the harrier molecular coJJjsion-.presents to diffusive 
movement is profound. Thus, for example, it can be computed through the 
kinetic theory that the rate of evaporation of water at 25°C into a complete 
vacuum is roughly 3.3 kg/s per square meter of water surface. But placing a 
layer of stagnant air at 1 std atm pressure and only 0 1 mm thick above the 
water surface reduces the rate by a factor of about 600. The same general 
mechanism prevails also for the liquid st~, but because of the considerably 
hjgher molecular conc.entraticm, we find eYeD slower diffusion rates than in 
gases. 

The phenomenon of molecular diffusion ultimately leads to a completely 
uniform concentration of substances throughout a solution which may initially 

21 
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have been nonuniform. Thus, for example, if a drop of blue copper sulfate 
solution is placed in a beaker of water, the copper sulfate eventually permeates 
the entire liquid. The blue color in time becomes everywhere uniform, and no 
subsequent change occurs. 

We must distinguish at the start, however, between .mo1eculaLdiffusion, 
which is a.s1Qw process, and the more rapid...mi.x.ing which can be brought about 
by me.cha~aLs1irring and -,~.ony..e~Jiy~eJl1oye.menLoLtheJluid. Visualize a tank 
1.5 m in diameter into which has been placed a salt solution to a depth of 
0.75 m. Imagine that a O.75-m-deep layer of pure water has been carefully 
placed over the brine without disturbing the brine in any way. If the contents of 
the tank are left completely undisturbed, the salt will, by molecular diffusion, 
completely permeate the liquid, ultimately coming everywhere to one-half its 
concentration in the original brine. But the process is very slow, and it can be 
calculated that the salt concentration at the top surface will still be only 87.5 
percent of its final value after 10 years and will reach 99 percent of its final 
value only after 28 years. On the other hand, it has been demonstrated that a 
simple paddle agitator rotating in the tank at 22 rlmin will bring about 
complete uniformity in about 60 s [27]. The .m.echanicaLagitation has produced 
rapid-mo:vement of rela.trlel}Uarge_chunks._oLed.dies~_oLfluid characteristic of 

IIXe lurh.ulen.LDlati.on. which have c.a.rri.e.dJhe-.SaiLwith,,_them. This method of solute 
cl'~~l)l"l: transfer is known as ~rbulent di(fusi0J,l. as opposed to molecular 

diffusion. Of course, within each ed~. no matter how smaU. uniformity is 
achieved only by molecular diffusiQll, which is the ultimate process. We see then 
that molecular diffusion is the mechanism of .mass_1ransfer.in..s.tagnanl.fluids or 
in fluids which are maring......only.-in..JaminaLflow. although it is nevertheless 
alwaY.5~.pr.esent even in .highly deveJoped.t.urhulenLflo.w. 

In a two-phase system not at eqUilibrium, such as a layer of ammonia..and 
.air as a gas-..S.Olution in _contact with a laY-e.L.oLliquid __ water, spontaneous 
.altera.tion through Olakc.ulauiillusion also occurs, ultimately bringing the entire 
system to a state of e.quilibrium, whereupon alteration stops. At the end, we 
observe that the concentration of an)' constituent is the same throughout a 
phas.e, but it will not necessarily be the.same jn both phases. Thus the ammonia 
concentration will be uniform throughout the liquid and uniform at a different 
value throughout the gas. On the other hand, the ~mli::ALp_Qten1ial of the 
ammo.rua (or its .ru::Jivity if the .s.ameJ.der.enc.e,s1ate is used), which is difler.e.ntly 
deR..e..ruienJ upon ~Q.D.£rn.tratiQD in the l~'l!Lpb.aSe$, will be .ID1illLrrrL..e.Y.eI~h~~ 
throughout the..sw~ at .eJ1.uilibrium, and it is this u.nifur.mily which has 
brought the diffusive pm.c.ess_tCULhatt. Evidently, then, the tI.lt/;Ldrivinglor.ce. for 
dif[u.sio.n is ac1i,'titY-QLc.he.mic~LpJ)J.~.nJ.iat and not concentration. In IDnltjpbase 
systems, however. we customarily deal with diffusional processes in each phase 
separately, and within one phase it is usually described in terms of that which is 
most readily observed, namely, .c.onc..ent.r.a.tiQo..£bJ~nge.s. 

~Iecuiar Diffusion 

\Ve have noted that if a solution is everywhere uniform in, concentration of its 
constituents, no alteration occurs but that as long as it is not uniform. the 
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solution is spontaneously brought to uniformity by diffusi0n, the substances 
moving from a .pl.a..c.e-oLhiglLcDnc.e.n.t.ra..tiolLt<LO.ne_olJow. The~ at which a 
solute moves a t any P-Qin.t in any direction must therefore de~ on the 
concentration gradient at tha t point and in that direction. In describing this 
quantitatively, we need an appropriate measure of rate. 

Rates will be most conveniently described in terms of a molar flux, or 
moI1(area-)(time), the aID. being measured in a direction normal to the diffu

..s.iQn.. In a nonuniform solution even containing only two constituents, however, 
both constituents must diffuse if uniformity is the ultimate result, and this leads 
to the use of two fluxes to describe the motion of one constituent : N, the flux 
relative to a fjxed location in space; and .LJhe flux of a constituent relative to 
the average molar yelocity of all c..uns..tiWMtS. The first of these is of importance 
in the applications to design of equipment, but the second is more characteristic 
of the nature of the constituent. For example, a fisherman is most interested in 
the rate at which a fish swims upstream against the flowing current to reach his 
baited hook (analogous to N), but the velocity of the fish relative to the stream 
(analogous to J) is more characteristic of the swimming ability of the fish. 

The dij/.u.siJJ.i1):.. or difjIJ.S.ifm..£QC1Jkie.n.J.J2.,..B of a constituent A in solution in 
.a which is a measure of its diffusive mobili ty .. is then defined as the ratio of its 
fl ux JAto its concentration gradient 

Rc~'! ~ oCA 08 
I$'t l.ClY"l A = - DABTz = - CDABTz (2.1 ) 

which is Fick's first law written for the z direction. The negatjye. s.ign emphasizes 
that d.i.f.f.JJ..s.i n occurs in the d.ir.e.c..tion of a dr.o.p...in...c.onc.en.tration . The diffusivity 
is a characteristic of a constituent and its environment (temperature, pressure, 
concentration, whether in liquid, gas, or solid solution, and the nature of the 
other constituents). 

Consider the box of Fig. 2.1. which is separated into two parts by the 
partition P. Into section I, 1 kg water (A) is placed and into section II I kg 
ethanol (B) (the densities of the liquids are different, and the partition is so 
located that the depths of the liquids in each section are the same). Imagine the 
partition to be carefully removed, thus allowing diffusion of both liquids to 
occur. When diffusion stops, the concentration will be uniform throughout at 50 
mass percent of each constituent. and the masses and moles of each constituent 
in the two regions will be as indicated in the figure. It is clear that while the 
wa ler has- diffused to the right and the ethanol to the left, there has been a net 
mass movement to the right, so that if the box had originally been balanced on a 
knife~edge. at the end of the process it would have tipped downward to the right. 
If the direct jon to the right is taken as _p-o.sitiYe, the ..fl.wL.Nk-oLA...r..e1ati.~~toJh.e 
fixe..40s.i.t.i.on..-P has been_p.o.si.ti.ve and the f1ux..NB_aLB~S-b.eeRnegatiY..e. For a 
condition of sleacL)!....S.1a.1e, the ~ is 

(2.2) 

The moyemen.LQLh is made up of two parts, namely, that resulting from the 
bulk motion N. and the frac tion XA-0()V which is A and that resulting from 



Inittally_ 

H2O 100 5.55 EtOU 100 :!.17 

Finally: 

lilO: 44.08 :!.45 55.92 3.10 

EtOH: 44.08 0.96 55.92 J..:lL 
Total 88.16 3.41 TOlal: 111.84 4.31 

Figure 1.1 Diffusion in a binary solution.-

The counterpart of Eq. (2.4) for B is 

CB ike 
NB = (NA + NB)- - DBA - a C z 

Adding these gives 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

or J A = - J B' If C A + CD = const, it follows that DAD = DBA at the I?revailing 
concentration and tem~w:e. -

All the above has considered diffusion in only one ,direction, but in general 
concentration gradients, velocities, and diffusional fluxes exist-in all directions, 
so that counterparts of Eqs. (2.1) to (2.6) for all three directions in the cartesian 
coordinate system exist. In certain solids, the diffusivity DAB may also be 
direction-sensitive, although in fluids which are true solutions it is not. 

The Equation of Continuity 

Consider the volume element of fluid of Fig. 2.2, where a fluid is flowing 
through the element. We shall need a material balance for a component of the 
fluid applicable to a differential fluid volume of this type. 
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y 

{x+6..r, 
y+6.y, 
Z+6.Z) 

r--------------------x 

Figure 2.2 An elemental fluid volume. 

The mass rate of flow of component A into the three faces with a common comer at E is 

MA [ (N A, x)x 6y Ilz + (N A,y)y Ilx Ilz + (N A,,), Ilx Ily] 

where NA,x si~ies the x-directed flux and (NA,x)x its value at location x. Similarly the mass rate 
of flow out of the three faces with a common comer at G is 

M A [ (N A,x)x+Ax Ily 6: + (N A.Y)YH,. Ilx Ilz + (N A. ,),+I:u Ilx Ily] 

The total component A in the element is Ilx Ily Ilz PAt and its rate of accumulation is therefore 
Ilx Ily Ilz apA/aO. If, in addition, A is generated by chemical reaction at the rate RA molj(volu
meXtime), its production rate is MA RA .6.x.6.y Ilz, mass/time. Since, in general, 

Rate out - rate in + rate of accumulation ... rate of generation 

then 

MA{[(NA,x)X+dX - (NA,x)xl Ily Ilz + [(NA,Y)y+d.Y - (NA,y)J Ilx.6.z 

) 
apA + [(NA,z).:+dz - (NA,,),] Ilx.6.y + Ilx Ily .6.zaiF :: MARA Ilx Ily Ilz 

(2.7) 

Dividing by Ilx Ily Ilz and taking the limit as the three distances become zero gives 

M (aNA,)t aNA,y aNA,I) apA., M R 
A ax + ay + az + an A A 

(2.8) 

Similarly, for component B 

M (aNa,x + aND,y + aNB.:) + apD ,. M R 
B ax ay az an B B 

(2.9) 

The total material balance is obtained by adding those for A and B ... 

a(MANA + MDNs)x a(MANA + MeND»' a(MANA + MDND): ap 0 
b + ~ + ~ +~- (2.10) 

where P = PA + Po = the solution density, since the mass rate of generation of A and B must equal 
zero. 

Now the counterpart of Eq. (2.3) in terms of masses and in the x direction is 

MANA, x = u)tPA + MAJA,)t 

where U)t is the mass-average velocity such that 

P"x ... "A,xPA + "o,xPo = MANA,x + MBNs,x 

(2.11) 

(2.12) 



'iJ(MANA + MeND)... ou... ap 
Therefore, ax = PTx + til: ax 

Equation (2.10) therefore becomes 

(
au... ally auz ) ap Clp ap ap_ 

P ax + ay + liZ + u ... ax + Ily ay + Ut az + ag - 0 (2.13) 

which is the equation of continuity. or a mass balance, for total substance. If the solution density is 
constant, it becomes 

aux + atiy + oUz == 0 
ax ay az (2.14) 

Returning to the balance for component A. we see from Eq. (2.11) that 

aN A. x op A aux aJ A. x op A au... ale A 
M" --ax- """ u"'ax + PA ax + MA -ax- == uxax + PA ax - MAnA» ax2 (2.15) 

(2.16) 

which is the equation of continuity for substance A. For a solution of constant density, we can apply 
Eq. (2.14) to the terms multiplying PA' Dividing by MA• we then have 

(2.17) 

In the special case where the velocity equals zero and there is no chemical reaction, it reduces to 
Fick's second Jaw 

(2.18) 

This is frequently applicable to diffusion in solids and to limited situations in fluids. 
In similar fashion, it is possible 10 derive the equations for a differential energy balance. For a 

fluid of constant density. the result is 

at at at at ( a 2t a 2( a 2t ) Q 
u,~ T + Ily"'i""" + Uz -a + an ... a -2 + -2 + -2 + -C 

{IX lIy Z ax ay oz P p 
(2.19) 

where a = k/pC" and Q is the rate of heat generation within the fluid per unit volume from a 
chemical reaction. The significance of the similarities between Eqs. (2.11) and (2.19) will be 
developed in Chap. 3. 

/' 
STEADY;~ TATE MOLECULAR DIEEtJSION IN lFLtTlDS-
AT RES IfJNii}]AMINAR'FLOWf 

Applying Eq. (2.4) to the case of diffusion only in the z,.direction, with N A and 
NB both constant (steady state)} we can readily separate the variables) and if 
DAB is constant, it can be integrated 

(2.20) 
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where 1 indicates the beginning of the diffusion path (CA high) and 2 the end of 
the diffusion path (cA low). Letting z2 - Zl = Z, we get 

NAc - cAl(NA + N B) Z 
---In = -- (2.21) 
NA + Ne NAc - CAI(NA + Ns) cDAD 

or (2.22) 

Integration under steady-slate conditions where the ~ltl'X N A is not constant is also possible. Consider 
radial diffusion from the surface of.a solid sphere into a nuid., for example. Equation (2.20) can be 
applied, but the flux is a function of distance owing to the geometry. Most practical problems which 
deal with such matters, however, are concerned with diffusion under turbulent wnditions. and the 
transfer coefficients which are then used are based upon a flux expressed in terms of some arbitrarily 
chosen area, such as the surface of the sphere. These matters are considered in Chap . 3. 

~ecular Diffusion in Gases 

When the ideal-gas law can be applied, Eq. (2 .21) can be written in a form more 
convenient for use with gases. Thus, 

), t 4, .?,(\S 
CA PA 
- = - = Y (2.23) 

C PI A 

where ft A = partial pressure of component A 
PI = total pressure 

YA = mole fraction concentrationt 

Further, 
n PI 

c=-=-
V RT 

(2.24) 

(2.25) 

(2.26) 

In order to use these equations the relation between N A and Ne must be 
known . This is usually fixed by other considerations. For example, if_I!1ethane is 
being cracked on a cata.lY.~t, 

CH4 -7 C + 2H2 

under circumstances such that CH.4_(~iffuses to the ~!..~~k.ing2urface and J:h 
(B) diffuses back, the reaction stoichiometry fixes the relationship NB = - 2N A' 

t The component subscript A onYA will differentiate mole fraction from they meaning distance 
in the Y direction. 



and 

On other occasions, in the absence of chemical reaction, the ratio can be fixed 
by enthalpy considerations. In the case of the purely separational operations, 
there are two situations which frequently arise. 

~,Sieady.state diffusion of A through nondiffusing B This might occur, for exam
pIet if ammonia (A) were being absorbed from air (B) into water. In the gas 
phase, since air does not dissolve appreciably in water, and if we neglect the 
evaporation of water, only the ammQniaqiffuses. Thus, NB =(), NAh= CPl.l:sJ, 

N 
A = I 

NA + Ne 
and Eq. (2.25) becomes 

N - DABPll PI - PAl 
A--- n _ 

RTz Pt - PAl 

Since PI - P A2 = PS2' Pr - PAl = PBI' PB2 - PBI = PAl - P A2' then 

N = DABPI PAl - PAlln PB2 

A RTz PSl - PBI POI 

If we let 

then 

(2.27) 

(2.28) 

(2.29) 

(2.30) 

This equation is shown graphically in Fig. 2.3. Substance A diffuses by virtue of 
its concentration gradient, - dP AI dz. Substance B is also diffusing relative to 

PIl------------I PI 

_A P82 

~---__ ~ __________ ~h2 

Distance, Z 
Z2 

FIgure 2.3 Diffusion of A through stagnant B. 
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the average molar velocity at a flux lB' which depends upon - dpB/ dz, but like 
a fish which swims upstream at the same velocity as the water flows down
stream, N B = 0 relative to a fixed place in space. 

steady-state equimolal counterdiffusion This is a situation which frequently 
/ pertains in distillation operations. N A = - Ns = const. Equation (2.25) be
comes indeterminate, but we can go back to Eq. (2.4), which, for gases, becomes 

N = (N + N )PA _ DAB cipA (2.31) 
A A B PI RT dz 

or, for this case, 

(2.32) 

(2.33) 

(2.34) 

,teady-state diffusion in muiticomponent mixtures The expressions for diffusion 
in multicomponent systems become very complicated, but they can frequently 
be handled by using an effective diffusivif'( in Eq. (2.25), where the effective 
diffusivity of a component can be synthesized from its binary diffusivities with 
each of the other constituents [l]'t Thus, in Eq. (2.25), N A + NB is replace_d by 
L7~AN" where N , is ositi~~ u ..,C!iJfusion is in the §~m.~4it:.~~tion as that of.f. and 

-negative if in the'opposite duection and~s replaced,by the effective D _ Ill-

n 

NA-YALN; 
i=A 

D A. m = -n--}-------

2: D(y;NA - YANJ 
;""A Ai 

(2.35) 

The ~ are the binary diffusivitie~. This indicates that DAm may vary 
considerably from .QillL~.nd of the .diffusion path to the other, but a linear 
variation with distance can usually be assumed for practical calculations [IJ. A 
common situation is when all the N's except N A are zero; i.e., all but one 
component is stagnant. Equation (2.35) then becomes [23] 

1 - YA 1 
DA,m=--~-

±~ 
;=8 DA,i 

(2.36) 

t Numbered references appear at the end of the chapter. 
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Distonce, Z Figure 2.4 Equimolal counterdiffusion. 

where y; is the mole fraction of component i on an A-free basis. The limitations 
of Eq. (2.35) and some suggestions for dealing with them have been considered 
[21 ]. 

mustratlon l.t Oxygen (A) is diffusing through carbon monoxide (8) under steady-state 
conditions. with the carbon monoxide nondiffusing. The toW pressure is 1 X lOS N/ml. and 
the temperature ooe. The partial pressure of oxygen at two planes 2.0 rom apart is. respectively, 
13000 and 6500 N/m2• The diffusivity for the mixture is 1.87 x 10-5 m2/s. Calculate the rate 
of diffusion of oxygen in krnoll s through each square meter of the two planes. 

SoumON Equation (2.30) applies. DAB = 1.87 x 10-5 m2/s, P, ,. lOS N/m2. z ... 0.002 m, 
R ... 8314 N . m/kmol . K, T"" 273 K; PA.i "" 13 x t()l, h..i = lOs - 13 x loJ- 87 X lol, 
PAl '"'" 6500,P92'" lOS - 6500 "'" 93.5 x lol. all in N/m2. . 

- _ PSI PU2 _ (87 - 93.5)tloJ) 90 200 N/m2 
PD. M - In (Pm/PB2) - In (87/93.5) 

N _ DAoP, (- _ - ) _ (1.87 x IO-S)(IOS)(l3 - 6.5)(103) 

A - RTzPB. M PAl PK}. - 8314(273)(0.002)(90.2 x lol) 

== 2.97 x 10-5 kmol/m2 • s Ans. ~ {"'~ u "'? '; \ 

Illustration 2.2 Recalculate the rate of diffusion of oxygen (A) in lllustration 2.1, assuming that 
the nondiffusing gas is a mixture of methane (B) and hydrogen (C) in the volume ratio 2: 1. 
The diffusivities are estimated to be DOl-HI = 6.99 x 10-5, DOl-C~ 1.86 X lO-s m1/s. 

SOLUTION Equation (2.25) will become Eq. (2.30) for this case. PI = lOS N/m2, T"" 273 K. 
PAl = 13 X I<P, PA2 == 6500, P,M 90.2 X 1<P. all in N/m2; z "" 0.002 m, R = 8314 
N . m/kmol . K, as in Illustration 2.1. In Eq. (2.36), Ys = 2/(2 + I) == 0.667, Yc = I - 0.667 
... 0.333, whence 

DA . m = '/D + 'ID ' Ya AD Yq, A,I: 0.667/ (1.86 x IO- S) + 0.333/ (6.99 x 10-5) 

= 2.46 x to- S m2/s 
Therefore Eq. (2.30) becomes 

= (2.46 x 10-5)(13000- 6500) _ -5 :2. 
N A 8314(273)(0.002)(90 200) - 3.91 X 10 krnol/m s Ans. 
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Table 2.1 Diffusivities of gases at standard atmospheric pressure, 101.3 kN/m2 

System Temp.oC DiIfusivity, m2/s X lOS Ref. 

Hl -CH4 0 6.25t 3 

°rN
2 

0 1.81 J 
CO-02 0 1.85 3 
CO2-02 0 1.39 3 

Air- NH3 0 1.98 26 
Air-H 2O 25.9 2.58 7 

59.0 3.05 7 

Air-ethanol 0 1.02 14 
Air-n-butanol 25.9 0.87 7 

59.0 1.04 7 

Air-ethyl acetate 25 .9 0.87 7 
59.0 1.06 7 

Air-aniline 25.9 0.74 7 
59.0 0.90 7 

A1r-chlorobenzene 25.9 0.74 7 
59.0 0.90 7 

Air-toluene 25.9 0 .86 7 
59.0 0.92 7 

t For example. DH,-CH, = 6.25 X 10- s m 2/s. 

Diffusivity of G~ 

The diffusivity, or diffusion coefficient, D is a property of the system dependent 
upon temperature, pressure, and nature of the components. An advanced kinetic 
theory [12] predicts that in binary mixtures there will be only a small effect of 
composition. The dimensions of diffusivity can be established from its defini
tion, Eq. (2.1), and are length2/time. Most of the values for D reported in the 
literature are expressed as cm2 Is; the SI dimensions are m2 Is. Conversion 
factors are listed in Table 1.5. A few typical data are listed in Table 2.1; a longer 
list. is available in "The Chemical Engineers' Handbook" [18]. For a complete 
review, see Ref. 17. 

Expressions for estimating D in the absence of experimental data are based 
on considerations of the kinetic theory of gases. The Wilke-Lee modification [25] 
of the Hirschfelder-Bird-Spotz method [11] is recommended for mixtures of 
nonpolar gases or of a. polar with a nonpolar gast 

10- 4(1.084 - 0.249YIIMA + 11MB )T3
/

2 Y I /M A + 11MB 
DAB =----~------------------------~------------------

p,(r AB)2f (kT I tAB) 

~ 1'r11~. r I\Yr'I 
(2.37) 

t The listed units must be used in Eq. (2.37) . For D AS. pt • .and T in units of fed, pounds force, 
hours, and degrees Rankine and aU other quantities as listed above. multiply the right-hand side of 
Eq. (2.37) by 334.7. 



Figure 2.5 Collision function for diflusion. 

where DAB = diffusivity, m2js 
T = absolute temperature, K 

M A> M B = molecular weight of A and B, respectively, kg/kmol 
p, = abs pressure. N/m2 

r AB = molecular separation at collision. nm = (r A + '8)/2 
EAB = energy of molecular attraction = VEA£B 

k = Boltzmann's constant 
f(kT 1 eAa) collision function given by Fig. 2.5 

The values of rand E, such as those listed in Table 2.2, can be calculated 
from other properties of gases, such as viscosity. If necessary, they can be 
estimated for each component empirically [25J 

r = 1.1801/ 3 (2.38) 
e it = 1.21 Tb (2.39) 

where v is the molal volume of liquid at normal boiling point, m3/lanol 
(estimate from Table 2.3), and Tb is the normal boiling point in Kelvins. In using 
Table 2.3, the contributions for the constituent atoms are added together. Thus, 
for toluene, c,Hs. v = 7{0.0148) + 8(0.0037) - 0.015 = 0.1182. Diffusion 
through air, when the constituents of the air remain in fixed proportions. is 
handled as if the air were a single substance. 

mustratloa 2.3 Estimate the diffusivity of ethanol vapor, c,H.sOH, (A), through air (B) at I std 
atm pressure. O"C. 

SOLUTION T = 273 K. P, "'" 101.3 kN/m2, MA "" 46.07, MB ... 29. From Table 2.2 for air, 
eDit = 18.6, rs = 0.3711 run. Values for ethanol will be estimated through Eqs. (2.38) and 
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Table 2.2 Force constants of gases as determined from 
viscosIty data 

Gas e/k, K r, n.m Gas e/k..K r,nm 

" 

Air 78.6 0.3711 HCI 344.7 0.3339 
<;:04 322.7 0.5947 He 10.22 0.2551 
CHJOH 481.8 0.3626 H2 59.7 0.2827 
CH4 148.6 0.3758 HlO 809.1 0.2641 
CO 91.7 0.3690 H2S 301.1 0.3623 
COl 195.2 0.3941 NH3 558.3 0.2900 
CS2 467 0.4483 NO 116.7 0.3492 

~H6 215.7 0.4443 N2 71.4 0.3798 

C3H\8 237.1 0.5118 N 20 232.4 03828 

C6H~ 412.3 0.5349 O2 106.7 0.3467 
Cl2 316 0.4217 S02 335.4 0.4112 

t From R. A. Svehla. NASA Tech. Rept. R-132, Lewis Research Center, C1evelan~ Ohio, 1962. 

(2.39). From Table 2.3, 0" = 2(0.0148) + 6(0.0037) + 0.0074 = 0.0592, whence r A ::: 

1.18(0.0592)1/3 = 0.46 nul. The normal boiling point is Tb A = 351.4 K and eA/k = 1.21(351.4) 
"" 425. . 

Fig. 2.5: 

Eq. (2.37): 

_ 0.46 + 0.3711 - 0 416 
rAB - 2 -. 

Ie. T = 273 = I 599 
eAB 170.7 . 

,( k.T) = 0.595 
J~ eAB 

e~ ::z vi 425(78.6) - 170.7 

y-'- + -'- = 0.237 
MA MB 

D _ 10- 4[1.084 - 0.249(0.237)](2733/ 2)(0.237) 
A8 - (101.3 X ](}l)(OAI6)2(0.595) 

= 1.05 x lO-s ml/s 

The observed value (Table 2.1) is 1.02 X 10-5 m2/s. 

Table 2.3 Atomic and molecular volumes 

Atomic volume, Molecular volume, Atomic volume, Molecular volume, 
m3 /1000 atoms X loJ m3/lcmol X loJ m3 /1000 atoms X loJ m3/krool X 103 

Carbon 14.8 H1 14.3 Oxygen 7.4 NH) 25.8 
Hydrogen 3.7 01 25.6 In methyl esters 9.1 H2O 18.9 
Chlorine 24.6 N2 31.2 In higher esters 11.0 H2S 32.9 
Bromine 27.0 Air 29.9 In acids 12.0 COS 51.5 
Iodine 37.0 CO 30.7 In methyl ethers 9.9 O2 48.4 
Sulfur 25.6 Cal 34.0 In higher ethers 11.0 Br2 53.2 
Nitrogen 15.6 S02 44.8 Benzene ring: subtract 15 12 71.5 

In primary amines 10.5 NO 23.6 Naphthalene ring: subtract 30 
In secondary amines 12.0 N20 36.4 



Equation (2.37) shows D varying almost as T J/ 2 (although a more correct 
temperature variation is given by considering also the collision function of Fig. 
2.5) ~nd inversely as the pressure, which will serve for pressures up to abo,ut 
1500 kN/m2 (15 atm) [19]. / 

The coefficient of self-diffusion, or D for a gas diffusing through itself, dan 
be determined experimentally only by very special techniques involving, I for 
example, the use of radioactive tracers. It can be estimated from Eq. (2.37p by 
setting A == B. ! 

Molecular Diffusion in Liquids 

The integration of Eq. (2.4) to put it in the form of Eq. (2.22) requires the 
assumption that DAB and c are constant. This is satisfactory for binary gas 
mixtures but not in the case of liquids, where both may vary considerably with 
concentration. Nevertheless, in view of OUf very meager knowledge of the D's, it 
is customary to use Eq. (2.22), together with an average c and the best average 
DAB available. Equation (2.22) is also conveniently writtent 

N N A ( P ) N A/ (N A + N B) - x Al - - In --:;,..:;.;...,.....:.-~---=".-----:-= 
A - N A + N B Z M av N A/ (N A + N B) - x AI 

(2.40) 

where p and M are the solution density and molecular weight, respectively. As 
for gases, the value of N A/(N A + NB) must be established by the circumstances 
prevailing. For the most commonly occurring cases, we have, as for gases: 

I. Sleady·slate diffusion of A through nondiffusing B. N A = canst, N B = 0, 
whence 

(2.41 ) 

(2.42) 

(2.43) 

Illustration 2.4 Calculate the rate of diffusion of acetic add (A) across a film oC nondiffusing 
watcr (B) solution 1 mm thick at 17"C when the concentrations on opposite sides of the film 
arc, respectively, 9 and 3 wt % acid. The diffusivity of acetic acid in the solution is 0.95 X 10-9 

m1js. 

SoLtmON Equation (2.41) applies. z "'" 0.001 m, MAo 60.03, Ms = 18.02. At t7°C, the 

t The component subscript on XA indicates mole fraction A, to distinguish it from x meaning 
distance in the x direction. 
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density or the 9% solution is 1012 kg/mJ. Therefore, 

- 0.09/60.03 _ 0.0015 _ 00280 If' "d 
x AI - 0.09/60.03 + 0.91/18.02 - 0.0520 -. 0 rno e ractton acetic aCI 

XOI I - 0.0288 0.9712 mole (raction water 

I l!... _ 1012 _ / J 
M = 0.OS20 = 19.21 kg/kmol M - 19.21 - 52.1 kmol m 

Similarly the density of the 3% solution is 1003.2 kg/rnl, xAl = 0.0092, XB2 == 0.9908, M = 

18.40, and pI M = 54.5. 

(l!...) = 52.7 + 54.5 ;:::; 53.6 kmoi/mJ 
M av 

Eq. (2.41); 

0.9908 0.9712 
XBM tn (0.9908/0.9712) =: 0.980 

0.95 X 10-9 
N A =: 0.001(0.980) 53.6(0.0288 0.0(92) 1.018 x 10-6 kmoljm2. s ADs. 

Diffusivity of Liquids 

The dimensions for diffusivity in liquids are the same as those for gases, 
length2/time. Unlike the case for gases, however, the diffusivity varies apprecia
bly with concentration. A few typical data are listed in Table 2.4, and larger lists 
are available [6, 8, 10, 15, 17]. 

Estimates of the diffusivity in the absence of data cannot be made with 
anything like the accuracy with which they can be made for gases because no 
sound theory of the structure of liquids has been developed. For dilute solutions 
of nonelectrolytes, the empirical correlation of Wilke and Chang [23, 24] is 
recommended. t 

o (I 17.3 X 1O- 18}( cpMS )O.5T 
DAB = 06 

J.Lv,\ 

where niB diffusivity of A in very dilute solution in solvent B, m2/s 
M B = molecular weight of solvent, kg/kmol 

T = temperature, K 
J.L = solution viscosity. kg/m . s 

VA == solute molal volume at normal boiling point, m3/kmol 
= 0.0756 for water as solute 

cp = association factor for solvent 
= 2.26 for water as solvent [9] 
== 1.9 for methanol as solvent 
== 1.5 for ethanol as solvent 
== 1.0 for unassociated solvents, e.g., benzene and ethyl ether 

(2.44) 

The value of VA may be the true value [9] Of, if necessary. estimated from the 
data of Table 2.3, except when water is the diffusing solute. as noted above. The 

t The listed units must be used ror Eq. (2.44). For D, p., and T in units .of feet. hours, pounds 
mass, and degrees Rankine, with VA as listed above, multiply the right-hand side of Eg. (2.44) by 
5.20 x 107, 



Table 2.4 Liquid diffusivities [8] 

Temp, 
Solute Solvent ac 

q~ Water 16 
HCI Water 0 

10 

16 
NH3 Water 5 

IS 
CO2 Water 10 

20 
NaCI Water 18 

Methanol Water 15 
Acetic acid Water 12.5 

18.0 
Ethanol Water 10 

16 
n-Butanol Water 15 
COl Ethanol 17 
Chloroform Ethanol 20 

Solute concentration, 
kmol/mJ 

0.12 
9 
2 
9 
2.5 
0.5 
3.5 
LO 
o 
o 
0.05 
0.2 
1.0 
3.0 
5.4 
o 
1.0 
O.ot 
1.0 
3.75 
0.05 
2.0 
o 
o 
2.0 

t For example, D for CI2 in water is 1.26 X 10-9 ro2/s. 

Diffusivity,t 
m21s X 109 

1.26 
2.7 
1.8 
3.3 
2.5 
2.44 
1.24 
1.71 
1.46 
1.77 
1.26 
1.21 
1.24 
1.36 
1.54 
1.28 
0.82 
0.91 
0.96 
0.50 
0.83 
0.90 
0.77 
3.2 
1.25 

association factor for a solvent can be estimated only when diffusivities in that 
solvent have been experimentally measured. If a value of cp is in doubt, the 
empirical correlation of Scheibel [20J can be used to estimate D. There is also 
some doubt about the ability of Eq. (2.44) to handle solvents of very high 
viscosity, say 0.1 kg/m· s (100 cP) or more. Excellent reviews of all these 
matters are available [4, 19]. 

The diffusivity in concentrated solutions differs from that in dilute solutions 
because of changes in viscosity with concentration and also because of changes 
in the degree of nonideality of the solution [16] 

( 
0 )XA( 0 • XII( d log YA ) 

D A P. = DBA P. A D AD /La) 1 + d log x A (2.45) 

where D1D is the diffusivity of A at infinite dilution in B and D~A the diffusivity 
of B at infinite dilution in A. The activity coefficient YA can typically be 
obtained from vapor-liquid eqUilibrium data as the ratio (at ordinary pressures) 
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of the real to ideal partial pressures of A in the vapor in equilibrium with a 
liquid of concentration x A: 

{2.46} 

and the derivative (d log y ~/(d log xA) can be obtained graphically as the slope 
of a graph of log y A vs. log x A-

For strong electrolytes dissolved in water, the diffusion rates are those of the 
individual ions, which move more rapidly than the large, undissociated mole
cules, although the positively and negatively charged ions must move at the 
same rate in order to maintain electrical neutrality of the solution. Estimates of 
these effects have been thoroughly reviewed [8, 19] but are beyond the scope of 
this book. 

Illustration 2.5 Estimate the diffusivity of mannitol, CHlOH(CHOH)4CH20H, C6H 140 6• in 
dilute solution in water at 20°C. Compare with the observed value, 0.56 X 10-9 m2 Is. 

SOLUTION From the data of Table 2.3 

VA"" 0.0148(6) + 0.0037(14) + 0.0074(6) - 0.185 

For water as solvent, rp == 2.26, Mo = 18.02. T lIS 293 K. For dilute solutions. the viscosity p. 
may be taken as that for water, 0,001 005 kg/m • s. Eq. (2.44): 

D = (117.3 x to- 18)[2.26(18.02)]o.s(293) .... 0.601 x 10-9 m2 Is Ans. 
AO 0.001 005(0.185)0.6 

IDustratioo 2.6 Estimate the dllfusivily of mannitol in dilute water solution at 70"C and 
compare with the observed value, 1.56 X 10-9 ml Is. 

SOLUTION At 20"C. the observed DAB - 0.56 X 10-9 ml/s, and Ii ==: 1.005 X 10-3 kg/m· S 

(Illustration 2.5). At 70°C, the viscosity of water is 0.4061 X 10-3 kgJm . s. Equation (2.44) 
indicates tha.t DAD JLI T should be constant: 

DAB(0.4061 X 10-3) _ (0.56 X 10-')(1.005 x 10-3) 

70 + 273 20 + 273 

DAB"" 1.62 X 10- 9 m 2/s at 10°C Ans. 

Applications of Molecular Diffusion 

While the flux relative to the average molar velocity J always means transfer 
down a concentration gradient, the flux N need not. For example, consider the 
dissolution of a hydrated salt crystal such as Na2C03 • lOH20 into pure water at 
20°C. The solution in contact with the crystal surface contains Na2C03 and H

2
0 

at a concentration corresponding to the solubility of N~C03 in H20, or 0.0353 
mole fraction N~C03 and 0.9647 mole fraction H20. For the N~C03' transfer 
is from the crystal surface at a concentration 0.0353 outward to 0 mole fraction 
N~C03 in the bulk liquid. But the water of crystallization which dissolves must 
transfer outward in the ratio 10 mol H20 to 1 mol N~C03 from a concentration 



at the crystal surface of 0.9647 to 1.0 mole fraction in the bulk liquid. or transfer 
up a concentration gradient. Application of Eq. (2.40) confinns this. The 
expressions developed for the rate of mass transfer under conditions where 
molecular diffusion defines the mechanism of mass transfer (fluids which are 
stagnant or in laminar flow) are of course directly applicable to the experimental 
measurement of the diffusivities, and they are extensively used for this. 

In the practical applications of the mass-transfer operations, the fluids are 
always in motion, even in batch processes. so that we do not have stagnant 
fluids. While occasionally the moving fluids are entirely in laminar flow, more 
frequently the motion is turbulent. If the fluid is in contact with a solid surface, 
where the fluid velocity is zero, there will be a region in predominantly laminar 
flow adjacent to the surface. Mass transfer must then usually take place through 
the laminar region, and molecular diffusion predominates there. When two 
immiscible fluids in motion are in contact and mass transfer occurs between 
them, there may be no laminar region, even at the interface between the fluids. 

In practical situations like these, it has become customary to describe the 
mass-transfer flux in terms of mass-transfer coefficients. The relationships of this 
chapter are then rarely used directly to determine mass-transfer rates, but they 
are particularly useful in establishing the form of the mass-transfer coefficient
rate equations and in computing the mass-transfer coefficients for laminar flow. 

MOMENTUM AND HEAT TRANSFER IN LAMINAR FLOW 

In the flow of a fluid past a phase boundary, such as that through which mass 
transfer occurs, there will be a velocity gradient within the fluid. which results in 
a transfer of momentum through the fluid. In some cases there is also a transfer 
of heat by virtue of a temperature gradient. The processes of mass, momentum, 
and heat transfer under these conditions are intimately related, and it is useful to 
consider this point briefly. 

Momentum Transfer 

Consider the velocity profile for the case of a gas flowing past a flat plate, as in 
Fig. 2.6. Since the velocity at the solid surface is zero, there must necessarily be a 
layer (the laminar sublayer) adjacent to the surface where the flow is predomi
nantly laminar. Within this region, the fluid can be imagined as being made up 
of thin layers sliding over each other at increasing velocities at increasing 
distances from the plate. The force per unit area parallel to the surface, or 
shearing stress 7", required to maintain their velocities is proportional to the 
velocity gradient, 

(2.47) 

where 11 is the viscosity and z is measured as increasing in the direction toward 
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FIgure 2.6 Velocity profile, flow of air along a flat plate. [Page, el a/., Ind Eng. Chem., 44, 424 
(1952}.) 

the surface. This can be written 

f.L d(up) 
Tg = ----

C p dz 
d(up) 

-p--
dz 

(2.48) 

where v is the kinematic viscosity. p./ p. 
The kinematic viscosity has the same dimensions as diffusivity, length2 / 

time, while the quantity up can be looked upon as a volumetric momentum 
concentration. The quantitY'fg( is the rate of momentum transfer per unit area, 
or flux of momentum. Equation (2.48) is therefore a rate equation analogous to 
Eq. (2.1) for mass flux. In the transCer of momentum in this manner there is of 
course no bulk flow of fluid from one layer to the other in the z direction. 
Instead~ molecules in one layer, in the course of traveling in random directions, 
will move from a Cast-moving layer to an adjacent, more slowly moving layer, 
thereby transmitting momentum corresponding to the difference in velocities of 
the layers. Diffusion in the z direction occurs by the same mechanism. At high 
molecular concentrations, such as in gases at high pressures or even more so in 
liquids, the molecular diameter becomes appreciable in comparison with the 
molecular movement between collisions, and momentum can be imagined as 
being transmitted directly through the molecules themselves [2]. Visualize, for 
example, a number of billiard balls arranged in a group in close contact with 
each other on a table. A moving cue ball colliding with one of the outermost 
balls of the packed group will transmit its momentum very rapidly to one of the 
balls on the opposite side of the group, which will then be propelled from its 
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original position. On the other hand, the cue ball is unlikely to move bodily 
through the group because of the large number of collisions it will experience. 
Thus) at high molecular concentrations the direct parallelism between molecular 
diffusivity and momentum diffusivity (or kinematic viscosity) breaks down: 
diffusion is much the slower process. It is interesting to note that a relatively 
simple kinetic theory predicts that both mass and momentum diffusivities are 
given by the same expression, 

D = J.LA ~ WA 
AA PA 3 

(2.49) 

where w is the average molecular velocity and A is the mean free path of 
molecule. The Schmidt number, which is the dimensionless ratio of the two 
diffusivities, Sc = J.L/ pD, should by this theory equal unity for a gas. A more 
sophisticated kinetic theory gives values from 0.67 to 0.83, which is just the 
range found experimentally at moderate pressures. For binary gas mixtures, Sc 
may range up to 5. For liquids, as might be expected, Sc is much higher: 
approximately 297 for self-diffusion in water at 25°C, for example, and ranging 
into the thousands for more viscous liquids and even for water with slowly 
diffusing solutes. 

Heat Transfer 

When a temperature gradient exists between the fluid and the plate, the rate of 
heat transfer in the laminar region of Fig. 2.6 is 

dt 
q = -k dz (2.50) 

where k is the thermal conductivity of the fluid. This can also be written 

k d(tCpp) d(tCpp) 
q = - CpP dz = - a dz (2.51) 

where Cp is the specific heat at constant pressure. The quantity tCpP may be 
looked upon as a volumetric thermal concentration, and IX = k / CpP is the 
thermal diffusivity. which, like momentum and mass diffusivities, has dimen
sions length2/time. Equation (2.51) is therefore a rate equation analogous to the 
corresponding equations for momentum and mass transfer. 

In a gas at relatively low pressure the heat energy is transferred from one 
position to another by the molecules traveling from one layer to another at a 
lower temperature. A simplified kinetic theory leads to the expression 

(2.52) 

Equation (2.49) and (2.52) would give the dimensionless ratio v / a = CpJJ./ k 
equal to Cp / Cu' A more advanced kinetic theory modifies the .size of the ratio, 
known as the Prandtl number Pr, and experimentally it has the range 0.65 to 0.9 
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for gases at low pressure, depending upon the molecular complexity of the gas. 
At high molecular concentrations, the process is modified. Thus for most liquids, 
Pr is larger (Pr = 7.02 for water at 20°C, for example). 

The third dimensionless group, formed by dividing the thennal by the mass 
diffusivity, is the Lewis number, Le = aiD = Sc/Pr, and it plays an important 
part in problems of simultaneous heat and mass transfer, as will be developed 
later. 

We can summarize this brief discussion of the similarity between momen~ 
tum, heat, and mass transfer as follows. An elementary consideration of the 
three processes leads to the conclusion that in certain simplified situations there 
is a direct analogy between them. In general. however. when three- rather than 
one-dimensional transfer is considered, the momentum-transfer process is of a 
sufficiently different nature for the analogy to break down. Modification of the 
simple analogy is also necessary when, for example, mass and momentum 
transfer occur simultaneously. Thus, if there were a net mass transfer toward the 
surface of Fig. 2.6, the momentum transfer of Eq. (2.48) would have to include 
the effect of the net diffusion. Similarly, mass transfer must inevitably have an 
influence on the velocity profile. Nevertheless, even the limited analogies which 
exist are put to important practical use. 

NOTATION FOR CHAPTER 2 

Consistent units in any system may be used. except in Eqs. (2.37) to (2.39) and (2.44). 
c concentration, mol/volume, mole L3 
Cpo heat capacity at constant pressure, FL/MT 
Cl.1 heat capacity at constant volume, FL/MT 
d differential operator 
D diffusivity, L1/8 
DO diffusivity for a solute at infinite dilution, L1/8 
J function 
&- conversion factor, ML/FQl 
J flux of diffusion relative to the molar average velocity, mole/LlS 
k thenna! conductivity. FL/LT8 
k Boltzmann's constant. 1.38 X 10- 16 erg/K 
In natural logarithm 
Le Lewis number ... k / pDCp ' dimensionless 
M molecular weight, M/mole 
n number of moles, dimensionless 
N molar flux relative to a fixed surface, mole/LlS 
p vapor pressure, F /Ll 
p partial pressure, F /Ll 
P, total pressure, F /Ll 
Pr Prandtl number'" C,p./ k, dimensionless 
q flux of heal. FL/LlQ 
r molecular separation at collision, run 
R universal gas constant, FL/mole T 
R, rate of production of component i, moIe/L38 
Sc Schmidt number = p./pD, dimensionless 



w 
x 

y 

y/ 
y; 
Z 

a 
y 
a 
6 

P 
'I' 

Subscripts 

A 
B 

n 
m 
M 
x 
y 
z 
I 
2 

absolute temperature. T 
normal boiling point, K 
linear velocity, LIB 
liquid molar volume, m) Ikmol 
volume, LJ 

average molar velocity, LIB 
(with no subscript) distance in the x direction, L 
mole·fraction concentration of component i in a liquid 
(with no subscript) distance in the y direction, L 
mole·fraction concentration of component i in a gas 
mole-fraction concentration of component i, diffusing-solute-free basis 
distance in the z direction, L 
thermal dirrusivity. L"/9 
activity coefficient, dimensionless 
partial differential operator 
difference 
energy of molecular attraction, ergs 
time 
mean free path of a molecule, L 
viscosity, MILe 
kinematic viscosity or momentum diffusivity == J.LI P. L"/9 
density, M/L3 
shearing stress, F /L" 
dissociation factor for a solvent, dimensionless 

component A 
component B 
component i 
the last of n components 
effective 
mean 
in the x direction 
in the y direction 
in the z direction 
beginning of diffusion path 
end of diffusion path 
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PROBLEMS 

2.1 In an oxygen-nitrogen gas mixture at I std atm. 25"C. the concentrations of oxygen at two 
planes 2 mm apart are 10 and 20 vol %, respectively. Calculate the nux of diffusion of the oxygen for 
the case where: 

(a) The nitrogen is nondiffusing. ADs.: 4.97 X 10- s kmol/m2 • s. 
(b) There is equimolar counterdiffusion of the two gases. 

2.2 Repeat the calculations of Prob. 2.1 for a total pressure of 1000 kNJm2• 

2.3 Estimate the diffusivities of the following gas mixtures: 
(a) Acetone-air. STP.t ADs.: 9.25 x 10- 6 m2 Is. 
(b) Nitrogen-carbon dioxide, 1 std atm, 25"C. 
(c) Hydrogen chloride-air, 200 kNJm2, 25°C ADs.: 9.57 X 10-6 m2/s. 
(d) Toluene-air, I std atm, 30 DC. Reported value [Gilliland, Ind. Eng. Chem., 26, 681 (1934») ::::: 

0.088 cm2 I s. 
(e) Aniline-air, STP. Observed value 0.0610 cm2/s (Gilliland, loc. cit.). 

2.4 The diffusivity of carbon dioxide in helium is reported to be 5.31 X 10-5 m2/s at I std atm, 
3.2<tC. Estimate the diffusivity at 1 std atm, 225"C. Reported value 14.14 x 10- 5 m2Js (Seager, 
Geertson, and Giddings, J. Chem. Eng. Data, 8, 168 (1963)]. 

2.5 Ammonia is diffusing through a stagnant gas mixture consisting of one-third nitrogen and 
two-thirds hydrogen by volume. The total pressure is 30 Ibt/in2 abs (206.8 kN 1m2) and the 
temperature 130°F (54°C). Calculate the rate of dilfusion of the ammonia through a film of gas 0,5 
rom thick when the concentration change across the film is 10 to 5% ammonia by volume. ADs.: 
2.05 X 10-4 kmol/m2 • s. 

2..6 Estimate the following liquid diffusivities: 
(a) Ethanol in dilute water solution, lOoe. 

t STP (standard temperature and pressure is O°C and I std atm. 



(b) Carbon tetrachloride in dilute solution in methanol, 15°C (observed value - 1.69 x lo-j 
cm2/s). Am.: 1.49 x 10-9 m2/s. 
2.7 The diffusivity of bromoform in dilute solution in acetone at 25°C is listed in Ref. 14. p. 63, as 
2.90 X 10-5 cm2 Is. Estimate the diffusivity of benzoic acid in dilute solution in acetone at 2S"C. 
Reported value [Chang and Wilke, J. Phys. Ch.ern., 59, 592 (1955») .,. 2.62 X 10-5 cm'2/s. 

Ans.: 2.269 X 10-9 m2 Is. 
1.8 Calculate the rate of diffusion of NaQ at 18"C through a stagnant film of water 1 mm thick 
when the concentrations are 20 and lOOh, respectively, on either side of the film. Aas.: 3.059 X 10-6 

kmo1jm1 • s. 

l.9 At I std atm, lOO"C, the density of air - 0.9482 kg/tn3• the viscosity - 2.18 X 10-5 kg/m . s, 
thermal conductivity ... 0.0317 W 1m· K.. and specific heat at constant pressure - 1.047 kJ/kg . K. 
At 2S"C, the viscosity - 1.79 X 10-5 kg/m • s. 

(0) Calculate the kinematic viscosity at lOO"C, m2 Is. 
(b) Calculate the thermal diffusivity at lOO"C, m'/s. 
(c) Calculate the Prandtl number at lOO"C. 
(d) Assuming that for air at I std atm, Pc "'" Sc and that Sc ... const with changing temperature. 

calculate D for air at 25°C. Compare with the value of D for the system O:z-Nl at 1 std atm, 2S"C. 
Table 2.1. 
2.JO Ammonia is being cracked on a solid catalyst according to the reaction 

, m~_~+~ 

At one place in the apparatus, where the pressure is ) std atm abs and the temperature 200"C, the 
analysis of the bulk gas is 33.33% NH) (A), 16.67% N2 (B), and 50.00% Hl (C) by volume. The 
circumstances are such that NH) diffuses from the bulk-gas stream to the catalyst surface, and the 
products of the reaction diffuse back, as if by molecular diffusion through a gas film in laminar now 
1 mm thick. Estimate the local rate of cracking. kg NH)/(m2 catalyst surface) . s, which might be 
considered to occur if the reaction is diffusion-controlled (chemical reaction rate very rapid) with the 
concentration of NH3 at the catalyst surface equal to zero. 

Ans.: 0.0138 kg/ml • s. 

2.11 A crystal of copper sulfate CuSO •. 5H10 falls through a large tank of pure water at 20"C. 
Estimate the rate at which the crystal dissolves by calculating the flux of CuS04 from the crystal 
surface to the bulk solution. Repeat by calculating the flux of water. Data and assumplions: 
Molecular diffusion occurs through a film of water uniformly 0.0305 mm thick, surrounding the 
crystal. At the inner side of the film, adjacent to the crystal surface, the concentration of copper 
sulfate is its solubility value, 0.0229 mole fraction CUSO. (solution density - 1193 kg/m3). The 
outer surface of the film is pure water. The difiusivity of CuSO. is 7.29 X 10- 10 m1 Is. 



CHAPTER 

THREE 

MASS-TRANSFER COEFFICIENTS 

We have seen that when a fluid flows past a solid sJlrface under c.onditio.ns....such 
that 1llr.b..u1en.t.e gene.ta.lLy prevails, there is a.region jmmedjatel~.a.c.ent to the 
s..ur.f.a.c.e where the fl.nw is predominantly laminar. With i..ncr.ea.sing distanceJ.rom 
the surface, the character of the..fl..aw gradually changes, becoming increasingl¥ 
lurb.J.Llent, until in the QUteDn.ost regions of the fluid fully tJ!rhulent conditions 
prevail. We have noted also that the rate of transfer of dissolyed substance 
through the-fluid will necessarily.depend upon the na.1llre of the illlid...mo.tion 
prevailing in the various regions. 

In the turbulent region, particles of fluid .ruLlonger flow in the orderly 
manner found in the laminar sllb1ayer. Instead, r.elatively la rge...p.ru:1i.ons. of the 
Quid, called eddies, mOY..eJapidly from one .posjtjon to- the ..o.th.er with an 
a.pp[eciable compo.nent of their 'icio.cit..y in the dir.e.ctio.n p.erpend;cuJar to the 
surface .past which the Duid is Dm,Ying. These eddies...hring with them dissolyed 
material, and the eddy motion thus contributes .c.onsid.erably to the mass-transfer 
process. Since the eddy motion is rapid, mass transfer in the.1urblllent region is 
also rapid, much rome so than that resulting from rna.leC]Jlar diffusion in the 
laminar slIbJayer. Because of the rapdedd)LID.Q1ion, the .c.onc.e.niratio.agradie.nts 
existing in the turb!Jlent region will be smaller than those in the.lilm, and Fig. 
3.1 shows concentration gradients of this sort. In the experiment for which these 
are the data, air jn tllfhlllent motion flowed .pasLa-w.ater surface, and water 
evaporated into the air. Samples of the air were taken at various distances from 
the surface, and the water-vapor' concentration was determined by analysis. At 
the water surface, the water concentration in the gas was the same as the vapor 
pressure of pure water at the prevailing temperature. It was not possible to 
sample the gas very close to the water surface, but the rapid change in 
concentration in the region close to the surface and the slower change in the 
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outer turbulent region are nevertheless unmistakable. It is important also to note 
the general similarity of data of this sort to the velocity distribution shown in 
Fig. 2.6. 

It is also useful to compare the data for mass transfer with similar data for 
heat transfer. Thus, in Fig. 3.2 are plotted the temperatures at various distances 
from the surface when air flowed past a heated plate. The large temperature 
gradient close to the surface and the lesser gradient in the turbulent region are 
again evident. It will generally be convenient to keep the corresponding heat
transfer process in mind when the mass-transfer process is discussed, since in 
many instances the methods of reasoning used to describe the latter are 
borrowed directly from those found successful with the former. 
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CAl is 01'1 S"u rtoU1 &VI ~Vla C\. f 

l~S-TranSfer Coefficients CAt. - '~YI( J ",L,erc CQn(foJ'\1" 

The mechanism of the flow process involving the mQyemen.tS_JlL1he~ in the 
turbulen.t r.egian is not thoroughly understood. On the other hand, the 
mechanism of molecular diffusion, at least for gases, is fairly well known, since 
it can be described in terms of a kinetic theory to give results which agree well 
with experience. It is therefore natural to attempt to describe the rate of mass 
transfer through the various regions from the surface to the turbulent zone in the 
same manner found useful for molecular diffusion. Thus, the ~ of Eq. 
(2.22), which is characteristic of molecular diffusion, is replaced by F. a 
mass-transfer coefficient [5, 12). For bina solutions C' F vco"j o.lI}VI !' rfoCR 

tAre r-clV ... ~~t\ 
NAN AI (N A + N B) - CAli c ( 

NA = FIn 3.nN 
N A + NB N AI (N A + NB) - CAli C "lHI~Cb}'YIpO, ~ Ni 

- " (..../ t ~, 

where CAl c is the mole-fraction concentration, X A for liquids, YA for gases.t As ~~b+~8 
in molecular diffusion, the ratio !!..e. /(N A + N 8) is ordinarily established by 
non diffusional considerations. 

Since the surface thr.Qugh which the .u.ansfer take.s_Rlace may .lli)j...D.t~ 
so that the diffusion path in the fluid may be of VAriable cross-.section, N.. is 
defined as thepux at the..pha.s.e..Jn1erjace or bOllndaJ:)?., where SllhstanceleaJLes or 
en1ers the..phase for which F is the mass-transfer coefficient. N A is positive when 
CA l is at the beginning of the transfer path and cAJ. at the end. In any case, one 
of these concentrations will be at the phase boundary. The manner of defining 
the concentration of A in the fluid will influence the value of F, and this is 
usually established arbitrarily. If mass transfer takes place between a phase 
boundary and a large quantity of unconfined fluid, as, for example, when a drop 
of water e)La.p.D.ra1eS while falling thro))gh a gr.e.aLv.o~aLa.ir, the c.o.nc.en..txa
tion of diffusing subs.ta.nce in the .fluid is usually taken as the constan t yalue 
Lo,u.rul at latge_dis.ta.ru:.es...lr.OllLthe..p.has.e •. ha.u.ndal:}'. If the i1ui.d is in a can fj n j n g 
duc.t, so that the _cnn.c.entra!iQn is noJ._c..a.ns.tan.t....alo.n.g ~-po.sit.iD.n of the transfer 
path, the bulk-average concentratjon cA as found by mjxjng all the fluid passjng 
a given poin.J., is usually used. In ~, where a Iiqlljd ey.ap.araJ..es into the 
fl~gas, the concentration ~. of the vapor in the gas varies contjnllOusly

from fA.1 at the liquid s.u.r.fa£.e to the value at z = Z . In this case cAl in Eq. (3.1) 
would usually be taken as C A' defined by 

(3.2) 

where ux(z) = velocity distribution in gas across the duct (= time average of Ux 
for turbulence) 

u~ = bulk-average velocity (volumetric ratelduct cross section) 
S = duct cross-sectional area 

t Equalion (3.1) is identical with the result obtained by combining &ts. (21.4-11), (21.5-27), and 
(21.5-47) of Ref. 7 or by combining Eqs. (3.4) and (5.37) of Ref. 54, and is applicable to both low 
mass-transfer fluxes and to high nuxes as corrected through the film theory. 
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In any case, one must know how the mass-transfer coefficient is defined in order 
to use it properly. 

The..E of Eq. (3.1) is a .lo:eaLmas.s:.transfer coefficient, defined for a 
p-artL<cltlaLIQ.c.a.tion on the _phase::houndary .. suriace, Since the value of .£ depends 
en the lecal nature_oLtheJluid..motion, which may vat}' along the ..s.urfa.ce, an 
average value L is semetimes used in Eq. QJ.) with constant ~AI_ . .an.d-c.~) 
which takes into account these variations in F. The effect of variation in CAl and 
C A2 on the flux must be accounted for separately. 

For multjcompQoent systems) there may be sufficiently important interac
tion between the components for the form of the binary system equation not to 
be exact [63]. Nevertheless, Eq. (3.1) can serve as a suitablup-P-.C9.ximat.iQ..n if 
.!:!J. + NB is replaced by '2:.L,Nj > wher~ is the_number of components. 

The two situations noted in Chap. 2, equimolar counterdiffusion and trans
fer of one substance through another which is not transferred, occur so fre
quently that special mass-transfer coefficients are usually used for them. These 
are defined by equations of the form 

Flux = (coefficient)(concentration difference) 

Since concentration may be defined in a number of ways and standards have 
not been established, we have a variety of coefficients for each situation: 

Transfer orA through nontransrerringJ;J..[NB == 0, N A/(N A + NB) == 1]: 

{

kG(PAI - PAl) = ky(YAI - YA2) = kc(CAI 
NA = 

kixAI - XAl) = kL(CAI - CAl) 

Eguimolar countertransjg [N A == - N 8) N AI (N A + N a) 00 ]: 

J kb(PAI - PA2) == k;(YAI -YAl) = k;(CAI CAl> 

NA =l 
k;(XAI - xA:J = k~(cAl - cA:J 

gases 

liquids 

gases 

liquids 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

An expression of this sort was suggested as early as 1897 [45] for the 
dissolution of solids in liquids. These expressions are, of course, analogous to the 
definition of a heat-transfer coefficient h: q == h(t I - t:J. Whereas the concept 
of the heat-transfer coefficient is generally applicable, at least in the absence of 
mass transfer, the coefficients of Eqs. (3.3) and (3.4) are more restricted. ThUS,.4 
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of Eq . . Q.) can be considered as a replacemeDJ of D AsiJ. in an integration of 
Eq. aJ), and the bulk-flow term of Eq. (2.4) has been igrurred in equating tmJ 
to N A' The coefficients of Eqs. (3.3) and (3.4) are therefore generally useful only 
for W.ID.a.SS:1ransfer rates. Values measured under one level of transfer rate 
should be converted into F for use with Eq. (3.1) before being applied to 
another. To obtain the relation between F and the k's, note that for gases, 
for example, F replaces D ASP,/ RTz in Eq. (2.25) and that kG replaces 
D ABPJ RTzPB, M in Eq. (2.30). From this it follows that F = kc;ftB, M' In this 
manner the conversions of Table 3.1 have been obtained. Since the bulk-flow 
term N A + Ns of Eq. (2.4) is zero for equimolal countertransfer, F = IS, (gases) 
and F = k~ (liquids), and Eqs. (3 .5) and (3.6) are identical with Eq. (3.1) for this 
case. 

Table 3.1 Relations between mass-transfer coefficients 

Rate equation 

Diffusion of 
EquimoJal A through 
counterdiffusion nondiffusing B 

Gases 

Conversions: 

Units of coefficient 

Moles transferred 
(Area)( time ) (pressure ) 

Moles transferred 
(Area)( time)( mole fraction) 

Moles transferred 
(Area)( time)( mol/vol) 

Mass transferred 
(Area)(time)(mass A/mass B) 

k - J,. PB M PB M ky , PI 
F - aPB M - ")I:"'='=' - k =-= - - - k'aP - J,. ' ., k' - -= k' c . P, C RT MB I'''''' RT C 

Liquids 

Conversions: 

Moles transferred 
(Area)(tiroe)(moljvol) 

Moles transferred 
(Area)(time)(mole fraction) 

F = k:rxa. M ,., kLxa, MC = kl,c = ki. t = k~ 



Many data on mass transfer where N A/(N A + NB) is neither unity nor 
infinity have nevertheless been described in terms of the k-type coefficients. 
Before these can be used for other situations, they must be converted into F's. 

In a few limited situations mass-transfer coefficients can be deduced from 
theoretical principles. In the great majority of cases, however. we depend upon 
direct measurement under known conditions, for use later in design. 

MASS·TRANSFER COEFFICIENTS IN LAMINAR FLOW 

In principle. at least, we do not need mass-transfer coefficients for laminar flow. 
since molecular diffusion prevails, and the relationships of Chap. 2 can be used 
to compute mass-transfer rates. A uniform method of dealing with both laminar 
and turbulen t flow is nevertheless desirable. 

Mass-transfer coefficients for laminar flow should be capable of computa
tion. To the extent that the flow conditions are capable of description and the 
mathematics remains tractable, this is so. These are, however, severe require
ments, and frequently the simplification required to permit mathematical 
manipulation is such that the results fall somewhat short of reality. It is not our 
purpose to develop these methods in detail, since they are dealt with extensively 
elsewhere [6, 7]. We shall choose one relatively simple situation to illustrate the 
general technique and to provide some basis for considering turbulent flow. 

Mass Transfer from a Gas into a Falling Liquid Film 

Figure 3.4 shows a liquid faIling in a thin film in laminar flow down a vertical 
flat surface while being exposed to a gas A, which dissolves in the liquid. The 
liquid contains a uniform concentration C AO of A at the top. At the liquid 

Figure 3.4 Falling liquid film. 
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surface, the concentration of the dissolved gas is CA. i' in equilibrium with the 
pressure of A in the gas phase. Since CA. i > C AO- gas dissolves in the liquid. The 
problem is to obtain the mass-transfer coefficient kv with which the amount of 
gas dissolved after the liquid falls the distance L can be computed. 

The problem is solved by simultaneous solution of the equation of continu
ity (2.17) for component A with the equations describing the liquid motion, the 
Navier-Stokes equations. The simultaneous solution of this formidable set of 
partial differential equations becomes possible only when several simplifying 
assumptions are made. For present purposes, assume the following: 

L There is no chemical reaction. RA of Eq. (2.17) = O. 
2. Conditions do not change in the x direction (perpendicular to the plane of 

the paper, Fig. 3.4). All derivatives with respect to x of Eq. (2.17) = O. 
3. Steady-state conditions prevail. dCA/aF} = O. 
4. The rate of absorption of gas is very small. This means that Ur in Eq. (2.17) 

due to diffusion of A is essentially zero. 
5. Diffusion of A in the y direction is negligible in comparison with the 

movement of A downward due to bulk flow. Therefore, DAB a2cA/ay2 O. 
6. Physical properties (D AS. p, Jl) are constant. 

Equation (2.17) then reduces to 

aCA a 2eA uY - a- = DAB--
2 ~ az 

(3.7) 

which slates that any A added to the liquid runni'ng down at any location z, over 
an increment in y, got there by diffusion in the z direction. The equations of 
motion under these conditions reduce to 

d 2u 
/L-->' + pg == 0 

dz 2 
(3.8) 

The solution to Eq. (3.8), with the conditions that uy = 0 at z = 0 and that 
du. •. / dz = 0 at z = 0, is well known 

uy ~ p~~' [I m'] ~ h[ I - (i)'j (3.9) 

where iiy is the bulk-average velocity_ The film thickness is then 

0= (3iiyJL)1/2 = (3Jlf)I/3 
pg p2g 

(3.10) 

where f is the mass rate of liquid flow per unit of film width in the x direction. 
Substituting Eq. (3.9) into (3.7) gives 

~ -[1 _ (!.'12] oCA = a2
cA 

2 Uy ~ '.:I DAB 2 
U I dy az (3.11) 
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which is to be solved under the following conditions: 

1. At Z = 0, cA = CA• i at all values ofy. 
2. At z = 8, ocA/oz = 0 at all values of y, since no diffusion takes place into the 

solid wall. 
3. Aty = 0, cA = CAO at all values of z. 

The solution results in a general expression (an infinite series) giving C A for 
any z and y, thus providing a concentration distributrion cA(z) at Y = LJ as 
shown in Fig. 3.4. The bulk-average cA , L at Y = L can then be found in the 
manner of Eq. (3.2). The result is [31] 

c - C 
A.i A.L = O.7857e-S.12131/ + O.lOOle-39.318'l + O.0359ge- lOS•641) + ... 

CA.; - CAO 

(3.12) 

where'l} = 2DABL/30 2iiy. The total rate of absorption is then iiyO(cA,L - CAO) 

per unit width of liquid film. 
Alternatively, to obtain a local mass-transfer coefficient, we can combine 

Eq. (2.4) for the case of negligible bulk flow in the z direction (N A + Ns = 0) 
with Eq. (3.4), keeping in mind that mass-transfer coefficients use fluxes at the 
phase interface (z = 0) 

NA = -DAB( aaCA
) = kL(CA i - cA L) (3.13) z z-o . . 

In this case, however, because pf the nature of the series which describes cA' the 
derivative is undefined at z = 0. It is better therefore to proceed with an average 
coefficient for the entire liquid-gas surface. The rate at which A is carried by the 
liquid at any y, per unit width in the x direction, is iiyOCA mol/time. Over a 
distance dy, per unit width, therefore. the rate of solute absorption is~ in 
mol/time, 

(3.14) 

(3.15) 

_ u;.0 cA,; - cAO kL, av - Lin _ (3.16) 
CA,i - CA,L 

which defines the average coefficient. Now for small rates of flow or long times 
of contact of the liquid with the gas (usually for film Reynolds numbers 
Re = 4f / P. less than 1 (0), only the first term of the series of Eq. (3.12) need be 
used. Substituting in Eq. (3.16) gives 

Ii ° eS.1213l} ii 8 D 
kL, av = -tIn 0.7857 = +(0.241 + 5.12131}) ~ 3.41 ;B (3.17) 

~~o ( ) -D' = Sha\l~3.41 3.18 
AS 
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where Sh represents the Sherwood number, the mass-transfer analog to the 
NUBseit number of heat transfer. A similar development for large Reynolds 
numbers or short contact time [53] leads to 

k - AB 
( 

6D r )1/2 
L, av - ",.pSL (3.19) 

( 
3 8 )1/2 

Shay = 2",. Re Sc (3.20) 

The product Re Sc is the Peclet number Pe. 
These average kL'S can be used to compute the total absorption rate. Thus 

the average flux N A. av for the entire gas-liquid surface, per unit width, is the 
difference in rate of flow of A in the liquid at y = L and at y = 0, divided by 
the liquid surface. This can be used with some mean concentration difference 

(3.21) 

Substitution for kL,av from Eq. (3.16) shows that the logarithmic average of the 
difference at the top and bottom of the film is required 

(3.22) 

The experimental data show that the kL, av realized may be substantially larger 
than the theoretical values, even for low mass-transfer rates. owing to ripples 
and waves not considered in the analysis which form at values of Re beginning 
at about 25 [20]. The equations do apply for Re up to 1200 if ripples are 
suppressed by addition of wetting agents [37]. Rapid absorption, as for very 
soluble gases, produces important values of uz , and this will cause further 
discrepancies due to alteration of the velocity profile in the film. The velocity 
profile may also be altered by flow of the gas, so that even in the simplest case, 
when both fluids move, kL should depend on both flow rates. 

Illustration 3.1 Estimate the rate of absorption of CO2 into a water film flowing down a vertical 
wall 1 m long at the rale of 0.05 kg/s per meter of width at 25°C. The gas is pure CO2 at 1 std 
atm. The water is essentially COrfree initially. 

SOLUTION The solubility of CO2 in water at 2S"C, 1 std atm, is CA,; = 0.0336 kmol/m3 soln; 
DAft ... 1.96 X 10-9 ml/s; soln density p = 998 kg/m3; and viscosity p. "'" 8.94 X 10-4 kg/m . 
s. r == 0.05 kg/m . !i, L = 1 m. 

8 = (3P.r )1/3 
= [ 3(8.94 X 10-

4
)(0.05) ]1/3 2.396 X 10-4 rn 

P1: (998)2(9.807) 

Re = 4r = 4(0.05) = 203 
p. 8.94 X 10-4 



Consequently Eq. (3.J9) should apply: 

k = (6D ADr) 1/2 = [ 6(1.96 X 10-~(0.05) ]'/2 
L. av 1tpOL 'IT(998)(2.396 X 10-4)(1) 

== 2.798 x 10-5 kmoljm2. s . (kmol/m3) 

- = 1:.. 0.05 = 0209 mjs 
1ly pO 998(2.3% X 10-4) • 

At the top, CA,i - cA cA.; - tAO == CA.l = 0.0336 kmoljml. At the bottom, cA./- CA,L = 
0.0336 - cA , L kmoljmJ• The nux of absorption is given by Eqs. (3.21) and (3.22): 

0.209(2.3% x 10-4)cA L (2.798 x lO-s){0.0336 - (0.0336 - fA L)] 
I . == In[0.0336j (0.0336 - cA. dJ . 

Therefore 

CA • L == 0.01438 kmol/m3 

and the rate of absorption is estimated to be 

uy (CA. L - CAO) == 0.209(2.396 X 10-")(0.01438 0) 

= 7.2 X 10- 7 kmoljs . (m of width) 

The actual value may be substantially larger. 

MASS·TRANSFER COEFFICIENTS IN TIJRBULENT FLOW 

Most practically useful situations involve turbulent flow, and for these it is 
generally not possible to compute mass-transfer coefficients because we cannot 
describe the flow conditions mathematically. Instead, we rely principally on 
experimental data. The data are limited in scope, however, with respect to 
circumstances and situations as well as to range of fluid properties. Therefore it 
is important to be able to extend their applicability to situations not covered 
experimentally and to draw upon knowledge of other transfer processes (of heat, 
particularly) for help. 

To this end, there are many theories which attempt to interpret or explain 
the behavior of mass-transfer coefficients, such as the film, penetration, surface
renewal, and other theories. They are all speculations, and are continually being 
revised. It is helpful to keep in mind that transfer coefficients, for both heat and 
mass transfer, are expedients used to deal with situations which are not fully 
understood. They include in one quantity effects which are the result of both 
molecular and turbulent diffusion. The relative contribution of these effects. and 
indeed the detailed character of the turbulent diffusion itself, differs from one 
situation to another. The ultimate interpretation or explanation of the transfer 
coefficients will come only when the problems of the fluid mechanics are solved, 
at which time it will be possible to abandon the concept of the transfer 
coefficien 1. 

Eddy Diffusion 

It will be useful first to describe briefly an elementary view of fluid turbulence, 
as a means of introducing the definitions of terms used in describing transfer 
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Figure 3.5 Eddy diffusion. 

under turbulent conditions. Turbulence is characterized by motion of the fluid 
particles which is irregular with respect both to direction and time. Thus, for a 
fluid flowing turbulently in a duct (Fig. 3.5), the flow is, in the net, in the axial 
(or x) direction. At any location 2 within the central region of the cross section, 
the time average of the velocity may be U

X
' but at any instant the velocity will 

actually be Ux + u;x' where u;x is the deviating or fluctuating velocity. Values of 
u;x will vary with time through a range of positive and negative values, the time 
average being zero, although u~, the square foot of the time average of (u;xi. will 
be finite. Although the time-average value of Uz 0, since the net flow is axially 
directed, the deviating velocity in the z direction will be u;z at any instant. 

The turbulent fluid is imagined to consist of lumps of fluid, or eddies, of a 
great size range (l5, 28. 59]. The largest eddies. whose size in the case of flow in 
a pipe is of the order of the pipe radius, contain only perhaps 20 percent of the 
turbulent kinetic energy. These eddies, buffeted by smaller eddies, produce 
smaller and smaller eddies to which they transfer their energy. The medium, 
so-called energy-containing eddies make the largest contribution to the turbulent 
kinetic energy. The smallest eddies, which ultimately dissipate their energy 
through viscosity, are substantially reenergized by larger eddies, and a state of 
equilibrium is established. This range of the energy spectrum has lost all 
relationship to the means by which the turbulence was originally produced and 
depends only upon the rate at which energy is supplied and dissipated. For this 
reason it is called the universal range. Turbulence characteristic of this range is 
isotropic, ie., 

u' = ,,' = U' .of )' Z 
(3.23) 

Kolmogoroff [34] defined the velocity u~ and length scale Iii of these small eddies 
in terms of the power input per unit mass of the fluid, P / m: 

u~ = (V~c y/4 (3.24) 

I = (v3m)1/4 
d Pge 

(3.25) 

or, after elimination of 1', 

(3.26) 



At equilibrium, when the energy lost from the medium~sized eddies must be at 
the same rate as that used to produce the small eddies) a similar relation should 
apply for the medium-sized eddies: 

Pge U'3 
-= A- (3.27) 
m Ie 

where A is a constant of the order of unity. 
The size of the smallest eddies can be estimated in the case of pipe flow in 

the following manner. 

Wustratloa 3.2 Consider the flow of water al 25°C in a 2S-mm-ID tube at an average velocity 
i1 .. 3 m/s. p."" 8.937 X 10-4 kg/m' S, p = 997 kg/m3• 

dii d ... 0.025 m Re = _P ::::: 83 670 
p. 

At this Reynolds number, the Fanning friction factor for smooth tubes (uThe Chemical 
Engineers' Handbook," 5th ed., p. 5-22. McGraw-Hill. New York. 1973) is!- 0,0047. 

2 ifLu2 

t:.Pf == pressure drop = T 
'gc 

where L == length of pipe. Take L = I m, whence 

t:. = 2(997)(0.0047)( I )(3)2 = 3374 N/ 2. 
,pI 0.025(1) m 

The power expended equals the product of volumetric flow rate and pressure drop: 

p - ~dl ii!:.p, "" i(0.025)2(3)(3374) ... 4.97 N . mls for I-m pipe 

Associated mass"" fd 2Lp = ~(O.025)2(l)(997) = 0.489 kg 

P 4.97 m 0.489 "'" 10.16 N . m/kg . s 

Eq. (3.25): 

[( 
8.937 X 10-4 )3 1 ]1/4 -s 

I" = 997 10.16(1) ... 1.63 X 10 m 

Eq. (3.24): 

Ud = [ (8.937 X 1~~;)(IO.16)(I) r/4 
== 0.0549 m/s 

A simpler view of turbulence, however, is helpful in understanding some of 
the concepts used in mass transfer. In Fig. 3.5, consider a second location 1, 
where the x velocity is larger than at 2 by an amount !.lux = - I dux / dz. The 
distance I, the Prandtl mixing length, is defined such that u; = Aux = 
- I dux / dz. Owing to the z-directed fluctuating velocity, a particle of fluid, an 
eddy, may move from 2 to 1 at a velocity u;z, but it will be replaced by an eddy 
of equal volume moving from I to 2. It is imagined, in the Prandtl theory, that 
the eddies retain their identity during the interchange but blend into the fluid at 
their new location. This is clearly a great oversimplification in view of what was 
said before. 
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The mass velocity of eddy interchange is then pU;z' and thanks to the 
different velocities at I and 2 there will be a momentum transfer flux pU;zu;x' If 
uiz and ufx are essentially equal, there results an average shear stress due to the 
turbulent eddy interchange, 

I I I I I I (/)2 12( dux )2 
'l"turbg" = P UizUix = pUzUx = p!lx = P -;jz (3.28) 

Molecular motion, of course, still also contributes to the shear stress, as given by 
Eq. (2.47), so that the lotal shear stress becomes 

dux 2( dUx )2 [ 2( dUx) 1 dux ( JL ) d{uxp) 'Tge = IL-;jz + pi di = - IL + pi - di -;jz = - p + Ev ~ 

(3.29) 

EI) is the eddy momentum diffusivity, length2/time. While J.L or " == p./ p is a 
constant for a given fluid at fixed temperature and pressure, Eu will depend on 
the local degree of turbulence. In the various regions of the duct, II predominates 
near the wall, while in the turbulent core Eu predominates, to an extent 
depending upon the degree of turbulence. 

The eddies bring about a transfer of dissolved solute, as we have mentioned 
before. The average concentration gradient between I and 2 in Fig. 3.5 is dcAI I, 
proportional to a local gradient, - dCAI dz. The flux of A due to the interchange, 
u; Ac A' and the concentration gradient can be used to define an eddy diffusivity 
of mass ED' length2 I time 

btU; ACA 

ED = AcA/1 
J A.lurb 

-dcAldz 
(3.30) 

where b l is a proportionality constant. The total flux of A, due both to molecular 
and eddy diffusion, then will be 

dCA 
J A = - (DAB + ED)Tz (3.31) 

As in the case of momentum transfer, D is a constant for a particular solution at 
fixed conditions of temperature and pressure, while ED depends on the local 
turbulence intensity. D predominates in the region near the wall, in the 
turbulent core. 

In similar fashion, an eddy thermal diffusivity Em length2/time, can be 
used to describe the flux of heat as a result of a temperature gradient, 

b2u; d(pCpt) qturb ( ) 

EH A(pCpt)/1 -d(pCpt)/dz 3.32 

where b2 is a proportionality constant. The total heat flux due to conduction and 
eddy motion is 

dt d(/pC) 
q = - (k + EHPCp ) dz = - (0: + EH) dz p (3.33) 

As before, 0: for a given fluid is fixed for fixed conditions of temperature and 
pressure, but EH varies with the degree of turbulence and hence with location. 
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The three eddy diffusivities of momentum, heat, and mass can be computed 
from measured velocity, temperature, and concentration gradients, respectively, 
in that order of increasing difficulty. 

Momentum eddy diffusivity For turbulent flow in circular pipes, Re = 50 000 to 
350000, the data of the turbulent core (z + > 30) yield [9) 

2Eo = 0.063 [ I + ( 2z )2 2( 2dZ )4] (3.34) 
d ii (f /2)°·5 d 

where z is the distance from the center and f is the Fanning friction factor. This 
shows that the maximum EI) occurs at a distance z = d14. Thus, for water at 
25°C in a smooth 5-cm-diameter tube at Re = 150000, the average velocity 
ii = 2.69 mis, f = 0.004, and the maximum Eo calculates to be 2.1 X 
10-4 m2 Is. which is 238 times the kinematic viscosity P. For the region closer to 
the wall (z + < 5). it is generally accepted that 

~v = ( z; r (3.35) 

_ ( d ) ii ( f )0.5 where z + - "2 - Z p '2 
a dimensionless distance from the wall. The value of K has not been firmly 
established and may be in the range 8.9 (15) to 14.5 [40]. It is noteworthy that 
Eq. (3.35) indicates that eddy motion persists right up to the wall. It is also 
noteworthy that Murphree [43] deduced the proportionality between Eo and z! 
as early as 1932. For a transition region (z + = 5 to 30) [15], 

~v = ( ~~ r (3.36) 

We can now estimate where the eddy and molecular momentum diffusivities are 
equal, a location which Levich suggested as {he outer limit of the viscous 
sublayer [38]. For Ee == JI, Z + = II. and for the same conditions as before (water 
at 25°C, Re = 150000, 5-cm tube). this occurs at dl2 - z == 0.082 rom from the 
wall. The small distance emphasizes the difficulty in obtaining reliable data. 

Heat and mass eddy diffusivity The evidence is that with Prandtl and Schmidt 
numbers close to unity. as for most gases, the eddy diffusivities of heat and mass 
are equal to the momentum eddy diffusivity for all regions of turbulence [15]. 
For turbulent fluids where Prandtl and Schmidt numbers exceed unity, the 
ratios EHI Ec and ED/ EI: will vary with location relative to the wall and in the 
turbulent core will lie generally in the range 1.2 to 1.3 t with ED and EH 
essentially equal [44, 62]. For z + = 0 to 45. with Pr and Sc > I. a critical 
analysis of the theoretical and experimental evidence [44] led to 

ED = 0.OOO90z~ 
JI v (1 + 0.0067z~tS 

(3.37) 
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which, as z + approaches zero, becomes 

ED _ EH _ ( z+ )3 
---;- - --;;- - 10.36 (3.38) 

The region close to the wall where molecular diffusivity exceeds eddy diffusivity 
of mass has been termed the diffusional sub/ayer [38], and we can estimate its 
extent in particular instances. For example, for flow of water at 25°C, in the 
pipe considered above, JI = 8.964 X 10-7 m2/s, and typically for solutes in 
water, D is of the order of 10-9 m2/s. When ED is set equal to D, Eq. (3.37) 
yields z + = L08; so the diffusional sublayer lies well within the viscous sub
layer, the more so the smaller the D and the larger the Sc. At this z + for the pipe 
considered above and Re = 150000, the distance from the wall is 0.008 mm. 

Mass-transfer coefficients covering the transfer of material from an interface 
to the turbulent zone will depend upon the total diffusivity D + ED' Success in 
estimating this theoretically in the manner used for laminar flow wiII depend on 
knowledge of how the ratio EDI D varies throughout the diffusion path. Knowl
edge of how the ratio Eel V varies will be of direct help only if ED = Eo. which is 
evidently not true generally. But knowledge of the heat-transfer coefficients, 
which depend upon EH I II, should be useful in predicting the mass-transfer 
coefficients, since EH and ED are evidently the same except for the liquid metals. 

I. Film Theory 
v' 

This is the oldest and most obvious picture of the meaning of the mass-transfer 
coefficient, borrowed from a similar concept used for convective heat 
transfer. When a fluid flows turbulentl~past a solid surface, with mass.J.ransfer 
<tG!dlmng from the .sw:fa.c.e ... t£Lthe..1luid, the concentration-distance relation is as 
shown by the full curve of Fig. 3.6, the..sha~ of which is .,Controlled by the 
c..o.n.tinuousJy ya~.ti.o--Of.....E~~LQ_ The film theory -PfiSiulates that the 
concentration will follow the hrok.en....Cllf.'le~ of the figure, such that the entire 
concentration difference ..fA~S attrihllte.d..to..ID.alecular diffusion..wi.thin an 
"effective" film of Jhiclmes.s . .kFJ It (tas early recognized [39] that if this theory 
were to have useful application, the::.t:ilm would have to be ~n, so that the 

.z,. 
Dislonce • .z Figure 3.6 Film theory. 
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quantity_oLsolute..w.ithin the.1ilm would be_small IelatiYe to the .amounLpas.IDlg 
lhcough it,_Q.t'Pne ~QnJ;"~nl[atiQng('adient would have to be s.eLup_qJ.1~. The 
concentration gradient in theJilm is that characteristic_Qtsleady_sta.te. 

In Eq. (3.1), it is clear that F has merely replaced the group DABC/Z of Eq. 
(2.22). The film theory states that z of Eq. (2.21) is zF' the effective film 
thickness; this thickness depends upon the nature of the flow conditions. 
Similarly, the z's of Eqs. (2.26), (2.30), (2.34), (2.40), (2.41), and (2.43) are 
interpreted to be ZF' incorporated into the k's of Eqs. (3.3) to (3.6). 

The film theory therefore predicts that F and the k-type mass-transfer 
coefficients for different solutes being transferred under the same fluid-flow 
conditions are directly proportional to the D's for the solutes. On the other 
hand, we observe for turbulent flow a much smaller dependency, proportional to 
.o~_whele_lLll1ay.-he..an.y.thingjIom_nearly_zeI(Lto .. O.8m:nO.9, depending upon the 
circumstances. The simple .1ilm ... Jheo.r:y. in _conflict with our knowledge of 
tprbJJ1~nt.fktw (see above), has therefore been largely discredited. Nevertheless it 
~n in handling the eff.ec.t of high mass-transfer nnx..[Eq. (3.1)] and the 
effect of mass transfer on heat transfer and in predicting the effect of chemical 
reaction rate on mass transfer (l4). Mass- and heat-transfer coefficients are still 
frequently called film coefficients. 

Mass Transfer at Fluid Surfaces 

Because the velocity of a fluid surface, as in the contact of a gas and liquid, is 
not zero, a number of theories have been developed to replace the film theory. 

~e~etration theory Higbie [211 emphasized that in many situations the .time. of 
'-.exposure of a-fluid to mass-.transfer....is....shor.t, so that the conc.eruratioagmdien1 
of the film theory. characteristic of steady state, would not have time to iievelop. 
His theory was actually conceived to describe the contact of two fluids, as in 
Fig. 3.1. Here, as Higbie'depicted it in Fig. 3.1a, a bubble-DLgas_rises._through a 
liquid which ahsorbsJhe.gas. A"par.ticle of the liquid..b, initially at the..t.op of the 

(0) 

Figure 3.7 Penetration theory. 
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~uhble, is in .c.o.n.tact with the .gas. for the tjme e requjred for the Jmh.ble...1n....rise a 
distance equal to its diameter while the 1iqu id particle s.lips.....alan/Wh.e __ surtace of 
the hubble. An extension to cases where the liquid may be in turbulent motion, 
as in Fig. 3.7 b shows an mrl..y.-b rising from the turhul..enLdep.1b.s of the liquid 
and r.emaining exp.ose.d..foLa......time_tLto the action of the gas. In this theory the 
time....oLexposure is taken as -COn.Siant for all sllch eddies OLpar.ticl..e.LoLliq.uid. 

Initially. the concentration of dissolYe.d....gas in the eddy is unifonnlY0.6>- and 
internally the e.d.d¥ is considered to be .stagnant. When the .ed.<lY---is-expo.se.d to 
the .gas....a.Lth~surface, the conc.entration in the liq.uid....at the_gas:liq.uid..s.u.ria..ce is 
4,..., which may be taken as the e.g.uilihriUID..§Qlubilil)'...Q.lJb~s .in.....the liquid. 
D~ring the t.ime...i1, the 1iq.uid particle is subject to .uns.~ad~ate diffusion or 
penetration of solute in the z direction, and, as an approximation, Eq. (2.18) 
may be applied "\J ~~ 

(3.39) 

For short exposure times, and with slow diffusion in the liquid, the molecules of 
dissolving solute are never able to reach the depth Zb corresponding to the 
thickness of the eddy, so that from the solute point of view, zb is essentially 
infinite. The conditions on Eq. (3.39) then are 

I
e at B = 0 

CA = C:~i at z = 0 

CAO at z = 00 for all f) 

for all z 

for () > 0 

Solving Eg. (3.39) and proceeding in the manner described earlier for a falling 
liquid film provides the average flux over the time of exposure 

NA " = 2(cA ; - cAolY.DAOB , . 1T (3.40) 

and comparison with .Eq. (3.4) shows 

* DAB 
k = -L, av 1TO (3.41) 

with kL, av proportional to D~'~ for different solutes under the same circum
stances. This indicated dependence on D is typical of short exposure times, 
where the depth of solute penetration is small relative to the depth of the 
absorbing pool [compare Eq. (3.19)]. As pointed out above, experience shows a 
range of exponents on D from nearly zero to 0.8 or 0.9. 

rce-renew_a1 theQries Danckwerts [l3] pointed out that the Higbie theory 
ith its constant time of exposure of the eddies of fluid at the surface is a special 

case of what may be a more realistic pi~ture, where the eddies are exposed for 
varying lengths of time. The liquid-gas interface is then a . mosaic of surface 
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elements of different exposure-time histories, and since the rate of solute 
penetration depends upon exposure time, the average rate for a unit surface area 
must be determined by summing up the individual values. On the assumption 
that the chance of a surface element's being replaced by another is quite 
independent of how long it has been in the surface, and if s is the fractional rate 
of replacement of elements, Danckwerts found 

N A ,llv = (c A,; - cAorVDABS (3.42) 

and therefore kL, av V D ASS k:: Jns (3.43) 

Danckwerts pointed out that all theories of this sort, derived with the original 
boundary conditions on Eq. (3.39), will lead to kL,:tv proportional to D~'~) 
regardless of the nature of the surface-renewal rate s which may apply. Subse
quently there have been many modifications of this approach [26, 35]. 

Combination film-surface·renewal theory Dobbins [17, 181, concerned with the 
rate of absorption of oxygen into flowing streams and rivers, pointed out that 
the film theory (kL ex: DAB) assumes a time of exposure of the surface elements 
sufficiently long for the concentration profile within the film to be characteristic 
of steady state, whereas the penetration and surface·renewal theories 
(kL ex: D~'~) assume the surface elements to be essentially infinitely deep, the 
diffusing solute never reaching the region of constant concentration below. The 
observed dependence, kL ex: D.zB• with n dependent upon circumstances, might 
be explained by allowing for a finite depth of the surface elements or eddies. 

Accordingly, Dobbins replaced the third boundary condition on Eq. (3.39) 
by CACAO for z = Zb' where zb is finite. With Danckwerts' rate of renewal of 
the surface elements, he obtained 

{-ilzl 
kL • av = V DABS coth V-

AB 
(3.44) 

This is shown in Fig. 3.8. For rapid penetration CD AD large), the rate of surface 
small (s small), or for thin surface elements, the mass-transfer coefficient takes 
on the character described by the film theory; whereas for slow penetration or 

30 

Figure 3.8 Combination film-surface-renewal theory. (AJter 
Dobbins [171.) 
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rapid renewal it follows Eq. (3.43). Consequently kL 0:: D1B' where n may have 
any value between the limits 0.5 and 1.0, which could account for many 
observations. Toor and Marchello [59] have made similar suggestions. 

King [33, 36] has proposed modifications which embody the notion of 
surface renewal with a dampening of the eddy diffusivities near the surface 
owing to surface tension, and these lead to values of n less than 0.5. 

Surface-stretch theory Lightfoot and his coworkers [2, 3, 29, 50, 56] in a 
development which shows great promise, have extended the penetration
surface-renewal concepts to situations where the interfacial surface through 
which mass transfer occurs changes periodically with time. An example is a 
liquid drop such as ethyl acetate rising through a denser liquid such as water, 
with mass transfer of a solute such as acetic acid from the water to the drop. 
Such a drop, if relatively large, wobbles and oscillates, changing its shape as 
shown schematically in Fig. 3.9. If the central portion of the drop is thoroughly 
turbulent, the mass-transfer resistance of the drop resides in a surface layer of 
varying thickness. Similar situations occur while drops and bubbles form at 
nozzles and when liquid surfaces are wavy or rippled. For these cases the theory 
leads to 

(3.45) 

where A = time-dependent interface surface 
AT = reference value of A, defined for each situation 
0,. = const, with dimensions of time, defined for each situation; e.g., for 

drop formation 0,. might be drop-formation time 

Surface 
Layer 

FIgure 3.9 Liquid drop rising through another liquid. (After Rose and 
Kintner [50].) 



The integral of Eq. (3.45) can be evaluated once the periodic nature of the 
surface variation is established, and this has been done for a number of 
situations. 

Flow Past Solids; Boundary Layers 

For the theories discussed above, where the interfacial surface is formed be
tween two fluids, the velocity at that surface will not normally be zero. But when 
one of the phases is a solid, the fluid velocity parallel to the surface at the 
interface must of necessity be zero. and consequently the two circumstances are 
inherently different. 

In Fig. 3.10 a fluid with uniform velocity tlo and uniform solute concentra
tion C AO meets up with a flat solid surface A K. Since the velocity tlx is zero at the 
surface and rises to tlo at some distance above the plate) the curve ABCD 
separates the region of velocity tlo from the region of lower velocity, called the 
boundary layer. The boundary layer may be characterized by laminar flow, as 
below curve AB, but if the velocity Uo is sufficiently large, for values of 
Rex = xUoP/ IL greater than approximately 5 X lOs, depending upon the turbu
lence intensity of the incident stream, the flow in the bulk of the boundary layer 
will be turbulent, as below the curve CD. Below the turbulent boundary layer 
there will be a thinner region, the viscous sublayer, extending from the plate to 
the curve FG. Boundary layers also occur for flow at the entrance to circular 
pipes, for flow along the outside of cylinders, and the like. When the surface 
over which the fluid passes is curved convexly in the direction of flow, as in flow 
at right angles to the outside of a cylinder and past a sphere, well~developed 
boundary layers form at very low rates of flow. At higher rates of flow, however, 
the boundary layer separates from the surface. and eddies form in the wake 
behind the object. 

Figure 3.10 Boundary layer on a flat plate. 

o 

Turbulent 
boundary 
loyer 
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If mass transfer from the surface into the fluid occurs, as with a solid 
subliming into a gas or a solid dissolving into a liquid, the solute concentration 
in the fluid at the solid surface is everywhere C A, i' greater than C AO' There will be 
a curve A E and also one HJ, which separate regions of unifonn concentration 
C AO from regions of higher values of C M corresponding to a concentration 
boundary layer. In the region where only a laminar velocity boundary layer 
exists, the equations of motion and of mass transfer can be solved simulta
neously to yield the concentration profile and, from its slope at the surface, the 
laminar mass-transfer coefficient [7]. This is a fairly complex problem particu
larly if account is taken of the influence of the flux of mass of A in the z 
direction on the velocity profile. If this influence is negligible, and if mass 
transfer begins at the leading edge A, it develops that the thickness of the 
velocity boundary layer 8u and that of the concentration boundary layer Be are 
in the ratio 8u18" = SCI/.3, Similar considerations apply if there is heat transfer 
between the plate and the fluid. 

In laminar flow with low mass-transfer rates and constant physical proper
ties past a solid surface, as for the two-dimensional laminar boundary layer of 
Fig. 3.10, the momentum balance or equation of motion (Navier-Stokes equa
tion) for the x direction becomes [7] 

aux aux _ (a2ux a2
ux ) 

ux -a + uz -a - v --2 + --2 
X Z ax dZ 

(3.46) 

If there is mass transfer without chemical reaction, Eq. (2.17) gives the equation 
of continuity for substance A 

ac A ac A ( a 2C A a 2C A ) 
Ux - a- + IIz - a- = DAB --2 + --2 

X Z ax az (3.47) 

and if there is heat transfer between the fluid and the plate, Eq. (2.19) provides 

(3.48) 

which are to be solved simultaneously, together with the equation of continuity 
(2.14). It is clear that these equations are all of the same fonn, with UXJ cA' and t 
and the three diffusivities of momentum v, mass DAD' and heat (X replacing each 
other in appropriate places. 

In solving these, dimensionless forms of the variables are usually substituted 

Ux - (ux•r - O = 0) t - Ii 
and 

Uo - (ux • z - o = 0) cAO - cA,; to - t; 

Then the boundary conditions become identical. Thus, for Fig. 3.10, at Z = 0 all 
three dimensionless variables are zero, and at z = 00, all three equal unity. 
Consequently the form of the solutions, which provide dimensionless velocity, 
concentration, and temperature profiles, are the same. Indeed, if all three 
diffusivities are equal, so that Sc Pr = I, the l'rofiles in dimensionless fonn 
are identical. The initial slopes of the concentration, temperature, and velocity 
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profiles provide the means of computing the corresponding local transfer coef
ficients 

(3.49) 

(3.50) 

(3.5 I) 

where J is the dimensionless friction factor and JUo/2 might be considered a 
momentum-transfer coefficient. When the coefficients are computed and 
arranged as dimensionless groups, the results are all of the same form, as might 
be expected. In particular, for the flat plate of Fig. 3.10 at low mass-transfer 
rates, 

Sh J --- - - 0332 Re- I/ 2 

Rex Prl/) Rex SCl/3 - '2 -. x 

Nu 
(3.52) 

and the average coefficients provide NUlty and Shay given by the same expres
sions with 0.332 replaced by 0.664. These show the mass-transfer coefficients to 
vary as Dl,J, which is typical of the results of boundary-layer calculations. 
Equation (3.52) is applicable for cases of low mass-transfer rate, with heat or 
mass transfer beginning at the leading edge of the plate, and for Rex up to 
approximately 80 000; for heat transfer, Pr > 0.6; and for constant 10 and C AO' 

In the regions where a turbulent boundary layer and a viscous sublayer 
exist, the calculations for the transfer coefficients depend upon the expression 
chosen for the variation of the eddy diffusivities with distance from the wall. 
Alternatively, a great reliance is put upon experimental measurements. Results 
will be summarized later. .'" 0 ';:'~;;'''''0'' 

~: ;(1:.£" ·i) U j I) ') Do ('\jl·/l\"~"l: O\"l~l <tll~ijf); 
.p 

MASS-, HEAT-, AND MOMENTUM-TRANSFER ANALOGIES 

There are many more data available for pressure-drop friction and heat transfer 
than for mass transfer. The similarity of Eqs. (3.46) to (3.48) for the transfer 
processes of momentum. mass. and heat, and the identical solutions, Eq. (3.52), 
lead to the possibility of deducing the mass~transfer characteristics for other 
situations from knowledge of the other two. 

For the case of the flat plate of Fig. 3.10 and other similar situations, the 
friction factor corresponds to a skin-friction drag along the surface. For flow 
where separation occurs. such as for flow past a sphere or at right angles to a 
cylinder or any bluff object, one might expect the friction factor based on total 
drag, which includes not only skin friction but form drag due to flow separation 
as wen, to follow a function different from that of the mass- and heat-transfer 
groups. 
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In the case of turbulent flow, the differential equations will contain time
averaged velocities and in addition the eddy diffusivities of momentum, mass, 
and heat transfer. The resulting equations cannot be solved for lack of informa
tion about the eddy diffusivities, but one might expect results of the form 

(3.53) 

(3.54) 

Successful completion of an analogy requires, therefore, knowledge of how the 
ratios E,j v, EDI EL., and EH I E

L
• vary with distance from the fluid interface. It is 

customary arbitrarily to set EDI Ee = EHI Er; = 1, despite experimental evi
dence to the contrary and to make some arbitrary decision about Eel v. With 
these assumptions, however, experimental velocity profiles permit prediction of 
the profiles and coefficients for mass and heat transfer. Further, assuming only 
ED = EH (which is much more reasonable) permits information on heat transfer 
to be converted directly for use in mass-transfer calculations and vice versa. 

Let us sum up and further generalize what can be done with the analogies: 

l. For analogous circumstances, temperature and concentration profiles in 
dimensionless form and heat- and mass-transfer coefficients in the form of 
dimensionless groups, respectively, are given by the same functions. To 
convert equations or correlations of data on heat transfer and temperatures to 
corresponding mass transfer and concentrations, the dimensionless groups of 
the former are replaced by the corresponding groups of the latter. Table 3.2 
lists the commonly appearing dimensionless groups. The limitations are: 
a. The flow conditions and geometry must be the same. 
b. Most heat-transfer data are based on situations involving no mass transfer. 

Use of the analogy would then produce mass-transfer coefficients corre
sponding to no net mass transfer, in turn corresponding most closely to kG' 
k;, or k; (= F). Sherwood numbers are commonly written in terms of any 
of the coefficients, but when derived by replacement of Nusselt numbers 
for use where the net mass transfer is not zero, they should be taken as 
Sh = Fl/ cD AS' and the F used with Eq. (3.1). Further, the result will be 
useful only in the absence of chemical reaction. 

c. The boundary conditions which would be used to solve the corresponding 
differential equations must be analogous. For example, in the case of the 
mass-transfer problem of the falling film of Fig. 3.4, the analogous 
circumstances for heat transfer would require heat transfer from the gas 
(not from the solid wall) to the liquid, the wall to be impervious to the 
transfer of heat, heat transfer beginning at the same value of y as mass 
transfer (in this case at y = 0), a constant temperature for the liquid-gas 
interface, and constant fluid properties. 

d. For turbulent flow, EH = ED at any location. 
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/ 
table 3.2 Corresponding dimensionless groups of mass and heat transfer 

v ---------------------------------------------------------
No. 

2 

3 

4 

Mass transfer 

Reynolds number 
Re = /up 

It 

Schmidt number 

Se = _p._ = __ 11_ 

pDAD DAB 

Sherwood number 

Sh "" ~ kdiB. MRTI 
CDAB ' PIDAB • 

kJiB. },Ii k;I fS,RTI 
--D---' -D ' -D-· ete. P, AD AD P, AD 

0. bt licd\lfa l-<:- Grashof numberf 
(L"oI',,pctiJn gl') IIp (p )2 

5 GrD :m-- -
p p. 

6 

7 

8 

Peclet number 
lu 

PeD = Re Sc = --
DAB 

Stanton number 
Sh Sh F 

SlD ... ---- = - = -
Re Sc PeH etl' 

ko's, MMav etc. 
pu • 

.Heat trwfcr 

Reynolds number 

Re ... 

Nusselt number 
hi 

Nu .... " 

Grashof numberf 

GrH ... g/3p Ilt( * r 
Peclet number 

Stanton number 
Sl ... ~= Nu __ h_ 

D Re Pr Pen Cpup 

t The Grashof number appears in cases involving natural convection; IIp "'" JPI -
P21. At -It I - 121. in the same phase. 

2. Friction factors and velocity profiles can be expected to correlate with the 
corresponding heat- and mass-transfer quantities only if Ee :::: EH :::: ED in 
turbulent flow and in extension to viscous sublayers only if E,Jp :::: EH/ ex = 
ED/ DAB' For either laminar or turbulent flow, the friction factors must 
indicate skin friction and not form drag as well. In general, it is safest to 
avoid the friction analogy to mass and heat transfer. 

These analogies are particularly useful in extending the very considerable 
amount of information on heat transfer to yield corresponding information on 
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mass transfer, which is more likely to be lacking. Alternatively, local mass-trans
fer coefficients can be measured with relative ease through sublimation or 
dissolution of solids, and these can be converted into the analogous local 
heat-transfer coefficients, which are difficult to obtain [57]. 

Illustration 3.3 What is the heat-transfer analog to Eq. (3.12)? 

SOLtJTION The equation remains the same with the dimensionless concentration ratio replaced 
by (I, - ,L)/(Ij - tol: the dimensionless group 

2DAUL 2 DAB L L 
." 3o~ = '3 o~ S = 8 

for mass transfer is replaced by 

JUustratiOD 3.4 For flow of a fluid at right angles to a circular cylinder, the average beat-trans
fer coefficient (averaged around the periphery) for fluid Reynolds numbers in the range 1 to 
4000 is given by {19] 

NullV .... 0.43 + 0.532 Reo.s prO·31 

where Nu and Re are computed with the cylinder diameter and fluid properties are taken at the 
mean of the cylinder and bulka f1uid temperatures. 

Estimate the rate of sublimation of a cylinder of uranium hexafluoride, UF 6' 6 rom 
diameter, exposed to an airstream flowing at a velocity of 3 m/s. The surface temperature of 
the solid is 43"C, at which temperature the vapor pressure of UFo is 400 mmHg (53.32 kN/m2

). 

The bulk air is at I std atm pressure, 60°C. 

SOLUTION The analogous expression for the mass-transfer coefficient is 

Shay = 0.43 + 0.532 Reo.s ScI).31 

Along the mass-transfer path (cylinder surface to bulk air) the average temperature is 51.5°C, 
and the average partial pressure of UFo is 200 romHg (26.66 kN/m2), corresponding to 
26.66/101.33 :II 0.263 mole fraction UF6• 0.737 mole fraction air. The corresponding physical 
properties of the gas. at the mean temperature and composition, are estimated to be: density == 
4.10 kg/m', viscosity == 2.7 X IO-s kg/m . s, diffusivity ... 9.04 X 10-6 m1/s. 

Re ... d up ... (6 X 10-
3
)(3)(4.10) "'" 2733 Sc "'" .J!.. = 2.7 X 10-5 

... 0.728 
p. 2.7 X 10- 5 pD 4.10(9.04 X 10-6) 

Shav ""' 0.43 + 0.532(2733)0.5(0.723)°·31 = 25.6 .... FDavd 
C AB 

I 273.2 0 03 k 1/ 1 
e'" 22.41 273.2 + 51.5 = . 75 mo m 

F "'" ShAveD AS _ 25.6(0.0375)(9.04 X 10-') 1 446 10-3 km 1/ l 
av d 6 X 10-3 .... X 0 m· s 

In this case, NB(air) "" O. so that NA/(NA + No) = 1.0. Since CA/C ... 53.32/101.33 = 0.526 
mole fraction, Eq. (3.1) provides 

1-0 
N A ... 1.44 X 1O-3 1n 1 _ 0.526 = 1.08 X 10-3 kmol UF6/m

2 • s 

which is the mass-transfer flux based on the entire cylinder area. 



Note J The calculated N A is an instantaneous flux. Mass transfer will rapidly reduce the 
cylinder diameter, so that the Reynolds number and hence F will change with time. Further
more, the surface will not remain in the form of a circular cylinder owing to the variation of the 
local F about the perimeter, so that the empirical correlation for Nu.v and ShAll will then no 
longer apply. 

Note 2 Use of kc or kG computed from a simple definition of Sh produces incorrect results 
because of the relatively high mass-transfer rate, which is not allowed for in the heat-transfer 
correlation. Thus, kt: = kGRT"'" Shalf DAB/d ... 25.6(9.04 X 10-6)/(6 X to-3) """ 0.0386 
kmol/m1 • s . (kmol/ml) or kG = 0.0386/8.314(273.2 + 51.5) = 1.43 x IO- s kmoI/m2 • s . 
(kN/m2). This lea.ds [Eq. (3.3)] to N A = (1.43 X 10-5)(53.32 - 0) 7.62 X 10-4 kmol/m2 • s, 
which is too low. However. if kG is taken to be 1.43 X lO-sp,/ftu. M. the correct answer will be 
given by Eq. (3.3). 

Turbulent Flow in Circular Pipes 

A prodigious amount of effort has been spent in developing the analogies 
between the three transport phenomena for this case, beginning with Reynolds' 
original concept of the analogy between momentum and heat transfer in 1874 
[49], The number of well-known relationships proposed is in the dozens, and 
new ones of increasing complexity are continually being suggested. Space 
limitations wiII not permit discussion of this development, and we shall confine 
ourselves to a few of the results. 

Before any extensive measurements of the eddy diffusivities had been made, 
Prandtl had assumed that the fluid in turbulent flow consisted only of a viscous 
sublayer where EI) and EH were both zero and a turbulent core where molecular 
diffusivities were negligibly important. The resulting analogy between heat and 
momentum transfer, as we might expect, is useful only for cases where ErJs... 
essentiaJly uni t¥. A remarkably simple empirical modification of Prandtl's 
analogy by Colburn [11], on the other hand, represents the data even for large Pr 
very well (Colburn analogy) 

h -2
11 St - _a_v_ 

H. av - C/iJ(p = Pr2/3 (3.55) 

The group StH, av p~/3 is calledjH 

h 
StH,lt1i Pr/3 = _1l_v_Pr/3 = jH = tf = lj!(Re) (3.56) 

The mass~transrer (Chilton-Colburn) analogy [101 is 

StD, av SC2
/

3 = F.lv SC2/ 3 = jD = if = ~(Re) (3.57) 

which, as will be shown, agrees well with experimental data when .Scjs.-n.o.Uo.o 
large. 

Analogies between the transport phenomena can be developed from the 
velocity. concentration. and temperature distributions from which the eddy 
diffusivities of Eqs. (3.34) to (3.38) were obtained. These data are not extremely 
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accurate near the wall, however, and the resulting analogies then depend upon 
the empirical expressions chosen to describe the data, as in the equations 
mentioned. One of the relatively simple, yet quite successful, of these is the pair 
{22J 

St = ____ ...::;f-'-/_2 ___ _ 
H.av 1.20+ 11.8(fJ2)0.5CPr-l)Pr-I/3 

(3.58) 

St = _-__ ...::..fo!-/2 ____ _ 
D.av 1.20 + 11.8(f/2),\Sc - I)Sc- I/ 3 

(3.59) 

which are us.eful for Fr = 05 .... liL60fLand Sc up to 3000. 
We have seen, however, that the ratios ED/ D and EH/a are not equal to 

£1:/ v. and particularly for l~ one would.no.La.n.ticipate an an.alogy between 
heat and .mass transfer on the one hand and .mom.en.turrLtransfer on th~9Jher. 
The experimental data bear this out. 

Experimental data have come from so-called w.elted-wall towers (Fig. 3.11) 
and flow of liquids through soluble pipes. In Fig. 3.11, a volatile pure liquid is 
permitted to flow down the inside surface of a circular pipe while a gas is blown 
upward or downward through the central core. Measurement of the rate of 
evaporation of the liquid into the gas stream over the known surface permits 
calculation of the mass-transfer coefficients for the gas phase. Use of different 
gases and liquids provides variation of Sc. In this way, Sherwood and Gilliland 

reed reservoir 

liquid film 

Wetted-wall 
section 

~ Colming section 
liquid 

out 

t 
Gas Figure 3.11 Wetted-wall tower. 



[52] covered values of .ReJrom.....2OOCL.to . ..35_000,._Sc...fr.om._O.6.Jo-2.5, and gas_ 
.pressuresJ.rom_O.Lto.....3_atm. Linton and Sherwood [41] caused water to flow 
through a series of pipes made by casting molten benzoic acid and other 
sparingly soluble solids. In this way the .rang~LQLSJ~ wJ.\s._.e~t~P.&~.d_tQ_l.®. Those 
data are empirically correlated by 

Shay = 0.023 Reo.S) SCl/l (3.60) 

although the data for gases only are better correlated with 0.44 replacing t as 
the exponent on Sc, perhaps because of the influence of ripples in the liquid film 
affecting the gas mass transfer [24]. Over the range.Re. = 5000...to.200JKlO, the 
fric.tion...fac1or in smooth pi~.s can be expressed as 

. t.r - 0.023 Re -0.2 

Substitution in Eq. (3.60) then gives 

Shay Se2/3 if 
Re t •OJ Sc 

(3.61) 

(3.62) 

which can be compared with Eq. (3.57). The heat-transfer analog of Eq. (3.60) is 
satisfactory for Pr = 0.7 to 120 [15]. 

As turbulence intensity increasesJ theory predicts that the exponent on Re 
should approach unity [38J. Thus [44]. for liquids with Sc > 100, 

(3.63) 

and the heat- massMtransfer analogy applies [Eq. (3.63) yields values of Shay 
slightly low for Sc = 20000 to 100 000]. 

MASS·TRANSFER DATA FOR SIMPLE SITUATIONS 

Table 3.3 provides a few of the correlations taken from the literature for 
relatively simple situations. Others more appropriate to particular types of 
mass-transfer equipment will be introduced as needed. 

Experimental data are usually obtained by blowing gases over various 
shapes wet with evaporating liquids or causing liquids to flow past solids which 
dissolve. Average, rather than local, mass-transfer coefficients are usually ob
tained. In most cases, the data are reported in terms of kG' kc' kv and the like. 
coefficients applicable to the binary systems used with NB = 0, without details 
concerning the actual concentrations of solute during the experiments. For
tunately, the solute concentrations during the experiments are usually fairly low, 
so that if necessary. conversion of the data to the corresponding F is usually at 
least approximately possible by simply taking PB. M / PI' xu, Mt etc., equal to unity 
(see Table 3.1). 
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Particularly when fluids flow past immersed objects, the local mass~transfer 
coefficient varies with position on the object, due especially to the separation of 
the boundary layer from the downstream surfaces to form a wake. This phenom
enon has been studied in great detail for some shapes, e.g., cylinders [8]. The 
average mass-transfer coefficient in these cases can sometimes best be correlated 
by adding the contributions of the laminar boundary layer and the wake. This is 
true for the second entry of item 5, Table 3.3, for example, where these 
con,tributions correspond respectively to the two Reynolds-number terms. 

For immersed objects the tllfhllJen~vel of the incident fluid also has an 
jmportant effect [8]. Thus, for example, a sphere faJJjng through a quiet ~ 
result in a rnass-lcaos[er...c.o.ef.ficient J1i ffere.ni from that where the fluid flows past 
a statjonary sphere. In most cases the distinction has Dot y,et been fully 
established. Surface roughness, which usually increases the coefficient, has also 
been incompletely studied, and the data of Table 3.3 are for smooth surfaces, for 
the most part. 

When mass or heat transfer occurs, it necessarily follows that the physical 
properties of the fluid vary along the transfer path. This problem has been dealt 
with theoretically (see, for example, Refs. 25 and 47), but in most cases empirical 
correlations use properties which are the average of those at the ends of the 
transfer path. The problem is most serious for natural convection, less so for 
forced. 

In many cases, particularly when only gases have been studied, the range of 
Schmidt numbers covered is relatively small; sometimes only one Sc (0.6 for 
air-water vapor) is studied. ThejD of Eq. (3.57) has been so successful in dealing 
with turbulent flow in pipes that many data of small Sc range have been put in 
this form without actually establishing the validity of the ~ exponent on Sc for 
the situation at hand. Extension to values of Sc far outside the original range of 
the experiments, particularly for liquids, must therefore be made with the 
understanding that a considerable approximation may be involved. Some data, 
as for flow past spheres, for example, cannot be put in the jD form, and it is 
likely that many of the correlations usingjD may not be very general. 

For situations not covered by the available data, it seems reasonable to 
assume that the mass-transfer coefficients can be estimated as functions of Re 
from the corresponding heat~transfer data, if available. If necessary, in the 
absence of a known effect of Pr, the heat-transfer data can be put in thejH form 
and the analog completed by equatingjD tOjH at the same Re. This should serve 
reasonably well if the range of extrapolation of Sc (or Pr) is not too large. 

IUlIStratioo 3.5 We wish to estimate the rate at which water will evaporate from a wetted 
surface of unusual shape when hydrogen at 1 std atm. 38°C, is blown over the surface at a 
superficial velocity of 15 m/s. No mass-transfer measurements bave been made, but heat-trans
fer measurements indicate that for air at 38°C, 1 std atm, the beat-transfer coefficient h 
between air and the surface is given empirically by 

h .. 2.3G,0.6 

wbere G' is the superficial air mass velocity, 21.3 kg/m2 • s. Estimate the required mass-transfer 



~ 

vTiible 3.3 Mass transfert for simple situations 

Fluid.motinn Ranfl!'! of eonnitinn...: .Equation Ref. 

I. Inside circu- Re = 4()()()-60 000 41, 

lar pipes Sc = 0.6-3000 
~ c:J-j'" r",,:Ture; " v 52 '" vr 

Re ... 10 000 - 400 000 jD = 0.0149 

Sc> 100 Sh = 0.0149 Reo.ss SeI/J 44 

2. Unconfined Transrer begins at 
flow parallel leading edge jo "" 0.664 Re;O.5 32 
to flat plates:): Rex < 50000 

Re.., ,.. 5 x IO~-3 X 10' (Pr: )0.25 
Pr'" 0.7-380 

Nu - 0.037 Re~8 pcg.41 Pr~ 

Re~ = 2 X 10"-5 x lOS 
65 

Between above and 

Pr"" 0.7-380 (Pr tIS Nu "'" 0.0027 Rex prg.43 Pr: 

3. Confined gas 
flow parallel 

Ret' .... 2600-22 000 jD 00:: 0.11 Re;O.29 46 to a flat plate 
in a duct 

4. Liquid film in 4r .... 0-1200 

wetted-wall 
p. • Eqs. (3.18)-(3.22) 

lower, transfer suppressed 20, 

between liquid (1.76 x 10-5)( 4;) LSOfi Se0.s 
37 

and gas ... 1300-8300 Sh 
p. 



~ 

5. Perpendicular 
to single 
cylinders 

Re ... 400-25 000 
Sc ,.. 0.6-2.6 

kcPl SCO.56 "" 0.281 Re'O,4 
GM 

Re' OJ-lOS 
Pr z 0.7-1500 Nu = (0.35 + 0.34 Re'o.s + 0.15 Re,O.S8) Pro.J 

6. Past single 
spheres 

Sc = 0.6-3200 Sh = Silo + 0.347(Re" ScO.5)O.62 

Ref' Se°·s = 1.8-600 000 Silo = ( 2.0 + 0.569(Oro SC)O.250 

lie:. ~' (LooJ: fa o~) 2.0 + 0.0254(Or 0 Sc)o.:m SCO.244 

7. Through fixed Re" .... 90-4000 
beds of peUets§ Sc:o= 0.6 jo = jH "" 2.06 Re"-O.S75 

E . 

Oro Sc < 108
} 

Oro Sc > lOS 

5 

16, 
21. 
42 

55 

Re" ,... 5000-10300 jD O.95jH "'" 20.4 Re,,-o.ns 4, 
Sc-M £ n 
Re" .... 0.0016-55 j ,. 64 
Sc""' 168-70600 D t 

ReI' ... 5-1500 . 0.250 
Sc"" 168-70600 )D -e-Reu-O.31 

t Average mass-transfer coefrlcients throughout. lor constant solute concentrations at the phase surface. Gener
ally. fluid properties are evaluated at the average conditions between the phase surface and the bulk fluid. The heat
mass-transfer analogy is valid throughout. 

t Mass-transfer data for this case scatter badly but are reasonably well represented by settingjo "" ju' 
§ For fixed beds. the relation between £ and dp is Q "" 6(1 - e)/4. where a is the specific solid surface. surface per 

volume of bed. For mixed sizes (58) 

ini~ 
d i-I 
p=-n--

L njd}; .-1 
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coefficient. Physical-pro~rty data are: 

Density P. kg/m:l 
Viscosity p.. kg/m . s 
Thermal conductivity k 

W/m·K 

38°C. I std atm 

0.114 0.0794 
1.85 X 10- 5 9 X 10-6 

Heat capacity Cpt kJ /kg . K 
0.0273 
1.002 

0.1850 
14.4 

Dirfusivity with water 
vapor, m2/s 7.75 X 10-5 

SoLUTION The experimental heat-transfer data do not include effects of changing Prandtl 
number. It will therefore be necessary to assume that theiH group will satisfactorily describe 
the efCect. 

iH == _h_p.-2/3 == ~Prl/3 ~(Re) 
Cppu CpG 

CG' 
h = P~/3 ~(Re) = 21.3G,O.6 for air 

The ~(Re) must be compatible with 21.3G,o·6. Therefore, let l/J(Re) "'" b ReF' and define Re as 
/G' / p., where / is a characteristic linear dimension of the solid body. 

C G' CpG' (IG')n = bCp (.!..)G'''. = ,0.6 
h = P~/3 h ReF' p.-2/3 b J.L Pr2/3 J.L 21.3G 

1 + n ",. 0.6 n "'" - 0.4 

be (I) -0.4 
Pil;3 p: = 21.3 and 

b == 21.3 Pr2/3 (.!..)O.4 
Cp J.L 

Using the data for air at 38°C, I std atm, gives 

P "'" C,p. == 1002(1.85 X 10- 5
) .... 068 

r k 0.0273 • 

b ",. 21.3(0.68i/
3 

( I )0.4 = 1.285/0.4 
1002 US X 10-5 

. _ h p,-lf3 1.2851°·4 - .I.(R ) 
iH - CpG' = Reo.4 - If' e 

The heat- mass-transfer analogy will be used to estimate the mass-transfer coefficient UD -
iH)' 

For H2-H20. 38°C. I std atm, Sc == p./pD = (9 X 1O-6)/O.0794{7.7S >< 10-5) ,.. 1.465. At 
u"" IS mis, and assuming the density. molecular weight, and viscosity of the gas are 
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essentially those of H2• 

k - "" F = 1.285[O,0794{l5)}O.6(9 X 10-6)°.4 _ 0.00527 kmol/m2 • s ADs. 
aPB. M 2.02( I .465)2/3 

Flux Variation with Concentration 

In many situations the concentrations of solute in the bulk fluid, and even at the 
fluid interface) may vary in the direction of flow. Further, the mass-transfer 
coefficients depend upon fluid properties and rate of flow, and if these vary in 
the direction of flow, the coefficients will also. The flux N A of Eqs. (3.1) and 
(3.3) to (3.6) is therefore a local flux and will generally vary with distance in the 
direction of flow. This problem was dealt with, in part, in the development 
leading to Illustration 3.1. In solving problems where something other than the 
local flux is required, allowance must be made for these variations. 'This 
normally requires some considerations of material balances, but there is no 
standard procedure. An example is offered below, but it must be emphasized 
that generally some sort of improvisation for the circumstances at hand will be 
required. 

Illustration 3.6 Nickel carbonyl is 10 be produced by passing carbon monoxide gas downward 
through a bed of nickel spheres, 12.5 mm diam. The bed is 0.1 m2 in cross section and is packed 
so that there are 30% voids. Pure CO enters at 50°C, 1 std atm, at the rate of 2 X 10-3 kmolJs. 
The reaction is 

Ni + 4CO ~ Ni(CO)4 

For present purposes, the following simplifying assumptions will be made: 

1. The reaction is very rapid, so that the partial pressure of CO at the metal surface is 
essentially zero. The carbonyl forms as a gas, which diffuses as fast as it forms from the 
metal surface to the bulk·gas stream. The rate of reaction is controlled entirely by the rate of 
mass transfer of CO from the bulk gas to the metal surface and that of the Ni(CO)4 to the 
bulk gas. 

2. The temperature remains at 50°C and the pressure at I std atm throughout. 
3. The viscosity of the gas = 2.4 x lO-s kgJm . s, and the Schmidt number;;: 2.0 throughout. 
4. The size of the nickel spheres remains constant. 

Estimate the bed depth required to reduce the CO content of the gas to O.5%. 

SoLUTION Let A"'" CO, B = Ni(CO}4' No - NAJ4 and NAJ(NA + N,J .. ~. In Eq. (3.1), 
c AlJ c - Y -'.1 at the metal interface - 0, and cAl / C = Y A == mole fraction CO in the bulk gas. 
Equation (3.1) therefore becomes 

N -~Ft 4/3 -4Ft 4 
A -j n 4/ 3 YA -3 n 4 - 3YA (3.64) 

where N A is the mass-transfer flux based on the metal surface. Since Y A varies with position in 
the bed, Eq. (3.64) gives a local flux, and to determine the total mass transfert allowance must 
be made for the variation of Y A and F with bed depth. 

Let G ... kmol gas/(m2 bed cross section) . s flowing at any depth z from the top. The CO 
content of this gas isyAG kmol CO/(m1 bed) . s. The change in CO content in passing through 



a depth dz of bed is - d(YA G) kmoljm2 . s. If Q is the specific metal surface, m2 Jm3 bed, a 
depth dz and a cross section of 1 m2 (volume - dz m3) bas a metal surface Q tlz m2• Therefore, 
N A "" - d(YA G)J adz kmolJ(m2 metal surface) . s. For each kmol of CO consumed, ~ kInol 
Ni(CO}" forms. representing a net loss of ~ kmol per kilomole of CO consumed, The CO 
consumed through bed depth dz is therefore (Go GXi> kmol, where 0 0 is the molar 
superficial mass velocity at the top, and the CO content at depth z is 00 - (00 - G)(j). 
Therefore 

Go - (Go 0)(4/3) 
YA= 0 o=~ 

4 - 3YA 

Substituting in Eq. (3.64) gives 

_ 4Go 41'A =~Fln __ 4-
(4-3YA)2adz 1 4-3YA 

(3.65) 

F is given by item 7 of Table 3.3 and is dependent upon Y A' At depth z, the CO mass 
velocity"" {Go - (00 - OXn128.O. and the Ni(CO),. mass velocity ... [(Go - OX~)]170.7, 
making a total mass velocity 0' = 47.600 - 19.60 kg/ml . s. Substituting for G leads to 

G' := 47.6Go - 19.600 = 0 0(47.6 -~) kg/m2 • s 
4 - 3YA 4 - 3YA 

With 12.5·mm spheres, dp = 0.0125 m; p. = 2.4 X 10-5 kg/m' s. 

Re" = dpG' "" O.OI25Gol47.6 - 19.6/ (4 - 3YA)] = 0 (2.48 _ ~)(Icrt) 
P. 2.4 x 10-5 0 4 - 3YA 

With 0 0 >= (2 x 10 - 3)/0.1 0.02 kmoi/ m2 • sand Y A in the range 1 to 0.005, the range of Re 

is 292 to 444. Therefore, Table 3.3, 

2.06 Re"-O.S7S 
£ 

For Sc "" 2 and £ = 0.3 void (raction. this becomes 

2.06 Go [( 1.02)] -0.S7S 
F ------Y-/l -4 -3 - Go 2.48 - -4 -3 - (Icrt) 

0.3(2) - YA - ~A 
(3.66) 

Equation (3.66) can be substituted in Eq. (3.65). Since a = 6(1 - E)/ ~ = 6(1 - 0.3)/0.0125 "'" 
336 m2/m3 and Go == 0.02 kmol/m2 • s. the result, arter consolidation and rearrangement for 
integration, is 

z == {Z dz == -00434fo.005 [2.48 - 1.02/ (4 - 3YA)f
S7S 

41' 
}o . (4 - 3YA)ln[4/ (4 - 3y~] A 

1.0 

The integration is most readily done numerically, or graphically by plouing the integrand as 
ordinate VS. YA as abscissa and determining the area under the resulting curve between the 
indicated limits. As a result, Z :l1li 0.154 m. Am. 

Sl~ULTANEOUS MASS AND HEAT TRANSFER 
\./ 

MaSs.....1I:ansfer may QccuLsimultaneously with the transfer-oLheat, either as a 
result of an .externally_imp_ose.d . .1etnperature. difference .of because of the.absorp
liQ,o_QLeYQluliQILoLheat which generally occurs when a.S.ub..stanc.c_is_transferred 
from oneNphase.lo...anQther. In such cases, within one phase. the heat transferred 
is a result not only of the conduction (convection) by virtue of the temperature 



Phose 
interface 
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Figure 3.12 Effect of mass transfer on heal transfer (12). 

difference which would happen in the absence of mass transfer but also includes 
the sensible heat carried by the diffusing matter. 

Consider the situation shown in Fig. 3.12. Here a f1l1jd consisting of 
substances. A and B flows past a second phase. under conditions causing mass 
transfer The 10tal mass transfe..rrW is given by the following variation of Eq. 
(3. J): 

N A + N B = F In N AI (N A + N B) - C A, ,/ C 

NAI (NA + Ns) - cAllc 
(3.67) 

As usual, the relationship between N A and NB is fixed by other considerations. 
As a result of the temperature difference, there is a heat flux de~ by the 
o.r.d.i.n~ heat-transfer co.efiicie.n.Lh....in the~ce of mass transfer If we think 
in terms of the film theory, this heat flux is h( - dtl dZ)ZF' The .tQtaLs.e.nsibJe heat 
~ to the jnterfack.-must include in ad.dition the se.nsib.l.e-.h.e~ . ..b.r.OllghLthe.(e 
by the movement of mat~er thmugh the temperature djfferen~e. Thus, 
10 ..- -- ------... -tgr,,(:lie.~ 

;n-le6faeg. f' qs = h( - :~)ZF I (NAMACp . A + NBMBCp.B)(t :,tJ (3.68) 

Rearranging and integrating gives /l"\tH'I:" ~tHfey 

f ll dl = _1 fO dz (3.69) 
qs - (N AM A Cp , A + N BMBCp , B)(I - 1;) hZF Zr 

I, /----~ - herod -Ir(;!)"I{f.e r ll.> H- l'lWf(:~~d 
( NAMA Cpo A + NBMBCp . B 1'(" Y'"t'\otlt! + antte 

qs = 11 - t;) (3.70) L - e-(NAMACp.A+N8MB~)j)Y 

The leon multiplying the te.mp.~ditk..r.e.nc"e of Eq. (3 0,) may be considered 
as a ~At-tIansfer coefficjent corrected for mass transfw [1, 12]; it will be l.aLge.r 
if the mass transfer is in the s.anle.-d.ir..e!:tion as the hea t.an~er, smaller if the 
two are in opposite directions. Equation (3.70) is corrected for high mass-trans
fer flux. It can be ~ for condensation of cQmponenLAin th.e .. P-I.esen.e.e, .of 
o.oncondensj.!lg~--13~i~) or for muitjcomponent mjxtures [5 1], for which 
L N. M. c: ;, is then used in the corrected coefficient. 



The total heatr..~tease at the interface Qt will then include additionally the 
effect p-r.oi,hLC..e..d when the tran.sferre.d.'ffilaSS __ P-~S,$~_tlu:Q.yg1):Jb.e~interfac.~. This 
may be a laJenLMaLQLxaP-Qdz;.)JiQP,_a ... b..e.aLQf_[olution, or both, depending 
upon the circumstances. Thus, . ~., ,...-'{'\ \\')( 

01,1''1:'1' "'" q, = qs + "'ANA + "'aNa (3.71) 

where...LiLth~, molarhea.t evolution. In some cases the heatrele~sed at the 
iJ1t~rf~~e continues to flow to the left in Fig. 3.12, owing to;, teri!i'-eraiure drop 
in the .!Qjacent phase. In others, where the...1!lJ!~~.Jran~f~rJI:Lth~_fluid is in the 
direction QP-P-ositjU.lHL$~Il~b.le:he.at tran~fer, it is possible that the3u[tl!sing mass 
may carry- he_at from thejnJer(~~.ejn.JQJhe_nuid as fast as it is released, in which 
case D..9_heat e..n,t,er_s_the_adJa~entphase. 

lIIuscration 3.7 An air-water-vapor mixture flows upward through a vertical copper tube, 25.4 
mm 00, 1.65 m.m wall thickness, which is surrounded by flowing cold water. ~ a result, the 
water vapor condenses and flows as a liquid down the inside of the tube. At one level in the 
apparatus, the average velocity of the gas is 4.6 mist its bulk-average temperature 66°C. the 
pressure I std a.tm, and the bulk-average partial pressure of water vapor"'" 0.24 std atm. The 
£ilm of condensed liquid is such that its heat-transfer coefficient:.:: 11 400 W /m'2.· K. The 
cooling water has a bulk-average temperature of 24°C and a heat-transfer coefficient == 570 
W /m2 • K (see Fig. 3.13). Compute the local rate of condensation of water from the airstream. 

SOLUTION For the metal tube, 10 25.4 - 1.65(2) = 22.1 mm "'" 0.0221 m. Alu:liam = (0.0254 
+ 0.0221)/2 "" 0.0238 m. CI'lC'11 -c.t~1.de''':-

For the gas mixture, A "'" water, B == air. NB == O. NA/(N" + NB) "'" 1; YAI = 0.24, 
Y ,o.. J P". / = vapor pressure of water at the interrace temperature I;. M........ - 0.24(18.02) + 
0.76(29) "" 26.4; p = (26.4/22.41){273/(273 + 66)] "" 0.950 kg/m3; p. = 1.75 X 10-5 kg/m . s. 
Cp " '"" 1880. C" of the mixture = 1145 J/kg . K. Sc - 0.6, Pr "'" 0.75. 

:,' l\ct$ G~ r ~:;. ,,,;) \ :.('1,,, Yt. 
\ t*l Q.'~!(' G' = ~mass velocity = up = 4.'6«(1950) = 4.37 kg/m2 

• 

G .... molar mass velocity ... £ "" 4.37 = 0.1652 
May 26.4 

Re = dG' "'" 0.0221(4.37) = SSIO 
p. 1.75 X to-oS 

The mass-transfer coefficient is given by item I. Table 3.3: 

h) == StD Sel/J = fSel/3 "" 0.023 Re-O.l7 = 0.023(5510)-0.17 ... 0.00532 

F = 0.005320 = 0.00532(0.1652) = 1.24 X to-3 kmol/m2 • s 
Sc2/3 (0.60)2/3 

The heat-transfer coefficient in the absence of mass transfer will be estimated throughjD ... jn. 

jH = StH prl/3 == C hOI prl/3 = 0.00532 
p 

h .... 0.00532(1145)(4.37) "" 32.3 W/m2 • K 
(0.75)2/3 

The sensible-heat transfer nux to the interface is given by Eq. (3.70), with N» ... O. This is 
combined with Eq. (3.71) to produce 

N ,0.(18.02)(1880) 
q, = 1 e-N ... C18.02XIBSO)/32.3(66 - Ii) + A"./N" (3.72) 

where A.A.; is the molal latent heat of vaporization of water at Ii' AU the heat arriving at the 
interface is carried to the cold water. Jljs.Jh~_~..h.rulJ.:.tr.@1if~f-~fficie.nt,...inledace...to-co)d.. 
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Figure 3.13 Illustration 3.7. 

VJoW l'\fI'\ . 

e inside tube sur~ce lhl L "~;; b, 

1 1 0.00165 22.1 1 22.1 -=--+-----+--
U 11400 381 23.8 57025.4 ~{) ~ 

where 38 I 'is the thermal conductivity of the copper. J.t>~ " h (.vIa VlQjeY 
z.. 

U = 618 W 1m2. K q, = 618(i{ - 24) (3.73) 

The rale of mass transfer is given by Eq. (3.67) with Na = 0, cA,jc = PA,p c!,,,/c ;;: YAI = 
0.24. 

N = 124 x 1O-3ln J - PA. { 
A' I - 0.24 (3.74) 

Equations (3.72) to (3.74) are solved simultaneously by trial with the vapor-pressure curve for 
water, which relates P A. i and i/. and the latent-heat data. It is easiest to assume Ii' which is 
checked when q, from Eqs. (3.72) and (3.73) agree. 

As a fiDal trial. assume t; = 42.2°C, whence p A,; = 0.0806 std alID, AA.; = 43.4 X itt 
J Ikmol, and (Eq. (3 . 74)~ - 2.45 X 10- 4 kmoljm2 . s. By Eq. (3.73) q, = II 240; by Eq. 
(3.72) q, -= II 470 W 1m2, a sufficiently close check. The .local rate of condensation of water is 
therefore 2.45 X 10- 4 kmol/m2 . s. Ans. 

Note In this case, the true Ib [Eq. (3.68)] = 875 W 1m2, whereas the uncorrected h gives 
32.3(66 - 42.2) = 770 W 1m2. 

Equation (3.70) can also be used for calculations of transpiration cooling, a 
method of cooling porous surfaces which are exposed to very hot gases by 
forcing a cold gas or evaporating liquid through the surface into the gas stream. 

Illustration 3.8 Air at 600°C, I std atm. flows past a flat, porous surface. Saturated steam at 1.2 
std atm flows through the surface into the airstream in order to keep the temperature at the 
surface at 260°C. The air velocity is such that h would be 1100 W /m2 • K if no steam were 
used. (a) What rate of steam flow is required? (b) Repeat if instead of steam liquid water at 
25°C is forced through the surface. 

SoLlmON (0) A = water, B = air. Nfl = O. The positive direction is taken to be from the bulk 
gas to the surf ace. Let H A.; "" enthalpy of steam a I the interface and H A. S = initial enthalpy 
of steam. Equation (3.70) becomest 

t Radiation contributions to the beat transfer from the gas to the surface are negligible; it is 
assumed that the emissivity of the air and its small water-vapor content is negligible. 
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which reduces to 

-h [ NA=~ln I 
A p,A 

(3.75) 

H A, S ... enthalpy of saturated steam at 1.2 std atm, relative to liquid at O°C .. 2.684 x 1(ji 
J/kg. HAi = enthalpy of steam at I std atm, 260"C "" 2.994 X l<fi J/kg. MA ... 18.02, h ... 
HOO. CI'.A from 260 to 6OO"C ... 2090 J/kS' K, I, :::: 6OO"C, Ii = 260°C. Substitution into Eq. 
(3.75) provides N A .,. - 0.0348 kmoljm1 • s or - 0.627 kg/m:t· s (the negative sign indicates 
that the mass flux is in the negative direction, into the gas). Abs. 

The convective beat-transfer coefficient bas been reduced from 1100 to 572 W /m2 • K. 
(b) The enthalpy of liquid water at 25°C relative to liquid at O°C == 1.041 X lOS J/kg. 

Substitution of this instead of 2,684 x l(ji into Eq. (3.75) yields N A = - 6.42 X 10-3 kmoljm2 
. s or -0.1157 kg/ml , s. ADs. 

NOTATION FOR CHAPTER 3 

Any consistent set of units may be used. 

D 
ED 
EH 
Ec 
j 
F 
g 

g, 
G 
G' 
Gr 
h 
H 
iD 
h, 
J 
k 
kc• kG' kx • ky, etc. 
K 
I 
Id 

specific surface of a fixed bed of pellets, pellet surface/volume of bed, L1/L3 
mass-transfer surface, L2 
const 
solute concentration (if subscripted), molar density of a solution (if not 
subscripted). mole/LJ 

bulk-average concentration, mole/L3 
heat capacity at constant pressure, FL/MT 
differential operator 
diameter, L 
diameter of a cylinder, L 
equivalent diameter of a noncircular duct == 4(cross-sectional area)/perime
ter. L 
diameter of a sphere; for a nonspherical particle. diameter of a sphere of the 
same surface as the particle. L 
molecular diffusivity. L1/9 
eddy mass diffusivity. L2/9 
eddy thermal diCCusivity. L2/e 
eddy momentum diffusivity, Ll /8 
friction ractor; Fanning friction factor for flow through pipes; dimensionless 
mass-transfer coefficient, moIe/L18 
acceleration due to gravity, L2/8 
conversion factor, ML/FS2 
molar mass velocity, mole/L19 
mass velocity. M/L2e 
Gra.shof number. dimensionless 
heat-transfer coefficient. FL/L1fJT 
enthalpy. FLjM 
mass·transfer dimensionless group, StD SC2

/
3 

heat-transfer dimensionless group, Stu prl/3 

mass-transfer flux relative to molar average velocity, moIe/L18 
thermal conductivity, FLl/Ll 9T 
mass-transfer coefficients moie/Ll8(concentration difference) (see Table 3.1) 
cons! 
length; Prandtl mixing length; L 
length scale of eddies in the universal range, L 



I~ 
L 
m 
M 
n 
N 
Nu 

P 
P 
PI 
P 
Pe 
Pr 
q 
R 
Re 
Re' 
Re" 
Re .. 
Rex 
s 
S 
Sc 
Sh 
8t 

II 

Ii 
u' 
u; 
ud 
x. y, z (no subscript) 
x ... 
YA 

a 
p 
r 
6 
(J 

A 
JL 
p 
T 

Subscripts 

A 
B 

length scale of medium-sized eddies, L 
length of a wetted-wall tower, L 
mass. M 
molecular weight, Mlmole 
a number, dimensionless 
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mass-transfer flux at, and relative to, a phase boundary. mole/LIe 
Nusselt number, dimensionless 
vapor pressure, FILl 
partial pressure, FILl 
total pressure, F /Ll 
power. FL/9 
Peciel number. dimensionless 
Prandtl number. dimensionless 
heat·transfer flux, FL/L19 
universal gas constant, FL/mole T 
Reynolds number, dimensionless 
Reynolds number for flow outside a cylinder. d~G'/ p" dimensionless 
Reynolds number for flow past a sphere. dpG'lp., dimensionless 
Reynolds number for flow in a noncircular duct. dlG'1 p.. dimensionless 
Reynolds number computed with x as the length dimension, dimensionless 
fractional rate of surface-element replacement, 9- 1 

cross-sectional area of a duct. L2 
Schmidt number. dimensionless 
Sherwood number, dimensionless 
Stanton number, dimensionless 
temperature, T 
local velocity. LIB 
bulk-average velocity. LIB 
root-mean-square deviating velocity, LIB 
instantaneous deviating velocity, LIB 
velocity of eddies in the universal range, LIB 
distance in the x, y, and z direction, respectively, L 
concentration of component A in a liquid. mole fraction 
concentration of component A in a gas, mole fraction 
distance from the center of a pipe. L 
depth of penetration (film and surface-renewal theories), L 
effective film thickness (film theory). L 
dimensionless distance from the wall 

( ~ - z); ( ~ rs 
for a pipe 

thermal diffusivity == k/Cpp, L1/8 
volumetric coefficient of expansion, T- 1 

mass rate of flow/unit width, MiLe 
thickness of a layer. L 
time, e 
molar heat evolution on passing through a surface, FL/mole 
viscosity, M/L8 
density, M/L.) 
shear stress. FILl 
area of surface elements (surface-renewal theory). Ll ILlS 
functions 

component A 
component B 



c 
D 
H 

concentration 
for mass transfer 
for heat transfer 

M 
interface; instantaneous when used with velocity 
logarithmic mean 

r rderence condition 
s sensible heat 
I 

turb 
total 
turbulent 

x,y,z in the x, y, z directions, respectively 
approach, or initia.I, value o 

I 
2 

at beginning of mass-transfer path 
at end of mass-transfer path 
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PROBLEMS 

3.1 Estimate the mass-transfer coefficient and effective film thickness to be expected in the 
absorption of ammonia from air by a 2 N sulfuric acid solution in a wetted-wall lower under the 
following circumstances: 

Airflow - 41.4 8/min (air only) 
Av partial pressure ammonia in air ... 30.8 mmHg 
Total pressure = 760 mmHg 
Av gas temp'" 25°C 
Av liquid temp - 25°C 
Tower diam ""' 1.46 em 



Por absorption of ammonia in sulfuric acid of this concentration; the entire mass-transfer resistance 
lies within the gas, and tbe partial pressure of ammonia at the interface is negligible. Note: The 
circumstances correspond to run 47 of Cha.mbers and Sherwood [Trans. AIChE, 33. 579 (1937)]. who 
observed dl ZF = 16.6. 

3.2 Powell [Trans. Insl. Chem. Eng. Lond., 13, 115 (1935); 18.36 (1940)] evaporated water from the 
outside of cylinders into an airstream flowing parallel to the axes of the cylinders. The air 
temperatJ.lre was 2S"C. and the total pressure standard atmospheric. The results are given by 

~ = 3.17 X 1O-8(u/)o.B 
PIN - PA 

where w= water evaporated, g/ernl . s 
p;. ::::: partial pressure of water in airstream. mmHg 
p ... = water-vapor pressure at surface temperature, mmHg 
u = velocity of airstream. cm/s 
I = length of cylinder, cm 

(a) Transform the equation into the formjD "" ",(Re,). where Rei is a Reynolds number based 
on the cylinder length. 

(b) Calculate the rate of sublimation (rom a cylinder of napthalene 0.075 m diam by 0.60 m 
long (3 in diam by 24 in long) into a stream of pure carbon dioxide at a velocity of 6 m/s (20 (tjs) at 
I std atm, 100°C. The vapor pressure of naphthalene at the surface temperature may be taken as 
1330 N/ml (10 mmHg) and the diffusivity in carbon dioxide as 5.15 X 10-6 m1 Is (0.0515 cm2 Is) at 
STP, Express the results as kilograms naphthalene evaporated per hour. AIlS.: 0 . .386 kg/h. 

33 Water flows down the inside wall of a wetted-wall tower of the design of Pig. 3.11, while air 
flows upward through the core. In a particular case, the 10 is 25 mm (or I in). and dry air enters at 
the rate 7.0 kg/m2 • s of inside cross section (or 5000 Ib/ft2 • h). Assume the air is everywhere at its 
average temperature, 36"C, the water at 21°C, and the mass-transfer coefficient constant. Pressure 
== 1 std atm. Compute the average partial pressure of water in the air leaving if the tower is I m (3 
ft) long. Ans.: 1620 N/m2. 

3.4 Winding and Cheney {Ind. Eng. Chem., 40, 1087 (1948)] passed air through a bank of rods of 
naphthalene. The rods were of "streamline" cross section, arranged in staggered array, with the air 
flowing at right angles to the axes of the rods. The mass-transfer coefficient was determined by 
measuring the rate of sublimation of the naphthalene. Por a particular shape, size. and spacing of the 
rods, with air at 37.8"C (lOOOP), I std atm, the data could be correlated byt 

kG = 3.58 X 1O-'O..o·s6 

where 0' is the superficial mass velocity, kg/m2 • s, and kG the mass-transfer coefficient, kmol/m2
• 

s . (N 1m2). Estimate the mass-transfer coefficient to be expected for evaporation of water into 
hydrogen gas for the same geometrical arrangement when the hydrogen flows at a superficial 
velocity of 15.25 mls (50 ttjs), 37.SoC (100°F), 2 std aim pressure. D for naphthalene-air. I std a.tm. 
37.8°C = 7.03 X 10-6 m1 Is; for water-hydrogen, O°C, I std atm. 7.5 X 10- 5 m2 Is. 
3.5 A mixing tank 3 ft (0.915 m) in diameter contains water at 25°C to a depth of 3 ft (0.915 m). The 
liquid is agitated with a rotaling impeller at an intensity of 15 hp/looo gal (2940 W 1m3). Estimate 
the scale of the smallest eddies in the universal range. 

Ji. The free-fall terminal velocity of water drops in air at I std atm pressure is given by [53]: 

Diam,mm 0.05 0.2 0.5 1.0 2.0 3.0 

Velocity. m/s 0.055 0.702 2.14 3.87 5.86 7.26 

ftls 0.18 2.3 7.0 12.7 19.2 23.8 

t For 0 in Ib/ft2 • h and kG in Ib mol/ft2 • h . atm the coefficient is 0.00663. 
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A water drop of initial diameter 1.0 mm falls in quiet dry air at 1 std atm, 38°C (H)()4F). The liquid 
temperature may be taken as 14.4°C (58°F). Assume that the drop remains spherical and that the 
atmospheric pressure remains constant at t std atm. 

(a) Calculate the initial rate of evaporation. 
(b) Calculate the time and distance of free fall for the drop to evaporate to a diameter of 0.2 

mm. ADs.: 103.9 s, 264 m. 
(c) Calculate the rime for the above evaporation, assuming that the drop is suspended without 

motion (as from a fine thread) in still air. Ans.: 372 s. 

3.7 The temperature variation of rate of a chemical reaction which involves mass transfer is 
sometimes used to determine whether the rate of mass transfer or that of the chemical reaction 
controls, or is the dominating mechanism. Consider a fluid flowing through a 25-mm-IO (l.()"in) 
circular tube, where the transferred solute is ammonia in dilute solution. Compute the mass-transfer 
coefficient for each of the following cases: 

(a) The fluid is a dilute solution of ammonia in air, 25"C. I std atm, flowing at a Reynolds 
number"'" 10000. DAB 2.26 X IO- s m2/s (0.226 cm2/s). 

(b) Same as part (a) (same mass velocity), but temperature = 35"C. 
(c) The nuid is a dilute solution of ammonia in liquid water, 25"'C, flowing at a Reynolds 

number = 10 000. DAD = 2.65 X 10- 9 m2/s (2.65 X 10-5 cm1/s). 
(d) Same as part (c) (same mass velocity) but temperature"" 35"'C. 
In the case of both gas and liquid. assuming that the mass-transfer coefficient follows an 

Arrhenius-type equation. compute the "energy of activation" of mass transfer, Are these high or low 
in comparison with the energy of activation of typical chemical reactions? Note that, for dilute 
solutions, the identity of the diffusing solute need not have been specified in order to obtain the 
"energy of activation" of mass transfer. What other method might be used to determine whether 
reaction rate or mass-transfer rate controls? 

3.8 A gas consisting of 50% air and 50% steam, by volume, flows at 93.0°C (200"F), I std atm 
pressure, at 7.5 m/s (25 ft/s) average velocity through a horizontal square duct 0.3 m (1 ft) wide. A 
horizontal copper tube. 25.4, mm (I in) 00, 1.65 rom (0.065 in) wall thickness. passes through the 
center of the duct from one side to the other at right angles to the duct axis. piercing the duct walls. 
Cold water flows inside the tube at an average velocity 3.0 m/s (10 ft/s), av temp IS.6°C (60°F). 
Estimate the rate of condensation on the outside o( the copper tube. ADs.: 6.92 X 10-4 kg/so 

Dato: McAdams {42. p. 338) gives the heat-transrer coefficient (or the condensate film on the 
tube as 

_ ( k l p2g ) 1/3( p.L ) 1/3 
hay - 1.51 1 4W 

P. 

where. in any consistent unit system, W = mass rate of condensate and L os tube length. The fluid 
properties are to be evaluated at the mean temperature of the condensate film, Data for the group 
(k 3p2g/p.2)l/l for water, in English engineering units, are listed by McAdams [42, table A-27, p. 484) 
for convenience. They must be multiplied by 5.678 for use with SI units. 

3.9 A hollow, porous cylinder. 0025 mm (1 in), 10 15 rom, is fed internally with liquid diethyl 
ether at 20"C. The ether nows radially outward and evaporates on the outer surface. Nitrogen, 
initially ether-free, at 100°C, 1 std atm, flows at right angles to the cylinder at 3 m/s (10 ftls). 
carrying away the evaporated ether. The ether flow is to be that which will just keep the outer 
surface of the cylinder wet with liquid (since mass-transfer rates vary about the periphery. the 
cylinder will be rotated slowly to keep the surface uniformly wet). Compute the surface temperature 
and the rate of ether flow, kg/s per meter of cylinder length. 

ADs.: Flow rate""" 9.64 X 10-4 kg/s . m. 
Data: The heat capacity Cp for liquid ether ... 2282, vapor" 1863 J /kg . K. Thermal conduc

tivity of the vapor at O°C "" 0.0165, at 85°C .. 0.0232 W /m . K. Latent heat of vaporization at 
-11.SoC ... 391.8, at 4.4°C ... 391.7. at 32.2"C ... 379.2 kJ/kg. Other data can be obtained from 
"The Chemical Engineers' Handbook." 



CHAPTER 

FOUR 

DIFFUSION IN SOLIDS 

It was indicated in Chap. I that certain of the diffusional operations such as 
leaching, drying, and adsorption and membrane operations such as dialysis, 
reverse osmosis, and the like involve contact of fluids with solids. In these cases, 
some of the diffusion occurs in the solid phase and may proceed according to 
any of several mechanisms. While in none of these is the mechanism as simple 
as in the diffusion through solutions of gases and liquids, nevertheless with some 
exceptions it is usually possible to describe the transfer of diffusing substance by 
means of the same basic law used for fluids, Fick's law. 

FICK'S-LAW DIFFUSION 

When the concentration gradient remains unchanged with passage of time, so 
that the rate of diffusion is constant, Fick's law can be applied in the form used 
in Chap. 2 when the diffusivity is independent of concentration and there is no 
bulk flow. Thus N A' the rate of diffusion of substance A per unit cross section of 
solid, is proportional to the concentration gradient in the direction of diffusion, 
- dcA/dz, 

dCA 
NA = -DA(h" (4.1) 

where DAis the diffusivity of A through the solid. If DAis constant, integration 
of Eq. (4.1) for diffusion through a flat slab of thickness z results in 

N A = D A(CA1 CAl) (4.2) 
z 

which paraUels the expressions obtained for fluids in a similar situation. Here 

88 
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CAl and cAl are the concentrations at opposite sides of the slab. For other solid 
shapes, the rate is given by 

z 
(4.3) 

with appropriate values of the average cross section for diffusion Say to be 
applied. Thus, for radial diffusion through a solid cylinder of inner and outer radii 
a l and a2. respectively, and of length I, 

S = 2'ITI(a2 - a l ) 

av In (a2/ a\) 
(4.4) 

and z = a2 - a l (4.5) 

For radial diffusion through a spherical shell of inner and outer radii a l and a2, 

Say == 4'ITa1a2 (4.6) 

z = a2 a l (4.7) 

Illustration 4.1 Hydrogen gas at 2 std atm. 25"C, flows through a pipe made of unvulcanized 
neoprene rubber. with ID and OD 25 and 50 mm, respectively. The solubility of the hydrogen 
is reported to be 0.053 em) (STP)/cmJ • atm, and the diffusivity of hydrogen through the 
rubber to be 1.8 X 10-6 em2/s. Estimate the rale of loss of hydrogen by diffuslon per meter of 
pipe length. 

SOLUTION At 2 std atm hydrogen pressure the solubility is 0.053(2) = 0.106 m3 H2 (STP)/(ml 

rubber). Therefore concentration CAl at the inner surface of the pipe = 0.106/22.41 "'" 4.73 x 
10-3 kmol H2/m3. At the outer surface, cA2 = 0, assuming the resistance to diffusion of H2 
away from the surface is negligible. 

Eq. (4.4): 

Eq. (4.3): 

DA = 1.8 X IO-JO m2/s 

50 - 25 
z == a2 - al = 2(1000) 

1= 1m 

0.0125 rn 

_ 2'l'l'(1)(50 - 25) _ 2 
SA .. - 2(1000) In (50/25) - 0.1133 m 

_ (1.8 x 1O- lo)(0.1l33)(4.73 x 10-3) - 0) 
w - 0.0125 

- 7.72 x 10- 12 kmol H2/~ for I m length 

which corresponds to 5.6 X 1O-~ g H2/m . h. ADs. 

Unsteady-State Diffusion 

Since solids are not so readily transported through equipment as fluids, the 
application of batch and semi batch processes and consequently unsteady-state 
diffusional conditions arise much more frequently than with fluids. Even in 
continuous operation, e.g., a continuous drier, the history of each solid piece as 
it passes through equipment is representative of the unsteady state. These cases 
are therefore of considerable importance. 
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Where there is no bulk flow, and in the absence of chemical reaction, Fick's 
second law, Eq. (2.18), can be used to solve problems of unsteady-state diffusion 
by integration with appropriate boundary conditions. For some simple cases. 
Newman [10] has summarized the results most conveniently. 

I. Diffusion from a slab with sealed edges. Consider a slab of thickness 2a! with 
sealed edges on four sides, so that diffusion can take place only toward and 
from the flat parallel faces, a cross section of which is shown in Fig. 4. L 
Suppose initially the concentration of solute throughout the slab is uniform, 
C AD' and that the slab is immersed in a medium so that the solute will diffuse 
out of the slab. Let the concentration at the surfaces be C A, 00' invariant with 
passage of time. If the diffusion were allowed to continue indefinitely, the 
concentration would fall to the uniform value cA,oo' and cAO - cA,oo is a 
measure of the amount of solute removed. On the other hand, if diffusion 
from the slab were stopped at time 0, the distribution of solute would be 
given by the curve marked c, which by internal diffusion would level off to 
the uniform concentration c A.9' where cA,s is the average concentration at 
time O. The quantity cA,o - cA,oo is a measure of the amount of solute still 
unremoved. The fraction unremoved E is given by integration of Eq. (2.18), 

c 
.'2 e 
c: 
:::: 
c: 
0 
U 

E = cA. IJ - CA. c:() = 1( DB ) 
C A. (J - C A, c:() a2 

_ 8 ( -Dfhrl /4a1 + t _9~2/4al + I -25Dlhrl/4al + - 2' e ge Be . 
11' 

.. ) = Eo (4.8) 

The function is shown graphically in Fig. 4.2. 

CAO 

CAe 

CAw 

-Direction of 
diffusion 

o 
Oistance from center 

Figure 4.1 Unsteady-state dif
fusion in a slab. 
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Figure 4.2 Unsteady-state diffusion. 

2. Diffusion from a rectangular bar with sealed ends. For a rectangular bar of 
thickness 2a and width 2b, with sealed ends, 

(4.9) 

3. Diffusion for a rectangular parallelepiped. For a brick-shaped bar, of dimen
sions 2a, 2b, and 2c, with diffusion from all six faces, 

(4.10) 

4. Diffusion from a sphere. For a sphere of radius a, 

E = f'( ~~) = Es (4.11 ) 



5. Diffusion from a cylinder with sealed ends. For a cylinder of radius a, with 
plane ends sealed, 

E = f" ( ~~) = E, (4.12) 

6. Diffusion from a cylinder. For a cylinder of radius a and length 2e, with 
diffusion from both ends as well as from the cylindrical surface, 

E = f( ~: )pl( ~:) = EeEr (4.13) 

The functions P(DD / a2) and fJ/(DD / a2) are also shown in Fig. 4.2. 

For solid shapes where the diffusion takes place from one rather than two 
opposite faces, the functions are calculated as if the thickness were twice the true 
value. For example, if diffusion occurs through only one face of the flat slab of 
thickness 2a, edges sealed, the calculation is made with DB /4a2• The equations 
can also be used for diffusion intoi as well as out of, the various shapes. 
Concentrations c may be expressed as mass solute/volume or mass solute/mass 
solid. 

It is important to note that Eqs. (4.8) to (4.13) and Fig. 4.2 all assume 
constant diffusivity, initially uniform concentration within the solid, and con
stancy of the edge concentration cA , C/O' The last is the same as assuming (1) that 
there is no resistance to diffusion in the fluid surrounding the solid and (2) that 
the quantity of such fluid is so large that its concentration does not change with 
time or (3) that the fluid is continuously replenished. In many instances. the 
diffusional resistance wi thin the solid is so large that the assumption of absence 
of any in the fluid is quite reasonable. In any case, however, integrations of Eq. 
(2.18) involving varying D [18] and the effect of added diffusional resistance [I, 
3, 8, 10J have been developed. It is useful to note that Eq. (2.18) is of the same 
form as Fourier's equation for heat conduction, with molecular rather than 
thermal diffusivity and concentration rather than temperature. Consequently the 
lengthy catalog of solutions to the problems of heat transfer of Carslaw and 
Jaeger [2] can be made applicable to diffusion by appropriate substitutions. 
Crank's book [3] deals particularly with problems of this sort for diffusion. 

mustratlon 4.2 A 5% agar gel containing a uniform urea concentration of 5 s/lOO em3 is 
molded in the form of a 3-cm cube. One face of the cube is exposed to a running supply of 
fresh water, into which the urea diffuses. The other faces are protected by the mold. The 
temperature is soc. At the end of 68 h. the average urea concentration in the gel bas fallen to 3 
g/l00 cm3, The resistance to diffusion may be considered as residing wholly within the gel. (0) 
Calculate the diffusivity of the urea in the gel. (b) How long would it have taken for the average 
concentration to fall to I g/l00 emJ? (c) Repeat part (b) for the case where two opposite faces 
of the cube are exposed, 

SoLUTION (0) cA ean be calculated in terms of g/l00 cm3• cAO '" 5 g/IOO cm3; CA , "" 3, 
cA,oo = 0 since pure water was the leaching agent. a = ~ "" 1.5 cm; 0 = 68(3600) = 245000 s. 

C A,I - CA. 00 = ~ = 0.6 = E 
CAO - CA. co S 
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The abscissa read from Fig. 4.2, which is DO/4a2 for diffusion from only one exposed face, is 
0.128 

D = O.l28~)(a2) O.l;~~4~5)2 == 4.70 X 10-6 cm2/s = 4.70 X 10- 10 m2/s 

(b) For CA,B == 1 8/100 em3 

CA.' - CA. co = 1. 0.20 ~ = 0.568 from Fig. 4.2 
CAO - cA, co 5 4a 

() = 0.568(4)(02
) = 0.568(4)(1.5)2 = 1087000 s = 302 h 

D 4.70 X 10-6 

(c) For two opposite faces exposed, a = 1.5 cm, CA.,/CAf) = 0.2, and DO/a2 = 0.568. 

B = 0.5680
2 

= 0.568(1.5)2 = 222 000 s = 61.5 h 
D 4.70 X 10-6 

TYPES OF SOLID DIFFUSION 

The structure of the solid and its interaction with the diffusing substance have a 
profound influence on how diffusion occurs and on the rate of transport. 

Diffusion through Polymers 

In many respects, diffusion of solutes through certain types of polymeric solids 
is more like diffusion through liquid solutions than any of the other solid-diffu
sion phenomena, at least for the permanent gases as solutes. Imagine two bodies 
of a gas (e.g., H1) at different pressures separated by a polymeric membrane 
(e.g., polyethylene). The gas dissolves in the solid at the faces exposed to the gas 
to an extent usually describable by Henry's law, concentration directly propor-

, tional to pressure. The gas then diffuses from the high- to the low-pressure side 
in a manner usually described as activated: the polymeric chains are in a state of 
constant thermal motion, and the diffusing molecules jump from one position to 
another over a potential barrier [4, 1 I]. A successful jump requires that a hole or 
passage of sufficient size be available. and this in turn depends on the thermal 
motion of the polymer chains. The term "activated" refers to the temperature 
dependence of the diffusivity, which follows an Arrhenius-type expression, 

DA = Doe- HD / RT (4.14) 

where HD is the energy of activation and Do is a constant. For simple gases, DA 
is usually reasonably independent of concentration. It may, however, be a strong 
function of pressure of molding the polymer [5]. For the pennanent gases 
diffusivities may be of the order of 10- 10 m2/s. 

Particularly for large molecules, the size and shape of the diffusing mole
cules (as measured by molecular volume, branched as opposed to straight-chain 
structure, etc.) determine the hole size required. Solvents sometimes diffuse by 
plasticizing the polymerst, and consequently the rate may be very much higher 

t Plasticizers are organic compounds added to high polymers which solvate the polymer mole
cule. This results in easier processing and a product of increased flexibility and toughness. 



for good solvents, e.g., benzene or methyl ethyl ketone in polymeric rubbers, 
than for the permanent gases. Such diffusivities are frequently strongly depen
dent upon solute concentration in the solid. With certain oxygenated polymers, 
e.g., cellulose acetate, such solutes as water, ammonia, and alcohols form 
hydrogen bonds with the polymer and move from one set of bonding sites to 
another. Solutes which cannot form hydrogen bonds are then excluded. 

Unfortunately (because it necessarily adds complicated dimensions and 
awkward units) it has become the practice to describe the diffusional character
istics in terms of a quantity P, the permeability. Since at the two faces of a 
membrane the equilibrium solubility of the gas in the polymer is directly 
proportional to the pressure, Eq. (4.2) can be converted inlot 

V - DAsA(PAI PA2) (4.15) 
A - z 

where VA = diffusional flux, cm3 gas (STP) / cm2
• s 

D A = diffusivi ty of A, cm2 
/ s 

P A = partial pressure of diffusing gas, cmHg 
SA solubility coefficient or Henry's law constant, cm3 gas (STP)/ 

(cm3 solid) . cmHg 
z = thickness of polymeric membrane, em 

Permeability is then defined ast 

P=DAsA (4.16) 

where P = permeability, cm3 gas (STP)/cm2 • s . (cmHg/cm). 
Commercial application of these principles has been made for separating 

hydrogen from waste refinery gases in shell-and-tube devices which resemble in 
part the common heat exchanger. However, in this use the polymeric-fiber tubes J 

are only 30 f.tm OD, and there are 50 million of them in a shell roughly 0.4 m in 
diameter [6J. 

DJustration 4.3 Calculate the rate of diffusion of carbon dioxide, CO2, through a membrane of 
vulcanized rubber 1 mm thick at 25°C if the partial pressure of the CO2 is I cmHg on one side 
and zero on the other. Calculate also the permeability of the membrane for CO2, At 25°<:' the 
solubility coefficient is 0.90 em' gas (STP)/cm

' 
atm. The diffusivity is 1.1 X 10- 10 m2/s. 

SOLUTION Since 1 std atm "'" 76.0 cmHg pressure, the solubility coefficient in terms of emHg is 
0.90/76.0 = 0.01184 eml gas (STP)/cm

" 
emHg = SA' Z "" 0.1 em, PAl 1 cmHg, PAl ;;; O. 

DA = (1.1 X 1O- IOX1(f) = l.l x 10-6 cm2/s. Eq. (4.15): 

V _ (1.1 x 10-6)(0.01184)(1.0 - 0) 
A - 0.1 

== 0.13 x 10-6 em) (STP)/cm2 • sAns. 

t Equations (4.15) and (4.16) are actually dimensionally consistent and may be used with any set 
of consistent units. Thus if SI units are used [D = m2 Is, s = m3/m

" 
(N/m1

"), p ... N/ml, z = m. 
V == m3/m2 • 51, the units of P win be m3/m1 • S • (N/m2)/m. Similarly in English engineering units 
[D ... tt2/h. s "" ft3/ft3 . (lbrlf(2), jJ = Ibr/ft2, z = ft. V ... ftl /ft2 • s1 the units or P will be ft3/ft2

• s 
. [(1bdrt2)/ft). But nowhere do consistent units of any well·known system ever seem to be used, 
unfortunately. 



DIFFUSION IN SOLIDS 95 

Eq. (4.16): 

p = (l.l X 10-6)(0.01184) == 0.13 x 10-' em) (STP)/cm2 • s . (cmHg/cm) 

Diffusion through Crystalline Solids 

The mechanisms of diffusion vary greatly depending upon the crystalline struc
ture and the nature of the solute [16, 17]. For crystals with lattices of cubic 
symmetry, the diffusivity is isotropic, but not so for noncubic crystals. Particu
larly, but not necessarily, in metals the principal mechanisms are the following: 
1. inlerstilial mechanism. Interstitial sites are places between the atoms of a 

crystal lattice. Small diffusing solute atoms may pass from an interstitial site 
to the next when the matrix atoms of the crystal lattice move apart tempor
arily to provide the necessary space. Carbon diffuses through ct- and y-iron in 
this manner. 

2. Vacancy mechanism. If lattice sites are unoccupied (vacancies), an atom in an 
adjacent site may jump into such a vacancy. 

3. interstilialcy mechanism. In this case a large atom occupying an interstitial 
site pushes one of its lattice neighbors into an interstitial position and moves 
into the vacancy thus produced. 

4. Crowd-ion mechanism. An extra atom in a chain of close-packed atoms can 
displace several atoms in the line from their equilibrium position. thus 
producing a diffusion flux. 

5. Diffusion along grain boundaries. The diffusivity in a single-crystal meta) is 
always substantially smaller than that for a multicrystalline sample because 
the latter has diffusion along the grain boundaries (crystal interfaces) and 
disloca tions. 

Diffusion in Porous Solids 

The solid may be in the form of a porous barrier or membrane separating two 
bodies of fluid, as in the case of gaseous diffusion. Here the solute movement 
may be by diffusion from one fluid body to the other by virtue of a concentra
tion gradient, or it may be hydrodynamic as a result of a pressure difference. 
Alternatively, in the case of adsorbents, catalyst pellets [J3]~ solids to be dried, 
ore particles to be leached, and the like, the solid is normally completely 
surrounded by a single body of fluid. and inward and outward movement of 
solute through the pores of the solid is solely by diffusion. Diffusive movement 
may be within the fluid filling the pores or may also involve surface diffusion of 
adsorbed solute. 

The pores of the solid may be interconnected (accessible to fluid from both 
ends of the pores), dead-end (connected to the outside of the solid only from one 
end), or isolated (inaccessible to external fluid). The pores in most solids are 
neither straight nor of constant diameter. Catalyst particles manufactured by 
pressing powders containing micropores into pellets, with macropores surround
ing the powder particles of a different order of magnitude in size, are said to be 
bidisperse [19]. 



Diffusion, constant total pressure Imagine the pores of a solid to be all of the 
same length and diameter, filled with a binary solution at constant pressure, 
with a concentration gradient of the components over the length of the pores. 
Then within the solution filling the pores, Eq. (2.26) for gases or Eq. (2.40) for 
liquids would apply. The fluxes N A and N B would be based upon the cross
sectional area of the pores, and the distance would be the length of the pores I. 
The ratio of fluxes N A/(N A + ND) would, as usual. depend upon nondiffusional 
matters, fixed perhaps because in leaching of a solute A the solvent B would be 
nondiffusing, or fixed by the stoichiometry of a catalyzed reaction on the 
surface of the pores. Since the length of the various pores and their cross
sectional area are not constant, it is more practical to base the flux upon the 
gross external surface of the membrane, pellet. or whatever the nature of the 
solid, and the length upon some arbitrary but readily measured distance z such 
as membrane thickness, pellet radius, and the like. Since the fluxes will be 
smaller than the true values based on true fluid cross section and length, an 
effective diffusivity DAD, eW smaller than the true DAD' must be used, ordinarily 
determined by experiment [13]. For the same type of processes in a given solid, 
presumably the ratio D AB/ DAB, crt will be constant, and once measured it can be 
applied to all solutes. When NB = 0, Eqs. (4.1) to (4.13) would be expected to 
apply with DAB, err replacing D A' 

mustratlon 4.4 Porous alumina spheres, 10 mm diameter, 25% voids, were thoroughly impreg
nated with an aqueous potassium chloride, KCI. solution, concentration 0.25 g/cm'. When 
immersed in pure running water, the spheres lost 90% of their salt content in 4.75 h. The 
temperature was 2S"C. At this temperature the average diffusivity of KCl in water over the 
indicated concentration range is 1.84 X lO-9 rp'J/s. 

Estimate the time for removal of 90% of the dissolved solute if the spheres had been 
impregnated with potassium chroma.te. K2CrO .. , solution at a concentration 0.28 g/cm3, when 
immersed in a running stream of water containing 0.02 g K2CrO,,/cm3• The average diffusivity 
of K2CrO" in water at 25°C is 1.14 X 10-9 m2/s. 

SoLlmON For these spheres, a "'" 0,005 m, and for the KCI diffusion, (J ... 4.75(3600) "'" 
17 000 s. When the spheres are surrounded by pure water, the ultimate concentration in the 
spheres C A, co == O. 

CA •• - CA. 00 ... 0.1 for 90% removal of KCI 
CAD - CA.o:t 

From Fig. 4.2, Deff 9/02 "" 0.18, where Ddt is the effective diffusivity. 

D - 0.180
2 

- 0,18(O.oosi 2.65 x lO - 10 mlls 
elf - 8 - 17000 

D /D == 1.84 X lO-9 = 6943 
AS dr 2.65 X lO-IO . > 

For the K2CrO" diffusion, CAG = 0.28, cA,t:J> "'" 0.02, and cAl' = 0.1(0.28) "" 0.028 g/cm3
• 

E = CA., CA.-co 

CAO - CA. eo 

0.028 0.02 
0.28 - 0.02 

0.0308 



Fig. 4.2: 

o 
Dcrr2" = 0.30 

a 
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- _ DAD _ 1.14 X 10-9 _ -10 2 
Deff - 6.943 - 6.943 - 1.642 x 10 m / s 

o = 0.300
2 

= 0.30(0.005)2 = 45 700 s = 12.7 h ADs. 
Deff 1.642 x 10- \0 

In steady-state diffusion of gases, there are two types of diffusive movement, 
depending on the ratio of pore diameter d to the mean free path of the gas 
molecules A. If the ratio d IA is greater than approximately 20, ordinary molecu
lar diffusion predominates and 

N - NA DAB.eUPtln NAI (NA + N B) - YAl (2.26) 
A - N A + N B RTz N AI (N A + N B) - Y A I 

DAB, elf' like DAB' varies inversely as PI and approximately directly as T3/2 (see 
Chap. 2). If, however, the pore diameter and the gas pressure are such that the 
molecular mean free path is relatively large, dl'A less than about 0.2, the rate of 
diffusion is governed by the collisions of the gas molecules with the pore walls 
and follows Knudsen's law. Since molecular collisions are unimportant under 
these conditions, each gas diffuses independently. In a straight circular pore of 
diameter d and length I 

(4.17) 

where uA is the mean molecular velocity of A. Since the kinetic theory of gases 
provides 

u = ( Sgc RT )1/2 
A 'lTMA 

(4.18) 

we have N = (ggc RT )1/2_d_( - _ - ) = DK.A(PAI - PAl) 
A 'lTM 3RT! PAl PAl RTf 

A 
(4.19) 

where DK, A is the Knudsen diffusion coefficient 

D = ~ ( ggcRT ) 1/2 
K,A 3 'lTMA (4.20) 

Since normally d is not constant and the true I is unknown, ! in Eq. (4.19) is 
ordinarily replaced by z, the membrane thickness, and D K, A by D K, A, err. the 
effective Knudsen diffusivity, which is determined by experiment. DK , A, eft is 
independent of pressure and varies as (T I M)I/2. For binary gas mixtures, 

N B = _ (M A ) 1/2 

NA MB 
(4.21) 



In addition, for a given solid [15J, DAB, errl DK, A. ef( = D ABI DX. N The mean free 
path A can be estimated from the relation 

A = 3.2P.(~)O.5 
PI 2'iTgc M 

(4.22) 

In the range dl'A from roughly 0.2 to 20, a transition range, both molecular 
and Knudsen diffusion have influence, and the flux is given by [7, 12, ISJt 

N A (I + DAB, err ) _ y 
NA = NA DAB,crePt)n NA + Ne DK,A,crr A2 (4.23) 

NA + Ns RTz NA ( DAB, eft ) 
1 + - YAI 

NA + No DK,A,err 

It has been shown [15] that Eq. (4.23) reverts to Eq. (2.26) for conditions under 
which molecular diffusion prevails (DK• A, err » DAB. eff) and to Eq. (4.19) when 
Knudsen diffusion prevails (D AS, eff» DK• A; eU)' Further, for open-ended pores, 
Eq. (4.21) applies throughout the transition range for solids whose pore diame
ters are of the order of 10 p.m or less. 

IDustradon 4.5 The effective diffusivities for passage of hydrogen and nitrogen at 20eC through 
a 2-mm·thlck piece of unglazed porcelain were measured by determining the countercurrent 
diffusion fluxes at 1.0 and 0.01 std atm pressure [15]. Equation (4.23), solved simultaneously for 
the two measurements, provided the diffusivities, DH1- N1• eft'" 5.3 X 10-6 m2/s at 1.0 std atm 
and DK• Hl. dt ... 1.17 X JO-s ml/s. Estimate (0) the equivalent pore diameter of the solid and 
(b) the diffusion fluxes for Ol-N2 mixtures at a total pressure of 0.1 std atm, 20ne, with mole 
fractions of O2 .. 0.8 and 0.2 on either side of the porcelain. 

SOLUTION (a) DH,-N1 at 20G e, 1 std atm = 7.63 X 10- 5 m2/s. Therefore D tsuc/ Ddt"" (7.63 X 

IO- S)/(5.3 X 10-6) .. 14.4. Since this ratio is strictly a matter of the geometry of the solid., it 
should apply to all gas mixtures at any condition. Therefore DK, HJ = (1.17 X 10-5)(14.4) -
1.684 X 10-4 m2/s. From Eq. (4.20) 

( 
'lTM )0.5 [(202) ]0.5 

d = 3DK, iiI 8gc;~ = 3(1.684 X 10-
4
) 8(1)(83i4)(293) 

= 2.88 X 10-1 m ;:::: 0.288 p.m ADs. 

(b) Let A = O:t. B = N2. Table 2.1: DAB' STP = 1.81 X 10-5 ml/s. Therefore at 0.1 std 
atm.20G C. 

DAB = 1.81 X lO- s O~I (;;; fS "" 2.01 X 1O-~ m2Js 

D 2.01 X 10-
4 

I 396 10-5 2/ 
AB. efr "'" 14.4 "". x m s 

Eq. (4.20): 

( 
M )o.s 2 os 

DK,A = DK• H1 M: "" 1.684 x JO-4( 3~2) . := 4.23 X 10-5 m2Js 

D == 4.23 X 10-5 _ -6 2/ 
K. A. eff 14.4 - 2.94 x 10 m s 

t Equation (4.23) is known as the "dusty gas" equation because a porous medium consisting of a 
random grouping of spheres in space was used as a model for its derivation. 
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Since the equivalent pore diameter is less than 10 I'm, Eq. (4.21) will apply. 

Z: -( Z: fS = - (2;~2 rs 
= -1.~9 

I 
I - 1.069 = -14.49 

YAI = 0.8, YAl = 0.2, PI = 10133 N/m2, z = 0.002 m, DAB.efrlDK.A.efr (1.396 X 
10- 5)/(2.94 x 10-6) = 4.75. Eq. (4.23): 

N ;: -14.49(1.396 X 10- 5)(10 133) 1 -14.49(1 + 4.75) - 0.2 
OJ 83 I 4(29J)(0.002) n 14.49(1 + 4.75) 0.8 

= 3.01 X 10- 6 kmoljm2 • s 

NNl = (3.01 X 10-6)( - 1.069) - 3.22 X 10-6 kmoljm2 • s Ans. 

Knudsen diffusion is not known for liquids, but important reductions in 
diffusion rates occur when the molecular size of the diffusing solute becomes 
significant relative to the pore size of the solid [14]. 

Surface diffusion is a phenomenon accompanying adsorption of solutes onto 
the surface of the pores of the solid. It is an activated diffusion [see Eq. (4.14)], 
involving the jumping of adsorbed molecules from one adsorption site to 
another. It can be described by a two-dimensional analog of Fick's law, with 
surface concentration expressed, for example, as mol/area instead of mol/ 
volume. Surface diffusivities are typically of the order of 10-7 to 10-9 m2/s at 
ordinary temperatures for physically adsorbed gases [13] (see Chap. 11). For 
liquid solutions in adsorbent resin particles, surface diffusivities may be of the 
order of 10- 12 m2/s [9]. 

Hydrodynamic flow of gases If there is a difference in absolute pressure across a 
porous solid, a hydrodynamic flow of gas through the solid will occur. Consider 
a solid consisting of uniform straight capillary tubes of diameter d and length I 
reaching from the high- to low-pressure side. At ordinary pressures, the flow of 
gas in the capillaries may be either laminar or turbulent, depending upon 
whether the Reynolds number d up/ p. is below or above 2100. For present 
purposes, where velocities are small, flow will be laminar. For a single gas, this 
can be described by Poiseuille's law for a compressible fluid obeying the ideal 
gas law 

(4.24) 

where Pt' - PI2 
Pt,av = 2 (4.25) 

This assumes that the entire pressure difference is the result of friction in the 
pores and ignores entrance and exit losses and kinetic-energy effects, which is 
satisfactory for present purposes. Since the pores are neither straight nor of 
constant diameter, just as with diffusive flow it is best to base N A on the gross 
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external cross section of the solid and write Eq. (4.24) ast 
k 

NA = RTzPt,av(Ptl Pa) (4.26) 

If conditions of pore diameter and pressure occur for which Knudsen flow 
prevails (d jA < 0.2), the flow will be described by Knudsen's law, Eqs. (4.17) to 
(4.20). There will be of course a range of conditions for a transition from 
hydrodynamic to Knudsen flow. If the gas is a mixture with different composi
tions and different total pressure on either side of the porous solid, the flow may 
be a combination of hydrodynamic, Knudsen, and diffusive. Y ounquist [20] 
reviews these problems. 

llIustradon 4.6 A porous carbon diaphragm I in (25.4 nun) thick of average pore diameter 0.01 
em permitted the now of nitrogen at the rate of 9.0 ftl (measured at I std atm, 80°F)/ft2 • min 
(0.0457 m3/m2 • s, 26.7°C) with a pressure difference across the diaphragm of 2 inH20 (50.8 
mmH20). The temperature was 80°F and the downstream pressure 0.1 std atm. Calculate the 
now to be expected at 2500 P (121°q with the same pressure difference. 

SoLUTION The viscosity of nitrogen:::: 1.8 X IO- s kg/m . s at 26.7"C (300 K). At 0.1 std atm, 
PI .. 10 133 N/m2. MNl = 28,02. Eq. (4.22): 

~(~)O.S =: 3.2(1.8 X 10-5
) [ 8314(300) ]0.5 

A PI 2'3&M 10 133 2'3(1)(28.02) 

"'" 6.77 X 10-7 m 

With d"", 10-4 m, d/A:= 148, Knudsen now will not occur, and Poiseuille's law, Eq. (4.26), 
applies and will be used to calculate k. Nl Dow corresponding to 9.0 ftl /ft2 • min at 300 K. 1 
std atm "'" 0.0457 mJ /m2

• s or 

0.0457;~ 22~41 = 1.856 x 10-:.1 kmol/m2
• s = N A 

P/I - PI2 "" (2 inH20) ~;~: = 498 N/m2 

498 
Pl. a" = 10 133 + T .... 10382 N/m2 

Eq. (4.26): 

k "" N ARTz "'" (1.856 x 10-3)(8314)(300)(0.0254) 
P,. Ay(PII P(2) 10382(498) 

= 2.27 X lO-s m4/N . s 

At 250°F (121°C m 393 K), the viscosity of nitrogen"" 2.2 x 10- 5 kg/m' s. This results 
in a new k [Eq. (4.24)]: 

Eq. (4.26): 

k ... (2.27 x 10-
5
)(1.8 X IO-

s
) ... 1.857 X 10-5 m4/N ' s 

2.2 X IO- s 

N _ (1.857 X 10-s)(10 382)(498) "" 1157 X 10-3 km 1/ 2, 
A 8314(393)(0.0254)' 0 m s 

"" 7.35 ft3/ft2 • min, measured at 121°C, I std atm Am. 

t Equation (4.26) is sometimes written in tenns of volume rate V of gas now at the average 
pressure per unit cross section of the solid and a permeability P 

P V ... PPI. av(Ptl - Pt2) 
I.ay Z 



NOTATION FOR CHAPTER 4 
AJJ.y consistent set of units may be used. except as noted. 

a 
b 
c 

d 

D 
Dcfl 

Dx 
E 
J.J'.r 
& 
HD 
k 
I 
M 
N 
P 
P, 

one·half thickness; radius, L 
one·half width, L 
concentration, moIe/L3 

one--half length, L 
pore diameter. L 
differential operator 
molecular diffusivity, L"/8 [in Eqs, (4.15) to (4.16), em2/s] 
effective diffusivity, L2/8 
Knudsen diffusivity, L2/8 
fraction of solute removal, dimensionless 
functions 
conversion factor. ML/Ff.fl 
energy of activation, FL/mole 
const, L"/F8 
length, pore length, L 
molecular weight, M/mole 
molar flux, moIe/LlS 
partial pressure, F /L2 [in Eq. (4.15), cmHg1 
lotal pressure, F /L" 
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P 
R 

permeability, L3/L2S{{F/L1.)/L] (in Eq. (4.16), em3 gas (STP)/cm1 • s' (cmHg/cm)] 
universal gas constant, FL/mole T 

s 

S 
T 
u 
ii 
V 
w 
y 
z 

solubility coefficient or Henry's.)aw constant, L3 /L3(F /L") {in Eqs. (4.15) to (4.16), em3 

gas (STP) em] • (cmHg)] 
cross-sectional area, L2 
absolute temperature, T 
average velocity, L/8 
mean molecular velocity. L/8 
flux of diffusion, L3/08 [in Eq. (4.t5), eml gas (STP)jcm2 • 5) 

rate of diffusion, mole/8 
concentration, mole fraction 
thickness of membrane or pellet. L 
distance in direction of diffusion. L 
time, e 
molecular mean free path, L 
viscosity, M/Le 
3.1416 
density, M/L3 

Subscripts 

IlV average 
A, B components A, B 
IJ at time e 
o initial (at time zero) 
I, 2 positions 1,2 
00 at time 00; at eqUilibrium 
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PROBLEMS 

4.1 Removal of soybean oil impregnating Ii porous clay by contact with a solvent for the oil has 
been shown to be a matter of internal diffusion of the oil through the solid (Boucher, Brier, and 
Osburn, Trans, AIChE, 38.967 (1942)]. Such a clay plate, -k in thick, 1.80 in long, and 1.08 in wide 
(1.588 by 45.7 by 27.4 mm), thin edges sealed, was impregnated with soybean oil to a uniform 
concentration 0.229 kg oil/kg dry clay. It was immersed in a flowing stream of pure tetra· 
chloroethylene at 120"F (49°C). whereupon the oil content of the plate was reduced to 0.048 kg 
oil/kg dry clay in I h. The resistance to diffusion may be taken as residing wholly within the plate, 
and the final oil content of the clay may be taken as zero when contacted with pure solvent for an 
infinite time. 

(0) Calculate the effective diffusivity. 
(b) A cylinder of the same clay 0.5 in (12.7 mm) diameter, I in (25.4 mm) long, contains an 

initial uniform concentration of 0.17 kg oil/kg clay. When immersed in a flowing stream of pure 
tetrachloroethylene at 49°C. to what concentration will the oil content fall in 10 h? ADs.: 0.0748. 

(c) Recalculate part (b) for the cases where only one end of the cylinder is sealed and where 
neither end is scaled. 

(d) How long will it take for the concentration to fall to om kg oil/kg clay for the cylinder of 
part (b) with neither end sealed? ADs.: 41 h. 

4.2 A slab of clay, like that used to make brick. SO mm thick, was dried from both flat surfaces with 
the four thin edges sealed. by exposure to dry air. The initial uniform moisture content was IS%. The 
drying took place by internal diffusion of the liquid water to the surface, followed by evaporation at 
the surface. The dirfusivity may be assumed to be constant with varying water concentration and 
uniform in all directions. The surface moisture content was 3%. In 5 h the average moisture content 
had fallen to 10.2%. 

(a) Calculate the effective diffusivity. 
(b) Under the same drying conditions. how much longer would it have taken to reduce the 

average water content 10 6%1 
(c) How long would be required to dry a sphere of 150 mm radius from 15 to 6% under the 

same drying conditions? 
(d) How long would be required to dry a. cylinder 0.333 m long by 150 mm diameter, drying 

from all surfaces. to a moisture content of 6%1 ADs.: 47.S h. 
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43 A spherical vessel of steel walls 2 nun thick IS to contain I I of pure hydrogen at an absolute 
pressure of 1.3 x IQii N/m2 (189 Ibt /in2

) and temperature 300°C. The internal surface will be at the 
saturation concentration of hydrogen; the outer surface will be maintained at zero hydrogen content. 
The solubility is proportional to p/1/

2
, where PI is the hydrogen pressure; and at I std atm, 300"C, the 

solubility is I ppm (parts per million) by weight. At 300"C, the diffusivity of hydrogen in the 
steel == 5 X 10- 10 m2/s. The steel density is 7500 kg/ml (468 Ib/ftl). 

(a) Calculate the rate of loss of hydrogen when the internal pressure is maintained at 1.3 X IQii 
N/m2, expressed as kg/h. 

(b) If no hydrogen is admitted to the vessel. how long will be required (or the internal pressure 
to fall to one-half its original value? Assume the linear concentration gradient in the steel is always 
maintained and the hydrogen follows the ideal-gas law at prevailing pressures. ADs.: 7.8 h. 

4.4 An unglazed porcelain plate 5 mm thick has an average pore diameter of 0.2 p.m. Pure oxygen 
gas at an absolute pressure of 20 mmHg, 100"C, on one side of the plate passed through at a rate 
0.093 cm3 (at 20 mmHg, 100"C)/cm2

• s when the pressure on the downstream side was so low as to 
be considered negligible. Estimate the rate of passage of hydrogen gas at 2SDC and a pressure of 10 
rnmHg abs, with a negligible downstream pressure. Ans.: 1.78 X 10- 6 kmol/m2 • s. 



CHAPTER 

FIVE 
INTERPHASE MASS TRANSFER 

Thus far we have considered only the diffusion of substances within a single 
phase. In most of the mass-transfer operations. however, two insoluble phases 
are brought into contact in order to pennit transfer of constituent substances 
between them. Therefore we are now concerned with the simultaneous applica
tion of the diffusional mechanism for each phase to the combined system. We 
have seen that the rate of diffusion within each phase is dependent upon the 
concentration gradient existing within it. At the same time the concentration 
gradients of the two-phase system are indicative of the departure from 
equilibrium which exists between the phases. Should eqnilibrium be established, 
the cooceotratton..gradients and..hence the r.a1e....Df diffusion wil11a.lLto...zero~ It is 
necessary, therefote, to consider both the diffusional phenomena and the 
equilibria in order to describe the various situations fully. 

~QUILIBRIUM 
'/ 

I t is convenient first to consider the eqUilibrium characteristics of a particular 
operation and then to generalize the result for others. As an example, consider 
the gas-absorption operation which occurs when ammonia is dissolved from an 
ammonia-air mixture by liquid water. Suppose a fixed amount of liquid water is 
placed in a closed container together with a gaseous mixture of ammonia and 
air, the whole arranged so that the system can be maintained at constant 
temperature and pressure. Since ammonia is very soluble in water, some 
ammonia molecules will instantly transfer from the gas into the liquid, crossing 
the interfacial surface separating the two phases. A portioD-OLthe.....ammania 

104 
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molecules escapeS-ba.ck into the gas, at a rate proportional to their concentratjQll 
in the liquid. As more ammonia enters the liquid, with consequent increase in 
concentration within the liquid, the rate at which ammonia returns to the....gas_ 
i.n.cr..e.as.es, _un1il eventually the rate at which it enters the liqujd exactly eql!als 
that at which it leaves. At the same time, through the mechanism of djffusiDn, 
the concentrations thrOllghont eacLphasLb.ecome. uniform. A dynamic 
equilibrium now exists, and while ammonia molecules continue to transfer back 
and forth from one phase to the other, the .net transfer falls....1D-z.er.Q. The 
concentratjons ..\\d..thi.xLe.aclLph.a.s.e..n.ojanger change. To the observer who cannot 
see the individual molecules the diffusion has apparently stopped. 

If we now inject additional ammonia into the container, a new set of 
equilibrium concentrations will eventually be established, with higher concentra
tions in each phase than were at first obtained. In this manner we can eventually 
obtain the complete relationship between the equilibrium concentrations in both 
phases. If the ammonia is designated as substance A, the equilibrium concentra
tions in the gas and liquid'YA and X A mole fractions, respectively, give rise to an 
equilibrium-distribution curve of the type shown in Fig. 5.1. This curve results 
irrespective of the amounts of water and air that we start with and is influenced 
only by the conditions, such as temperature and pressure, imposed upon the 
three-component system. It is important to note that at eqllj!jhrillm.....the-con
c.e.n.tra.tioos jn the l~Q phases are oat equal; instead the chemical ,po1ential of the 
ammonia is the-.s_ame in .b.oth.p.hases, and it will be recalled (Chap. 2) that it is 
equality of chemical potentials, not concentrations, which causes the net transfer 
of solute to stop. 

The curve of Fig. 5.1 does not of course show all the equilibrium concentra
tions existing within the system. For example, the water will partially vaporize 
into the gas phase, the components of the air will also dissolve to a small extent 
in the liquid, and equilibrium concentrations for these substances will also be 
established. For the moment .we need not consider these equilibria, since they 

Mole fraction of A in the liquid = x", 

~I- Sc... rl-- AI 
\<'viI! ,..", V\ie -to wctT1.U f a r . 

GlW Gl!:j fr , Ot' , 

11'9 h j'YIt r (Ate ,,-,"" wn/4 

FIgure 5.1 Equilibrium distribution of a sOlute be
tween a gas and a liquid phase at constant tempct3-
tl1r.e. 
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are of minor importance to the discussion at hand. Obviously also, concentra
tionnunits otherthanmole .. Iraclions may be used to"describe .. the, .. equilibria. 

Generally speaking. whenever a substance is distributed between two insolu
ble phases. a dynamic equilibrium of this type can be established. The various 
equilibria are peculiar to the particular system considered. For example, replace
ment of the water in the example considered above with another liquid such as 
benzene or with a solid adsorbent such as activated carbon or replacement of 
the ammonia with another solute such as sulfur dioxide will each result in new 
curves not at all related to the first. The eqUilibrium resulting for a two-liquid
phase system bears no relation to that for a liquid-solid system. A discussion of 
the characteristic shapes of the equilibrium curves for the various situations ana 
the influence of conditions such as temperature and pressure must be left for the 
studies of the individual unit operations. Nevertheless the following principles 
are common to all systems involving the distribution of substances between two 
insoluble phases: 

l. At a fixed set of conditions. referring to temperature and pressure, there 
exists a set of equilibrium relationships which can be shown graphically in the 
form of an equilibrium-distribution curve for each distributed substance by 
plotting the equilibrium concentrations of the substance in the two phases 
against each other. 

2. For a system in equilibrium. there i~....ne.Ldill.usion of the components 
b.e.lw.een._the....phases. 

3. For a system .llIlLin....equilibriuItl.,..-diffusion of the....c.amponentLbeLween the 
-phases will_occur so as to bring the....s.yslemJo_.a...condltion_oLequilibrium. If 
.~ufficienLtime is a vaila b le,_eqllilibriu.IlLc.oncentrations willlien.tually_pI.e..vail. 

DIFFUSION BETWEEN PHASES 

Having established that departure.Jromequilibrium provides the driving force_ 
for diffusion, we can now study the rates of diffusion in terms of the driving 
forces. Many of the mass-transfer operations are carried out in steady-flow 
fashion. with continuous and invariant flow of the contacted phases and under 
circumstances such that concentrations at any position in the equipment used do 
not change with time. It will be convenient to use one of these as an example 
with which to establish the principles and to generalize respecting other opera
tions later. For this purpose, let us consider the absorption of a soluble gas such 
as ammonia (substance A) from a mixture such as air and ammonia, by liquid 
water as the absorbent, in one of the simplest of apparatus, the wetted-wall 
tower previously described in Chap. 3 (Fig. 3.11). The ammonia-air mixture may 
enter at the bottom and flow upward while the water flows downward around 
the inside of the pipe. The gas mixture changes its composition from a high- to a 
low-solute concentration as it flows upward, while the water dissolves the 
ammonia and leaves at the bottom as an aqueous anunonia solution. Under 
steady-state conditions, the concentrations at any point in the apparatus do not 
change with passage of time. 
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Figure 5.2 The two-resistance concept. 

~I Two-Phase Mass Transfer 

Let us investigate the situation at a particular level along the tower, e.g., at a 
point midway between top and bottom. Since the solute is diffusing from the gas 
phase into the liquid, there must be a .c.on.centra.tio..n...gradient in the .dir..e.c.1i.o.n-.of 
mass-ttansfer within each...p.has.e.. This can be shown graphjcally in terms of the 
distance through the phases, as in Fig. 5.2, where a section through the two 
phases in contact is shown. It will be...assumedJhaL.ruLchem;cal reactiQlLQ.cc.urs. 
The concentration of A in the main body of the gas is Y A. G mole fraction, and it 
falls to Y A. i at the interface. In the liquid, the concentration falls from x A , i at the . 
interface to x A . L in the bulk liquid. Th~ bulk concentrations~ A G and XA.L are 
ckru:ly not equilihrium ~a1u.e.s, since o..thenYis.e...dillllsion of the solute would not 
.o.ccur. At the same time, these bulk concentrations cannot be used directly with 
a mass-transfer coefficient to describe the rate of interphase mass transfer, since 
the two concentrations are differently related to the chemical potential, which is 
the real "driving force" of mass transfer. 

To get around this problem, Lewis and Whitman [8, 17] aSSllmed that the 
only di ffusiona l resistances are those residing jn the fluid.s.....t.hemsebles. There is 
then no resistance to solute transfer across the jnterfac~e s.eparating the....p.has.es, 
and as a result the concentrations. ~ . ' , i are equilibrium ¥aLues, given by 
the system's equilibrium-distribution curve.t 

The reliability of this theory has been the subject of a great amount of 
study. A careful review of the results indicates that departure from concentra
tion equilibrium at the interface must be a rarity. It has been shown theoretically 
[II] that departure from equilibrium can be expected if mass-transfer rates are 
very high, much higher than are likely to be encountered in any practical 
situation. Car.eiuLm.e.as.ur.e.rru:.nts oLreal situatjons when in..t.erfa.ces are_clean and 
cnnditio.ns...c.ar.efulLy_c.ontr..olled [4, 12] 'Lerify the 'lali.di..t~be assumptiru1. 

Unexp.ectedly 1ar.g.e..ancLsmall transfe.u..a1es b.etwe.en...1wo..phase.s nevertheless 
occur, and these have frequently b.e.en.incau.e.c.tl¥_aUribllied to departure fram 
the equilibrjum ass.ump.tion. For example, the heaLof transfer oLJL.snlute, 

t This has been called the "two-film theory," improperly so. because it is not related to, or 
dependent upon; the film theory of mass-transfer coefficients described in Chap. 3. A more 
appropriate name would be the "two-resistance theory." 
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resulting from a difference in the h.eatU>i....s.olution in the .h\!O-phases, will either 
raise....m:Jo.w.er theJnteriaceJemp.erature ..relative to the bulk::phas~temp-eJ:a.tw:e 
[13], and the equilibrium..d:istribution at the_interface will then_differ from that 
whlch can be ass.umed_for...the . .h~phase_temperatur.e. Because of unexpected 
phenomena near the interface in one or both of the contacted phases (caused by 
the presence of surfactants and the like) there may be a.departw:a.oL.the_transfer
rates from th~expected values which mayjm.properly be attributed_to_depar.ture 
from_equilibrium_aLJhe .. interface. These .mallers will be consideredJater. 
Consequently, in .ordina.I;Y_situations the interfacial concentrations of Fig. 5.2 are 
those corresponding to a.poinLon the_equilibrium.::.dis,trihution....curve. 

Referring again to Fig. 5.2, it is clear that the .concentration...rise at the 
interface,.1rOnLYA,i._to_xA,i' is..floLa..barrier.Jo_diffusion in the direction gas-to 
liquid. They are equilibrium.....concentrations and hence .cou.espond..-te-equal 
chemicaLpotentials of substancfLA....iILbo.th"phases_aLtheJnteliace. 

The various concentrations can also be shown graphically. as in Fig. 5.3, 
whose coordinates are those of the equilibrium-distribution curve. Point P 
represents the two bulk-phase concentrations and point M those at the interface. 
For steady-state mass transfer, the rate at which A reacl1es....the.Jnt.erface..1r:om 
t.he.-gas must equal that at which it diffuses to the buJk...liquid,..so.. that no. 
aCCIIJllulation or depletion..of....A-a.LtheJnteclace..occurs. We can therefore write 
the flux of A in terms of the mass-transfer coefficients for each phase and the 
concentration changes appropriate to each (the development will be done in 
terms of the k-type coefficients, since this is simpler. and the results for F-type 
coefficients will be indicated later). Thus, when ky and kx are the locally 
applicable coefficients, I) 1I,{,;-rl'l:!(C ,I) I <,?\,(\ 

/' t 

NA = k/YA.G - YA.i) = kAxA. i - X A• L ) (5.1) 

and the differences jn y's ot..x's are considered the driving forces for the..mass 
transfer. Rearrangement as 

"" 8-
II> 
c 
.~Y"GJ----
<U 
:; 
'0 
::. y4;1----I----""'7 
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~ 
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Y A. G - Y A. i = kx 
xA• L XA,i - ky 

(5.2) 

X4l xA! Figure 53 Departure of blllk~phase concentrations from 
Concentration of solute in the liquid equilibrium. 
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provides the slope of the line PM. If the mass-transfer coefficients are known, 
the interfacial concentrations and hence the flux N A can be determined, either 
graphically by plotting the line PM or analytically by solving Eq. (5.2) with an 
algebraic expression for the equilibrium-distribution curve, 

Y A. i = f(XA, i) (5.3) 

~al Overall Mass-Transfer Coefficients 

In experimental determinations of the rat~ of mass transfer, it is usually possible 
to determine the solute concentrations in the bulk of the fluids by sampling and 
analyzing._S.uc.c.essful sampling of the fluids at the interface, however, is ~ 
arily impossible, since the greatest part of the concentration differences, such as 
YA G - Y A i' takes place over ex treme1y small djsta.nc_es. Any ordinary sampling 
device will be so large in comparison with this distance that it isimpossib.le to 
get close enollgb to the interface. Sa.mp.Jin.g._and anillYWlg, then, will provide 
YA G and X A , but ~ . . and x Ar-i'- Under these circumstances, only an overall 
effect, in terms of the bulk concentrations, can be determined. The b.ulk 
concentrations are, however, not by themselves on the .same basis in terms_ of 
chemic.a.lp.olential. 

Consider the situation shown in Fig. 5.4. Since the equilibrium-distribution 
curve for the~~)s-.UIli.que at fixed temp r ted pressure, then_ in 

. . . with eX: I , is as good a measure of x A. L as x A. L itself, and moreover 
it is on the same basis as Y A. G' The entire two-phase mass-transfe.L..clf.e.ct can 
then be m.eas.ured in terms of an oyerall mass-transfer c.oef.fu:ie~ 

N A = Ky(YA. G - YA) (5.4) 
~ 

From the geometry of the figure, d viv1hg ~.c.e 

I YA. G - Y!.. = (YA. G - YA. J + (YA. i - YA) = (YA. G - YA".) + m'(xA. i - x A. L) 

(5.5) 

Equilibrium curve 

~Gr-----~---+------~ 

~ir-----~------~ ./" ~j: \/ ( X ,,-t- X...:.)t ( )(~i _ XA L) / ...... ,.. - ".A!-. ., M' 

YM,- Y~i (Xft'l- X'H ) --+ 
JYl' 

~ ~ -t Nt\ 
. . K ){ K'I"'" Ky 

x; FIgure ~A Overall con~ntratioD differences. 
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where m' is the slope of the chord eM. Substituting for the concentration 
differences the equivalents (flux/coefficient) as given by Eqs. (5.1) and (5.4) 
gives 

NA = NA + m'NA (5.6) 
Ky ky kx 

or ;;;,::~:)~ rr:r:-f] (5.7) 

This shows that the relationship between the individual-phase transfer 
coefficients and the overall coefficient takes the fonn of addition of resistances 
(hence "two-resistance" theory). In similar fashion, x:' is a measure of Y A. G and 
can be used to define another overall coefficient Kx 

NA = KAx! X A• L ) (5.8) 
and it is readily shown that 

(5.9) 

where mil is the slope of the chord MD in Fig. 5.4. Equations (5.7) and (5.9) lead 
to the following relationships between the mass-transfer resistances: 

Resistance in gas phase 1/ ky 

Total resistance, both phases = 1/ Ky 

Resistance in liquid phase _ 1/ kx 
To!al resistance, both phases - 1/ Kx 

(5.10) 

(5.Il ) 

Assuming_that the numericalxalues oCkx an.ct.ky are Loughly the same, the 
importance of the slope of the equilibrium-curve chords can readily be demon
strated. If ~s....small (equilibrium-distribution curve, very _nat), so that at 
equilibrium only a .smalLconcentration,oLA in the.gas will proyjde a_v.er.y_lar:ge 
concentration in the liquid (.solute_ A is y.er:y .. soluble in the Jiquid), the term 
.l!LL!S~, of Eq. (5.7) becomes minor, the major...r,esislance is represented by l~, 
and it is said that the rate of mass.Jransfer is gas~phase-controlled. In the 
extreme, this becomes 

1 1 
Ky ~ ky 

or YA.G - YA ~YA.G - YA.i 

(5.12) 

(5.13) 

Under such circumstances, even iair1y...large_p-e[c.entage....change.sJ~ will.not 
significantly_aUc.cLKy, and cfforts to increase.Jhe_,rate of mass_transfer would 
best be ditec!ed_tQward . .decreasing'_the''_'gas~phase-,.resistance. ConverselYt when 
~_js._.y.er:y_Jarge ... ,,(solute A .. relath::elyinsoluble in the liquid), with kx~ 
nearly_equal, the fh:sLterm on the ..right of Eq. (5.9) becomes...IDinor and the 
major..xesistance to mass.transfer .resides ___ within.theJiquid, which is then said to 
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control the rate. Ultimately, this becomes 

1 I 
Kx ~ kx 

(5 .14) 

(5.15) 

In such cases efforts to effect large changes in the rate .of mass transfer are best 
d..i.rec1eticu:.onditjons influencing the liquid coefficjent kx ' For cases where.l4. 
and Js.,.. are not nearly e.qual, Fig. 5.4 shows that it will be the relative size of the 
ratio .ls..JJs.;. and of m' (or mil) which will detennine the location of the 
controlling mass-transfer resis.tan.c.e. 

It is sometimes useful to note that the effect of temperatme is .IllllChJ.arger 
fOT liquid mass-transfer coeffi cients th an for those for gases (see Prob . 3.7, for 
example). Consequently a large effect of temperature on the overall coefficient, 
when it is determined experimentally, is usually a fairly clear indication that the 
controlling mass-transfer resistance is in the liquid phase. 

For purposes of establishing the nature of the two-resistance theory and the 
overall coefficient concept, gas absorption was chosen as an example. The 
principles are applicable to any of the mass-transfer operations, however, and 
can be applied in terms of k-type coefficients using any concentration units, as 
listed in Table 3.1 (the F-type coefficients are considered separately below). For 
each case, the values of m' and mil must be appropriately defined and used 
consistently with the coefficients. Thus, if the generalized phases are tenned E 
(with concentrations expressed as i) and R (with concentrations expressed as i), 

1 I m -=-+- (5.16) 
K£ k£ kR 

1 1 1 -= - -+- (5.17) 
KR, m"k£ kR 

m' 
fA • , - i~ 

)A" - )A. R 

i~ = j(jA, R) 

" IA. £ - i A . ; 
m = .. . 

JA - lA. ; 

IA. £ = j(j;") 

where j is the equilibrium-distribution function. ' 

Local Coefficients--General Case 

(5-.18) 

(5.19) 

When we deal with situations which .drLn.oLin.YoJve either dill.us.ion of onl¥-.o.ne 
s:uhsl.ance or eq!!jrnoJa r cQl.ln1er.d.illusion, or if mas s.::.transfeL..tate.S-.a.I.e.Jarge , the 
&~e-.CQellicie.DJs-shouJd be.....us.ed. The general approach is the same, although 
the resulting expressions are more cumbersome than those developed above. 
Thus, in a situation like that shown in Figs. 5.2 to 5.4, the mass-transfer flux is 

N = NA In NA/'LN - YA.i _ NA NA./'LN - X A• L 
A 'LN FG N .FiN - VA - YN FL In N 'LN _ x .A...I- (5.20) 

where FG and FL are the gas- and liquid-phase coefficients for substance A and 



L.N == N A + No + Ne + . ,. . Equation (5.20) then becomes [5] 

NA/"i.N - YA,i = (NA/"i.N - XA'L)FdFG 
NA/"£N YA,G NA/"£N - X A. i (5.21) 

The interfacial compositions YA. i and x A , j can be found by plotting Eq. (5.21) 
(with Y A, ; replaced by Y A and x A. i by x p) on the distribution diagram (Fig. 5.3) 
and determining the intersection of the resulting curve with the distribution 
curve. This is, in general, a trial-and-error procedure, since N A/L.N may not be 
known, and must be done in conjunction with Eq. (5.20). In the special cases for 
diffusion only of A and of equimolar counterdiffusion in two-components 
phases, no trial and error is required. 

We can also define the overall coefficients FOG and FOL as 
NA NA/,,£N-y~ NA NA/"iN X AL 

N A = "i.N FOG In N A/"i.N YA, G = "i.N FOL In N A/"i.N _ x; (5.22) 

By a procedure similar to that used for the K's, it can be shown that the overall 
and individual phase F's are related: 

exp [ N A 1 == exp [ N A 1 
(N A/"i.N)FOG (N A/"i.N)FG 

+m' NA/"2.N - XA,L {I - exp[ 
NA/"2.N YA.G (NA~'N)FJ} 

(5.23) 

[ 
N All (N A/L.N - Y A. G ) { 1 [ N A 1 } 

exp - (NA/L.N)FoL == mil NA/"i.N X A.L exp (NA/L.N)FdG 

+exp [ - (N A~'N)FL 1 (5.24) 

where exp Z means e Z
, These fortunately simplify for the two important special 

cases: 

1. Diffusion oj one component (":iN NA, NA/'2:.N = 1.0}t 
I - x 

eNA/FoG = eN,../Fa + m' A. L (l _ e-NA/FL) 
1 - YA, G 

e-NA/FoL = _1_ 1 YA. G (1 _ eNAIFa) + e-N,.!FL 
mil 1- x A.L 

t Eqll8.tions (5.25) and (5.26) can also be written in the following forms: 

_1_ ... ...!.. (I y,JIM + m'(1 X,JiM 
FOG Fa (I - yA).M FL(I - yA).M 

_1 ___ I _ (1 - yA)/M + 1.. (1- X,JIl.1 
FOL mH FG (l - x,J.", FL (l - x,J.", 

where (1 - YA)IM ... logarithmic mean of I - Y A. a and t - Y A.I 

(I - Y A). M - logarithmic mean of 1 - Y A, G and 1 y 1 
(1 - XA)/M"" logarithmic mean of 1 xA, Land t - XA,i 

(I - XA).", ... logarithmic mean of I - XA. L and I - x1 

(5.25) 

(5.26) 

(5.2Sa) 

(5.26a) 
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2. Equjmolar counterdijfw;on [LN = 0 (Fe = IS, FL = k~)J 

11m' 
--=-+-
FOG Fc FL 

1 I 1 --=--+-
FOL mil Fc FL 

Use of Local Overall Coefficients 

(5.27) 

(5.28) 

The concept of overall mass-transfer coefficients is in many ways similar to that 
of overall heat-transfer coefficients in heat~exchanger design. And, as is the 
practice in heat transfer, the overall coefficients of mass transfer. are frequently 
synthesized through the relationships developed above from the individual 
coefficients for the separate phases. These can be taken, for example, from the 
correlations of Chap. 3 or from those developed in later chapters for specific 
types of mass-t;ansfer equipment. It is important to recognize the limitations 
inherent in this procedure [6]. . 

The hydrodynamic circumstances must be the same as those for which the 
correlations were developed. Especially in the case of two fluids, where motion 
in one may influence motion in the other, the individual correlations may make 
inadequate allowances for the effect on the transfer coefficients. There are, 
however, other important effects. Sometimes the tra.n.sfeL.oLa...s.al.u.te, e.g., the 
.transfer of ethyl ether from water jn to air, results in large jnterfaciaht.en.s.ian 
gradie.n.ts.....aLthe.interlace, and these in turn may result in an astonishingly.J:apid 

...motion of the liq.uid....at the jnterface....(mter.j.ac.i1lLturhuJen.c.e. or Ma.wJJgfll7LejJe.d) 
(10]. In such a case the b.JJ.J.k:.phase Reynolds numbers used in Chap. 3 nO langer 
r.e.p..a:.s.e.nL.tb.e_tmhlllence-.J.exeLaLthe jnterface, and the mass-transfer rates are 
likely to be substantially larger than ....exp.ec.ted. In other cases, s_u.rf.ac.~c.tiY.e 

agerus...in....aJiquid, even when at extraordinarily low average co.ncentr.ations, are 
_c.o.nc.e.n1rate.cLaLtheJ..n.t..erfa.ce, where they may (1) p.ar.tLy_blo.c1Lth.e.Jn.terfac.e_to 
s.alute...1ransfer [15], (2) ~th.e....inte.rf.acia.Lliq.\!jd layers...more....rigid [1], or (3) 
inle.rac.Lwit.L~Ltransie.oing....s.olute [3]. In any case, theJnaSS=.transier~t.es are 
rt_dJJ.ooj. 

The mere presence of a mass-transfer resistance in one phase must have no 
influence on that in the other: the resistances must not interact, in other words. 
This may be important, since the individual-phase coefficient correlations are 
frequently developed under conditions where mass-transfer resistance in the 
second phase is nil, as when the second phase is a pure substance. The analysis 
of such situations is dependent upon the mechanism assumed for mass transfer 
(film, surface-renewal, etc., theories), and has been incompletely developed. 

A verage Overall Coefficients 

As will be shown, in practical mass-transfer apparatus the bulk concentrations 
in the contacted phases normally vary considerably from place to place, so that 
a point such as P in Figs. 5.3 and 5,4 is just one of an infinite number which 
forms a curve on these figures. Thus, in the countercurrent wetted-wall gas 



absorber considered earlier, the solute concentrations in both fluids are small at 
the top and large at the bottom. In such situations. we can speak of an average 
overall coefficient applicable to the entire device. Such an average coefficient 
can be synthesized from constituent individual-phase coefficients by the same 
equations as developed above for local overall coefficients only, provided the 
quantity m' kEf kR (or mil kRf kE) remains everywhere constant [6]. Of course, 
variations in values of the coefficients and slope m' may occur in such a way 
that they are self-compensating. But in practice. since average phase coefficients, 
assumed constant for the entire apparatus, are the only ones usually available, 
average overall coefficients generally will have meaning only when m' = mil = 
const, in other words, for cases of straight-line equilibrium-distribution curves. 
Obviously, also. the same hydrodynamic regime must exist throughout the 
apparatus for an average overall coefficient to have meaning. 

II> 
o 

DJustratlon 5.1 A wetted-wan absorption tower. 1 in (2.54 em) 10, is fed-with water as the wall 
liquid and an ammonia-air mixture as the central-core gas. At a particular level in the tower, 
the ammonia concentration in the bulle gas is 0_80 mole fraction, that in the bulle liquid 0.05 
mole fraction. The temperature = 80°F (26.7°q, the pressure I std a.tm. The rates of flow are 
such that the local mass-transfer coefficient in the liquid, from a correlation obtained with 
dilute solutions, is kL == 0.34 mol/ftl • h • (1b mOl/ftl) "" 2.87 X lO-s kmol/m2 . s . 
(kmoljm3). and the local Sher:w.oo.clnumher.1oI.Jhe...ga5_is_40. The d1ffusivity of ammonia. in 
air". 0.890 ftl/h = 2.297 X lO-s m2/s. Compute the local mass-transfer flux for the absorp
tion of ammonia, jgnocing.the...vaporiz.a.tion .. of water. 

tilJ ,. (' 

0.9 r------,-----r---~ 

_~ 071------+-........ --1----1-__ 
.... 

J: 
:z 
c; 

~5 
~ O.GI-----t----+~~--i 

.!!:! 
o 
E 
II 

~ 
0.51------1----1--1----1 

0_11----+--1----+----1 

0.1 0.2 0.3 
,(.1 = mole froc1ion NH3 in liquid Flgure 5.5 Construction (or Illustration 5.1. 
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SOLUTION YA. G = 0.80, x A . L = 0.05 mole fraction ammonia. Because of the large eoncentra
tion of ammonia in the gas, F's' rather than k!s wiU be used. Notation is that of Chap. 3. 

Y.'l4O, 
Liquid From Table 3.1, FL = kLXB. M,G.Since the .molec:.ula.t....weig.hLoLammonia...a.ru:Lwater are 
so neady_the....same and the densit,y-OLa...dil,U1.e.....SD.luion is practicallyJha.LoL~er, the molar 
density c = 1000/18 = 55.5 kmol~~. Since the kL was determined for dilute solutions, where 

(j 4.M-~-.ll.gLc.aJ.l.y....l.D, ~ ~ ~ (lD~ NHJ in w,a,tC( vel St1'l~U) 

Gas 

FL = (2.87 X W- 5)(1.0)(55.5) = t.590 X 10- 3 kmol/m2 . s 

Sh = Fed = 40 
CDA 

I{ \D ()~rp . 1\we'( Iv- IClf 

d = 0.254 m (§ = - - 273 = 0,04065 kmol/mJ 

22.41 273 + 26.7 \<. 1.' IflI'YlJ /.-rt1)1 
IJ~ 0< T I, 11- '" . ~--

c'P~ 3/) 

'F = 40cDA = 40(0.04065){2.297 X W-
5
) = 1471 10-3 km 1/ 2, 

G d 0.0254 . X 0 m s 

Mass-transfer flux The equilibrium-distribution data for ammonia are taken from those at 
26.rc in "The Chemical Engineers' Handbook," 5th ed., p. 3-68: 

NHJ partial pressure 

NH) mole fraction x A Ibr/in
2 N/m2 = PA PA 

YA = 1.0)33 X IcP 

0 0 0 0 
0.05 1.04 7 \71 0.0707 
0.10 1.98 13 652 0.1347 
0.25 8.69 59 917 0.591 
0.30 13.52 93 220 0.920 

These are plotted as the equilibrium curve in Fig. 5.5. 
For transfer of only one component, N A/"LN = 1.0. Equation (5.21), with Y A. I and x A • I 

replaced by Y A and x A' becomes 'ov • .\'~ L\ '\ . 
/ 

( 

J - X A L) hi FG ( 1 - 0.05 ) I 078 
YA = J - (1 - YA.G) ~ = I - (I - °i8) l=-x;:: 

bv.\'F 
from which the following are computed: ~oJ 

0.05 0.15 0.25 0.30 

0.80 0.780 0.742 0.722 

These are plotted as x's on Fig. 5.5, and the resulttng curve Intersects the equilibrium curve to 
give the interface compositions, x A . i = 0.274, Y A. I = 0.732. Therefore Eq. (5.20) provides 

. I _ . -3 I - 0.05 _ _) 1 - 0.732 
V :VA - 1(1.590 X 10 ) In I _ 0.274 - \(1.471 X 10 ) In J _ 0.80 

St--.(f'~ · = 4.30 X 10-4 kmol NH3 absorbed/m2 . s, local flux ADs. 

Overall coefficient Although it is not particularly useful in this case, the overaU coefficient will 
be computed ~o demonstrate the method, The gas concentration in equilibrium with the bulk 
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liquid (X .... L ... 0.05) is, from Fig. 5.5,y1 = 0.0707. The chord slope m' is therefore 

m' = Y A. i - y1 = 0.732 - 0.0707 == 2.95 
X",i - xA.L 0.274 - 0.05 

Note that unless the equilibrium curve is straight, thls cannot be obtained without first 
obtaining (Y .... i' x A. t), in which case there is no need for the overall coefficient. In Eq. (5.25), 
normaDy we would obtain FOG by trial, by assuming N A' Thus (with an eye on the answer 
obtained a.bove), assume N" = 4.30 X 10-4

• Then Eq. (5.25) becomes 

+2.95; = ~:~~(l- e-(4.JOXIO-·V(l.S90 x IO-'>] 

= 4.66 

FOG a 2.78 X 10-4 kmol/m2 • s 

As a check of the trial value of N A' Eq. (5.22) is 

N" "" 1(2.78 X 10-4
) In 11-_O~~~7 := 4.30 x 10-4 (check) 

Use of k-type coefficients There are, of course, k'$ which are consisttmuv.i.1h.J.he...Es and which 
will..p.tad.w:e....u:aue.ct...result. Thus, ky ... FGp,1Pe.M "'" 6.29 X 10-3 and kx = FL/xs,M SIS 

1.885 X 10-3 will produce the same result as above. But these k's are specific (or the 
. concentration levels at hand, and the PB. M and xu. M terms, which correct for the bulk·flow 
f 14 ~ ~! flux [the H A + He term of Eq. (2.4»). cannot be obtained until x A.I and Y A. I are first obtained 

as above. 
However. if it had been assumed that the con~ntrations were dilute and that the 

bulk-flow tenns were negligible, the Sherwood number might have been (incorrectly) interpre· 
ted as 

kyRTd ky(8314)(273.2 + 26.7)(0.0254) 
Sh - -- = 40 ... ~----------

p,DA (1.0133 X lOS)(2.297 x 10- 5) 

ky ... 1.47 X 10- 3 kmoljm2. s • (mole fraction) 

and. in the case of the liquid, 

k;.: - kLc ... (2.87 X 10-5)(55.5) "'" 1.59 X 10-3 kmoljm2 • s . (mole fraction) 

These k's are suitable for small driving forces but are unsuitable here. Thus 

_ k" ... _ 1.59 X 10-3 
... _ 1.08 

ky 1.47 X 10-3 

and. ~ ~ne of this slope (the dashed line of Fig. 5.5) drawn from (x A. L' Y A. G) intersects the 
equibbnum cwve at (x A = 0.250, Y A = 0.585). If this is interpreted to be (x". /. Y A, I)' the 
calculated flux would be 

NA =- kAXA• i - XA,L)'" (1.59 X 10- 3)(0.250 - 0.05) "" 3.17 x 10-4 

or NA .... ky(YA.G - YA,J "" (1.47 X 10-3)(0.8 - 0.585) ... 3.17 X 10-4 

The corresponding overall coefficient, with m' = (0.585 - 0.0707)/(0.250 - 0.05) - 2.57, 
would be 

.!. _ ..!.. + m' ... 1 + 2.57 
ftC" ky kx 1.47 X 10-3 1.59 X 10-3 

K,. - 4.35 X 10-4 kmol/m2
• s . (mole fraction) 

NA ... K,.(YA,G - y1)'" (4.35 X 10-4)(0.8 - 0.0707) - 3.17 X 10":4 
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This value of N A is of course incorrect. However, had the gas concentration been low, say 0.1 
mole fraction NH3, these k's would have been satisfactory and would have given the same flux 
as the F's. 

~TERIAL BALANCES 

The concentration-difference driving forces discussed above, as we have said, 
are those existing at one position in the equipment used to contact the immisci
ble phases. In the case of a steady-state process, because of the transfer of solute 
from one phase to the other, the concentration within each phase changes as it 
moves through the equipment. Similarly, in the case of a batch process, the 
concentration in each phase changes with time. These changes produce corre
sponding variations in the driving forces, and these can be followed with the 
help of material balances. In what follows, all concentrations are the bulk
average values for the indicated streams. 

Stead~Stat eocw:rentJlXo~~ 

Consider any mass-transfer operation whatsoever conducted in a steady-state 
cocurrent fashion, as in Fig. 5.6, in which the apparatus used is represented 
simply as a rectangular box. Let the two jnsoluble p~ bejdmtified~s-p.ha.se 
E and ~, and for the present consider only the case where a single 
substance A dillus.es from _phase R to p..h~se E during their contact. The other 
constituents of the phases, solvents for the diffusing solutes, are then cnnsidered 
n.oU..o....di.t1us.e. 

8 

! 
I ~5 

[1 moles tolol mOlericl/t,me 

Es moles non · diffusing 
materlOI/time 

YI mole frOCTion SOlute 

Y, mole rotio Sa lvI e 

~_l __ ~~i_~ ________ ~ E2 
E5 
h 

R, 'moles 10rol mateflol / rime 

Rs moles flon-diflusing 
material / t.me 

• XI mole fraction solute 

XI mole rotio solUTe 

Figure 5.6 Steady-state cocurrent processes. 
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At the entrance to the device in which the phases are contacted, pha5.e-.8 
contains R1-DloLReL uniLtime of JQtal substances, consisting of nQ.llQifit!sing 
sobtent Rs mol per unit time and..dif[usmg_solute.,A. whose concentr:a,.ti91tj~~1 
mole fraction. As phase R..moves. through.,.the. equipment •. Adiffuses to ph.;ls.e_E 
and consequently the.lQtaLquantity~oLRJalis toR2 mol per unit time at the exit. 
although the rate.,_oLJlow of nondiffusing solvent Rs- is the same as at the 
entranc.e. The concentration.olA has fallen"to.x2 mole fraction. Similarly, .phase 
Lat the entrance contains EI._moLper~uniLtime""totaLsubs.tances, of which Es 
mol is nondifIusing .. solYent. and an A.concentration_o[)l..I_mole. fraction. Owing 
to the accumulation..oLA ... to."a,.concentration Y2 mole fraction. phase .. .E increases 
in amounLto..E2..l1loLper_uniLtime aL.the .exit, although the .. solvent content Es 
has remaine.<iconstant. 

Envelope I, the closed, irregular line drawn about the equipment. will help 
to establish a material balance for substance A, since an accounting for 
substance A must be made wherever the envelope is crossed by an arrow 
representing a flowing stream. The A content of the ,~ntering R phase is R1x l ; 

that of the E phase is EIYI- Similarly the A content of the leaving streams is 
R2x 2 and E2Y2' respectively. Thus 

or 

but 

R1x I + EIYI = R2x 2 + E2Y2 

R1x I - R2x 2 = E2Y2 - EIYI 

XI 
Rlx1 = Rs -

1
-- = RSXl 

- XI 

(5.29) 

(5.30) 

(5.31) 

where XI is the mole-ratio concentration of A at the entrance, mol A/mol 
non-A. The other terms can be similarly described, and Eq. (5.30) becomes 

Rs(X) - _~12 :~$t~2=- Y1) (5.32) 
The last is the equation of a straight line on X, Y coordinates, of ~e 
.:::-"f!..s.,~ passing through two points whose ..c.noI.dinates_are......(XI._t': .. ) and 
_(Kf! •. J::2), respecti vel y. 

At any .£e.c.tioILB-=..B Jhro.ugh .. 1he_apparatus, the mole fractions of A are X 

and Y and the mole ratios X and Y, in phases Rand E, respectively, and if an 
eJLvelope II is drawn to include...alLthe,.dCl!ice_fmm..1he_entrance ... ..to .. "section..B::..H, 
the A balance becomes 

(5.33) 

This is also the equation of a straight line on X, Y coordinates, of slope 
- R "ib .. through the p.oin.ts .. ,(X"".'~I).and .. (X,. X). Since the _lWO_s.traigh.Llines 
have the .s.am.e.-Slop..e.. and a_p-oinLin .. common. they are the.Jiame..straighLline and 
Eq. (5 .. 13) is therefore a .gener.aLexpression .relating the compositions,_of the 

,phases in the .equipment at an'y~distanceJrom~the.enttance. t 

t Masses, mass fractions. and mass ratios can be substituted consistently for moles, mole 
fractions. and mole ratios in Eqs. (5.29) to (5.33). 
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Since X and Y represent concentrations in the two phases) the equilibrium 
relationship may also be expressed in tenus of these coordinates. Figure 5.7 
shows a representation of the equilibrium relationship as weII' as the straight.lin.e 
QE. of ·Eqs.45..32.Mnd..(5..11). The line QP, called an .Dp.emting.1ine, should not be 
confused with the driving-force lines of the earlier discussion. At the entrance to 
the .ap.para1llS, for example, the mas_s-t.(ansLer..meificients in the .t:wn.phases may 
g:ilre..cise to the driring:fru:c.eJint-.KJ?, where L represents the inteLface..composi~ 
fjons a t the_entrance and the distances..KM and .M.f! r.e.pr.ese.nt, respectively, the 
dririn~es in .phase E and .phase R. Similarly, at the exit, point L may 
r:ep.r.es..en t the iruerla.c.e.-co.mp.osition and L.Q the Ii n e .I.epresen ta t i ye o.Lthe...d.ri.ri.ng 
furc.es. If the apparatus were longer than that indicated in Fig. 5.6, so that 
eventually an equilibrium between the two phases is established, the correspond~ 
ing equilibrium compositions Xe and Yt> would be glven by an ~o.n.. of the 
operating line to theint.e..rs.ection with the_e.quilib.ri..um....c.urve at T. The driYing. 
farces, and therefore the diffusion rate, at this point will have fallen to...zgQ. 
Should the difiu.Sian be in the opposi te direction, i.e., from phase ..£.1.o-phas.e.-R., c::J "to:x.. ) 

the operating line will fall on the oppnsite side of theequilibriuIlL ... cUO'e, as in 
Eig._5.~8~ 

It must be emphasized that the graphical representation of the operating line 
as a straight line is greatly dependent upon the units in which the concentrations 
of the material balance are expressed. The representatio.ns....:oLEigs. 5.7 and 5_B
are sttaight lines because the mole::ratio._concentrations are _b.ased on the .\!.n~ 

changing ... q.uantities-E's_aruLRs ' If Eq. (5.30) were plotted on mole~fraction 
coordinates, or if any concentration unit proportional to mole fractions such as 
partial pressure were used, the nature of the operating curve obtained would be 
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Figure 5.7 Steady-state cocurrenl process, transfer of solute from phase R to phase E. 



120 MASS-TRANSFER OpeRATIONS 

X, Xz XI! 
Concentration in phose If, moles A/mole non-A=X 

Figure 5.8 Steady-state cocurrent 
process, transfer of solute from 
phase E to phase R. 

indicated as in Fig. 5.9. Extrapolation to locate the ultimate equilibrium condi
tions at T is of course much more difficult than for mole-ratio coordinates. On 
the other hand, in any operation where the total quantities of each of the phases 
E and R remain constant while the compositions change owing to diffusion of 
several components, a diagram in terms of mole fraction will provide a straigbt
line operating line, as Eq. (5.30) indicates (let El = PI = E; RJ; = RI = R). If 
an the components diffuse so that the total qnantities of each pbase...da-nat
remain constant, the aperating line wjlJ generaJ1y be curved. 

To. sum up, the cacurrent operating.line is a graphicaLrepresentation of the 
materiaLbalanc.e. A point an the line represents the bulk-average ,concentrations 

c 
.2 
t; 
.g Ye 1---------,1(,. .. 
~ Y2 
1..i.J. 

~ 
c 

..c:. 
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.S 
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U 

XI! Xz 

Concentration in phose If. mole froction 

Figure 5.9 Steady-state cocurrent 
process, transfer of solute from 
phase R to phase E. 
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[, mOles Torol material / time 
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RI moles 10101 moterlal/tlme -1.~! 
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morerloi / time \ \ • ~ J RS 
XI mOle treeflor> solute ~ ~ .(2 

XI mole rollO solule ----t- X2 

---- I R 
. Rs 

Figure S.IO Steady-state c<?untercurrent process. 

I~ 
I 
8 

of the streams in contact with each other at any section in the apparatus. 
Consequently the line passes from the point representing the streams entering 
the apparatus to that representing the effluent streams. 

Steady-Stat €onntel'eurr:en Rroeesses 

If the same process as previously considered is carried out in countercurrent 
fashion, as in Fig. 5.10, where the subscripts 1 indicate that end of the apparatus 
where phase R enters and 2 that end where phase R leaves, the material 
balances become, by envelope I, t 

and 

and, for envelope II, 

and 

EzYz + Rixi = EIYI + R2x 2 

Rs(X[ - X z) = Es( Y\ - Y2 ) 

Ey + Rlx 1 = ElY] + Rx 

Rs(XI - X) = Es( Y\ - Y) 

(5.34) 

(5.35) 

(5.36) 

(5.37) 

Equations (5.36) and (5.37) give the general relationship between concentra
tions in the phases at any section, while Eqs. (534) and (5.35) establish the entire 
material balance. Equation (5.35) is that of a straight line on X, Y coordinates, 

t Masses, mass ratios, and mass fractions can be substituted consistently for moles, mole ratios, 
and mole fractions in Eqs. (5.34) to (5.37). 
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Figure 5.11 Steady-state countercurrent process. 

of slope Rsl Es' through points of coordinates (Xl' Y1). (X2' Y2)' as shown in 
Fig. 5.11. The line will lie above the equilibrium-distribution curve if diffusion 
proceeds from phase E to phase R, below for diffusion in the opposite direction. 
For the former case, at a point where the concentrations in the phases are given 
by the point P, the driYing-force line ma;;'-heJndicatecLb.y.Jine..EM._whose,slope 
depends upon the re1a.tilte._dillusionaLresistances_-'lLtheM""phases. The dri.Y..ing., 
forces .... oh.Y.iously __ change_in_.magnitude. .. J.rom..-one-end-.aL.th.e....equipment ... ,to the 
other. If the operatingJine should touch, the equilibrium CUrie anywhere, so that 
the contacted phasesare.inequilibrium, the drivingJorce and hence. therate.,of 
mass transfer would become zero and the time required Jar. ,a finite materiaL 
transfer would be infinite,. This can be interpreted in terms of a limiting ratio of 
flow rates of the phases for the concentration changes specified. 

As in the cocurrent case, linearity of the operating line depends upon the 
method of expressing the concentrations. The operating.lines of Fig. 5.11 are 
£traight because the mole-ratio concentratiol1s ... X,.,and._Y",are based on the 
_qu_an.tiJi~s"J!s_a.nd_£s, which are stipulated....1o~be_constant. If for this situation 
..mole_lraclu:ms (or quantities such as"p;'U::lh!LR.r.§~.llr1!sJ which are proportional to 
mole fractions) are used, the operating linesarecurY.ed. as indicated in Fig. 5.12. 
However. for ~perations should the_.l<ttaL~\l~nJily~,DLe,ach..ofJ.he...phases E 
and R b~ans1an t while the C.QIDllQsitiQo.$ .. cha,nge, the .mole,~action._diagram.... 
would provide the straighl:lineQp.~IaJi..ngJjnes, as Eq. (5.34) would indicate Oet 
E = EI-=_E2; .. -R-=:::: ... .RI.::::: R2). As in the cocurrent case, however, the operating 
line will generally be curved if all the components diffuse so that the total 
quantities of each phase do not remain constant. 
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Figw"e 5.12 Steady-state countercurrent pro
cess, transfer of solute from phase R to 
pbase E. 

The countercurrent operating line is a graphical representation of the 
material balance, passing from the point representing the streams at one end of 
the apparatus to the point representing the streams at the other. A point on the 
line represents the bulk-average concentrations of the streams passing each other 
at any section in the apparatus. It is useful to rearrange.Eq. (5.36) to read 

Ey - Rx = £lYl - R1x 1 (5.38) 

The left-hand side represents the net flow rate of solute A to the left at section 
B- B in Fig. 5.10. The right-hand side is the net flow rate of solute out at the left 
end of the apparatus, or the difference in solute flow, out - in, and for steady 
state this is constant. Since the section B-B was taken to represent any section of 
the apparatus, at every point on the operating line the net flow rate of solute is 
constant, equal to the net flow out at the end. 

The advantage of the countercurren t method over the cocurrent is that, for 
the former, the aver.a e drivin force for a. 'ven situation will be lar e , resulting 
in eithe r smaller equipment for a given set of flow conditions or smaller flows 
for a given equipment size. 

rt I=l sto.-ae 5 ~ f 0:) = AI hch't) 1'\ () f h-I t; "trc. ,",~f.e 

/-STAGES 

A .wzge is defined as any ~\'ic.e. .Jlr......'-umbina..tion of _de\!.ices in which tw..o 
insol!Jble phases are brought iotojruimaie....contact, where massJransfer occms 
hdYLe.en..tb..e.-Phases tending to Jll:in~them..lo....eq.uilibrium, and where the phases 
are then me.chanic.all.y e.parate.d. A process carried out in this manner is a 
single-~tage proces,s. ,An eqyi/ibrium ideal. or theoretjcal, stage is one where the 
timLoLCOnlakL~~p.h.a.s_es is .sufficienLf.OL..1hLef.fluwtUru:ieed. _10 .hUn 



equilibrium, and although in principle this.,cannoLbJ~._attained, in practice we 
can frequently approach so close to equilibrium if the....cosLwMrants.it, that the 
difi.erenc.eis.-Unimpm:tant. 

intinuous Cocurrent Processes 

Quite obviously the c.ocurrenLpm~ess and apparatus of Fig. 5.6 is that of a 
single...s.tage, and if the stage were ideal, the .effluenLcomp_ositions would b~ at 
pomLT on Fig. 5.7 or 5.8. 

A slage...effld.J!lJcy is defined as the fractionaLappmach_to_equilibrium which 
a.reaLs.tagc-produces. Referring to Fig. 5.7, this might be taken as theJra~Jipn 
which the )jne QP represents-of the IjneJ:P, or the ratio of actuaLsolute._tIansfer 
to that if equilihrillnLwer.~auained. The most frequently used expression, 

~?\\I~;,:::is,,~?e, hreeN~~j£4' .... !!i~~~~ii~~~,~h~!{iti~~~g:J~~iRif!g~~~"'f~{,Li~01e 
1~~¥t~~i;§'!fe,,~i .• wi1'?""'>"""""'" ,n.~.t~!l'd~J" e 'actu~l concentration "In the; ollier leaVIng 
~:~~:am')[9]·. Referring 'to Fig. 5.7, 'this can be expressed in terms of the concentni-
Hons in phase E or in phase R, 

Y2 - Y1 E _ XI - X2 
EME = y* _ Y MR - X - X. 

. 2 I I 2 
(5.39) 

~O'"t,>"l!J rL1, f'l, .,,-.U./ oJ 1(.,0, !lV"1' J\/\( 'P I, A;.~ 
These definitions are somewhat 'arbitrary since, in the case of a truly cocurrent 
operation such as that of Fig. 5.7, it would be impossible to obtain a leaving 
concentration in phase E higher than Ye or one in phase R lower than Xe' They 
are nevertheless useful, as will be developed in later chapters. The two Murphree 
efficiencies are not normally equal for a given stage, and they can be simply 
related only when the equilibrium relation is a straight line. Thus, for a straight 
equilibrium line of slope m = (Yf - Y2)/(X2 - Xi), it can be shown that 

EME = EMR EUR (5.40) 
EAmO - S) + S EMR(I - II A) + II A 

The derivation is left to the student (Prob. 5.6). Here A = ~Rsl mEs is called the 
absorption factof, and its reciprocal} S 9,),mEs/Rs' is the strippingjactor. As will 
be shown, both have great economic importance. 

Batch Processes 

It is characteristic of batch processes that while there is no flow of the phases 
into and out of the equipment used, the concentrations within each phase 
change with time. When initially brought into contact, the phases will not be of 
equilibrium compositions, but they will approach eqUilibrium with passage of 
time. The material-balance equation (5.33) for the cocurrent steady-state opera
tion then shows the relation between the concentrations X and Y in the phases 
which coexist at any time after the start of the operation, and Figs. 5.7 and 5.8 
give the graphical representation of these compositions. Point T on these figures 
represents the ultimate compositions which are obtained at equilibrium. The 
batch operation is a single stage. 
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Cascades 

A gmup.....oLs.tag.es inierc.nnn.eded so that the various streams flow from one t.Q 
.th.e..J::Uher is called a ..cas.ca.de. Its purpose is to increase thlLeX.t.ent of mass 
transfeL.OYer and a.b.nYJuhaLwhich is possible with a single stage. The fractional 
o~eralLs1ag~ienc..~ of a ..cas.cade is then defined as the Dumber of eqnj1ibrinm 
stages to which the cascade is equivalenLdb.d.ded by the Dumber of rea] stages. 

Two or moru1age.s connected so that the f1o.w-li..CQ.C.w:r.enLb.e.tw~.en.....stages 
will, of course, never be equiv.alenLtcuna.re...than_Cl11e-eqIlilibriUllLS.1a.ge, although 
the overall stage efficiency can thereby be increased. For dIec.1s ... gr:eateLthan 
one .q.u.ilibrium stage, they can be connect.ed for ems ow OL co.untet curr.enl 
flow. 

~S-FIOW Cascades 

In Fig. 5.13 each stage is represented simply by a circle, and within each the 
flow is cocurrent. The.R....p.hase.flows. from one stage to the next, being contacted 
in eacutage by a fresh..E....phase. There...may be ..different flow rates of the E 

phase to e,a.cb.Jla.ge, and each stage rn.ay have a diff.eIent Murphree stage 
e.ffici.~y. The material balances are obviously merely a repetition of that for a 
single stage and the construction on the distribution diagram is obvious. Cross 
flow is lIsed sometimes in ads.m:p.ti~eachln~g, and eX'traction opera
tions but rarely in" the others 

x) X2 Xl Xo 
Concentration in phose R, moles A / mole non-A 

Figure 5.13 A cross-flow cascade of 
three rea] stages. 



Countercurrent Cascades 

These are the mos.Lefficien t arrangements, .requiringJ.he.le.w.eststages.1or a_giyen 
change_oi,~comp.ositi.oD....-aD.uatio_,oLllQw_.,rates) and they are therefore most 
fr.e.qll~ntly_use.d. Refer to Fig. 5.14, where a cascade of Np equilibrium stages is 
shown. The flow rates and compositions are numbered corresponding to the 
effluent from a stage, so that Y2 is the concentration in the E phase leaving stage 
2. etc. Each...stage is identical in its action to the CQ,c.urrenLpmcess...oLEig....5.6; 
yet the cascade as a whale..has-the_characteristics,",oLthe,J~o.unteI.curr.enLpracess 
of Fig. 5.10. The cocurrent operating lines for the first two stages are written 
beneath them on the figure, and since the s.tages-ax:e_id,eal,,_the_effluentlLareJn 
eqUilibrium (Y2 in equilibrium with X2, etc.). The graphical relations are shown 
in Fig. 5.15. Line PQ is the operating line for stage I, MN for stage 2, etc., and 
the coordinates (X1"'''Y1) fall on the.,equilibrium_cufYe because the stage. .. is ideal. 
Line ST is the operating line for the entire cascade, and points such as B, C, 
etc., represent compositions of streams passing each other between stages. We 
can therefore determine the number of eqUilibrium stages required for a coun
tercurrent process by drawing the stairlike construction TQBNC· .. S (Fig. 
5.15). If anywhere the eq.uilihriunL.clll".Y,e..."and._cascade __ operating._.1ine._should 
tOll.ch, the .stages become pinched and an infinite.numbeLare_r.equired_to".bring 
about the desired composition. change .. !f the soiute...transferJsJr,om.E..ta...R, the 
ell1ir:-e_c.ons,truc.tionJalls..ahQ'Ve...the..eq.uilibrium...cUDle...oLEig.:...s.J.5. 

For mo.sLcases, because of .cither....a.....c,~Qp.erating..Jin~oLe.quilibrium 
.curve, the r..elation between number oLslages .... c..omp.ositions.-.andflow_ratio must 
be determined .graphic.ally, as shown. For the sjle.daL.....cas.e.-w.her:e_bo.th are 
strai.ght, however, with the equilibrium curve continuing straight to the origin of 
the distribution graph, an analy.,tica.l solution can be developed which will be 
most useful. 

In Fig. 5.14, a solute balance for stages n + I through NI' is 

Es(Y,,+1 - YNp +1) = Rs(XII - XNJ (5.41) 

If the equilibrium-curve slope is m = Y,,+l/X,,+l' and if the absorption factor A = Rs/mEs> then 

Over-Oil, entire cascade 
Rs (Xo -XNpl = .cs o. -INp+!) 

Figure 5.14 Countercurrent multistage cascade. 
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Figure 5.15 Countercurrent multistage cascade, solute transfer from phase R to phase E. 

by substitution and rearrangement, Eq. (5.41) becomes 

X,,+I - AX" (5.42) 

This is a linear first-order finite-difference equation, whose solution is handled much like that of 
ordinary differential equations [18]. Thus, putting it in operator form gives 

(D - A)X" 
171 

(5.43) 

where the operator D indicates the finite difference. The characteristic equation is then 

M A =0 (5.44) 

from which M = A. Hence the general solution (here a little different from ordinary differential 
equations) is 

(5.45) 

with C, a constant. Since the right-hand side of Eq. (S,43) is a constant, the particular solution is 
X = C2• where C2 is a constant. Substituting this into the original finite-difference equation (5.42) 
provides 

Cz - AC~ = m 
(5.46) 

from which (5.47) 



The complete solution is therefore 
Yo. 11m - AX., X = CAn ,y,+ , .. , 

II I + I-A (S.48) 

To determine C1> we set n =t 0: 
YH +11m - AX", 

C1 = Xo - I' 1 _ A ~ 

and therefore ( 
YN +,/m - AXN, ) YN + aim - AX", 

XII = Xo - ' 1 _ A 'A" + I' I - A # (5.49) 

This result is useful to get the concentration XII at any stage in the cascade, knowing the terminal 
concentrations. Putting n = Np and rearranging provide the very useful forms which foUow. 

For transfer from R to E (stripping of R) 

A:# 1: :i. 

A = I: 

r f? 'J j X 0 - X N" _ (1/ A) N .. + I - 1/ A 

:? '~! X 0 - Y N" + 1/ m - (1/ A )Np + I - 1 

109[ Xo - YNI'+l/m (I - A) + A 1 
XN - YN +I/m 

I' .. 

N=~-=------~------
p log 1/ A 

For transfer from E to R (absorption into R). A similar treatment yields: 
{! z 

A:# I: 
(' ..,' 

A = 1: 

(5.50) 

(5.51) 

(5.52) 

(5.53) 

(5.54) 

(5.55) 

(5.56) 

(5.57) 

These are called the .Kremser-Brown-Souders (or simply Kremser) equatioD.S,_ 
after those who derived them for gas absorption [7, 14J although apparently 
Turner [16] had used them earlier for leaching and solids washing. They are 
plotted in Fig. 5.16, which then becomes very convenient for quick solutions. We 
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Figure 5.16 Number of theoretical stages for countercurrent cascades, with Henry's law equilibrium 
and constant absorption or stripping factors. [After Hochmuth and Vance, Chern. Eng. Prog., 48, 513, 
570, 617 (1951).) 
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shall have many opportunities to use them for different operations. In order to 
make them so generally useful, it is important to note that in the derivation, 
tL=...Rs JmEs = canst, where_Rs_JUld.Es are theJlonsolute,IDolar.flow_rates with 
concentrations (x..in...R_and_Y ... iaE) defined as .mo!e. .. ratios ... and_m_=?J/...K at 
equilibrium. However, as necessary to keep A constant, A can be defined as 
R/-mE,_w.ith...R_and...E either as JolaLmolacflo.w...rates, ....... concentrations .... (xJn"R 
ancLy..ln-E) as mole fractions,_m,,':=:y-/x, or as total mass flow rates and weight 
fractions, respectively. 

We shall delay using the equations until specific opportunity arises. 

Stages and Mass-Transfer Rates 

I t is dear from the previous discussion that each process can be considered 
either in terms of the number of stages it represents or in terms of the 
appropriate mass-transfer rates. A batch or continuous COCUITent operation. for 
example, is a single-stage operation, but the stage efficiency realized in the 
available contact time will depend upon the average mass·transfer rates prevail
ing. A change of composition greater than that possible with one stage can be 
brought about by repetition of the cocurrent process, where one of the effluents 
from the first stage is brought again into contact with a fresh treating phase. 
Alternatively, a countercurrent multistage cascade can be arranged. If, however, 
the countercurrent operation is carried out in continuous-contact fashion 
without repeated separation and recontacting of the phases in a stepwise 
manner, it is still possible to describe the operation in terms of the number of 
equilibrium stages to which it is equivalent. But in view of the differential 
changes in composition which occur in such cases, it is more correct to 
characterize them in terms of average mass-transfer coefficients or equivalent. 
Integration of the point mass-transfer rate equations must be delayed until the 
characteristics of each operation can be considered, but the computation of the 
number of eqUilibrium stages requires only the equilibrium and material-balance 
relationships. 

lIIustradon 5.2 When a certain sample of moist soap is exposed to air at 7SoC, I sid atm 
pressure, the equilibrium distribution of moisture between the air and soap is as follows: 

Wt % moisture in soap 0 2.40 3.76 4.76 6.10 7.83 9.90 12.63 15.40 19.02 

Partial pressure water in 
0 9.66 19.20 28.4 37.2 46.4 55.0 63.2 71.9 79.5 

air, mmHg 

(0) Ten kilograms of wet soap containing 16.7% moisture by weight is placed in a vessel 
containing 10 m3 moist air whose initial moisture content corresponds to a water-vapor partial 
pressure of 12 mmHg. AIter the soap has reached a moisture content of 13.0%. the air in the 
vessel is entirely replaced by fresh air of the original moisture content and the system is then 
allowed to reach eqUilibrium. The total pressure and temperature are maintained at 1 std atm 
and 7SoC, respectively. What will be the ultimate moisture content of the soap? 

(b) It is desired to dry the soap from 16.7 to 4% moisture continuously in a countercurrent 
stream of air whose initial water-vapor partial pressure is 12 mmHg, The pressure and 
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temperature will be maintained throughout at I std atm and 75°C. For 1 kg initial wet soap per 
hour. what is the minimum amount of air required per hour? 

(c) If 30% mote air than that determined in part (b) is used. what will be the moisture 
content of the air leaving the drier? To bow many equilibrium stages will the process be 
equivalent? 

SoLUTION (a) The process is a batch operation. Since air and s.oap....arunu~aluhl.e., with 
w.akLdi.s.tri.b!lJ.i.ng...he.~~. Eq. (5.32) applies. Let the .E-p.has.Lb.e_~er and the R

-Jilias.e.Jle...SQ~ter. Define Las....k&...-w...ater.~ir and...x...as...k&...MI..terj..k~p. It will 
be necessary to conven the equilibrium data to these units. 

For a partial pressure of moisture = ft mmHg and a total pressure of 760 mmHg. 
ft 1(760 - if) is the mole ratio of water to dry air. Multiplying this by the raLio of molecular 
weights oC water to air then ~v~r = [ftl(76O - ft) ](1 8.02/29). Thus. al p = 71.9 mmHg, 

, ..... wO\~\f 
71.9 18.02 0 1 . 

Y = 760, _ 71 .9 29 = ~..;..065 kg water kg dry alf 

a.f' .... 
In similar fashion the percent moisture content of the soap is converted into units of X . Thus. 
at 15.40% moisture. 

15.40 
X = 100 _ 15.40 = 0 .182 kg water Ikg dry soap 

In this manner all the equilibrium data are converted into these units and the data ploued as 
(he equilibrium curve of FIg. 5.17. 

First operation Initial air. p = 12 mmHg: 

12 18.02 00996 1 dry ' Y1 = 760 _ 12 ~ = O. kg water kg ali' 

IItitial soap, 16.7% water : 

Final soap. 13% water: 

16.7 1 s, = 100 _ 16.7 = 0.2 kg water kg dry soap 

X 2 = 100 I ~·~3 .0 = 0.1493 kg water Ikg dry soap 

Rs = 10( 1 - 0. 167) = 8.33 kg dry soap 

/I) 
p Y";. 1'\ /2 T " M""RI 

p :: t:~T 
Es. the mass of dry air. is found by use of the Ideal-gas law. / . -A TJ _ -P.,ll; 

- - -;'~ / -'\O'f o.i( ~ - P:.:. 

E - 1 0 761.) - 12 273 ,29) - 101 k d . s - .-------- - . g .ryalf 
. 760 273+7522.41 lJ IAt"IV~'(\tC ' " I ,,\IlI \ 

/V, $ , , Ql'I I I f..!... To -.p 
.. -Rs -8.33 0825 fz =- ., T. I Slope of operatoog line = -- = -- = - . I J .2 

Es 10.1 

From point P, coordinates (X •• Y,). in Fig. 5.17, the operating line of slope -0.825 is drawn, to 
reach the abscissa X2 = 0.1493 at point Q. The conditions at Q correspond to the end of the 

first operation. 

Second operatIOD X, = 0.1493. Y, = 0.009%, which locate point S in the figure. The operating 
line is drawn parallel to the line PQ since the ratio - Rs/ Es is the same as in the first 
operation. Extension of the line to the equilibrium curve at T provides the final value of 

X 2 = 0.1 03 kg water Ikg dry soap. 

. . 0.103 100 933% Final mOIsture content of soap ~ - . 



(6) Eq1¥l-tion (5.35) and Fig. S.IO apply 

Rs = 1(1 - 0.161) lIS 0.833 kg dry soap/h 
'6··1 

Entering soap: Xl ... 0.20 kg water jkg dry soap !{. ,,1 

Leaving soap: X2 = 1 ~'~04 = 0.0417 kg water/kg dry soap 

Entering air: Y2 ... 0.00996 kg water/kg dry air 

Slope of operating line .., Rs "" kg dry so~p /h 
Es kg dry alr/h 

Point D, coordinates (X2• Yz), is plotted in Fig. 5.17. The operating line of least slope giving 
rise to equilibrium conditions will indicate the least amount of air usable. Such a line is DG, 
which provides equilibrium conditions at XI = 0.20. The corresponding value of Y1 = 0.068 kg 
water/kg dry air is read from the figure at G. Eq. (5.35): 

f s ( "/ - / .:-..) ; 135' ( l' ~ ) 0.833(0.20 - 0.(417) == Es(0.068 - 0.00996) 

Es = 2.27 kg dry air /h 
This corresponds to 

2.27 760 213 + 75 ) 2'922.41 760 _ 12 --r73 = 2.27 m /kg dry soap 

0.08 ,..----,----..,----....,.-----,-----,------, 

0.07 I--__ -+-__ -+ __ ~~--_I_-_ _+ .......... C--_I 

0.06 I---+_---+------'I---~_.L-_l_--____i 

6 0.05 )-----i----+--~'I--+__¥_+_-...,L-_i_--___l 
>-
-0 
!if ..... 
~ 0.04 1---_+_---bf.L--4--h'-4----.L-+\---_i_---
c 
~ 

II 

~ 0.031----i--1--++-+---r-1+----i--\--_i_---

0.02 r------jT:::.::::::::M----t~r_----j---T_t_---I 

0.011---1--1#-::----+---+-------1----4------' 

0.04 o.os 0.12 0.16 0.20 0.24 
X = kg waler Ikg dry soap 

Figure 5.17 Solution to I1lustratio~ 5.2. 
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(c) Es = L30(2.27) = 2.95 kg dry air/h. Eq. (5.35): 

0.833(0.20 - 0.0417) == 2.95( Y, - 0.00(96) 

YI == 0.0547 kg water/kg dry air 

This corresponds to operating line DB, where B has the coordinates XI = 0.20, Y) 0.0547. 
The equilibrium stages are marked on the figure and total three. '\ 

,,~, 

NOTATION FOR CHAPTER 5 

AIly consistent set of units may be used. 

A substan~ A, the diffusing solute 
A absorption factor. dimensionless 
e 2.7183 
E phase £; total rate of flow of phase E, moIe/8 
Es rate of flow of nondiffusing solvent in phase E. moIe/8 
EME fractional Murphree stage efficiency for phase E 
EMR fractional Murphree stage efficiency for phase R 
f equilibrium-distribution function 
FG gas-phase mass-transfer coefficient, mole/LlS 
Fi. liquid-phase mass-transfer coefficient, mole/L18 
FOG overall gas mass-transfer coefficient, moIe/L18 
FOL overall liquid mass-transfer coefficient, moIe/LlS 

generalized concentration in phase R 
j generalized concentration in phase E 
kx liquid mass-transfer coefficient, mole/LlS(moJe fractioD) 
k y gas mass-transfer coefficient, moie/LZS(mole fraction) 
K:r overall liquid mass-transfer coefficient, moIe/Ll 8(mole fraction) 
K y overall gas mass-transfer coefficient. moIe/L28(moIe fraction) 
m equilibrium-curve slope, dimensionless 
m'. ntH slopes of chords of the equilibrium curve. dimensionless 
n stage II 
N mass-transfer flux, moIe/LZS 
Np total number of ideal stages in a cascade 
R phase R; total rate of flow of phase R. moIe/8 
Rs rate of flow of nondiffusing solvent in phase R. roole/e 
S stripping factor. dimensionless 
x concentration of A in a liquid or in pbase R. mole fraction 
X concentration of A in phase R, mole A/mole DOn-A 
y concentration of A in a gas or in phase E. mole fraction 
Y concentration of A in phase E. mole A/mole non-A 

Subsaipts 

A substance A 
e equilibrium 
E phase E 
G gas 

interface 
L liquid 
n stage n 
0 overall 
R phase R 



o entering stage I 
I, 2 positions I and 2; stages 1 and 2 

Superscript 

in equilibrium with bulk concentration in other phase 

REFERENCES 

L Davies, T. J.: Ado. Chern. Eng., 4. 1 (1963). 
2. Gamer. F. H., and A. H. P. Skelland: Inti. Eng. Chern., 48, 51 (1956). 
3. Goodridge, F., and I. D. Robb: Inti. Eng. Chern. Fundam .• 4. 49 (1965). 
4. Gordon, K. E, and T. K. Sherwood: Chern. Eng. Prog. Symp. Ser., 50(10), 15 (1954); AICItE J., 

1,129(1955). 
S. Kent, E. R., and R. L. Pigford: A IChE J .• 2. 363 (1956). 
6. King. C. J.: AICltE J., 10.671 (1964). 
7. Kremser, A.: Nail. Petrol. News. 22(21),42 (1930). 
8. Lewis, W. K., and W. G. Whitman: Inti. Eng. Chem., 16. 121S (1924). 
9. Murphree, E. V.: Inti. Eng. Chem., 24, 519 (1932). 

10. Sawistowski, H.: in C. Hanson (ed.), "Recent Advances in Liquid-Liquid Extraction," p. 293, 
Pergamon. New York. 1971. 

I L Schrage, R. W.: "A Theoretical Study of Interphase Mass Transfer," Columbia University Press, 
New York, 1953. 

12. Scriven, L. E.. and R. L. Pigford: AIChE J., 4. 439 (1958); 5,391 (1959). 
13. Searle. R .• and K. F. Gordon: AlChE J., 3. 490 (1957). 
14. Souders, M., and G. G. Brown: Ind Eng. Chern., 24.519 (1932). 
15. Thompson. D. W.: Ind. Eng. Chern. Fundarn., 9, 243 (1970). 
16. Turner, S. D.: Ind. Eng. Chern .• 21, 190 (1929). 
17. Whitman. W. G.: Chern. Met. Eng., 29, 147 (1923). 
18. Wylie, C. R., Jr.: "Advanced Engineering Mathematics." 3d ed., McGraw-Hili Book Company, 

New York. 1966. 

PROBLEMS 

5.1 Repeat the calculations for the local mass-transfer flux of ammonia in l11ustration 5.1 on the 
assumption that the gas pressure is 2 std atm. The gas mass velocity, bulk-average gas and liquid 
con~entration, liquid flow rate, and temperature are unchanged. 

\ ~.i In a certain apparatus used for the absorption of sulfur dioxide, S02. from air by means of 
"'water, at one point in the equipment the gas contained 10% S02 by volume and was in contact with 

liquid containing 0.4% S02 (density = 990 kg/ml = 61.8Ib/ftl). The temperature was 50"C and the 
total pressure I std atm. The overall mass-transfer coefficient based on gas concentrations was 
KG = 7.36 X 10- 10 kmol/m2 • s . (N/ml ) "" 0.055 Ib mol SOdff1 • h . atm. Of the total diffusional 
resistance. 47% lay in the gas phase, 53% in the liquid. Equilibrium data at SO°C are: 

kg SOd 100 kg water 0.2 0.3 0.5 0.7 

Partial pressure S02. mmHg 29 83 119 

(0) Calculate the overall coefficient based on liquid concentrations in tenns of mol/vol. 
(b) Calculate the individual mass-transfer coefficient for the gas, expressed as kG 

mol/(area){time)(pressure). Is mol/(area)(time){mo!e fraction), and kt: mol/(area)(time)(mole/vol), 
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and for the liquid expressed as kL mole/(areaXtime)(mole/vol) and kJl: molf(area)(time)(mole 
fraction). 

(c) Determine the interfacial compositions in both phases. 

5.3 The equilibrium partial pressure of water vapor in contact with a certain silica gel on which 
water is adsorbed is, at 2SoC, as follows: 

Partial pressure 
of Waler, mmHg 0 2.14 4.74 7.13 9.05 10.9 12.6 14.3 16.7 

Ib water/tOO Ib 
dry gel kg/lOO kg 0 S 10 15 20 25 30 3S 40 

(a) Plot the equilibrium data as ft = partial pressure of water vapor against x = Wi fraction 
water in the gel. 

(b) Plot the equilibrium data as X"", mol water/mass dry gel, Y == mol water vapor/mol <by 
air, for a total pressure of 1 std atm. 

(c) When 10 Ib (4.54 kg) of silica gel containing 5 wt% adsorbed water is placed in a flowing 
airstream containing a partial pressure of water vapor = 12 rnmHg, the total pressure is I std attn 
and the temperature 25°C. When equilibrium is reached, what mass of additional water will the gel 
have adsorbed? Air is not adsorbed. 

(d) One pound mass (0.454 kg) of silica gel containing 5 wt% adsorbed water is placed in a 
vessel in which there are 400 ftl (11.33 ml) moist air whose partial pressure of water is IS romHg. 
The total pressure and temperature are kept at I std atm and 2S"C, respectively. At equilibrium, 
what will be the moisture content of the air and gel and the mass of water adsorbed by the gel? ADs.: 
0.0605 kg water. 

(e) Write the equation of the operating line for part (d) in terms of X and Y. Convert this into 
an equation in terms of ft and x. and plot the operating curve on ft, x coordinates. 

(f) If 1 Ib (0.454 kg) of silica gel containing 18% adsorbed water is placed in a vessel containing 
500 ft3 (14.16 ml) <by air and the temperature and pressure are maintained at 25°C and 1 std atm. 
respectively, what will be the final equilibrium moisture content of the air and the gel. 

(8) Repeat part (f) for a total pressure of 2 std atm. Note that the equilibrium curve in terms of 
X and Y previously used is not applicable. 

\~ The equilibrium adsorption of benzene vapor on a certain activated charcoal at 33.3°C is 
reported as follows: 

Benzene vapor adsorbed. 
em) (STP)/g charcoal 15 25 40 50 65 80 90 100 

Partial pressure benzene. mmHg 0.0010 0.0045 0.0251 0.115 0.251 1.00 2.81 7.82 

(a) A nitrogen-benzene vapor mixture containing 1.0% benzene by volume is to be passed 
countercurrently at the rate 100 ft3/roin (4.72 X 10-2 m3/s) to a moving stream of the activated 
charcoal so as to remove 95% of the benzene from the gas in a continuous process. The entering 
charcoal contains IS em3 benzene vapor (at STP) adsorbed per gram charcoal. The temperature and 
total pressure are to be maintained at 33.3"C and I std atm, respectively, throughout. Nitrogen is not 
adsorbed. What is the least amount of charcoal which can be used per unit time? If twice as much is 
used, what will be the concentration of benzene adsorbed upon the charcoal leaving? 

(b) Repeat part (0) for a cocurrent flow of gas and charcoal. 
(c) Charcoal which has adsorbed upon it 100 eml (at STP) benzene vapor per gram is to be 

stripped at the rate 100 lb/h (45.4 kg/h) of its benzene content to a concentration of 55 cm3 

adsorbed benzene per gram charcoal by continuous countercurrent contact with a str~ of pure 
nitrogen gas at 1 std atm. The temperature will be maintained at 33.3"C. What is the minimum rate 



of nitrogen flow? What will be the benzene content of the exit gas if twice as much nitrogen is fed? 
What will be the number of stages? ADs.: 3 theoretical stages. 

s.s A mixture of hydrogen and air, 4 std atm pressure, bulk-average concentration 50% Hz by 
volume, flows through a circular reinforced tube of vulcanized rubber with respective ID and OD of 
25.4 and 28.6 nun (1.0 and 1.125 in) at an average velocity 3.05 mls {to ftfs}. Outside the pipe, 
hydrogen-free air at 1 std atm flows at right angles to the pipe at a velocity 3.05 mls (10 ftfs). The 
temperature is everywhere 25"C. The solubility of hydrogen in the rubber is reported as 0.053 em3 

H:I (STP)/(cm3 rubber) . (atm partial pressure), and its diffusivity in the rubber as 0.18 x 10-5 

cmz Is. The diffusivity of Hz-air .... 0.611 cm1 Is at O°c. 1 std atm. Estimate the rate of loss of 
hydrogen from the pipe per unit length of pipe. ADs.: 4.5 X 10- 11 kmol/(m of pipe length) • s. 

5.6 Assuming that the equilibrium curve of Fig. 5.7 is straight, and of slope m, derive the relation 
between the Murphree stage efficiencies EME and EMR • 

5.7 If the equilibrium-distribution curve of the cross-flow cascade of Fig. 5.13 is everywhere straight, 
and of slope m, make a solute material balance about stage n + 1 and by following the procedure 
used to derive Eq. (5.51) show that 

log[ (Xo - Yolm}1 (XN - Yolm)] 
N - ~ , 10g(S + 1) 

where S is the stripping factor, mEsI Rs. constant for all stages. and N, is the total number of stages. 

5.8 A single-stage liquid~extraction operation with a linear equilibrium-distribution curve (Y =< mX 
at equilibrium) operates with a stripping factor S ... mEs I Rs ... 1.0 and has a Murphree stage 
efficiency EME - 0.6. In order to improve the extraction with a minimum of plant alteration, the 
effluents from the stage will both be led to another stage identical in construction, also of efficiency 
EME .... 0.6. The combination, two stages in series, is in effect a single stage. It is desired to compute 
the overall Murphree stage efficiency E.AlEO of the combination. A direct derivation of the relation 
between EME and EMEO is difficult. The result is most readily obtained as follows: 

(a) Refer to Fig. 5.7. Define a stage efficiency for one stage as E == (Y2 - Y1)/(Yt - Y1). For a 
linear equilibrium-distribution curve, derive the relation between EME and E. 

(b) Derive the relation between Eo. the value for the combined stages in series. and E. 
(c) Compute EMEo. Am. = 0.8824. 



PART 

TWO 
GAS-LIQUID OPERATIONS 

The operations which include humidification and dehumidification, gas absorp
tion and desorption, and distillation in its various forms all have in common the 
requirement that a gas and a liquid phase be brought into contact for the 
purpose of a diffusional interchange between them. 

The order listed above is in many respects that of increasing complexity of 
the operations, and this is therefore the order in which they will be considered. 
Since in humidification the liquid is a pure substance, concentration gradients 
exist and diffusion of matter occurs only in the gas phase. In absorption, 
concentration gradients exist in both the liquid and the gas, and diffusion of at 
least one component occurs in both. In distillation, all the substances comprising 
the phases diffuse. These operations are also characterized by an especially 
intimate relationship between heat and mass transfer. The evaporation or 
condensation of a substance introduces consideration of latent heats of vapori
zation, sometimes heats of solution as well. In distillation, the new phase 
necessary for mass-transfer separation is created from the original by addition or 
withdrawal of heat. Our discussion must necessarily include consideration of 
these important heat quantities and their effects. 

In all these operations, the equipment used has as its principal function the 
contact of the gas and liquid in as efficient a fashion as possible, commensurate 
with the cost. In principle, at least, any type of equipment satisfactory for one of 
these operations is also suitable for the otherst and the major types are indeed 
used for all. For this reason, our discussion begins with equipment. 





CHAPTER 

SIX 

EQUIPMENT FOR 
GAS-LIQUID OPERATIONS 

The purpose of the equipment used for the gas-liquid operations is to provide 
intimate contact of the two fluids in order to permit interphase diffusion of the 
constituents. The rate of mass transfer is directly dependent upon the interfacial 
surface exposed between the phases, and the nature and degree of dispersion of 
one fluid in the other are therefore of prime importance. The equipment can be 
broadly classified according to whether its principal action is to disperse the gas 
or the liquid, although in many devices both phases become dispersed. 

GAS DISPERSED 

In this group are included those devices, such as sparged and agitated vessels 
and the various types of tray towers, in which the gas phase is dispersed into 
bubbles or foams. Tray towers are the most important of the group, since they 
produce countercurrent, multistage contact, but the simpler vessel contactors 
have many applications. 

Gas and liquid can conveniently be contacted, with gas dispersed as 
bubbles, in agitated vessels whenever multistage, countercurrent effects are not 
required. This is particularly the case when a chemical reaction between the 
dissolved gas and a constituent of the liquid is required. The carbonation of a 
lime slurry, the chlorination of paper stock, the hydrogenation of vegetable oils, 
the aeration of fermentation broths. as in the production of penicillin, the 
production of citric acid from beet sugar by action of microorganisms, and the 
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aeration of activated sludge for biological oxidation are all examples. It is 
perhaps significant that in most of them solids are suspended in the liquids. 
Because the more complicated countercurrent towers have a tendency to clog 
with such solids and because solids can be suspended in the liquids easily in 
agitated vessels, the latter are usually more successful in such service.t 

The gas-liquid mixture can be mechanically agitated> as with an impeller, or, 
as in the simplest design, agitation can be accomplished by the gas itself in 
sparged vessels. The operation may be batch, semibatch with continuous flow of 
gas and a fixed quantity of liquid, or continuous with flow of both phases. 

SPARGED VESSELS (BUBBLE COLUMNS) 

A sparger is a device for introducing a stream of gas in the form of small 
bubbles into a liquid. If the vessel diameter is small, the sparger, located at the 
bottom of the vessel, may simply be an open tube through which the gas issues 
into the liquid. For vessels of diameter greater than roughly 0.3 m, it is better to 
use several orifices for introducing the gas to ensure better gas distribution. In 
that case, the orifices may be holes, from 1.5 to 3 mm (-!6 to ~ in) in diameter, 
drilled in a pipe distributor placed horizontally at the bottom of the vessel. 
Porous plates made of ceramics, plastics, or sintered metals are also used, but 
their fine pores are more readily plugged with solids which may be present in the 
gas or the liquid. 

The purpose of the sparging may be contacting the sparged gas with the 
liquid. On the other hand, it may be simply a device for agitation. It can provide 
the gentlest of agitation, used for example in washing nitroglyceqn with water; it 
can provide vigorous agitation as in the pachuca tank (which see). Air agitation 
in the extraction of radioactive liquids offers the advantage of freedom from 
moving parts, but it may require decontamination of the effluent air. There is no 
standardization of the depth of liquid; indeed, very deep tanks, 15 m (50 ft) or 
more, may be advantageous [117] despite the large work of compression required 
for the gas. 

Gas-Bubble Diameter 

The size of gas bubbles depends upon the rate of flow through the orifices, the 
orifice diameter, the fluid properties, and the extent of turbulence prevailing in 
the liquid. What follows is for cases where turbulence in the liquid is solely that 
generated by the rising bubbles and when orifices are horizontal and sufficiently 
separated to prevent bubbles from adjacent orifices from interfering with each 
other (at least aRProximately 3dp apart). 

t For cases where very low gas-pressure drop is required. as in absorption of suHur dioxide from 
fiue gas by limestone slurries. venturi scrubbers (which see) are frequently used. 
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Very slow gas flow rate [118], Qoo < [20(odogc)s /(g 6p?PLJ]1/6 For waterlike 
liquids, the diameter can be computed by equating the bouyant force on the 
immersed bubble, ('1T/6)d; t:.pg/gc' which tends to lift the bubble away from the 
orifice, to the force '1Tdoo due to surface tension, which tends to retain it at 
the orifice. This provides 

d = (6doagc ) 1/3 

P g 6p 
(6.1) 

which has been tested for orifice diameters up to lO mm. For large liquid 
viscosities, up to I kgJm . s (lOOO cP) [32], 

d =2.312(JLLQGo)1
/

4 
P PLg 

(6.2) 

~Dtermediate flow rates, Qoo > [20(adogJ5/(g L\p)2PLJ]1/6 but Reo < 2100 These 
bubbles are larger than those described above, although still fairly uniform, and 
they form in chains rather than separately. For air-water [71] 

c{, = 0.0287 d}/2 Re!/J (6.3) 

where dp and do are in meterst and Reo = do VoPG/ IlG == 4wo/ '1TdoJlG' For other 
gases and liquids [I 18] 

( 
72p ) liS d = __ L_ QOA 

p 2 A Go '1Tg ~P 
(6.4) 

Large gas rates [71], Reo == lO 000 to 50000 Jets of gas which rise from the 
orifice break into bubbles at some distance from the orifice. The bubbles are 
smaner than those described above and nonuniform in size. For air-water and 
orifice diameters 0.4 to 1.6 mm 

d
p 

= 0.0071 Re;o.os (6.5) 

with ~ in meters.:\: For the transition range (Reo = 2100 to 10 000) there is no 
correlation of data. It is suggested that dp for air-water can be approximated by 
the straight line on log-log coordinates between the points given by dp at 
Reo = 2100 and at Reo = lO OeM), 

Rising Velocity (Terminal Velocity) of Single Bubbles [83] 

Typically, the steady-state rising velocity of single gas bubbles, which occurs 
when the bouyant force equals the drag force on the bubbles, varies with the 
bubble diameter as shown in Fig. 6.1. 

t For 4 and 4, in feet. the coefficient of '£4. (6.3) is 0.052. 
t For 4 in feet, the coerticient of Eq. (6.5) is 0.0233. 
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Region 
I 

0.7 

3 

1.4 6 

Bubble diameter. mm 

4 

Figure 6.1 Rising (terminal) vc· 
locity of single gas bubbles. 

Region 1, ~ < 0.7 mm The bubbles are spherical} and they behave like rigid 
spheres, for which the terminal velocit.y is given by Stokes' law 

gd/t:.p 
Vr = 18/L

L 
(6.6) 

Region 2, 0.7 mm < ~ < 1.4 mm The gas within the bubble circulates, so that 
the surface velocity is not zero. Consequently the bubble rises faster than rigid 
spheres of the same diameter. There is no correlation of data; it is suggested that 
~ may be estimated as following the straight line on Fig. 6.1 drawn between 
points A and B. Coordinates of these points are given respectively by Eqs. (6.6) 
and (6.7). 

Regions 3 (1.4 mrn < dp < 6 mm) and 4 (~ > 6 mm) The bubbles are no longer 
spherical and in rising follow a zigzag or helical path. For region 4 the bubbles 
have a spherically shaped cap. In both these regions for liquids of low viscosity 
(80] 

Swarms of Gas Bubbles 

V= t (6.7) 

The behavior of large numbers of bubbles crowded together is different from 
that of isolated bubbles. Rising velocities are smaller because of crowding, and 
bubble diameter may be altered by liquid turbulence, which causes bubble 
breakup, and by coalescence of colliding bubbles. 
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Gas Holdup 

By gas holdup <f>a is meant the volume fraction of the gas-liquid mixture in the 
vessel which is occupied by the gas. If the superficial gas velocity, defined as the 
volume rate of gas flow divided by the cross-sectional area of the vessel, is Va> 
then Val <f>a can be taken as the true gas velocity relative to the vessel wans. If 
the liquid flows upward, cocurrently with the gas, at a velocity relative to the 
vessel walls VLI(l - tpa)' the relative velocity of gas and liquid, or slip velocity, 
is 

(6.8) 

Equation (6.8) will also give the slip velocity for countercurrent flow of liquid if 
VL for the downward liquid flow is assigned a negative sign. 

The holdup for sparged vessels, correlated through the slip velocity, is 
shown in Fig. 6.2. This is satisfactory for no liquid flow (VL = 0), for cocurrent 
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liquid flow up to VL = 0.1 m/s (0.3 ft/s). and very probably also for small 
countercurrent liquid flow [1]. For large countercurrent velocities. holdup is best 
treated differently [17]. The holdup increases with increasing liquid viscosity, 
passes through a maximum at ILL = 0.003 kgl m . S (3 cP), and then decreases 
[40). 

Specific Interfacial Area 

If unit volume of a gas-liquid mixture contains a gas volume CPo made up of n 
bubbles of diameter 4" then n = CPo I ('lTd; I 6). If the interfacial area in the unit 
volume is a, then n = al7Tdp

2• Equating the two expressions for n provides the 
specific area 

(6.9) 

For low velocities, the bubble size may be taken as that produced at the orifices 
of the sparger, corrected as necessary for pressure. If the liquid velocity is large, 
the bubble size will be altered by turbulent breakup and coalescence of bubbles. 
Thus, for air-water, and in the ranges CPo = 0.1 to 0.4 and VLI(l - CPo) = 0.15 
to 15 mls (0.5 to 5 ft/s), the bubble size is approximated by [95] 

d 
__ 2.344 X 10-3 

'P [ VLI (1 - cPo) ]0.67 
(6.10) 

where dp is in meters and VL in m/s.t 

Mass Transfer 

In practically all the gas-bubble liquid systems, the liquid-phase mass-transfer 
resistance is strongly controlling, and gas-phase coefficients are not needed. The 
liquid-phase coefficients, to within about 15 percent, are correlated by [61] 

where 

Sh = -.!:::..z = 2 + b' Reo.779 SCO.546 ~ 
F d (d 1/3 )0.116 

.L cDL 0 L Dill 

b' = {0.061 
0.0187 

single gas bubbles 
swarms of bubbles 

(6.11) 

The gas Reynolds number must be calculated with the slip velocity: ReG = 
4, VsPLI ILL' For single bubbles, CPo == 0 and Vs = ~. In most cases the liquid 
will be stirred well enough to permit solute concentrations in the liquid to be 
considered uniform throughout the vessel. 

t For ~ in feet and VL in ft/s, the coefficient or Eq. (6.10) is 0.01705. 
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Power 

The power supplied to the vessel contents, which is responsible for the agitation 
and creation of large interfacial area, is derived from the gas flow. Bernoulli's 
equation, a mechanical-energy balance written for the gas between location 0 

(just above the sparg:T orifices) and location s (at the liquid surface), is 

V2- V2 .d 
S 0 + (Zs - Z()lI + f 2: + W + Hj = 0 (6.12) 

2gc gr: 0 Pa 

The friction loss HI and v: can be neglected, and the gas density can be 
described by the ideal-gas law, whereupon 

W = Vo
2 

+ .E£..ln Po + (Zo - Zs)lI (6.13) 
2gr: Pao Ps gc 

W is the work done by the gas on the vessel contents, per unit mass of gas. Work 
for the gas compressor will be larger, to account for friction in the piping and 
orifices, any dust filter for the gas that may be used, and compressor ineffi
ciency. 

IJJustratlon 6.1 A vessel 1.0 m in diameter and 3.0 m deep (measured from gas sparger at the 
bottom to liquid overflow at the top) is to be used for stripping chlorine from water by sparging 
with air. The water will flow continuously upward at the rate 8 X 10-4 m3/s (1.7 £13/min). 
Airflow will be 0.055 kg/s (7.281b/min) at 2S"C. The sparger is in the form of a ring. 25 em in 
diameter, containing 50 orifices, each 3.0 mm in diameter. Estimate the specific interfacial area 
and the mass-transfer coefficient. 

SOLUTION The gas flow rate per orifice = 0.055/50 ... 0.001I kg/s"'" wo' do"" 0.003 m, and 
1LG =0 1.8 X 10- 5 kg/m . s. Reo = 4wo/'rrd4tJ.G = 26 000; Eq. (6.5): d, "" 4.27 X 10-3 m at the 
orifice. The pressure at the orifice, ignoring the gas holdup, is that corresponding to 3.0 m of 
water (density 1000 kg/m3) or 101.3 kN/ml std atm + 3.0(1000X9.81)/I000 "" 130.8 kN/m2• 

The average pressure in the column (for 1.5 m of water) is 116.0 kN/m2. Therefore 

29 273 116.0 3 
Pa = 22.41 298 101.3 = 1.358 kg/m 

T". 1.0 m. and the vessel cross-sectional area = 'lfTl/4 =: 0.785 m2• 

0.055 
Va == 0.785(1.358) = 0.0516 m/s and 

Since PL == 1000 kg/ml and (1 = 0.072 N/m for the liquid, the abscissa of Fig. 6.2 is 0.0516 
m/s. Hence (Fig. 6.2), V 0/ Vs = 0.11 and Vs :: Va/O'! I = 0.469 m/s. Eq. (6.8): 

0.469 == 0.0516 _ 0.00102 
Qla I - Qla 

tfia == 0.1097 

Equation (6.10) is not to be used in view of the small VL • Therefore the bubble diameter at the 
average column pressure, calculated from d, at the orifice, is 

[ 
l 130.8 ] 1/3 

dp = (0.00427) 116.0 = 0.00447 m 

Eq. (6.9): a ... 147.2 m2/m3• ADs. 



146 MASS-TRANSFER OPERATIONS 

At 25"C, DL for Cl2 in H20 = 1.44 X 10-9 m2/s; g'" 9.81 m/sl, In Eq. (6.1I), 
d,gl/l/ Dil3 == 7500. The viscosity of waler 1-'1 = 8.937 X 10-4 kg/m· s, and ReG:= 
d,VSpdIJ.L III 2346. SeL "" P.L/PLDL ... 621, and hence ShL = 746. For dilute solutions of ell 
in H20 the molar density c =- 1000/18.02 = 55.5 kmolfml • Therefore FL == (eDL ShL)/ d, .. 
0.0127 kmol/m2 • s. ADs. 

MECHANICALLY AGITATED VESSELS 

Mechanical agitation of a liquid, usually by a rotating device, is especially 
suitable for dispersing solids, liquids, or gases into liquids, and it is used for 
many of the mass-transfer operations. Agitators can produce very high turbu
lence intensities (u'ju averages as high as 0.35 [104} ranging up to 0.75 in the 
vicinity of an agitating impeller (31, 74), contrasted with about 0.04 for turbulent 
flow in pipes), which not only produce good mass-transfer coefficients but are 
necessary for effective dispersion of liquids and gases. High liquid velocities, 
particularly desirable for suspending solids. are readily obtained. 

It will be useful first to establish the characteristics of these vessels when 
used simply for stirring single-phase liquids, as in blending, for example. 
Applications to particular mass-transfer operations will be considered separately 
later. 

MECHANICAL AGITATION OF SINGLE-PHASE LIQUIDS 

Typical agitated vessels are vertical circular cylinders; rectangular tanks are 
unusual, although not uncommon in certain liquid-extraction applications. The 
liquids are usually maintained at a depth of one to two tank diameters. 

Impellers 

There are literally scores of designs. The discussion here is lintited to the most 
popular, as shown in Fig. 6.3. These are usually mounted on an axially arranged, 
motor-driven shaft, as in Fig. 6.4. In the smaller sizes, particularly. the impeller 
and shaft may enter the vessel at an angle to the vessel axis, with the motor drive 
clamped to the rim of the vessel. 

The marine-type propeller, Fig. 6.3a, is characteristically operated at rela
tively high speed, particularly in low-viscosity liquids, and is especially useful for 
its high liquid-circulating capacity. The ratio of impeller diameter to vessel 
diameter, ",j T, is usually set at 1 : 5 or less. The liquid flow is axial, and the 
propeller is turned so that it produces downward flow toward the bottom of the 
vessel. In describing the propeller, pitch refers to the ratio of the distance 
advanced per revolution by a free propeller operating without slip to the 
propeller diameter; square pitch, which is most common in agitator designs, 
means a pitch equal to unity. Propellers are more frequently used for liquid
blending operations than for mass-transfer purposes. 
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II ITI 
(a) {hI (c) 

II Cfr II 
(d\ (t') (fI 

FIgure 6.3 Impellers, with typical proportions: (a) marine-type propellers; (b) flat-blade turbine, 
w = d;/5. (c) disk flat-blade turbine, W = d;/5, dd = 2dJ3. B = d;/4; (d) curved-blade turbine, 
w == d.l8; (e) pitched-blade turbine, W = d,/8; and (f) shrouded turbine, w = dJS. 

Turbines, particularly the flat-blade designs of Fig. 6.3b and c, are fre
quently used for massMtransfer operations.t The curved blade design (Fig. 6.3d) 
is useful for suspension of fragile pulps, crystals, and the like and the pitched
blade turbine (Fig. 6.3e) more frequently for blending liquids. The shrouded 
impeller of Fig. 6.3J has limited use in gas-liquid contracting. Flow of liquid 
from the impeller is radial except for the pitched-blade design, where it is axial. 
Although the best ratio dJ T depends upon the application, a value of I : 3 is 
common. Turbines customarily operate with peripheral speeds of the order of 
2.5 to 4.6 m/s (450 to 850 ft/min), depending upon the service. 

Vortex Formation and Prevention 

Typical flow patterns for single-phase Newtonian liquids of moderate viscosity 
are shown in Fig. 6.4. For an axially located impeller operating at low speeds in 

t These designs bave been in use for many years. G. Agricola's "De re metallica" (H. C. and L. 
H. Hoover. translators. from the Latin of 1556, book 8, p. 299, Dover, New York, 1950) shows a 
woodcut or six-bladed flat-blade turbine impellers being used to suspend a gold ore in water. 



148 MASS-TRANSFER OPERATIONS 

(a) 

(b) 

(c) 

Figure 6.4 Liquid agitation in presence of a gas-liquid interface, with and without wall baffles: (0) 
marine impeller and (b) disk flat-blade turbines; (c) in full vessels without a gasaliquid interface 
(continuous floW) and without baffles. 
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an open vessel with a gas-liquid surface, the liquid surface is level and the liquid 
circulates about the axis. As the impeller speed is increased to produce turbulent 
conditions, the power required to turn the impeller increases and a vortex begins 
to form around the shaft. At higher speeds the vortex eventually reaches the 
impeller, as in the left-hand sketches of Fig. 6.4a and b. Air is drawn into the 
liquid, the impeller operates partly in air, and the power required drops. The 
drawing of gas into the liquid is frequently undesirable, and, in addition, vortex 
formation leads to difficulties in scaling up of model experiments and pilot-plant 
studies, so that steps are usually taken to prevent vortices. A possible exception 
is when a solid that is difficult to wet is to be dissolved in a liquid, e.g., 
powdered boric acid in water, when it is useful to pour the solid into the vortex. 

Vortex formation can be prevented by the following means: 

1. Open tanks with gas-liquid surfaces.t 
a. Operation only in the laminar range for the impeller (Re 10 to 20). This is 

usually impractically slow for mass-transfer purposes. 
b. Off-center location of the impeller on a shaft entering the vessel at an 

angle to the vessel axis. This is used relatively infrequently in permanent 
installations, and is used mostly in small-scale work with impellers where 
the agitator drive is clamped to the rim of the vessel. 

c. Installation of baffles. This is by far the most common method. Standard 
baffling [78] consists of four flat, vertical strips arranged radially at 90" 
intervals around the tank wall> extending for the full liquid depth, as in the 
right-hand sketches of Fig. 6.4a and b. The standard baffle width is 
usually T /12, less frequently T / 10 ('~10 percent baffles"). Baffles are 
sometimes set at a clearance from the vessel wall of about one-sixth the 
baffle width to eliminate stagnant pockets in which the solids can ac
cumulate. They may be used as supports for helical heating or cooling 
coils immersed in the liquid. The condition of fully baffled turbulence is 
considered to exist for these vessels at impeller Reynolds numbers above 
10 000.:1: The presence of baffles reduces swirl and increases the vertical 
liquid currents in the vessel. as shown on the right of Fig. 6.4. The power 
required to turn the impeller is also increased. 

2. Closed tanks, operated full, with 110 gas-liquid surface [70]. This is especially 
convenient for cases where the liquid flows continuously through the vessel, 
as in Fig. 6.4c. A circular flow pattern is superimposed upon the axial flow 
directed toward the center of the impeller. The arrangement is not practical, 
of course, for gas-liquid contact, where baffles should be used. 

t Addition of minute amounts of certain polymers to the liquid can inhibit vortex formation 
~uring bottom drainage of unagitated tanks [R. J. Gordon, et 0/., Na/ure Phys. Sci .• 231, 25 (1971); 
J. Appl. Polymer Sci., 16, 1629 (1972); AIChE J., 22. 947 (1976)]. 

+ At very high speeds, gas can still be drawn into the impeller despite the presence of baffles. For 
flat-blade turbines with four blades in tanks with standard baffles, this will occur when [27] 

diN2 dlw ( C )2/3 
-g- T2Z Z > 0.005 
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Fluid Mechanics 

Discussions of the characteristics of agitated vessels frequently involve consider
ations of similarity, and this is particularly important when it is desired to obtain 
simple laws describing vessels of different sizes. For example, with proper regard 
to similarity and by describing results in terms of dimensionless groups, it is 
possible to experiment with a vessel filled with air and expect the results for 
power, degree of turbulence, and the like, to be applicable to vessels filled with 
liquid [52]. Three types of similarity are significant when dealing with liquid 
motion: 

1. Geometric similarity refers to linear dimensions. Two vessels of different sizes 
are geometrically similar if the ratios of corresponding dimensions on the two 
scales are the same, and this refers to tank, baffles, impellers, and liquid 
depths. If photographs of two vessels are completely superimposable, they are 
geometrically similar. 

2. Kinematic similarity refers to motion and requires geometric similarity and 
the same ratio of velocities for corresponding positions in the vessels. This is 
especially important for mass-transfer studies. 

3. Dynamic similarity concerns forces and requires all force ratios for corre~ 
sponding positions to be equal in kinematically similar vessels. 

The complex motion in an agitated vessel cannot be put into complete 
analytical form, but the equations of motion can be described in terms of 
dimensionless groups as follows [5]: 

j Lup , ~2 , 6.p gc) = 0 (6.14) J\ J.L Lg pu2 

where [ is some characteristic length and 6.p is a pressure difference. The first of 
these groups is the ratio of inertial to viscous forces, the familiar Reynolds 
number. If the characteristic length is taken as d, and the velocity proportional 
to the impeller-tip speed ."Nd;, when the." is omitted the group becomes the 
impeller Reynolds number Re = d;2NpLI ILL' 

The second group, the ratio of inertial to gravity forces, important when the 
liquid surface is wavy or curved, as with a vortex, is the Froude number. With u 
and L defined as before, it becomes Fr = d;N 2 / g. 

The third is the ratio of pressure differences resulting in flow to inertial 
forces. If 6p is taken as forcel area, the group can be recognized as a drag 
coefficient, which is usually written FD/ A (pu2 /2gc)' The group can be developed 
into a dimensionless power number as follows. Power required by the impeller is 
the product of 6.p and the volumetric liquid-flow rate Qv so that 

6.p = ~ (6.15) 
QL 

The fluid velocity is proportional [104] to Nd,2 IT or, for geometrically similar 
vessels. to Nd;. so that QL is proportional to Nd/ [52]. Substitution of these 
transforms the group into Po = Pgc/ pN 3d/,. 
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For geometrical~y similar vessels, therefore, Eq. (6.14) can be written 

J(Re, Fr, Po) = 0 (6.16) 

For nongeometrical similarity, a variety of dimension ratios is also required 14, 
102] 

T Z C w nb 

For two-phase dispersions, other groups such as the Weber number We = 
pu1dp j age> the ratio of inertial to surface forces, may be significant Sherwood 
and Schmidt numbers are of course important in mass transfer. For dynamic 
similarity in two sizes of vessels operated with a vortex, the Reynolds and 
Froude numbers must be the same for both vessels. Since the impellers would be 
geometrically similar but unequally sized, it becomes impossible to specify the 
impeller speeds in the two vessels containing the same liquid to accomplish this. 
Thus, equal Reynolds numbers require 

!!.l = (di2 )2 
N2 dil 

while equal Froude numbers require 

where I and 2 designate the two sizes, and the two conditions cannot be met 
simultaneously. For this reason most work with open vessels has been done with 
baffles to prevent vortex fonnation. Closed vessels operated full cannot fonn a 
vortex, and baffles for these are unnecessary. For these nonvortexing cases, the 
Froude number is no longer important; Eq. (6.16) becomes 

J(Re, Po) = 0 (6.17) 

Power in Donvortexing systems For geometrically similar vessels operated with 
single-phase newtonian liquids, the power characteristics of the impellers of Fig. 
6.3 are shown in Fig. 6.5. These curves represent Eq. (6.17) and were obtained 
experimentally. At Reynolds numbers less than about 10, the curves have a slope 
of -I, and at very high Reynolds numbers the power number becomes con
stant. The curves are thus quite analogous to those for the drag coefficient of an 
immersed body or the friction factor for pipe flow. 

All the energy in the liquid stream from an impeller is dissipated through 
turbulence and viscosity to heat [93]. The velocity gradient in the liquid, which 
sets the shear rate and hence the turbulence intensity, is greatest at the impeller 
tip. less at a distance relatively removed. At high Reynolds numbers for all the 
curves of Fig. 6.5, where the power number becomes constant, the impeller 
power becomes independent of liquid viscosity and varies only as PLN3d/. Since 
it has already been shown that for geometrically similar vessels Q varies as Nd/. 
at constant power number P is proportional to QN2~2 for a given liquid. 
Consequently a small impeller operating at high speed produces less flow and 
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Figure 65 Power for agitation impellers immersed in single-phase liquids, baffled vessels with a 
gas-liquid surface (except curves (c) and (8)]. Curves correspond to impellers of Fig. 6.3: (a) marine 
impellers, (b) flat~blade turbines, W == dJ5, (c) disk flat-blade turbines with and without a gas-liquid 
surface. (d) curved-blade turbines, (e) pitched-blade turbines. (g) flat-blade turbines. no baffles. no 
gas-liquid interface. no vortex. 

Notes on Fig. 6.5 

J. The power P is only that imparted to the liquid by the impeller. It is not that delivered to the 
motor drive, which additionally includes losses in the motor and speed-reducing gear. These may 
total 30 to 40 percent of P. A stuffing box where the shaft enters a covered vessel causes 
additional losses. 

2. All the curves are for axial impeller shafts, with liquid depth Z equal to the tank diameter T. 
3. Curves a to e are for open vessels, with a gas-liquid surface, fitted with four baffles. b - T /10 to 

T/12. 
4. Curve a is for marine propellers. ~ / T ~ ~, set a distance C .. ~ or greater from the bottom of 

the vessel. The effect of changing dJ T is apparently felt only at very high Reynolds numbers and 
is not well establisbed. 

S. Curves b to e Ilre for turbines located at a distance C .... ~ or greater from the bottom of the 
vessel. For disk flat-blade turbines, curve c, there is essentially no effect of dJT in the range 0.15 
to 0.50. For open types. curve h, the effect of ~/T may be strong. depending upon the group 
nb/T[81· 

6. Curve g is for disk flat-blade turbines operated in unbaffled vessels filled with liquid, covered, so 
that no vortex forms [70]. If baffles are present, the power characteristics at high Reynolds 
numbers are essentially the same as curve b for baffled open vessels, with only a slight increase in 
power [88]. 

7. For very deep tanks, two impellers are sometimes mounted on the same shaft, one above the 
other. For the flat-blade disk turbines, at a spacing equal to I .S~ or greater. the combined power 
for both will approximate twice that for a single turbine [4]. 
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more turbulence than a large impeller operating at slow speed at the same 
power. Smaller higher-speed impellers are thus especially suited for dispersing 
liquids and gases, while the larger impellers are particularly effective for sus
pending solids. 

MECHANICAL AGITATION, GAS-LIQUID CONTACT 

A typical arrangement is shown in Fig. 6.6a. The baffled vessel, with liquid 
depth approximating the tank diameter, must be provided with adequate free
board to allow for the gas holdup during gas flow. Gas is best introduced below 
the impeller through a ring-shaped sparger of diameter equal to, or somewhat 
smaller than, that of the impeller [92J~ arranged with holes on top. Holes may be 
3 to 6.5 mrn ct to ~ in) in diameter, in number to provide a hole Reynolds 
number Reo of the order of 10 000 or more, although this is not especially 
important. The distance between holes should not be less than dp , the gas-bubble 
diameter as given for example by Eq. (6.5). When time of contact must be 
relatively large. deep vessels can be used, as in Fig. 6.6b~ whereupon mUltiple 
impellers (preferably not more than two [93]) are used to redisperse gas bubbles 
which coalesce, thereby maintaining a large interfacial area. In very large 
aeration tanks for activated sludge and other fennentations, where volumes may 

Four 
barnes 

(a) 

Gas in 

t 

Four 
baffles 

(b) 

Gas 

Figure 6.6 Mechanically agitated vessels for gas-liquid contact: (a) standard, (b) mUltiple impellers 
for deep tanks. 



be as large as 90 m3 (24 000 gal), liquid depths must usually be kept not larger 
than about 3 to 5 m to save on air-compression costs. The large tank-diameter
liquid-depth ratios which then develop require mUltiple mixers and points for 
introducing the gas. 

Impellers 

Both open and disk flat-blade turbines are used extensively, particularly because 
of the high discharge velocities normal to the flow of gas which they maintain. 
Especially in the larger sizes, the disk type is preferred.t They are best specified 
with dd T = 0.25 to 0.4 and set off the bottom of the vessel a distance equal to 
the impeller diameter. In some cases, especially designed impellers can be used 
to induce the gas flow from the space above the liquid down into the agitated 
mass [81, 115]. 

For production of effective gas dispersions with disk flat-blade turbines, the 
impeller speed should exceed that given by [122] 

Gas Flow 

T 
1.22 + 1.25 d. 

I 

(6.18) 

If the gas flow rate is too large, especially for liquids of high viscosity [20], 
bubbles of gas become trapped below the eye of the impeller, thus blocking the 
flow of liquid from below to the impeller. Such an effect should be minimized 
for impeller speeds exceeding those of Eq. (6.18). In any event, for most 
installations the superficial gas velocity based on the vessel cross-sectional area 
does not exceed VG = 0.08 m/s (0.25 ft/s). 

Impeller Power 

The presence of gas in the vessel contents results in lowering the power required 
to turn an impeller at a given speed, probably because of the lowered mean 
density of the mixture. Of the many correlations which have been attempted 
[86], that shown in Fig. 6.7, despite some shortcomings [20], is recommended for 
disk flat-blade turbines [24] in water and aqueous solutions of nonelectrolytes.:t: 
It has been found applicable to vessels ranging in capacity up to 4 m3 (140 ft3) 
and larger [5]. The broken lines of the figure adequately represent the data, and 

t See Miller [84] for characteristics of four-bladed open turbines. 
:j: It is anticipated that the superficial gas velocity Qa/(fTT2/4), rather than Qa, would better 

correlate data for a range of tank diameters. which leads to a correlating group Qa/ N~ T2 instead of 
that of the figure. If the range of the ratio ds/T is relatively narrow, however, the group of Fig. 6.7 
will serve. 
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Figure 6.7 Impeller power for gassed vessels, disk nat-blade turbines, ~/T = 0.25 to 0.33. (Adapted 
from Ca/deroonk, Trans. Inst. Chern. Eng., Lond., 36, 443 (1958).] 

their equations are 

1 - 12.2 QG 
Nd/ 

6 
QG 

0.2- 1.85-) 
Nd; 

QG < 0.037 
Nd? 

QG > 0.037 
Nd/ 

(6.19) 

(6.20) 

where P G is the power with gas and P that with no gas flowing. Gassed power 
levels of 600 to 1000 W 1m3 (12.5 to 20 ft . Ibr/ftl

. s or 3 to 5 hp per 1000 gal) 
are common, although values as large as 4 times as much have been used. 
Furthermore, the ratio of power required to volume of vessel decreases with 
vessel size. Power characteristics for two impellers, as in Fig. 6.6b, have not been 
studied; a conservative estimate would be that for one gassed plus that for one 
un gassed impeller [5]. In many instances an appreciable amount of power will be 
supplied to the liquid by way of the gas [see Eq. 6.13)]. Aqueous electrolytes, 
because of the smaller bubble-coalescence rates which they produce, exhibit 
different power requirements [55]. 

To safeguard against overloading the agitator motor if the flow of gas 
should suddenly be stopped, the motor and drive should be sized as if there were 
no gas. An excellent review provides many details [57]. 



Bubble Diameter, Gas Holdup, and Interfacial Area 

If it is turning at suitable speed) the impeller will break the gas up into very fine 
bubbles, which are swept out radially from the tip. In the immediate vicinity of 
the impeller tip, the specific interfacial area is consequently very large. Coalesc
nece of the bubbles in the slower-moving liquid in other parts of the vessel 
increases the bubble diameter and lowers the local area. For moderate impeller 
speeds, only the gas fed to the impeller produces the specific interfacial area 
designated as ao, but at higher impeller speeds, especially in small vessels, gas 
drawn from the space above the liquid contributes importantly to produce the 
larger mean specific area a. For disk flat-blade turbines, the specific area can be 
estimated from [23, 24. 84]: 

(6.21) 

ReO,,( ;;) 0.3 > 30000 (surface aeration significant): 

.!!.- = 8.33 X 10-5 ReO.7( Nd; )0.3 _ 1.5 (6.22) 
a() Va 

The quantity in the square brackets of Eq. (6.21) has the net dimension L -1. The 
impeUer Reynolds number is computed with liquid density and viscosity. 

The mean bubble diameter for disk flat-blade turbines is given by 

(6.23) 

where for electrolyte solutions K = 2.25, m == 0.4 and for aqueous solutions of 
alcohols and tentatively for other organic solutes in water K = 1.90, m = 0.65. 

The gas holdup can then be estimated by substituting Eqs. (6.21) to (6.23) 
into Eq. (6.9). Thus, for Reo.7 (NdJ VG)O.3 ..; 30000, we obtain 

CPG - 0.24K - -
_ [ ( ILG )O.2S( Va )1/2jl/(l-m) 

ILL ~ 
(6.24) 

The use of Eqs. (6.21) to (6.24) requires a trial-and-error procedure. To initiate 
this, it is frequently satisfactory to try ~ = 0.21 m/s, or the equivalent in other 
units, to be corrected through Eqs. (6.6) to (6.7). 

Mass~ Transfer Coefficients 

The evidence is that the mass-transfer resistance lies entirely within the liquid 
phase [23, 24. 101], and for gas bubbles of diameter likely to be encountered in 
agitated vessels 

ShL = 2.0 + 0.31 Ral / 3 (6.25) 
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where Ra is the Rayleigh number ~3 IIp gj DLjJ.L' Equation (6.25) indicates that 
kL is independent of agitator power. This is because the IIp is so large for 
gas-liquid mixtures that bubble motion due to g rather than to P G determines 
the rate of mass transfer. There is some evidence to the contrary [69]. 

musttatlon 6.2 Water containing dissolved air is to be deoxygenated by contact with nitrogen 
in an agitated vessel 1 m (3.28 ft) in diameter. The water will enter continuously at the bottom 
of the vessel and leave through an overflow pipe set in the side of the vessel at an appropriate 
height. Assume that the ungassed water would have a depth of 1 m (3.28 ft). 

Water rate ... 9.5 X 10-4 m3 Is (1.99 ftl/min) 

Gas rate = 0.061 kg/s (S.071b/min) temp 2S"C 

Specify the arrangement to be used and estimate the average gas-bubble diameter, gas holdup, 
specific interfacial area, and mass-transfer coefficient to be expected, 

SoLUTION Use four vertical wall baInes, 100 m.m wide, set at 90° intervals. Use a 30S-mm
diameter (l-ft), six-bladed disk flat-blade turbine impeller, arranged axially, 300 mm from the 
bottom of the vessel. 

The sparger underneath the impeller will be in the form of a 240-mm-diameter ring 
made of 12.1-mm (!-in) tubing drilled in the top with 3.18-mm-diameter (i-in) holes (d" -
0.00316 m). The viscosity of N2 is 1.8 X lO-s kg/m . s at 25°C. For an orifice Reynolds 
number of 3S ()C» - 4w"I'lTd .. PG - 4w.J'lT(0.OO316)(1.8 X 10-5), Wo - 1.564 X 10-3 kg/s gas 
flow through each orifice. Therefore, use 0.061/(1.564 X 10-3) - 39 holes at approx 'IT(240)/39 
- 16-mm intervals around the sparger ring. 

At lS"'C, the viscosity of water is 8.9 X 10-4 ks/m . s, the surface tension is 0.072 N/m, 
and the density is 1000 kg/m3.ln Eq. (6.18) ~ ... 0.305 m, T .. 1 m., g .... 9.81 m/sl, andge ... 1, 
whence N - 2.84 cIs (170 r/min) minimum impeller speed for effective dispersion. Use N .. 5 
c/s (300 r/min). . 

Re - dlNPL/ J.LL co 523 000. Fig. 6.5: Po .. 5.0, and the no-gas power'" P .... 
S.OpLN 3dllgc "" 1650 W: 

The gas at the sparger, and hence at the impeller. is at a head of 0.7 m of water, or 
101 330 + 0.7(1000)(9.81) ... 108.2 X 10-3 N/ml am. Mol wt Nl "'" 28.02. 

Q 0.061 (224 ) 298 101.3 0050 3/ 
G ... 28.02 . 1 273 108.2...· m s 

With N ... 5 rls, QG/ Ndl- 0,35. In Fig. 6.1 the abscissa. is off scale. Take PGI P ... 0.43, 
whence PG .. 0.43(1650) -110 W (0.95 hp) delivered by the impeller to the gassed mixture. 
Note: Power for the ungassed mixture is 1650 W (2.2 bp), and allowance for inefficiencies of 
motor and speed reducer may bring the power input to the motor to 2250 W (3 hp), which 
should be specified. 

VG .. 0.050/[110)'l/41- 0,061.3 m/s superficial gas velocity. ReO'7(N~/VG)0.3 .... 26100. 
The interfacial area is given by Eq. (6.21). 

PG - 710 W, VL "'" w(1)3/4 - 0.185 m3, &: - 1. Equation (6.21) provides 

a l1li 106.8 (6.26) 
vp.' 

with a in m2/m3 and V, in m/s. For ~ [Eq. (6.23»), use K"" 2.25, m "'" 004, and J1.G tal 1.8 X 
lO-s kg/m • s. Equation (6.23) becomes 

~ ... 2.88 X 10-3 9'~4 

Substitution of Eqs, (6.26) and (6.21) into (6.9) provides 

(J)G -
1.061 X 10-3 

Vo.833 
I 

(6.27) 

(6.28) 
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Equations (6.27) and (6.28) are to be solved simultaneously with the relationship for v,. After 
several trials, choose VI = 0.240 m/s. whence fPG ... 0.0232, ~ = 6.39 X 10-4 m = 0.639 mm, 
whence Eq. (6.6) provides V, "'" 0.250 mis, a satisfactory check. From Eq. (6.26), a 
= 214 mljmJ• 

For N2 in water at 25"C, DL "" 1.9 X 10-9 m2/s, and Ra ... 1.514 X 10-'. Equation 
(6.25) provides ShL = 37.6 = FLf{./ cDL . Since c = 1000/18.02". 55.5 kmo1jmJ, FL = 6.20 X 

10-3 kmol/m2 • s. 

Since a weUMdesigned turbine impeller provides very thorough mixing of the 
liquid, it can reasonably be assumed that the concentration throughout the 
liquid phase in such devices is quite uniform. Therefore the benefits of counter
current flow for continuous operation cannot be had with a single tank. and 
agitator. 

Multistage Absorption 

Multistage arrangements, with counterflow of gas and liquid, can be made with 
multiple vessels and agitators piped to lead the gas from the top of one tank to 
the bottom of the next and the liquid from vessel to vessel in the opposite 
direction. A more acceptable alternative is to place the agitated vessels one atop 
the other, with the agitators on a single shaft. Towers of this sort are regularly 
used for liquid extraction, as shown in Fig. 10.52. However a laboratory tower of 
that design containing 12 agitated compartments was studied for the absorption 
of ammonia from air into water [113J. The absorption rates were comparable to 
those obtained with towers packed with 25-mm (I-in) Raschig rings. The design 
should be particularly advantageous where liquid rates are low, where packing is 
inadequately wet, or where the liquid contains suspended solids tending to clog 
conventional packed and tray towers. 

TRAY TOWERS 

Tray towers are vertical cylinders in which the liquid and gas are contacted in 
stepwise fashion on trays or plates, as shown schematically for one type 
(bubble-cap trays) in Fig. 6.8. The liquid enters at the top and flows downward 
by gravity. On the way, it flows across each tray and through a downspout to the 
tray below. The gas passes upward through openings of one sort or another in 
the tray, then bubbles through the liquid to form a froth, disengages from the 
froth, and passes on to the next tray above. The overall effect is a multiple 
countercurrent contact of gas and liquid, although each tray is characterized by 
a cross flow of the two. Each tray of the tower is a stage, since on the tray the 
fluids are brought into intimate contact, interphase diffusion occurs, and the 
fluids are separated. 

The number of equilibrium stages (theoretical trays) in a column or tower is 
dependent only upon the difficulty of the separation to be carried out and is 
determined solely from material balances and equilibrium considerations. The 
stage or tray efficiency, and therefore the number of real trays, is detennined by 
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the mechanical design used and the conditions of operation. The diameter of the 
tower, on the other hand, depends upon the quantities of liquid and gas flowing 
through the tower per unit time. Once the number of equilibrium stages t or 
theoretical trays, required has been determined, the principal problem in the 
design of the tower is to choose dimensions and arrangements which will 
represent the best compromise between several opposing tendencies, since it is 
generally found that conditions leading to high tray efficiencies will ultimately 
lead to operational difficulties. 

For stage or tray efficiencies to be high the time of contact should be long to 
permit the diffusion to occur, the iJ).terfacial surface between phases must be 
made large, and a relatively high intensity of turbulence is required to obtain 



high mass~transfer coefficients. In order to provide long contact time, the liquid 
pool on each tray should be deep, so that bubbles of gas will require a relatively 
long time to rise through the liquid. When the gas bubbles only slowly through 
the openings on the tray, the bubbles are large, the interfacial surface per unit of 
gas volume is small, the liquid is relatively quiescent, and much of it may even 
pass over the tray without having contacted the gas. On the other hand, when 
the gas ve]ocity is relatively high, it is dispersed very thoroughly into the liquid, 
whicJ:t in turn is agi tated into a froth. This provides large interfacial surface 
areas. For high tray efficiencies, therefore, we require deep pools of liquid and 
relatively high gas velocities. 

These conditions, however, lead to a number of difficulties. One is the 
mechanical entrainment of droplets of liquid in the rising gas stream. At high 
gas velocities, when the gas is disengaged from the froth, small droplets of liquid 
will be carried by the gas to the tray above. Liquid carried up the tower in this 
manner reduces the concentration change brought about by the mass transfer 
and consequently adversely affects the tray efficiency. And so the gas velocity 
may be limited by the reduction in tray efficiency due to liquid entrainment. 

Furthermore, great liquid depths on the tray and high gas velocities both 
result in high pressure drop for the gas in flowing through the tray, and this in 
turn leads to a number of difficulties. In the case of absorbers and humidifiers, 
high pressure drop results in high fan power to blow or draw the gas through the 
tower, and consequently high operating cost In the case of distillation, high 
pressure at the bottom of the tower results in high boiling temperatures, which in 
turn may lead to heating difficulties and possibly damage to heat-sensitive 
compounds. 

Ultimately, purely mechanical difficulties arise. High pressure drop may 
lead directly to a condition of flooding. With a large pressure difference in the 
space between trays, the level of liquid leaving a tray at relatively low pressure 
and entering one of high pressure must necessarily assume an elevated position 
in the downspouts, as shown in Fig. 6.8. As the pressure difference is increased 
due to the increased rate of flow of either gas or liquid, the level in the 
downspout will rise further to permit the liquid to enter the lower tray. 
Ultimately the Jiquid level may reach that on the tray above. Further increase in 
either flow rate then aggravates the condition rapidly. and the liquid will fiII the 
entire space between the trays. The tower is then flooded, the tray efficiency 
falls to a low value, the flow of gas is erratic, and liquid may be forced out of the 
exit pipe at the top of the tower. 

For liquid-gas combinations which tend to foam excessively, high gas 
velocities may lead to a condition of priming, which is also an inoperative 
situation. Here the foam persists throughout the space between trays, and a 
great deal of liquid is carried by the gas from one tray to the tray above. This is 
an exaggerated condition of entrainment. The liquid so carried recirculates 
between trays, and the added liquid-handling load increases the gas pressure 
drop sufficiently to lead to flooding. 

We can summarize these opposing tendencies as follows. Great depths of 
liquid on the trays lead to high tray efficiencies through long contact time but 
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also to high pressure drop per tray. High gas velocities, within limits, provide 
good vapor-liquid contact through excellence of dispersion but lead to excessive 
entrainment and high pressure drop. Several other undesirable conditions may 
occur. If liquid rates are too low~ the gas rising through the openings of the tray 
may push the liquid away (coning), and contact of the gas and liquid is poor. If 
the gas rate is too low, much of the liquid may rain down through the openings 
of the tray (weeping), thus failing to obtain the benefit of complete flow over the 
trays; and at very low gas rates, none of the liquid reaches the downspouts 
(dumping). The relations between these conditions are shown schematically in 
Fig. 6.9, and all types of trays are subject to these difficulties in some form. The 
various arrangements, dimensions, and operating conditions chosen for design 
are those which experience has proved to be reasonably good compromises. The 
general design procedure involves a somewhat empirical application of them, 
followed by computational check to ensure that pressure drop and flexibility, 
i.e., ability of the tower to handle more or less than the immediately expected 
flow quantities, are satisfactory. 

A great variety of tray designs have been and are being used. During the 
first half of this century, practically all towers were fitted with bubble-cap trays, 
but new installations now use either sieve trays or one of the proprietary designs 
which have proliferated since 1950. 

General Characteristics 

Certain design features common to the most frequently used tray designs will be 
dealt with first. 

Shell and trays The tower may be made of any number of materials, depending 
upon the corrosion conditions expected. Glass, glass-lined metal, impervious 
carbon. plastics, even wood but most frequently metals are used. For metal 
towers, the shells are usually cylindrical for reasons of cost. In order to facilitate 
cleaning, small-diameter towers are fitted with hand holes, large towers with 
manways about every tenth tray [66]. 

The trays are usually made of sheet metals, of special alloys if necessary, the 
thickness governed by the anticipated corrosion rate. The trays must be stiffened 
and supported (see, for example, Fig. 6.14) and must be fastened to the shell to 
prevent movement owing to surges of gas, with allowance for thermal expansion. 
This can be arranged by use of tray-support rings with slotted bolt holes to 
which the trays are bolted. Large trays must be fitted with manways (see Fig. 
6.14) so that a person can climb from one tray to another during repair and 
cleaning [126]. Trays should be installed level to within 6 mm (~ in) to promote 
good liquid distribution. 

Tray spacing Tray spacing is usually chosen on the basis of expediency in 
construction, maintenance. and cost and later checked to be certain that 
adequate insurance against flooding and excessive entrainment is present. For 
special cases where tower height is an important consideration, spacings of 
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Table 6.1 Recommended general conditions and dimensions for tray tOlt'ers 

1. Tray spacing 

Tower diameter T 

m 

lor less 
1-3 
3-4 
4-8 

2. Liquid flow 

4 or less 
4-10 
10-12 
12-24 

m 

0.15 
0.50 
0.60 
0.75 
0.90 

Tray spacing t 

in 

6 minimum 
20 
24 
30 
36 

o. Not over 0,015 m3/(m diam)· s (0.165 ft3/ft· s) for single-pass cross-flow trays 
b. Not over 0.032 m3/(m weir length) . s (0.35 ft3/ft . s) for others 

3. Downspout seal 

a. Vacuum, 5 mm minimum, 10 mm preferred G-l in) 
b. Atmospheric pressure and bigher, 25 mm minimum. 40 mm preferred (1-1.5 in) 

4. Weir length for straight, rectangular weirs, cross-flow trays, 0.6T to 0.8T. 0.7T typical 

Weir length W 

0.55T 
O.60T 
0.65T 
0.70T 
0.75T 
0.80T 

5. Typical pressure drop per tray 

Total pressure 

35 mmHgabs 
I std atm 
2 x 1()6 N/m2 

300 IbrJin2 

Distance from center 
of tower 

Tower area 
used by one downspout, % 

0.4181 T 
0.3993T 
0.2516T 
0.3562T 
0.3296T 
O.I99IT 

Pressure drop 

3.877 
5.257 
6.899 
8.808 

11.255 
14.145 

3 mmHg or less 
500-800 N/m2 (0.07-0.121b,/in2) 

lOOON/m2 

O.l51b,/in2 

IS cm (6 in) have been used. For all except the smallest tower diameters, 50 cm 
(20 in) would seem to be a more workable minimum from the point of view of 
cleaning the trays. Table 6.1 summarizes recommended values. 

Tower diameter The tower diameter and consequently its cross-sectional area 
must be sufficiently large to handle the gas and liquid rates within the region of 
satisfactory operation of Fig. 6.9. For a given type of tray at flooding, the 
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Figure 6.9 Operating characteristics of sieve trays. 

superficial velocity of the gas VF (volumetric rate of gas flow Q per net cross 
section for flow An) is related to fluid densities byt 

( 
PL - PO)1/2 

VF = CF Po 
(6.29) 

The net cross section An is the tower cross section AI minus the area taken up by 
the downspouts (Ad in. the case of a cross-flow tray as in Fig. 6.8). CF is an 
empirical constant, the value of which depends on the tray design. Some 
appropriately smaller value of V is used for actual design; for nonfoaming 
liquids this is typically 80 to 85 percent of VF (75 percent or less for foaming 
liquids), subject to check for entrainment and pressure-drop characteristics. 
Ordinarily the diameter so chosen will be adequate. although occasionally the 
liquid flow may be limiting. A well-designed single-pass cross-flow tray can 
ordinarily be expected to handle up to 0.015 m3/s of liquid per meter of tower 
diameter (q / T = 0.015 m3

/ m . s = 0.165 ft3 
/ ft . s). For most installations, con

siderations of cost make it impractical to vary the tower diameter from one end 
of the tower' to the other to accommodate variations in gas or liquid flow, and 
maximum flow quantities are used to set a uniform diameter. When variation in 
flows are such that a 20 percent difference in diameter is indicated for the upper 
and lower sections, two diameters will probably be economical [l08]. 

The tower diameter required may be decreased by use of increased tray 
spacing. so that tower cost, which depends on height as well as diameter, passes 
through a minimum at some optimum. tray spacing. 

Downspouts The liquid is led from one tray to the next by means of down
spouts, or downcomers. These may be circular pipes or preferably portions of 
the tower cross section set aside for liquid flow by vertical plates, as in Fig. 6.8. 
Since the liquid is agitated into a froth on the tray. adequate residence time must 

t Equation (6.29) is empirical; the values of CF depend on the units used as well as the tray 
design, 



(nlet 

It 
Outlet 

weir 

\ 

Seal 
pot FIgure 6.10 Seal-pot arrangement. 

be allowed in the downspout to permit disengaging the gas from the liquid, so 
that only clear liquid enters the tray below. The downspout must be brought 
close enough to the tray below to seal into the liquid on that tray (item 3, Table 
6.1), thus preventing gas from rising up the downspout to short~circuit the tray 
above. Seal pots and seal-pot dams (inlet weirs) may be used [126], as in Fig. 
6.10, but they are best avoided (see below), especially if there is a tendency to 
accumulate sediment. If they are used, weep holes (small holes through the tray) 
in the seal pot should be used to facilitate draining the tower on shutdown. 

Weirs The depth of liquid on the tray required for gas contacting is maintained 
by an overflow (outlet) weir, which mayor may not be a continuation of the 
downspout plate. Straight weirs are most common; multiple V-notch weirs 
maintain a liquid depth which is less sensitive to variations in liquid flow rate 
and consequently also from departure of the tray from levelness; circular weirs, 
which are extensions of circular pipes used as downspouts, are not recom
mended. Inlet weirs (Fig. 6.10) may result in a hydraulic jump of the liquid [67] 
and are not generally recommended. In order to ensure reasonably uniform 
distribution of liquid flow on a single-pass tray, a weir length of from 60 to 80 
percent of the tower diameter is used. Table 6.1 lists the percentage of the tower 
cross section taken up by downspouts formed from such weir plates. 

Liquid flow Several of the schemes commonly used for directing the liquid flow 
on trays are shown in Fig. 6.11. Reverse flow can be used for relatively small 
towers, but by far the most common arrangement is the single-pass cross-flow 
tray of Fig. 6.11h. For large-diameter towers, radial or split flow (Fig. 6.11c and 
d) can be used, a1though every attempt is usually made to use the cross-flow tray 
because of its lower cost. A recent variant of Fig. 6.11c uses ring-shaped 
downspouts concentric with the tower shell instead of the pipes of that figure 
[110]. For trays fitted with bubble caps (see below) requiring the liquid to flow 
great distances leads to undesirable liquid-depth gradients. For towers of very 
large diameter containing such trays, cascade designs of several levels each with 
its own weir (Fig. 6.11 e) have been used. but their cost is considerable. 
Commercial columns up to 15 m (50 ft) in diameter have been built. Two-pass 
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FIgure 6.11 Tray arrangements. Arrows show direc
tion of liquid now. 

trays are common for diameters of 3 to 6 m) and more passes for larger 
diameters. 

Bubble-Cap Trays 

On these trays (Figs. 6.12 and 6.13) chimneys or risers lead the gas through the 
tray and underneath caps surmounting the risers. A series of slots is cut into the 
rim or skirt of each cap) and the gas passes through them to contact the liquid 
which flows past the caps. The liquid depth is such that the caps are covered or 
nearly so. Detailed design characteristics are available [13, 46, 119]. 

Bubble caps have been used for over 150 years, and during 1920-1950 
practically all new tray towers used them. They offer the distinct advantage of 
being able to handle very wide ranges of liquid and gas flow rates satisfactorily 
(the ratio of design rate to minimum rate is the turndown ratio). They have now 
been abandoned for new installations because of their cost, which is roughly 
double that for sieve, counterflow, and valve trays. 



3 cop 
supports 
011200 

Riser 

Sheet 
metal 

cop 

Sheet metol troy 

Figure 6.12 Typical bubble·cap designs. (With permission of the Prused Sleel Company.) 

Sieve (perforated) trays 

These trays have been known almost as long as bubble~cap trays, but they fell 
out of favor during the first half of this century. Their low cost, however, has 
now made them the most important of tray devices. 

A vertical section and a plan view are shown schematically in Fig. 6.14. The 
principal part of the tray is a horizontal sheet of perforated metal, across which 
the liquid flows, with the gas passing upward through the perforations. The gas, 
dispersed by the perforations, expands the liquid into a turbulent froth, char
acterized by a very large interfacial surface for mass transfer. The trays are 
subject to flooding because of backup of liquid in the downspouts or excessive 
entrainment (priming), as described earlier. 

Design of Sieve Trays 

The diameter of the tower must be chosen to accommodate the flow rates, the details of the tray 
layout must be selected, estimates must be made of the gas-pressure drop and approach to flooding. 
and assurance against excessive weeping and entrainment must be established. 
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FIgure 6.13 Typical bubble-cap tray arrangement. 

To\\'er dlame:tet" The flooding constant CF of Eq. (6.29) has been correlated for the data available on 
flooding [44, 47J. The original curves can be represented byt 

C = alo + --[ 
I ]( a )0.2 

F g(L'IG')(PGlpL)O'S fJ 0.020 
(6.30) 

Typically. for perforations of 6 mm diameter, the best tray efficiencies result from values of vV;;;; 
in the range 0.7 to 2.2 (with V and PG in SI units; for V in his and PG in Ib/ft3, the range is 0.6 to 
1.8) [2). 

Petforati0D5 aDd active area Hole ruameters from 3 to 12 mm (i to 1 in) are commonly used, 4.5 nun 
(k in) most frequently [45], although holes as large as 25 mm have been successful [72]. For most 
installations, stainless steel or other alloy perforated sheet is used, rather than carbon steel, even 
though not necessarily required for corrosion resistance. Sheet thickness (25] is usually less than 

t Equation (6.30) is empirical. See Table 6.2 for values of a and p. 
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one-half the hole diameter for stainless steel. less than one diameter for carbon steel or copper alloys. 
Table 6.2 lists typical values. 

The holes are placed in the comers of equilateral triangles at distances between centers (pitch) 
of from 2.5 to 5 hole diameters. For such an arrangement 

Ao.... ho~e area = O.907( do )2 
All actIVe area p' 

(6.31) 

Typically, as in Fig. 6.14, the peripheral tray support, 25 to 50 mm (l to 2 in) wide, and the 
beam supports will occupy up to 15 percent of the cross-sectional area of the tower; the distribution 
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Table 6.2 Recommended dimensions for sieve-tray towers 

l. Flooding constant CF [Eqs. (6.29) and (6.30)], do < 6 mm (i in) 

Range of Range of Units Units Units a,p 
AD K( pars of t ofa of VF 
AQ G' PL 

> 0.1 0.Q1-0.1, 
use values 
at 0.1 

0.1-1.0 m N/m mJs a - 0.07441 + 0.01173 
fJ "" 0.03041 + O.oIS 

in dyn/cm X 10-3 ft/s 
a !III 0.00621 + 0.0385 
P ,. 0.002531 + 0.050 

< 0.1 Multiply a and fJ by SA,,/ AQ + 0.5 

2. Hole diameter and plate thickness 

Hole diameter Plate thickness/hole diameter 

m.m 

3.0 

4.5 
6.0 

9.0 

12.0 

15.0 

18.0 

3. Liquid depth 

in 

3 
i6 
I 
i 
3 
i 
I 
2' 
.I 
i 
3 
'i 

Stainless steel 

0.65 
0.43 
0.32 

0.22 

0.16 

0.17 

0.11 

SO mm (2 in) minimum, 100 mm (4 in) maximum 

4. Typical active area 

Tower diameter AQ 
m ft 7, 
I 3 0.65 
1.25 4 0.70 
2 6 0.74 
2.5 8 0.76 
3 10 0.78 

Carbon steel 

0.5 

0.38 

0.3 
0.25 
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zone for liquid entering the tray and the disengagement zone for disengaging foam (which are 
sometimes omitted) use S percent or more [47, 66}; and downspouts require additional area (Table 
6.1). The remainder is available for active perforations (active area All)' Typical values of A" are 
listed in Table 6.2. 

Uquld depth Liquid depths should not ordinarily be less than 50 rom (2 in), to ensure good froth 
formation; depths of 150 mm (6 in) have been used (1261, but 100 mm is a more common maximum. 
These limits refer to the sum of the weir height hw plus the crest over the weir hi. calculated as clear 
liquid although in the perforated area the equivalent clear-liquid depth will be smaller than this. 
Liquid depths as great as 1.5 m have been studied [56} but are not used in ordinary operations. 

Weirs Refer to Fig. 6.15. where a schematic representation of a cross-flow tray is shown. The crest 
of liquid over a straight rectangular weir can be estimated by the well-known Francis formulat 

where q rate of liquid flow. m3 Is 
Weft"" effective length of the weir, m 

hI "'" liquid crest over the weir, m 

1.839hV2 (6.32) 

Because the weir action is hampered by the curved sides of the circular tower. it is recommended [39J 
that Weft be represented as a chord of the circle of diameter T, a distance hI farther from the center 
than the actual weir, as in Fig. 6.16. Equation (6.32) can then be rearranged tot 

z: (.!L )2/3( ~ )2/3 
hi 0·666 W W 

elf 
(6.33) 

The geometry of Fig. 6.16 leads to 

(6.34) 

For WIT = 0.7, which is typical. Eq. (6.33) can be used with Weft = W for hll W "" 0.055 or less 
with a maximum error of only 2 percent in hI' which is negligible. 

Pressure drop 'or the gas For convenience, all gas-pressure drops will be expressed as heads of clear 
liquid of density PL on the tray. The pressure drop for the gas hG is the sum of the effects for flow of 
gas through the dry plate and those caused by the presence of liquid: 

where hD"",dry-plate pressure drop 
hL - pressure drop resulting from depth of liquid on tray 
hR = residual pressure drop 

(6.35) 

Although Fig. 6.1 S shows a cbange in. liquid depth a. half of which should be used in Eq. (6.35), in 
practice this is so small. except for the very largest trays, that it can reasonably be neglected. It can 
be roughly estimated, if necessary .(62). Estimates of the gas-pressure drop summarized here are 
based on a critical study [79] of all available data and the generally accepted methods. Most of the 
data a.re for the air-water system, and extension to others is romewhat uncertain. 

Dry pressure drop hD This is calculated on the basis that it is the result to a. loss in pressure on 
entrance to the perforations, friction within the short tube formed by the perforation owing to plate 

t The coefficient 1.839 applies only for meter-second units. For q in ftl Is. WeIr in feet, and hI in 
inches the coefficient is 0.0801. 

1 The coefficient 0.666 applies only for meter-second units. For q in ftl/s. Wand Welt in feet. 
and hi in inches the coefficient is 5.38. 
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Figure 6.15 Schematic diagram of a 
cross-flow sieve tray. 

2hD/ PL = Co[OAO( 1.25 _ Ao) + 4lf + (I _ Ao )2] 
VoPc All do An 

(6.36) 

The Fanning friction factor f is taken from a standard chart [15]. Co is an orifice coefficient which 
depends upon the ratio of plate thickness to hole diameter [82]. Over the range 1/ do = 0.2 to 2.0 

( 
d )0.25 

Co = 1.09 i (6.37) 

Hydraul.lc bead hI.. In the perforated region of the tray, the liquid is in the form of a froth . The 
equivalent depth of clear liquid hL is an estimate of Lhat which would obtain if the froth coUapsed. 
That is usually Jess than the height of the outlet weir, decreasing with increased gas rate. Some 
methods of estim.ating hI.. use a specific aeration factor to describe this [87). In Eq. (6.38), which is the 
recommended relationship [491, the effect of the factor is included as a function of the variables 

Effective weir 

Figure 6.16 Effective weir length. 



which influence itt 

hL = 6.10 X 10-3 + O.725hw - O.238hwVIIP8-S + 1.2251 
z 

(6.38) 

where z is the average flow width, which can be taken as (T + W)/2. 

Residual gas-pressure drop hR This is believed to be largely the result of overcoming surface tension 
as the gas issues from a perforation. A balance of the internal.force in a static bubble required to 
overcome surface tension is 

or 

."di 
Tt:.ps "" 1TJ,0 

40 
!J..ps m:-

dp 

(6.39) 

(6.40) 

where !J..PB is the excess pressure in the bubble due to surface tension. But the bubble of gas grows 
over a Cinite time when the gas flows, and by averaging over time (43}, it develops that the 
appropriate value is !J..PR 

60 
!1pR ... d". (6.41) 

Since the bubbles do not really issue singly from the perforations into relatively quiet liquid, we 
substitute as an approximation the diameter of the periorations dot which leads to 

hR OIl /.:.pR gc "" 6,,& (6.42) 
PL8 PLd"g 

Other methods of dealing with hL + hR have been proposed (see. for example, Ref. 33), 
Comparison of observed data with values of hG calculated by these methods shows a standard 

deviation of 14.7 percent [79] 

Pressure loss at Uquld entrance hl The flow of liquid under the downspout apron as it enters the tray 
results in a pressure loss which can be estimated as equivalent to three velocity heads [26, 471 

3 ( q )2 h1 .... - -
2g Ada 

(6.43) 

where Ada is the smaller of two areas, the downspout cross section or the free area between the 
downspout apron and the tray. Friction in the downspout is negligible. 

Backup in the downspout Refer to Fig. 6.15. The distance h3, the difference in liquid level inside and 
immediately outside the downspout. will be the sum of the pressure losses resulting from liquid and 
gas flow for the tray above 

hJ - hG + h2 (6.44) 

Since the mass in the downspout will be partly froth carried over the weir from the tray above, not 
yet disengaged, whose average density can usually be estimated roughly as haH that of the clear 
liquid. safe design requires that the level of equivalent clear liquid in the downspout be no more than 
half the tray spacing. Neglecting !J.., the requirement is 

t 
hw + hi + h'J < '2 (6.45) 

For readily foaming systems or where high liquid viscosity hampers disengagement of gas bubbles 
the backup should be less. 

t SI units must be used in Eq. (6.38). For hL and hw in inches, Va in {t/s, PG in Ib/ftJ, q in ftl/s, 
and z in feet 
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Weeping If the gas velocity through the holes is too small, liquid will drain through them and 
contact on the tray for that liquid will be lost. In addition. for cross-flow trays, such liquid does not 
flow the full length of the tray below. The data on incipient weeping are meager, particularly for 
large liquid depths. and in all likelihood there will always be some weeping. A study of the available 
data (79] led to the following as the best representation of VO"" the minimum gas velocity through the 
holes below wbich excessive weeping is likely: 

_P-G ... 0.0229 ~ PL _ _"_0 y (:2 )0.37'( I ) 0.293 ( 2A d )2.8/(Z/d.,.)D.7lA 

a& ag"PGdo PG do v'3 p') 
(6.46) 

Available data for hL in the range 23 to 48 mm (0.9 to 1.9 in) do not indicate hL to be of important 
influence. It may be for larger depths. 

lJquid entra1ruDet:rt When liquid is carried by the gas up to the tray above, the entrained liquid is 
caught in the liquid on the upper tray. The effect is cumulative, and liquid loads on the upper trays 
of a tower can become excessive. A convenient definition of the degree of entrainment is the fraction 
of the liquid entering a tray which is carried to the tray above [44J 

F ti' at tr' t "" E = moles liquid entrained/ (area)(time) 
rae on en ammen L + moles liquid entrained/ (area)(time) 

The important influence of entrainment on tray efficiency will be considered later. Figure 6.17 
represents a summary of sieve-tray entrainment data {44. 47] with an accuracy of ± 20 percent. 
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FIgure 6.17 Entrainment, sieve trays [M}. (From Petro/Chemical Engineering, with pennission.) 
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Under certain conditions, sieve trays are subject to lateral oscillations of the liquid. which may 
slosh Cram side to side or from the center to the sides and back. The latter type especially may 
seriously increase entrainment. The phenomenon is related to froth height relative to tower diameter 
(8. 9] and a. change from frothing to bubbling (96) but is incompletely characterized. 

mustratioD. 6.3 A dilute aqueous solution of methanol is to be stripped with steam in a 
sieve·tray tower. The conditions chosen for design are: 

Vapor. 0.100 kmolfs (7941b mol/h). 18 mol % methanol 
lJquid. 0.25 kmol/s (1984 Ib mOl/h), 15 mass % methanol 
Temperature. 95"C 
Pressure. 1 std attn 

Design a suitable crossanow tray. 

SoLUTION Mol wt methanol"" 32, mol wt water"" 18. Av mol wt gas = 0.18(32) + 0.82(18) = 
20.5 kg/Janol. ' 

20.5 273 0 679 k / 3 d' Pa - 22.41 273 + 95 =. g m = gas enStly 

273 + 95 Q = 0.10(22.41)-n3 = 3.02 m3/s == va.porrate 

PL = 961 kg/m3 "'" liquid density 

Av mol wt liquid = 15/321~85/18 :Ill 19.26 kg/kmol 

q "'" 0.25~;.26) ... 5.00 X 10-3 mJ /s "" liquid rate 

PerjimJtiotu Take tiD ... 4.5 rom on an equilateral-triangular pitch 12 mm between hole centers, 
punched in sheet meta) 2 m.m thick (O.078 in, 14 U.S. Standard gauge). Eq. (6.31): 

Ao ... 0.901(0.0045)2 ... 0.1275 
A" (0.012)2 

Tower ditzmettr Tentatively take t = 0.50 m tray spacing. 

Table 6.2: 

LI, ( Pa )o.s = qPL (PG )o.s ::;.!L ( PL )0.5 
G PL Qpc PL Q Pc 

= 5.00 X 10-
3 

( 961 )0.5 ;; 00622 
3.02 0.679 . 

a 0.0744(0.50) + 0.01173 = 0.0489 

f1 == 0.0304(0.50} + O.ot5 = 0.0302 

In Eq. (6.30), since (L'/G'XPC/PLi}'S is less than 0.1. use 0.1. The surface tension is estimated 
as 40 dyn/cm, or a = 0.040 N/m. 

CF = ( 0.04893 log O~ I + 0.0302 )( ~:: f2 ... 0.0909 

Eq. (6.29): 

(
961 - 0.679 )0.5 . 

VF == 0.0909 0.679 ... 3.42 m/s at noodmg 
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Use 80% of flooding velocity. V;; 0.8(3.42) "'" 2.73 m/s. based on A". 

Q 3.02 06 2. 
A" == V ""' 2.13 = 1.1 m 

Tentatively choose a weir length W'" O.1T. Table 6.1: the tray area used by one downspout == 
8.8%, 

- 1.106 _ 1 213 1 
A, - 1 0.088 -. m 

T = [4(1.213)/wf·s = 1.243 m, say 1.25 m. Corrected A, = 'II'{1.25)2/4 ... 1.227 ml 

W - 0.7(1.25) = 0.875 m (final) 

Ad"" 0.088(1.227) - 0.1080 m2. downspout cross section 

Aa = Al - 2Ad - area taken by (tray support + disengaging and distributing zones) 

For a design similar to that shown in Fig. 6.14. with a 4O-mm-wide support ring. beams 
between downspouts, and 50-mm-wide disengaging and distributing zones, these areas total 
0.222 m2• 

A .. .... 1.227 - 2(0.1080) - 0.222 - 0.789 m1 Cor perforated sheet 

~ "'" 5·~.~7~0-3 _ 5.71 X 10-3 m3/m . s OK 

Weir cnst hI and weir height hw Try hi = 25 mID """ 0.025 m. hilT'" 0.025/1.25 '"" 0.02. 
T I W ... 1/0.7 1.429. Eq. (6.34): Wercl W 0.938. 

Eq. (6.33): hi "'" O.666{{S.OO x 1O-3)/0.875]2/3(0.93SYI3 ... 0.0203 m. Repeat with hi = 
0.0203: Werr! W = 0.9503; hl[Eq. (6.33)] :m: 0.0205 m. OK. Set weir height hw = 50 mm .... 0.05 
m. 

Dry pre$5lI.N drop hD Eq. (6.37): Co "" 1.09(0.0045/0.002)°.25 = 1.335. 

A" GIl 0.1275A" = 0.1275(0.789) ., 0.1006 m2 

Jl. 3.02 5 
V .. ... A" = 0.1006 = 30.0 m/s IlG = 0.0125 cP - 1.25 X 10- kgjm· s 

Hole Reynolds number = do V"PG "'" 0.0045(30.0)(0.679) ... 7330 
J.I.G 1.25 X lO-s 

f- 0.008 ("The Chemical Engineers' Handbook," 5th ed., fig. 5.26). g'" 9.807 m2/s; /-
0.002 m; Eq. (6.36): hD ... 0.0564 m. 

;: .Q _ 3.01 _ 1 / 
V" A.. 0.789 - 3.82 m s 

z .... T ~ W = 1.25 ~ 0.875 = 1.063 m 

Eq. (6.38): 
hL .. O.OI06m 

Rt!~ pnSSIIN drop hR Eq. (6.42): 

Total ~ 41'Op hG 

Eq. (6.35): 

h 6(O.04}(1) 66 10-3 
R = 961(OJ)045)(9.807) "'" S. X m 

ha ... 0.0564 + 0.0106 + S.66 X 10-3 = 0.0721 m 
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Pre/J.S1ll'l! lou at Ikptid etIJrmtt:e hl The downspout apron will be set at hw 0.025 - 0.025 m 
above the tray. The area for liquid flow under the apron = 0.025 W "" 0.0219 ml. Sinre this is 
smaller than Ad' A", =:: 0.0219 ml. Eq. (6.43): 

_ 3 ( S.O X 10-3)2 _ -3 
h2 - 2(9.807) 0.0219 - 7.97 X to m 

&u:Iutp ;" do~'fUJKJfd Eq. (6.44): h3 0.0727 + 7.97 X 10-3 - 0.0807 m. 

Check Oft jlooding hw + hI + h) = 0.1512, which is well below tl2 .... 0.25 m. Therefore the 
chosen t is satisfactory. 

wetpbtg oeIodty For WIT ... 0.7, the weir is set O.3296T ... 0.412 m from the renter of the 
tower. Therefore Z ... 2(0.412) ... 0.824 m. All other quantities in Eq. (6.46) have been 
evaluated, and the equation then yields V.,... = 8.71 m/s. The tray will not weep excessively 
until the gas velocity through the holes Vo is reduced to close to this value. 

V 
V=0.8 

F 

L' (P )0.5 
G' P~ = 0.0622 (see tower diameter) 

Fig. 6.17: E ... 0.05. The recycling of liquid resulting (rom such entrainment is too small to 
influence the tray hydraulics appreciably. 

The mass-transfer efficiency is estimated in Illustration 6.4. 

Proprietary Trays 

Although for many decades the basic design of tray-tower internals remained 
relatively static, recent years have seen a great many innovations, only a few of 
which can be mentioned here. 

Linde trays These designs have involved improvements both in the perforation 
design and the tray arrangemen ts [108, 120]. Figure 6.18a shows the slotted tray, 
an alteration in the perforation pattern to influence the flow of liquid. The slots, 
distributed throughout the tray, not only reduce the hydraulic gradient in large 
trays (over 10 rn diameter [34]) but are also so deployed that they influence the 
direction of liquid flow to eliminate stagnant areas and achieve, as nearly as 
possible, desirable plug flow of liquid across the tray. Figure 6.l8h shows a 
bubbling promoter, or inclined perforated area at the liquid entrance to the tray. 
This reduces excessive weeping and produces more uniform froth throughout the 
tray. The mUltiple downspouts of Fig. 6.19a are not sealed in the liquid on the 
tray below; instead the liquid is delivered through slots in the bottom closure to 
spaces between the downspouts on the tray below. The parallel-flow tray of Fig. 
6.19b is so designed that the liquid on all trays in one-half the tower flows from 
right to left. and on the trays in the other half from left to right. Such an 
arrangement approximates the so-called Lewis case II [75] and results in an 
improved Murphree tray efficiency. 
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F1gure 6.18 Linde sieve trays: (a) slotted sieve tray; (b) bubbling promoter, cross-flow tray. (From 
Chemical Engineering Progress, with perminion.j 

Valve trays These are sieve trays with large (roughly 35- to 4O-nun-diameter) 
variable openings for gas flow. The perforations are covered with movable caps 
which rise as the flow rate of gas increases. At low gas rates and correspondingly 
small openings, the tendency to weep is reduced. At high gas rates the gas
pressure drop remains low but not as low as that for sieve trays. The Glitsch 
Ballast Tray valve design is shown in Fig. 6.20; other well-known designs are the 
Koch Flexitray, the Nutter Float-Valve [10], and the Wyatt valve [1I4J. Tray 
efficiencies seem to be roughly the same as those for sieve trays with 6-rrun 
(~-in) perforations [2. 13]. 

Counterflow trays These tray-resembling devices differ from conventional trays 
in that there are no ordinary downspouts: liquid and vapor flow countercur
rentty through the same openings. Turbo-Grids [109] are sheet metal stamped 
with slotted openings to form the tray, which is installed so alternate trays have 
the openings at right angles. Kittel trays, used extensively in Europe [60,98, 110], 
are slotted double trays made of expanded metal arranged so that liquid 
movement on the tray is influenced by the passage of the gas. Ripple trays [65] 
are perforated trays bent into a sinusoidal wave, with alternate trays installed 
with the waves at right angles. Leva trays [73] are basically very short wetted
wall towers between close-spaced traysj with no weirs and hence no controlled 
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Figure 6.19 Linde tray arrangements: (0) multiple downspouts: (b) parallel-flow tray. 

liquid depth on the trays. Since the gas-pressure drop is low, the trays are 
especially suited to vacuum distillation. 

In most cases the design of proprietary trays is best left t,o the supplier. 

Tray Efficiency 

Tray efficiency is the fractional approach to an equilibrium stage (see Chap. 5) 
which is attained by a real tray. Ultimately, we require a measure of approach to 
equilibrium of all the vapor and liquid from the tray, but since the conditions at 
various locations on the tray may differ, we begin by considering the local, or 
pOint, efficiency of mass transfer at a particular place on the tray surface. 

Figure 6.20 Glitsch Ballast Tray valve design (schematic). 
(Fritz W. Glilsch and SC1U, Inc.) 
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iYI>+l Figure 6.21 Tray efficiency. 

Point efficiency Figure 6.21 is a schematic representation of one tray of a 
multitray tower. The tray n is fed from tray n - 1 above by liquid of average 
composition xn - I mole fraction of transferred component, and it delivers liquid 
of average composition Xn to the tray below. At the place under consideration, a 
pencil of gas of composition Yn + I, local rises from below, and as a result of mass 
transfer, leaves with a concentration Yn, local' At the place in question, it is 
assumed that the local liquid concentration X 10cal is constant in the vertical 
direction. The point efficiency is then defined by 

E - Yn,local - Yn+t.local 

OG - Y~al - Yn+ I, local 
(6.47) 

Here Yl6cal is the concentration in equilibrium with X 1ocal' and Eq. (6.47) then 
represents the change in gas concentration which actually occurs as a fraction of 
that which would occur if equilibrium were established. The subscript G signifies 
that gas concentrations are used, and the 0 emphasizes that EOG is a measure of 
the overall resistance to mass transfer for both phases. As the gas passes through 
the openings of the tray and through the liquid and foam, it encounters several 
hydrodynamic regimes, each with different rates of mass transfer. The danger in 

. attempting to describe the entire effect in terms of a 'single quantity, in cases of 
this sort, was pointed out in Chap. 5, but present information permits nothing 
better. 

Consider that the gas rises at a rate G mol/(area)(time). Let the interfacial 
surface between gas and liquid be a area/volume of liquid-gas foam. As the gas 
rises a differential height dhv the area of contact is a dhL per unit area of tray. 
If, while of concentration Y, it undergoes a concentration change dy in this 
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height, and if the total quantity of gas remains essentially constant, the rate of 
solute transfer is G ely: 

G dy = ~(o dhL)(ytoctt.l - y) (6.48) 

Then f
Y""'''''~' ... dy = (hL Kyo dhL 

Ylocnl Y Jflo G 
y,,+ I.I000ai 

(6.49) 

Since YI~cl!1 is constant for constant xlocal' 

_ In Y~al Yn.local = -In(1 _ YlI,local - Yn + I.Ioc31 ) 

YI~al - Yn + l, local YI~al - Yn+ 1,Iocai 

(6.50) 

Therefore (6.51) 

The exponent on e is simplified to NIOG' the number of overall gas-transfer units. 
Just as Ky contains both gas and liquid resistance to mass transfer. so also is 
N(OG made up of the transfer units for the gas NTG and those for the liquid NTL • 

As will be shown in Chap. 8, these can be combined in the manner of Eq. (5.7): 

I I mG 1 (6.52) 
N'OG == N

'G 
+ N'L 

The terms on the right represent, respectively, the gas and liquid mass-transfer 
resistances, which must be obtained experimentally. For example. by contacting 
a gas with a pure liquid on a tray, so that vaporization of the liquid occurs 
without mass-transfer resistance in the liquid, the vaporization efficiency pro
vides N ,G, which can then be correlated in terms of fluid properties, tray design. 
and operating conditions. Values of NIL obtained through absorption of· rela
tively insoluble gases into liquids (see Chap. 5) can be similarly correlated. 

The m of Eq. (6.52) is a local average value for cases where the equilibrium 
distribution curve is not straight. Refer to Fig. 6.22. It was shown in Chap. 5 that 
for a given X10cal and Ylocal the correct slope for adding the resistances is that of a 
chord m'. For the situation shown in Fig. 6.21, the gas composition changes, 
leading to a change in m' from an initial value at YII+ I. )oca1 to a final value at 
Yn.loclil' It has been shown [97] that the correct average m for Eq. (6.52) can be 
adequately approximated by 

m' + m' m == Yn+1 """Yft 

2 
(6.53) 

The location of a point of coordinates (xloc3.1'YI~3.1) must be obtained by trial. to 
fit the definition of EOG' Eq. (6.47). Equations (6.51) and (6.52) show that the 
lower the solubility of the vapor (the larger the m), the lower the tray efficiency 
will be. 
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Figure 6.22 Values of m[oeaJ.: (0) for gas absorption and (b) for distillation and stripping. 

Murphree tray efficiency The bulk-average concentrations of all the local 
pencils of gas of Fig. 6.21 areYn+l andy". The Murphree efficiency of the entire 
tray is then [see Eq. (5.39)J 

E - y" - Yn+1 
MG - Y: _ YII+I 

(6.54) 

where y: is the value in equilibrium with the leaving liquid of concentration Xn• 

The relationship between EMG and EOG can then be derived by integrating 
the local EOG's over the surface of the tray. Clearly, if all the gas entering were 
uniformly mixed and fed uniformly to the entire tray cross section, and if the 
mechanical contacting of gas and liquid were everywhere uniform, the uniform
ity of concentration of exit gas Y II + I. local would then depend on the uniformity of 
liquid concentration on the tray. Liquid on the tray is splashed about by the 
action of the gas. some of it even being thrown backward in the direction from 
which it enters the tray (back mixing). The two extreme cases which might be 
visualized are: 

1. Liquid completely back-mixed, everywhere of uniform concentration xn' In 
this case, Eq. (6.54) reverts to Eq. (6.47). and 

(6.55) 



2. Liquid in plug flow, with no mixing, each particle remaining on the tray for 
the same length of time. In this case (Lewis' case I [75]), it has been shown 
that 

E - ~(eEocmG/L - I) 
MG mG (6.56) 

In the more likely intennediate case, the transport of solute by the mixing 
process can be described in terms of an eddy diffusivity DE' whereupon [21] 

where 

and 

EMG _ 1 - e-('II+ Pe) e1J - I 
EOG - (.,., + Pe) [1 + (.,., + Pe) / .,.,] + -.,., [::--1-+-.,.,-/""'-:('--.,., -+-P-"!e )-="] 

'1 = ~e [ (I + 4mLG:'oG t -I 1 
22 

Pe=-
DEBL 

(6.57) 

(6.58) 

(6.59) 

Here (JL is the liquid residence time on tray and 2 the length of liquid travel. Pe 
is a Peelet number (see Chap. 3), as can 'be seen better by writing it as 
(Z/ DE )(Z/9L). whence Z/BL becomes the average liquid velocity. Pe = 0 
corresponds to complete back mixing (DE = (0), while Pe = (X) corresponds to 
plug flow (DE := 0). Large values of Pe result when mixing is not extensive and 
for large values of Z Oarge tower diameters). Although point efficiencies cannot 
exceed unity, it is possible for Murphree efficiencies. 

Entrainment A further correction is required for the damage done by entrain
ment. Entrainment represents a fonn of back mixing. which acts to destroy the 
concentration changes produced by the trays. It can be shown [29] that the 
Murphree efficiency corrected for entrainment is 

EMG 
EMGE = I + E

MG
[ E / (1 - E)] (6.60) 

Data Experimental information on NtGt N,v and DE is needed to use the 
relations developed above. Many data have been published, particularly for 
bubble-cap trays, and an excellent review is available [47]. Perhaps the best
organized information results from a research program sponsored by the 
American Institute of Chemical Engineers [21]. Most of the work was done with 
bubble-cap trays, but the relatively fewer data together with subsequent infor
mation from sieve trays [50] indicate that the empirical expressions below 
represent the performance of sieve trays reasonably well and even valve trays as 
a first approximation [47]. No attempt will be made here to outline in detail the 
range of conditions covered by these expressions, which should be used with 
caution, especially if the original report is not consulted. 
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Sieve trayst 

0.776 + 4.57hw - 0.238VaPGO.
5 + 104.6q/Z 

NtG = Sc 0.5 
G 

NtL = 40 OOODL 0.5(0.213 VoPG 0.5 + O.l5)BL 

DE = (3.93 X 10- 3 + 0.0171 Va + 3.~q + O.l800hw r 
B = vol liquid on tray = hLzZ 

L vol liquid rate q 

(6.61) 

(6.62) 

(6.63) 

(6.64) 

There is good evidence [6, 7] that flow patterns on typical trays are not so 
well defined as Eq. (6.57) implies and that areas where the liquid is channeled 
and others where it is relatively stagnant may exist. These effects adversely alter 
the Murphree efficiency. There is further evidence that surface-tension changes 
with changes in liquid composition can strongly influence efficiencies [22, 1271. 
Particularly in large-diameter columns the vapor entering a tray may not be 
thoroughly mixed, and this requires separate treatment for converting EOG to 
EMG [351· Multicomponent mixtures introduce special problems in computing 
tray efficiencies [58, 111, 125]. 

Illustration 6.4 Estimate the efficiency of the sieve tray of Illustration 6.3. 

SOLUTION From the results of Illustration 6.3 we have 

Vapor rate = 0.100 kmol/ s 

PG = 0.679 kg/m3 

q = 5.00 X 10-3 m3/s 

Va = 3.827 m/s 

z = 1.063 m 

liquid rate ... 0.25 kmol/s 

hL = 0.0106 m 

hw = 0.05 m 

Z = 0.824m 

E = 0.05 

Y n + I, local = 0.18 mole fraction methanol 

t Equations (6.6\) to (6.63) are empirical and can be used only with SI units. For DE and DL in 
ftl/h, hL and hw in inches. q in ft3/ S, Va in ft/s, z and Z in feet, DL in hours, and PG in Ib/ft3

, Eqs. 
(6.61) to (6.64) become 

0.776 + O.1l6hw - O.290V12 PGO.5 + 9.72q/Z 
N(G = Sc 0.5 

G 

N,L = (7.31 X Hf)DLo.S(0.26VaPGo.s + O.l5)OL 

DE = (0.774 + 1.026 Va + 67i.Q + O.900hw r 
o _ 2.31 X lO- lhLzZ 

L - q 

(6.6Ia) 

(6.620) 

(6.630) 

(6.64a) 
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Figure 6.ll lUustration 6.4. Deter-
x :: mole fraction MeOH in liquid mination of m. 

In addition, by the methods of Chap. 2, the foUowing can be estimated: ~G "'" 0.865, 
DL - 5.94 X 10-9 m2/s. Substitution of these data in Eqs. (6.61) to (6.64) yields 

OL = 1.857 S N,G 0.956 

N,L = 4.70 DE = 0.0101 m2/s 
For 15 mass % methanol, Xlo<:oal = (15/32)/(15/32 + 85/18) "" 0.0903 mole fraction methanol. 
The relevant portion of the equilibrium curve is plotted in Fig. 6.23 with data from "The 
Chemical Engjneers' Handbook," 4th ed., p. 13-5. Point A is plotted with coordinates 
(Xlocal'Y"+ l.loa~' At B. the ordinate iSY~I' lineAe is drawn with slope 

_ N'LL = _ 4.70 0.25 "'" -123 
N,GG 0.956 0.100 . 

In this case it is evident that the equilibrium curve is so nearly straight that chord Be (not 
shown) will essentially coincide with it, as will all other relevant chords from B (as from B to 
E). and m equals the slope of the equilibrium curve, 2.50. 

Equation (6.52) then yields N10G = 0.794, and Eq. (6.51) EOG "" 0.548. [This provides 
through Eq. (6.74), although unnecessary for what follows, YII.local - 0.297, plotted at D, Fig. 
6.23.] Equations (6.57) to (6.59) then give 

Pe "" 36.2 11 = 0.540 EMG "" 0.716 

and with E = 0.05, Eq. (6.60) yields EMGE 0.70. ADs. 

Overall tray efficiency Another method of describing the performance of a tray 
tower is through the overall tray efficiency, 

E = number of ideal trays required (6.65) 
o number of real trays required 

While reliable information on such an efficiency is most desirable and con
venient to use, it must be obvious that so many variables enter into such a 
measure that 'really reliable values of Eo for design purposes would be most 
difficult to come by. As will be shown in Chap. 8, Eo can be derived from the 
individual tray efficiencies in certain simple situations. 
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commercial hydrocarbon Ii 
laboratory hydro<:arbon absorbers 
laboratory absorption. COl in water and glycerollU+-40..-I-+-J.-++J.H--4-~ 
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liquid viscosity. kg/m·s 
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Figure 6.24 Overall tray efficiencies of bubble-cap tray absorbers. For ILL in centipoises and PL in 
Ib/ft3, use as abscissa 6.243 x 10-.5 mMLp.L/PL' (After O'Connell [90).) 

Provided that only standard tray designs are used and operation is withln 
the standard ranges of liquid and gas rates, some success in correlating Eo with 
conditions might be expected. O'Connell [90] was successful in doing thls for 
absorption and distillation in bubble-cap-tray towers, and hls correlations are 
shown in Figs. 6.24 and 6.25. They must be used with great caution, but for 
rough estimates they are most useful, even for sieve and valve trays. 

1.0r----.,..---.---..,.--....---.---r--r--r--.-~--------------...., 

1 

o - hydrocorbons 
D = chlOf'inoled hydrocarbons 
A = hydrocarbons with furfurol (ulroctive 

d,stillotion) 

.~O.4 
£ r----+---+------~--+-_+~~~-+4-----~___,~--_+--~-= 

II 

~O.2l--_+--+--4---+-_+-

2 4 

FIgure 6.l5 Overall tray efficiencies or bubble-cap tray distillation towers separating hydrocarbons 
and similar mixtures. For I-'L in centipoises. use as abscissa Q • ..,I-'L X 10- 3

, (Afler O'Connell (90].) 



LIQUID DISPERSED 

This group includes devices in which the liquid is dispersed into thin films or 
drops, such as wetted~wall towers, sprays and spray towerst the various packed 
towers, and the like. The packed towers are the most important of the group. 

VENTURI SCRUBBERS 

In these devices, which are similar to ejectors, the gas is drawn into the throat of 
a venturi by a stream of absorbing liquid sprayed into the convergent duct 
section, as shown in Fig. 6.26. The device is used especially where the liquid 
contains a suspended solid, which would plug the otherwise more commonly 
used tray and packed towers, and where low gas-pressure drop is required. These 
applications have become increasingly important in recent years, as in the 
absorption of sulfur dioxide from furnace gases with slurries of limestone, lime, 
or magnesia [51, 59, 68, 116]. Some very large installations (10 m diameter) are 
in service for electric utilities. The cocurrent flow produces only a single stage 

Gas 
out 

liquid in 

t 

t 1...-[ _l 

Separator 

Liquid out 

Nozzle 

Figure 6.26 Venturi scrubber. 
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[54], but this becomes less important when a chemical reaction occurs, as in the 
case of the sulfur dioxide absorbers. Multistage countercurrent effects can be 
obtained by using several venturis [3]. The device is also used for removing dust 
particles from gases [12J. 

WETIED-WALL TOWERS 

A thin film of liquid running down the inside of a vertical pipe, with gas flowing 
either cocurrently or countercurrently, constitutes a wetted-wall tower. Such 
devices have been used for theoretical studies of mass transfer, as described in 
Chap. 3, because the interfacial surface between the phases is readily kept under 
control and is measurable. Industrially, they have been used as absorbers for 
hydrochloric acid, where absorption is accompanied by a very large evolution of 
heat [63]. In this case the wetted-wall tower is surrounded with rapidly flowing 
cooling water. Multitube devices have also been used for distillation, where the 
liquid film is generated at the top by partial condensation of the rising vapor. 
Gas-pressure drop in these towers is probably lower than in any other gas-liquid 
contacting device, for a given set of operating conditions. 

SPRAY TOWERS AND SPRAY CHAMBERS 

The liquid can be sprayed into a gas stream by means of a nozzle which 
disperses the liquid into a fine spray of drops. The flow may be countercurrent, 
as in vertical towers with the liquid sprayed downward, or parallel, as in 
horizontal spray chambers (see Chap. 7). These devices have the advantage of 
low pressure drop for the gas but also have a number of disadvantages. There is 
a relatively high pumping cost for the liquid, owing to the pressure drop through 
the spray nozzle. The tendency for entrainment of liquid by the gas leaving is 
considerable, and mist eliminators will almost always be necessary. t:Jnless the 
diameter /length ratio is very small, the gas will be fairly thoroughly mixed by 
the spray and full advantage of countercurrent flow cannot be taken. Ordinarily, 
however, the diameter/length ratio cannot be made very small since then the 
spray would quickly reach the walls of the tower and become ineffective as a 
spray. 

PACKED TOWERS 

Packed towers, used for continuous contact of liquid and gas in both counter
current and cocurrent flow, are vertical columns which have been filled with 
packing or devices of large surface, as in Fig. 6.27. The liquid is distributed over, 
and trickles down through, the packed bed, exposfng a large surface to contact 
the gas. 
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Figure 6..l7 Packed tower. 
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Packing 

The tower packing. or fill, should offer the following characteristics: 

I. Provide for large interfacial surface between liquid and gas. The surface of 
the packing per unit volume of packed space ap should be large but not in a 
microscopic sense. Lumps of coke, for example, have a large surface thanks 
to their porous structure, but most of this would be covered by the trickling 
film of liquid. The specific packing surface ap in any event is almost always 
larger than the interfacial liquid-gas surface. 

2. Possess desirable fluid-flow characteristics. This ordinarily means that the 
fractional void volume £, or fraction of empty space, in the packed bed 
should be large. The packing must permit passage of large volumes of fluid 
through small tower cross sections without loading or flooding (see below) 
and with low pressure drop for the gas. Furthermore, gas-pressure drop 
should be largely the result of skin friction if possible, since this is more 
effective than form drag in promoting high values of the mass-transfer 
coefficients (see Wetted-wall towers). 

3. Be chemically inert to fluids being processed. 
4. Have structural strength to permit easy handling and installation. 
5. Represent low cost. 

Packings are of two major types, random and regular. 

Random Packings 

Random packings are simply dumped into the tower during installation and 
allowed to fall at random. In the past such readily available materials as broken 
stone, gravel, or lumps of coke were used, but although inexpensive, they are not 
desirable for reasons of small surface and poor fluid-flow characteristics. Ran
dom pac kings most frequently used at present are manufactured. and the 
common types are shown in Fig. 6.28. Raschig rings are hollow cylinders. as 
shown. of diameters ranging from 6 to 100 mm (~ to 4 in) or more. They may be 
made of chemical stoneware or porcelain, which are useful in contact with most 
liquids except alkalies and hydrofluoric acid; of carbon, which is useful except 
in strongly oxidizing atmospheres; of metals; or of plastics. Plastics must be 
especially carefully chosen, since they may deteriorate rapidly with certain 
organic solvents and with oxygen-bearing gases at only slightly elevated temper
atures. Thin-walled metal and plastic packings offer the advantage of lightness 
in weight, but in setting floor-loading limits it should be anticipated that the 
tower may inadvertently fill with liquid. Lessing rings and others with internal 
partitions are less frequently used. The saddle-shaped packings. Berl and Intalox 
saddles, and variants of them, are available in sizes from 6 to 75 mm (~ to 3 in), 
made of chemical stoneware or plastic. Pall rings. also known as Flexirings. 
Cascade rings. and as a variant, Hy-Pak, are available in metal and plastic. 
Tellerettes are available in the shape shown and in several modifications, made 
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Flpre 6.28 Some random tower packings: (a) Raschig rings. (b) Lessing ring. (c) partition ring. (d) 
Berl saddle (courtesy of Maurice A. Knight), (e) lntalox saddle (Chemical Processing Products Division. 
Norton Co.), (f) Tellerette (Ceilcole Company, Inc.). and (g) pall ring (Chemical Processing Products 
Dioision. Norton Co.). 

of plastic. Generally the random packings offer larger specific surface (and 
larger gas-pressure drop) in the smaller sizes, but they cost less per unit volume 
in the larger sizes. As a rough guide, packing sizes of 25 mm or larger are 
ordinarily used for gas rates of 0.25 m3 Is (:::=:; 500 (t3/min), 50 mm or larger for 
gas rates of 1 m3 Is (2000 ftl/min). During installation the packings are poured 
into the tower to fall at random, and in order to prevent breakage of ceramic or 
carbon packings, the tower may first be filled with water to reduce the velocity 
of fall. 

Regular Packings 

These are of great variety. The counterflow trays already considered are a form 
of regular packing, as are the arrangements of Fig. 6.29. The regular packings 
offer the advantages of low pressure drop for the gas and greater possible fluid 
flow rates, usually at the expense of more costly installation than random 
packing. Stacked Raschig rings are economically practical only in very large 
sizes. There are several modifications of the expanded metal packings [105]. 
Wood grids. or hurdles, are inexpensive and frequently used where large void 
volumes are required, as with tar-bearing gases from coke ovens or liquids 
carrying suspended solid particles. Knitted or otherwise woven wire screen, 
rolled as a fabric into cylinders (Neo-Kloss) or other metal gauzelike arrange
ments (Koch-Sulzer, Hyperfil, and Goodloe packings) provide a large interfacial 
surface of contacted liquid and gas and a very low gas-pressure drop. especially 
useful for vacuum distillation [10, 77]. Static mixers were originally designed as 
line mixers, for mixing two fluids in cocurrent flow. There are several designs, 



(0) 

~ ~ ~ ~ Multiloyer 
bent sheet 

EQUIPMENT FOR GAS-LIQUID OPERATIONS 191 
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Flgwe 6.29 ReguJar, or stacked, pickings: (0) Raschig rings. stacked staggered (top view). (b) 
double spiral ring (Chemical Processing Products Dioision, Norlon Co.), (c) section through 
expanded-me tal-lath packing. (d) wood grids. 

but in general they consist of metal eggcratelike devices installed in a pipe to 
cause a multitude of splits of cocurrently flowing fluids into left- and right-hand 
streams~ breaking each stream down into increasingly smaller streams [85], 
These devices have been shown to be useful for countercurrent gas-liquid 
contact [121], with good mass-transfer characteristics at low gas-pressure drop .. 

Tower Shells 

These may be of wood, metal, chemical stoneware, acidproof brick, glass, 
plastic, plastic- or glass-lined metal, or other material depending upon the 
corrosion conditions. For ease of construction and strength they are usually 
circular in cross section. 

Packing Supports 

An open space at the bottom of the tower is necessary for ensuring good 
distribution of the gas into the packing. Consequently the packing must be 
supported above the open space, The support must, of course, be sufficiently 
strong to carry the weight of a reasonable height of packing, and it must have 
ample free area to allow for flow of liquid and gas with a minimum of 
restriction. A bar grid, of the sort shown in Fig. 6.27~ can be used [112]. but 
specially designed supports which provide separate passageways for gas and 
liquid are preferred. Figure 6.30 shows one variety, whose free area for flow is of 
the order of 85 percent and which can be made in various modifications and of 
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Figure 6.30 Muhibeam support plate. (Chemical Process Products Dioision, Norton Co.) 

many different materials including metals, expanded metals} ceramics, and 
plastics. 

Liquid Distribution 

The importance of adequate initial distribution of the liquid at the top of the 
packing is indicated in Fig. 6.31. Dry packing is of course completely ineffective 
for mass transfer} and various devices are used for liquid distribution. Spray 
nozzles generally result in too much entrainment of liquid in the gas to be useful. 
The arrangement shown in Fig. 6.27 or a ring of perforated pipe can be used in 
small towers. For large diameters, a distributor of the type shown in Fig. 6.32 
can be used, and many other arrangements are available. It is generally consid
ered necessary to provide at least five points of introduction of liquid for each 
0.1 m1 (l ft2) of tower cross section for large towers (d > 1.2 m == 4 ft) and a 
greater number for smaller diameters. 

Random Packing Size and Liquid Redistribution 

In the case of random packings, the packing density, i.e., the number of packing 
pieces per unit volume, is ordinarily less in the immediate vicinity of the tower 

Liquid in 

+ 

-Dry 
if"" pocking 

liee~t'lrrjgoted ~ PDcking 

lol 

Liquid ill 
f ~ t t ~ 

ltd 
Figure 6.31 Liquid distribution and packing irriga~ 
tion: (a) inadequate, (b) adequate. 
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FIgure 6.32 Weir-trough liquid distributor. (Chemicals PrDCess Products Division. Norton Co.) 

walls, and this leads to a tendency of the liquid to segregate toward the walls 
and the gas to flow in the center of the tower (channeling). This tendency is 
much less pronounced when the diameter of the individual packing pieces is 
smaller than at least one~eighth the tower diametert but it is recommended that~ 
if possible, the ratio dp / T == 1 : 15. Even so it is customary to provide for 
redistribution of the liquid at intervals varying from 3 to 10 times the tower 
diameter, but at least every 6 or 7 m. Knitted mesh packings placed under a 
packing support (Fig. 6.30) make good redistributors [41]. With proper attention 
to liquid distribution, packed towers are successfully built to diameters of 6 or 
7 m or more. 

Packing Restrainers 

These are necessary when gas velocities are high, and they are generally 
desirable to guard against lifting of packing during a sudden gas surge. Heavy 
screens or bars may be used. For heavy ceramic packing, heavy bar plates 
resting freely on the top of the packing may be used. For plastics and other 
lightweight packings, the restrainer is attached to the tower shell. 

Entrainment Eliminators 

Especially at high gas velocities, the gas leaving the top of the packing may carry 
off droplets of liquid as a mist. This can be removed by mist eliminators, 
through which the gas must pass, installed above the liquid inlet. A layer of 
mesh (of wire, Teflon, polyethylene, or other material) especially knitted with 98 
to 99 percent voids, roughly 100 nun thick, will collect virtually all mist particles 
[18, 124]. Other types of eliminators include cyclones and venetian-blind 
arrangements [53]. A meter of dry random packing is very effective. 
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Figure 6.33 Typical gas pressure 
drop for counterflow of liquid and 
gas in random packings. 

Countercurrent Flow of Liquid and Gas through Packing 

For most random packings, the pressure drop suffered by the gas is influenced 
by the gas and liquid flow rates in a manner similar to that shown in Fig. 6.33. 
The slope of the line for dry packing is usually in the range 1.8 to 2.0, indicating 
turbulent flow for most practical gas velocities. 

At a fixed gas velocity. the gas-pressure drop increases with increased liquid 
rate, principally because of the reduced free cross section available for flow of 
gas resulting from the presence of the liquid. In the region of Fig. 6.33 below A, 
the liquid holdup, i.e., the quantity of liquid contained in the packed bed, is 
reasonably constant with changing gas velocity. although it increases with liquid 
rate. In the region between A and B, the liquid holdup increases rapidly with gas 
rate. the free area for gas flow becomes smaller, and the pressure drop rises more 
rapidly. This is known as loading. As the gas rate is increased to B at fixed liquid 
rale, one of a number of changes occurs: (I) a layer of liquid. through which the 
gas bubbles. may appear at the top of the packing; (2) liquid may fill the tower, 
starting at the bottom or at any intermediate restriction such as a packing 
support, so that there is a change from gas-continuous liquid-dispersed to 
liquid-continuous gas-dispersed (inversion); or (3) slugs of foam may rise 
rapidly upward through the packing. At the same time, entrainment of liquid by 
the effluent gas increases rapidly, and the tower is flooded. The gas pressure drop 
then increases very rapidly. The change in conditions in the region A to B of 
Fig. 6.33 is gradual, and initial loading and flooding are frequently determined 
by the change in slope of the pressure-drop curves rather than through any 
visible effect. It is not practical to operate a tower in a flooded condition; most 
towers operate just below, or in the lower part of, the loading region. 
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Figure 6.34 Flooding and pressure drop in random-packed towers. For 81 units 8c := I. CJ from 
Table 6.3, and use J = L For G' = Ib/ft2 • h. p :: Ib/fl3, JJ.L = cP, gc :.:: 4.18 X 108, C1 from Table 
6.3, and use J = 1.502. [CoordiJlates of Eckert [38], Chemical Process Products Division, Norton Co.) 

Flooding and Loading 

Flooding conditions in random packings depend upon the method of packing 
(wet or dry) and settling of the packing [76). The upper curve of Fig. 6.34 
correlates the flooding data for most random packings reasonably well. More 
specific data are in the handbooks [47] or are available from the manufacturers. 
The limit of loading cannot readily be correlated. 

Typically, absorbers and strippers are designed for gas~pressure drops of 200 
to 400 Njm2 per meter of packed depth (0.25 to 0.5 inH20jft), atmospheric
pressure fractionators from 400 to 600 (Njm2)jm. and vacuum stills for 8 to 40 
(Njm2)jm (0.01 to 0.05 inH20jft) [38]. Values of Cj which characterize the 
packings are given in Table 6.3 (these and other values in Table 6.3 change with 
changes in manufacturing procedures, so that the manufacturers should be 
consulted before completing final designs). Flooding velocities for regular or 
stacked packings will generally be considerably greater than for random 
packing. 
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Table 63 Characteristics of random packingst 

Nominal size, mm (in) 

Packing 6G) 9.5 G) 13{D 16(D 19(D 25 (1) 32 (I}) 38 (It) 50(2) 76 (3) 89(34) 

Raschig ring 

Ceramic: 
Wan thickness, mm 0.8 1.6 2.4 2.4 2.4 3 4.& 4.8 6 9.5 
Cf 1600 1000 580 380 255 155 125 95 65 37 

CD 909 749 457 301 181.8 135.6 
£ 0.73 0.68 0.63 0.68 0.73 0.73 0.74 0.71 0.74 0.78 

apt ml/ml (ft2/ft') 787 (240) 508 (ISS) 364 (I II) 328 (100) 262 (SO) 190(58) 14K (45) 125 (38) 92 (28) 62 (19) 

Metal: 
O.S-mm wall: 

C, 700 390 300 170 155 115 

l!. 0.69 0.84 0.88 0.92 

~,ml/ml (ft2/ft3) 774 (236) 420 (28) 274 (83.5) 206 (62.7) 

I.()..mmwall: 

C, 410 290 220 137 110 83 57 32 

Co 688 431 48S 304 172.9 133.5 
l! 0.73 0.78 0.85 0.87 0.90 0.92 0.95 

a" m1/m3 (ft1/rt3) 387 (liS) 236 (71.8) 186 (56.7) 162 (49.3) 135 (41.2) 103 (31.4) 68 (20.6) 



Pall rings 

Plastic: 

0 97 52 40 25 16 

Co 201 105.2 61.8 47.5 23.9 
e 0.87 0.90 0.91 0.92 0.92 

a,. m''/ml (rr /ftl) 341 (104) 206 (63) 128 (39) 102 (31) 85 (26) 

Metal: 
CJ 70 48 28 20 16 

CD 133.4 95.5 56.6 36.5 
e 0.93 0.94 0.95 0.96 

Q,. (fll/hl ) 341 (104) 206 (63) 128 (39) 102 (31) 

Flexirings: 

C, 78 45 28 22 18 
( 0.92 0.94 0.96 0.96 0.97 

~. (ftl/ft:!) 345 (105) 213 (65) 131 (40) 115 (35) 92 (28) 

Hy·pa.k::t 
C, 45 18 15 

CD 88.1 28.7 26.6 

e 0.96 0.97 0.97 

s 
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Table 6.3 Continued 

Nominal size. m.m (in) 

Packing 6(D 9.5 CD 13"(n 16(D 19(D 25 (I) 32 (l~) 38(1"n 50 (2) 76 (3) 89 (3f) 

Berl saddles 

Ceramic: 
C, 900 240 110 110 65 45 

CD 508 295 184 
l! 0.60 0.63 0.66 0.69 0.75 0.72 
a". m1/m3 (ft2/ft'l) 899 (274) 466 (142) 269 (82) 249 (76) 144 (44) 105 (32) 

Intalolt saddles 

Ceramic: I CJ 725 330 200 145 98 52 40 22 
CD 399 256 241.5 96.2 71.3 40.6 
l! 0.75 0.78 0.77 0.775 0.81 0.79 
q,. m2/m3 (fil/ftl) 984 (300) 623 (190) 335 (102) 256 (78) 195 (59.5) 118 (36) 

Plastic: 
Cj 33 21 16 

CD 96.7 56.5 30.1 
l! 0.91 0.93 0.94 

! 
apt m2/m3 (£tI/ft) 207 (63) lOS (33) 89 (27) 
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Super Intalox 

Ceramic:i 
Cf 60 30 

CD 123 63.3 
t 0.79 0.81 
~, m2/m3 (ftl 1ft'S) 253 (77) 105 (32) 

Plastic::!: 
C, 33 21 16 

CD 19.5 53.5 30.1 
e 0.90 0.93 0.94 

a". ml /m3 (ftl Ift') 207 (63) 108 (33) 89 (27) 

Tellerettes 

Plastic:: 67-mm 95-mmi (R) 

C, 40 20 
e 0.87 0.93 0.93 0.92 
a", m2/m) (rt2 If(3) 180 (55) 112 (34) 112 (34) 

t Data are for wet-dumped packing from Chemical Process Products Division, Norton Co.; Koch Engineering Co.; Ceilcote Co.; Chemical 
Engineering Progress, and Chemical Engineering. 

:t: Sizes, 1,2, and 3. 



Pressure Drop for Single-Phase Flow 

The pressure drop suffered by a single fluid in flowing through a bed of packed 
solids such as spheres, cylinders, gravel, sand, etc., when it alone rills the voids in 
the bed, is reasonably well correlated by the Ergun equation [42] 

6.p gce3d
pPg = 150(1 - e) + 1.75 

Z (I - £)G /2 Re 
(6.66) 

This is applicable equally well to flow of gases and liquids. The term on the left 
is a friction factor. Those on the right represent contributions to the friction 
factor, the first for purely laminar flow, the second for completely turbulent 
flow. There is a gradual transition from one type of flow to the other as a result 
of the diverse character of the void spaces, the two terms of the equation 
changing their relative importance as the flow rate changes. Re = ~G'/p., and 
~ is the effective diameter of the particles, the diameter of a sphere of the same 
surface/volume ratio as the packing in place. If the specific surface is Dp. the 
surface per unit volume of the particles is Dp/(l - e), and from the properties of 
a sphere 

d = 6(1 - e) 
P Q

p 

(6.67) 

This will not normally be the same as the nominal size of the particles. 
For flow of gases at G' greater than about 0.7 kg/m2 • s (500 Ib/ft2 • h), the 

first term on the right of Eq. (6.66) is negligible. For a specific type and size of 
manufactured tower packing, Eq. (6.66) can then be simplified to the empirical 
expression 

6.p G,2 
-=c-Z D Pc 

Values of CD for SI units are listed in Table 6.3.t 

Pressure Drop for Two-Phase Flow 

(6.68) 

For simultaneous countercurrent flow of liquid and gas, the pressure-drop data 
of various investigators show wide discrepancies due to differences in packing 
density and manufacture, such as changes in wall thickness. Estimates therefore 
cannot be expected to be very accurate. For most purposes the generalized 
correlation of Fig. 6.34 will serve. The values of Cf are found in Table 6.3. More 
elaborate data for particular packings are available from the manufacturers. 

lUustration 6.5 Sulfur dioxide is to be removed from gas with the characteristics of air by 
scrubbing with an aqueous ammonium salt solution in a tower packed with 25-mm ceramic 
Inlalox saddles. The gas, entering at tbe rate 0.80 m3/s (1690 ft3/min) at 30°C, I bar, contains 
7.0% S02. which is to be nearly completely removed. The washing solution will enter at the rate 

t For G' in Ib/rt2
• h. PG in lb/n3, and Ap/Z in inH20/ft. multiply the values of CD from Table 

6.3 by 1.405 x 10- 1°, 
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3.8 kg/s (5021b/min) and has a density 1235 kg/m3 (77 Ib/ft3), viscosity 2.5 X 10-3 kg/m . s 
(2.5 cPl. (a) Choose a suitable tower diameter. (b) If the irrigated packed height is 8.0 m (26.25 
ft), and if I m of 25-mm ceramic Intalox saddles is used above the liquid inlet as an 
entrainment separator, estimate the power requirement to overcome the gas-pressure drop. The 
overall efficiency of fan and motor is 60%. 

SOLUTION (a) Since the larger flow quantities are at the bottom for an absorber, the diameter 
will be chosen to accommodate the bottom conditions. 

Av mol wt gas in "" 0.07(64) + 0.93(29) = 31.45 kg/kmol 

. 273 0.987 I 
Gas In = 0.80 303 ---r.o 22.41 = 0.0317 kmol/s 

or 0.0317(31.45) = 0.998 kg/s 

= 0.998 kg/s = 1.248 k /m3 
PG 0.80 m3/s g 

Assuming essentially complete absorption. S02 removed = 0.0317(0.07)(64) ... 0.1420 kg/so 

Liquid leaving = 3.8 + 0.1420 = 3.94 kg/s 

L' ( PG )0.5 3.94 ( 1.248 )0.5 
G' PL "'" 0.998 1235 sa 0.125 

In Fig. 6.34 use a gas-pressure drop of 400 {N/m2)/m. The ordinate is therefore 0.061. For 
25-mm ceramic In tal ox saddles, Cf = 98 (fable 6.3). Therefore, 

G' "" [O.06IPdPL - PG)gc ]0.5 "" [ 0.061(1.248)(1235 - 1.248) ]0.5 
CfllL O.IJ 98(2.5 x 10- 3)0.1( 1.0) 

= 1.321 kg/m2 • s 

The tower cross-sectional area is therefore (0.998 kg/s)/(1.321 kg/m2 • s) :=: 0.756 m2• 

T JIIIII [4(0.756)/1Tfs = 0.98 m, say 1.0 m diameter Am. 

The corresponding cross-sectional area is 0.785 m2. 
(b) The pressure drop for the 8.0 m of irrigated packing is approximately 400(8) = 

3200 N/m2• 

For the dry packing. gas flow rate co G' "" (0.998 - 0.1420)/0.785 .. 1.09 kg/m2 • s at a 
pressure of 100 000 - 3200 ... 96 800 N/m2. The gas density is 

29 273 96 800 3 
PG = 22.41 303 101 330 "" 1.I14 kg/m 

Table 6.3: CD for this packing ... 241.5 for SI units. Eq. (6.68): 

I1p - 241.5(1.09)2 sa 258 N/m2 for 1 m of packing 
Z 1.114 

The total pressure drop for packing is therefore 3200 + 258 ... 3458 N/m2. To estimate fan 
power, to this must be added the pressure drop for the packing supports and liquid distributor 
(negligible for a well-designed apparatus) and inlet ex~ion and outlet contraction losses for 
the gas. For a gas velocity in the inlet and outlet pipe of 7.5 mIs, the expansion and 
outlet-contraction losses would amount at most to 1.5 velocity heads, or 1.5 Vl/28c -
1.5(7.5)2/2(1) - 42 N . m/kg or (42 N . m/kgXl.24 kg/m3) - 52.1 N/m2. The fan power 
output for the tower is therefore estimated as 

(3458 + 52) N/m2]{(0.998 - 0.147)kg/s] _ 2681 N . m/s _ 2.681 kW 
1.114 kg/m3 

The power Cor the fan [!Jotor is then 2.681/0.6 - 4.469 kW .. 6 hp. 



MASS-TRANSFER COEFFICIENTS FOR PACKED TOWERS 

When a packed tower is operated in the usual manner as a countercurrent 
absorber or stripper for transfer of solute between the gas and liquid, the rate of 
solute transfer can be computed from measured values of the rate of gas and 
liquid flow and the bulk concentrations of solute in the entering and leaving 
streams. As explained in Chap. 5, because of the impossibility of measuring 
solute concentrations at the gas-liquid interface, the resulting rates of mass 
transfer can be expressed only as overall coefficients, rather than as coefficients 
for the individual fluids. Further, since the interfacial area between gas and 
liquid is not directly measured in such experiments, the flux of mass transfer 
cannot be determined, but instead only the rate as the product of the flux and 
the total interfacial area. By dividing these rates by the volume of the packing, 
the results appear as volumetric overall coefficients, Kxa, Kya, Kaa, Foaa, FOLo, 
etc., where 0 is the interfacial surface per unit packed 'volume. 

The individual fluid mass-transfer coefficients (kx' kY' Fv Fa) and the 
interfacial area a which make up these overall volumetric coefficients are 
differently dependent upon fluid properties, flow rates, and type of packing. The 
overall volumetric coefficients are therefore useful only in the design of towers 
filled with the same packing and handling the same chemical system at the same 
flow rates and concentrations as existed during the measurements. For general 
design purposes, the individual coefficients and the interfacial area are neces
sary. 

To obtain individual coefficients$ the general approach has been to choose 
experimental conditions such that the resistance to mass transfer in the gas 
phase is negligible in comparison with that in the liquid. This is the case for the 
absorption or desorption of very insoluble gases, e.g., oxygen or hydrogen in 
water [see Eq. (5.14)] [106]. Measurements in such systems then lead to values of 
k;xa. kLo, and FLa, which can be correlated in temlS of system variables. There 
are evidently no systems involving absorption or desorption where the solute is 
so soluble in the liquid that the liquid-phase resistance is entirely negligible. But 
by subtracting the known liquid resistance from the overall resistances (see 
Chap. 5), it is possible to arrive at the gas-phase coefficients kya; kGo, and Faa 
and to correlate them in terms of system variables. 

Another approach to obtaining pure gas-phase coefficients is to make 
measurements when a pure liquid evaporates into a gas. Here there is no liquid 
resistance since there is no concentration gradient within the liquid. The result
ing volumetric coefficients kyo and Faa, however, do not agree with those 
obtained in the manner first described above. The reason is the different 
effective interfacial areas, as explained below. 

Liquid Holdup 

Holdup refers to the liquid retained in the tower as films wetting the packing 
and as pools caught in the crevices between packing particles. It is found that 
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the total holdup CPu is made up of two parts, 

CPLt = CPLO + <PLs (6.69) 

where q,L.1 is the static and q,Lo the operating, or moving. holdup, each expressed 
as volume liquid/packed volume. The moving holdup consists of liquid which 
continuously moves through the packing, continuously replaced regularly and 
rapidly by new liquid flowing from above. On stopping the gas and liquid flow, 
the moving holdup drains from the packing. The static holdup is liquid retained 
as pools in protected interstices in the packing, largely stagnant, and only slowly 
replaced by fresh liquid. On stopping the flows, the static holdup does not drain. 

When absorption or desorption of a solute occurs, involving transfer of a 
solute between the bulk liquid and gas, the liquid of the static holdup rapidly 
comes to equilibrium with the adjacent gas, and thereafter its interfacial surface 
contributes nothing to mass transfer except as it is slowly replaced. For absorp
tion and desorption, therefore. the smaller area offered by the moving holdup is 
effective. When evaporation or condensation occurs with the liquid phase a 
single. pure component, however. the area offered by the total holdup is 
effective since the liquic then offers no resistance to mass transfer. 

Mass Transfer 

For most of the standard packings, data for KGa or the equivalent H tOG are 
available in handbooks [47] or from manufacturers' bulletins for specific sys
tems. For some of the packings, data for kGa (or HrG) and kLa (or BtL) are also 
available, and attempts have been made to correlate these generally in tenns of 
operating conditions [30, 46, 47, 94]. 

For Raschig rings and Berl saddles, Shulman and coworkers [107] have 
established the nature of the area-free mass-transfer coefficients kG by passing 
gases through beds filled with packings made with naphthalene, which sublimes 
into the gas. By comparing these with kGa's from aqueous absorption [48] and 
other systems the interfacial areas for absorption and vaporization were ob
tained. The data on kLa's [106] then provided the correlation for kL' the 
liquid-phase coefficient. Their work is summarized as follows. 

For Raschig rings and Berl saddles. the gas-phase coefficient is given byt 

G G = G B,M G = 1.195 _~s __ 7"" 
F Sc 2/3 k {J Sc 2/3 [d G' ]-0.36 

G G J.LG(l - ELb) 
(6.70) 

where fLo' the operating void space in the packing, is given by 

fLo = E - 4>Lt (6.71) 
and ~ is the diameter of a sphere of the same surface as a single packing particle 

t Thej fonn of Eq. (6.70). with the t exponent on Sea. correlates the data well. although it is 
inconsistent with the surface-renewal-theory approach. which is generally accepted for fluid inter
faces. and with the correlation of Eq. (6.72). 



(not the same as dp ). The fluid properties should be evaluated at aver3.ge 
conditions between interface and bulk gas. The liquid coefficient is given by 

(6.72) 

Since the liquid data were obtained at very low solute concentrations, kL can be 
converted to FL through FL = kLc, where c is the molar density of the solvent 
liquid. There may be an additional effect not included in Eq. (6.72). If con
centration changes result in an increase in surface tension as the liquid flows 
down the column, the liquid film on the packing becomes stabilized and the 
mass-transfer rate may become larger. If the surface tension decreases, the film 
may break up into rivulets and the mass-transfer rate decreases [127]. Definite 
conclusions cannot yet be drawn [16]. 

The interfacial areas for absorption and desorption with water or very dilute 
aqueous solutions aAW are given for conditions below loading by Shulman in an 
extensive series of graphs, well represented by the empirical expressions of Table 
6.4. For absorption or desorption with nonaqueous liquids, the area is aA , given 
by 

(6.73) 

and for contact of a gas with a pure liquid, as in vaporization, the areas are 

av = O.8SaA <Pu 
<PLo 

O 85 <PLIW 
aVW = . a AW--

<PLAW 

(6.74) 

(6.75) 

The subscript W indicates water as the liquid. The holdup data are summarized 
in Table 6.5. Although these data are based on work with absorption, desorp
tion. and vaporization, the evidence is that the same coefficients apply to 
distillation in packed towers [89]. In distillation, aA's should be used. 

D1ustradoD 6.6 A tower packed with 38·mm (l.S-in) Bed saddles is to be used for absorbing 
benzene vapor from a dilute mixture with inert gas. The circumstances are: 

Gtu Av mol wt ... II. viscosity ... 10- 5 kg/m· s (0.01 cP); 27"C, P, - 107 kN/m'2 
(803 mmHg), DG = 1.30 x 10-5 m2 Is (0.504 H2/h), flow rate G' ... 0.716 kg/m2 • s (528 
Ih/ft2 • h). 

Liquid Av mo) wt 11: 260. viscosity = 2 X 10-3 kg/m· s (2.0 cPl. density - 840 kg/ml 
(52.4 Ib/ft3), surface tension'" 3.0 X 10-2 N/m (30 dyn/cm), DL '" 4.71 X 10- 10 mlls 
(1.85 X 10-5 ft2/h). flow rate L' ... 2.71 kg/m2 • s (2000 Ib/ft2 • h). 

Compute the volumetric mass-transfer coefficients. 
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Table 6.4 Interfacial area for absorption and desorption, aqueous liquidst 
For conditions below loading, aAW = m(808G'/PGO.5rL'p; use only (or SI units: L' and G' kg/m2

• s 

[or (lbJh ft2XO.OO1356)) and PG kg/m3 [or (lbJft3)(16.0 I 9»); aAW = m 2Jm3; divide by 3.281 for 
H2/ftl ; the original data cover L' up to 6.1 kg/m2 • s (4500 Ib/ft2 • b); extrapolation to L = 
to.2 kg/m2 • s (7500 Ib/ft2 • b) has been suggested [107] 

Nominal 
size Range of L' 

Packing mm in kg/m2 • s Ib/ft2 • h m n p 

Raschig 13 0.5 0.68-2.0 500-1500 28.01 0.2323 L' - 0.30 -1.04 
rings 2.0-6.1 1500-4500 14.69 0.01114L' + 0.148 -0.111 

2S 0.68-2.0 500-1500 34.42 0 0.552 
2.0-6.1 1500-4500 68.2 0.0389 L' - 0.0793 -0.47 

38 l.5 0.68-2.0 500-1500 36.5 0.0498L' - 0.1013 0.274 
2.0-6.1 1500-4500 40.11 O.OI09IL' - 0.022 0.140 

50 2 0.68-2.0 500-1500 31.52 0 0.481 
2.0-6.1 1500-4500 34.03 0 0.362 

Ber! 
saddles 13l O.5t 0.68-2.0 500-1500 16.28 0.0529 0.761 

2.0-6.1 1500-4500 25.61 0.0529 0.170 
2S§ II 0.68-2.0 500-1500 52.14 O.0506L' - 0.1029 0 

2.0-6.1 1500-4500 73.0 0.0310L' - 0.0630 -0.359 
38§ 1.5§ 0.68-2.0 500-1500 40.6 -0.0508 0.455 

2.0-6.1 1500-4500 62.4 0.024OL' - 0.0996 -0.1355 

t Data of Shulman, et al. [107]. 
t For G' < 1.08 kg/m2 • s (800 lb/ft2 • b) only. For higher values, see Shulman, A IChE J., 1, 253 

(1955). figs. 16 and 17. 
§ It bas been shown that constants for L' = 0.68 to 2.0 may apply over the range L' = 0.68 to 6.1 

[99). This may reflect some change in the sbape of the packing over the years. 

SOLlmaN For the gas, 

::= _11_ 1.07 X l~ 273 _ 3 
PG 22.41 1.0133 X lOS 273 + 27 - 0.472 kg/m 

Sc =.J:!!L = 1 X 10-
5 

= 1.630 
G PGDG 0.472(1.30 X 10-5) 

G' = 0.716 kg/m2 • s 
0.716 

G :::: -11- = 0.0651 kmoljm2 • s 

For the liquid, 



t..J 

~ 
Table 6.5 Liquid holdup in packed towers 
CPu "'" CPL<> + CPu CPl..lW "'" 'PL<>W + WuW CPL<> "'" CfJL<>WH Use only SI units: L' in kg/mz, s - (lb/ft2

• hXO.OO1356); 

PI.. in kg/m3 "" Ob/ft3)(16.019); J1.[. in kg/m . s '""' cP(O.OOl); a in N/m - (dyn/cm)(OJJOI); 'P is dimensionless 

Nominal size <I.. 'PLs Water, /J.L, H 

Packing mm in m ordinary temperatures kg/m· s 

Ceramic 13 O.S 0.01774 
(J - 1.508d,o.376 <0.012 975.7 L,O·S7jJ.LO. IJ (_0_) 0.(7)7-0 .• 6211>, L' 

Raschig 25 1 0.0356 0.04861'-L omo o.99 2.47 X 10- 4 PLO•84(2.024L -0.430 _ I) 0.073 

rings 38 1.5 0.0530 d
J

1.2 IpLO.J7 
Cf'LJW'" d 1.21 

J 

50 2 0.0725 

(2.09 X IO-6)(737.5L')'1 >0.012 2168L,D.57PLOJI (_"_) 0.1737-0.26210, L' 

Cf'LtW -
d/ PL o.84(2.024L'°AlO - I) 0.073 

Carbon 25 I 0.01301 
{J ... 1.1 04d,o.376 <0.012 <W7.9L'o.S7I'-LD.1) (_°_)°.1737-0.162101 L' 

Raschig 38 1.5 0.0543 0.023711-2"°20 0.2J 5.94 X 10- 4 PL 0.84(1.393 L -0.315 - I) 0.073 

rings 50 2 0.0716 d
J 

1.21 PL 0.37 
CPLJIV - d,I.21 

Cf'Ltw'" 
(7.34 X IO-6)(737.SL'/ 

d/ 
>0.012 

901 L,0·S7jJ.LO.31 (_0_)0.1737-0,26211>' L' 

PLD.84(1.393L,D.JlS - I) 0.073 

Ceramic 13 0.5 0.31622 
(J "'" I.S08d,o.316 <0.020 I404L,D.57pL D.ll (_0_) 0.2117-0.26210, L' 

Bert 25 I 0.0320 4.23 x to- 3JLLD·(loIOD.5S 5.014 X 10-5 PLo.S4(3.24L.o·41) - I) 0.073 

saddles 38 1.5 0.0472 d
s 

I.S6PL 0.37 Cf'ulV -
d,I.S6 

(2.32 X 1O-6)(737.5L)P 
>0.020 

2830L,O,S71'L. 0.31 (_0 _) D.2RI77 -0.26210& L' 
!PLtIY "" 2 

d. PLo.84(3.24L,D.4IJ - I) 0.073 

t Data or Shulman, et al. (107). 
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Holdup Table 6.5: 

L' = 2.71 kg/m2 • s rIs = 0.0472 m p"" 1.508d .. o.376 ,.. 0.478 

== 5.014 x 10-
5 

= .5 86 X 10-3 3 I 3 
'PLsW rIs 1.56 • m m 

'PLtW 

CPLoW = CPLtW - CPLsW 0.0335 m3/m3 

1404L ,(),57p.L 0.13 ( (1 )°.2817-0.262101 L' 
H= --

PLo·s..(3.24L,o.4IJ -!) 0.073 

= 0.855 
'PLo = CPLowH = 0.0335(0.855) = 0.0286 

_ 4.23 X 1O-3p.L..o.G4oo.ss _ -3 :I :I 
'PLs - d

s 
I.S6

PL 
0.37 - 4.65 X 10 m 1m 

CPtl == CPLo + CPLs = 0.0286 + 4.65 X 10-3 = 0.0333 m3/m3 

Interfacial ana Table 6.4: 

Eq. (6.73): 

Table 6.3: 

Eq. (6.71): 

Eq. (6.70): 

Eq. (6.72): 

m = 62.4 

p == -0.1355 

e = 0.75 

n = 0.024OL' 0.0996 = -0.0346 

m( 808G' )It L'P = 43.8 m'2/m3 
PGo.s 

43.8(0.0286) =: 37 4 21 :I 
0.0335 . m m 

fLo = £ - 'PLI == 0.75 - 0.0333 "" 0.717 

Fo(1.630)2/3 = t.l95[ 0.0472(0.716) ] -0.36 

0.0651 (I x 1O-S)(1 - 0.117) 

FG "" 1.914 X 10-3 kmol/m2 • s :; kGPB. M 

kL(O.0472) "" 2.5.1 [ 0.0472(2.71) J0.-45(499O)0.5 
4.17 X 10- 10 0.002 

kL ,.. 1.156 X 10-4 kmol/m2 • s . (kmol/m3) 

Since the data for kL were taken at very low concentrations, this can be converted into 
FL = kLc, where c 840/260 ... 3.23 kmol/m3 molar density. Therefore FL :: (1.156 X 
10-4)(3.23) "" 3.73 X 10-4 kmol/m2 • s"" kLXa, MC, The volumetric coefficients are 

FOaA == (1.914 X 10-3)(37.4) = 0.0716 kmol/m3 • s = k,QAPB. M 

FLQA = (3.73 X 10- 4)(37.4) = O.0l4Okmol/m3 • s == kLoAXS,MC 

Illustration 6.7 A tower packed with 50-mm (2-in) ceramic Raschig rings is to be used for 
dehumidification of air by countercurrent contact with water. At the top of the tower, the 
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conditions are to be: 
Water: flow rate = S5 kg/m2 • s (4060 tb/ftl • h), temp'"" IS"C. 
Air: flow rate"" 1.10 kg/ml . s (811 lb/ftl . b), temp'" 20c e, I std atm, essentially dry. 
Compute the transfer coefficients for the top of tbe tower. 

SOLUTION For the gas, G' = 1.10 kg/m2 , s, G = 1.10/29 = 0.0379 kmol/m2 • S, IJ.G = 1.8 X 

lO-s kg/m . s, Sea = 0.6 for air-water vapor, and 

29 273 3 
Po :m: 22.41 293 = 1.206 kg/m 

For the liquid, L' = 5.5 kg/m2 • s. Table 6.5: 

d
J 

... 0.0725 m f.J = I.S08d
J 
0.376 = 0.562 

{2.09 x 1O-6)(737.5L')P 0lu24 3/ l 
lPLtW'" 2 "" .~ m m 

d., 

"'" 2,47 X 10-
8 

"'" 5 91 X 10-3 3/ 3 
'PLJW d 1.21 • m m 

J 

q>LoW "'" lPLrW - q>LsW ... 0.0424 - 5.91 x 10-3 = 0.0365 m3/m3 

Table 6.4: 
m = 34.03, n = 0, P ... 0.362. 

Eq. (6.75): 

-PLtW 8 (6 ) 0.0424 6 2/ 1 
aVW "" 0.850" w-- = O. 5 3.1 00365 - 2.3 m m 

q>LoW • 

Table 6.3: 

e .. 0.74, ELo "'" e - q>LIW "" 0.74 - 0.0424 = 0.698. 

Eq. (6.70): 

Fa(0.6)2/3 == 1.195[ 0.0725(1.10) ] -0.36 = 0.0378 
0.0379 (1.8 x 10- S)(1 0.698) 

Fa'" 2.01 X 10-3 kmol/ml • s 

FaQvw "" (2.01 x 10-3)(62.3) - 0.125 kmoljml . s .... kGQVWPB. M 

Since the liquid is pure water, it has no mass-transfer coefficient. However, for sllch 
processes (see Chap. 1), we need convection beat-transfer coefficients for both gas and liquid. 
These can be estimated, in the absence of directly applicable data, through the heat- mass
transfer analogy. Thus, from Eq. (6.70), and assumingjD - jH' 

h 
jH .. C ~J Pral/3 "" 0.0378 

p 

where Ira is the gas-phase heat-transfer coefficient. For air, Cp .. 1005 N . mjlcg . K. Pra -
0.74. 

h II:< O.0378CI'G' _ 0.0378(1005)(1.10) _ 51.1 Wjm2 • K 
a Pra2/l (0.74)2/3 

Similarly, the heat-transfer analog of Eq. (6.72) is 

Nu ... hLdz _ 25.1 ( dzL' )0.45 PrLo.S 
kth P.L 
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where hL is the liquid-phase heat-transfer coefficient. ktlJ = 0.587 W 1m· K and PrL = 
CpJl.d ktlJ = 4187(1.14 x 10:- 3)/0.587 = 8.1. Therefore 

h = 25.1 kill (dsL
I 

)0.45 Pr o.~ = 25.1{0.587) [ 0.0725(5.5) ]0.45{8.1)0.5 
L ds ILL L 0.0725 1.14 X 10- 4 

= 8071 W/m2 • K 

The corresponding volumetric coefficients are 

haavw = 51.1(62.3) = 3183 W 1m3 • K 

hLavw = 8071(62.3) = 503000 W 1m3 • K 

COCURRENT FLOW OF GAS AND LIQUID 

Cocurrent flow of gas and liquid (usually downward) through packed beds is 
used for catalytic chemical reaction between components of the fluids, the 
catalyst usually being some active substance supported upon granular ceramic 
material. Such arrangements are known as trickle-bed reactors. For the strictly 
diffusional separation processes, where the packing is inactive and merely 
provides a means of producing interfacial surface, it should be recalled that 
cocurrent flow can produce no better than one theoretical stage of separation. 
This is sufficient for substantially complete separation where chemical reaction 
accompanies the .diffusional separation, e.g., in the absorption of hydrogen 
sulfide into a strongly basic solution such as aqueous sodium hydroxide. For 
these situations, there is the advantage that flooding is impossible: there is no 
upper limit for the permissible flow rates. In the absence of reaction, however, 
cocurrent flow rarely i? useful. 

Practically all the available data concern conditions suitable for catalysis, 
with small packing particles (small spheres, cylinders, and the Wee) which are the 
catalyst supports. Very complete reviews of pressure drop and mass-transfer for 
such situations are available [100, 103]. 

END EFFECfS AND AXIAL MIXING 

In addition to that occurring within the packed volume, there will be mass 
transfer where the liquid is introduced by sprays or other distributors and where 
it drips off the lower packing support. These constitute the end effects . For 
proper evaluation of the packing itself, correction of experimental data must be 
made for these effects, usually by operating at several packing heights followed 
by extrapolation of the results to zero height. New equipment designed with 
uncorrected data will be conservatively designed if shorter than the experimental 
equipment but underdesigned if taller. Alternatively, equipment designed with 
corrected data will include a small factor of safety represented by the end 
effects. The data represented by Eqs. (6.69) to (6.75) and Tables 6.4 and 6.5 are 
believed to be reasonably free of ep.d effects. 
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As will be clear in later chapters) the equations generally used for design, 
which are the same as those used for computing mass-transfer coefficients from 
laboratory measurements, are based on the assumption that the gas and liquid 
flow in piston, or plug, flow, with a flat velocity profile across the tower and 
with each portion of the gas or liquid having the same residence time in the 
tower. Such is not actually the case. Nonuniformity of packing and maldistribu
tion of liquid may lead to channeling, or regions where the liquid flow is 
abnormally great; the liquid in the static holdup moves forward much more 
slowly than that in the moving holdup; drops of liquid falling from a packing 
piece may be blown upward by the gas. Similarly the resistance to gas flow at 
the tower walls and in relatively dry regions of the packing is different from that 
elsewhere; the downward movement of liquid induces downward movement of 
the gas. As a result, the purely piston-type flow does not occur, and there is a 
relative movement within each fluid parallel to the axis of the tower, variously 
described as axial mixing, axial dispersion, and back mixing. Axial dispersion is 
the spreading of the residence time in unidirectional flow owing to the departure 
from purely piston-type, or plug, flow; the fluid particles move forward but at 
different speeds. Back mixing is the backward flow in a direction opposite to 
that of the net flow, caused by frictional drag of one fluid upon the other~ spray 
of liquid into the gas (entrainment), and the like. The transport of solute by 
these mechanisms is usually described in terms of an eddy diffusivity. For 
gas-liquid packed towers [19, 28, 123] many of the data scatter badly. For 
25~mm Be'rI saddles and Raschig rings, and 50-mm Raschig rings, axial mixing 
in the liquid is more important than that in the gas [36]. Such transport of solute 
reduces the concentration differences for interphase mass transfer. The true 
mass-transfer coefficients are undoubtedly larger than those we customarily use, 
since the latter have not been corrected for axial mixing. The effect is strong for 
spray towers, which are relatively poor devices for separation operations as a 
result. Fortunately the effects appear not to be large for packed towers under 
ordinary circumstances. 

In tray towers, entrainment of liquid in the gas is a form of back mixing, 
and there are back mixing and axial mixing on the trays, which we have already 
considered. In sparged vessels, the liquid is essentially completely back-mixed to 
a uniform solute concentration. Both phases are largely completely mixed in 
mechanically agitated vessels. 

TRAY TOWERS VS. PACKED TOWERS 

The following may be useful in considering a choice between the two major 
types of towers. 

l. Gas-pressure drop. Packed towers will ordinarily require a smaller pressure 
drop. This is especially important for vacuum distillation. 

2. Liquid holdup. Packed towers will provide a substantially smaller liquid 
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holdup. This is important where liquid deterioration occurs with high 
temperatures and short holding times are essential. It is also important in 
obtaining sharp separations in batch distillation. 

3. Liquidj gas ratio. Very low values of this ratio are best handled in tray 
towers. High values are best handled in packed towers. 

4. Liquid cooling. Cooling coils are more readily built into tray towers; and 
liquid can more readily be removed from trays, to be passed through coolers 
and returned, than from packed towers. 

5. Side streams. These are more readily removed from tray towers. 
6. Foaming systems. Packed towers operate with less bubbling of gas through 

the liquid and are the more suitable. 
7. Corrosion. Packed towers for difficult corrosion problems are likely to be 

less costly. 
8. Solids present. Neither type of tower is very satisfactory. Agitated vessels 

and ven turi scrubbers are best but provide only a single stage. If multistage 
countercurrent action is required. it is best to remove the solids first. Dust in 
the gas can be removed by a venturi scrubber at the bottom of a tower. 
Liquids can be filtered or otherwise clarified before entering a tower. 

9. Cleaning. Frequent cleaning is easier with tray towers. 
10. Large temperature fluctuations. Fragile pac kings (ceramic, graphite) tend to 

be crushed. Trays or metal packings are satisfactory. 
II. Floor loading. Plastic packed towers are lighter in weight than tray towers, 

which in turn are lighter than ceramic or metal packed towers. In any event, 
floor loadings should be designed for accidental complete filling of the 
tower with liquid. 

12. Cost. If there is no overriding consideration, cost is the major factor to be 
taken into account. 

NOTATION FOR CHAPTER 6 

Arty consistent set of units may be used, except as noted. 

a average specific interfacial surface for mass transfer, area/volume, L2/L3 
a,A specific interfacial surface for absorption, desorption, and distillation, area/volume, L2/Ll 
t1p specific surface of packing. area/VOlume. L2/L3 
Oy specific interfacial surface for contact of a gas with a pure liquid. area/volume, L2/Ll 
A projected area, L2 
Ad active area., area of perforated sheet, L2 
Ad downspout cross-sectional area., (} 
Ada smaller of the two areas, Ad or free area between downspout apron and tray, Ll 
A,. net tower cross-sectional area for gas flow ... AI AJ for cross-flow trays, L2 
A" area of perforations, L2 
At tower cross-sectional area., Ll 
b baffle width, L 
B blade length, L 
c molar density of the liquid. moIe/L3 

solute concentration, moIe/L1 
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C distance from impeUer to tank bottom, L 
CD empirical constant, Eq. (6.68) and Table 6.3 o characterization factor of packing. two-phase flow, empirical constant. Table 6.3 
CF flooding constant for trays, Eqs. (6.29) and (6.30), empirical 
CD orifice coefficient, dimensionless 
Cp specific heat at constant pressure, FL/MT 
dd disk diameter, L 
di impeller diameter, L 
4, orifice or perforation diameter, L 
4. average bubble diameter, L 

nominal diameter of tower-packing particle, L 
d, diameter of sphere of same surface as a single packing particle, L 
D diffusivity, L1/9 
DE eddy diffusivity of back mixing, L1/8 
E fractional entrainment, entrained liquid/(entrained liquid + net liquid flow). mole/mole or 

M/M 
EMa Murphree gas-phase stage efficiency, fractional 
EMOE Murphree gas-phase stage efficiency corrected for entrainment, fractional 
Eo overall tray efficiency of a tower, fractional 
EOG point gas-phase tray efficiency, fractional 
J function 

Fanning friction factor, dimensionless 
F mass-transfer coefficient, moIe/LlB 
FD drag force, F 
Fr impeller Froude number ... ~N2 / g. dimensionless 
g acceleration of gravity, L/9'l 
Be conversion factor, .ML/FSZ 
G superficial molar gas mass velocity, mo&e/Lze 
G f superficial gas mass velocity, M/LlB 
h heat-transfer coefficient, FL/LVf8 
hD dry-plate gas-pressure drop as head of clear liquid, L 
Ita gas-pressure drop as head of clear liquid, L 
hL gas-pressure drop due to Uquid holdup on tray, as head of clear liquid, L 
hR residual gas-pressure drop as head of clear liquid, L 
hw weir height, L 
hI weir crest, L 
h2 bead loss owing to liquid flow under downspout apron, L 
h3 backup of liquid in downspout. L 
H correction factor (holdup, packed towers), Table 6.5 
HI mechanical energy lost to friction, FL/M 
HIG height of gas-phase transfer unit, L 
HtL height of liquid-pbase transfer unit, L 
H[oo overall height of a transfer unit, L 
jD mass-transfer group'" FG Sc'-<P / G, dimensionless 
JH beat-transfer group - h Pilei 3/ Cp 0', dimensionless 
J . conversion factor. Fig. 6.31 
kG gas-phase mass-transfer coefficient, moIe/8L2(F /Ll) 
kL liquid-phase mass-transfer coefficient. moIe/8L1(moIe/L3

) 

kill thermal conductivity, FL1/8L:z.r 
kx liquid-phase mass-transfer coefficient, moIe/9Ll (moIe traction) 
Ie, gas-phase mass-transfer coefficient, moJe/8L2(moIe fraetfoo) 
14; overall gas-phase mass-transfer coefficient, moIe/9L2(F IL2) 
Ky overall gas-phase mass-transfer coefficient, moIe/8L2(moIe 11'IdIoo.) 
I plate thickness, L 
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In natural logarithm 
log common logarithm 
L superficial liquid molar mass velocity, moIe/LZS 
L' superficial liquid mass velocity, M/L~ 
l characteristic length, L 
m average slope of a chord of equilibrium curve, Eqs. (6.52) to (6.59), mole fraction in 

gas/mole fraction in liquid 
empirical constant, Table 6.4 

m' slope ot a chord of equilibrium curve, Eq. (6.53), mole traction gas/mole fraction in liquid 
n number of baffles, dimensionless 

tray number, dimensionless 
empirical constant. Table 6.4 

N impeller speed, e-1 

N'G number of gas-phase transfer units, dimensionless 
Nil.. number of liquid-phase transfer units, dimensionless 
NtOG number of overall gas-phase transfer units, dimensionless 
Nu Nusselt number =: hd.t/ k\h. dimensionless 
p pressure, F /L"l. 

empirical constant, Table 6.4 
p' pitch of perforations, L 
~ pressure difference, F /Ll 
~R residual gas-pressure drop. F /Ll 
P power delivered by an impeller. no gas flow, FL/8 
Pa power delivered by an impeller with gas flow, FL/e 
Pe Peclet number for liquid mixing. Eq. (6.59), dimensionless 
Po power number ... p&1 pLN3d/. dimensionless 
Pr Prandtl number - Cpll/ kill' dimensionless 
q volumetric liquid flow rate. L3/9 
Q volumetric flow rate, L3/9 
QGo volumetric gas flow rate per orifice, L3/9 
Ra Rayleigh number = t1J Ap g/ DtllL • dimensionless 
Re impeller Reynolds number;: d/NPL/ P.L' dimensionless 

Reynolds number for flow through packing = ~G'Ip., Eq. (6.66), dimensionless 
Rea gas Reynolds number - 4,. VSPL/ ilL' dimensionless 
Reo orifice Reynolds number ... dll VIIPG/ J!G == 4wlI /,rrdoJ!G. dimensionless 
Sc Schmidt number = p./ pD, dimensionless 
Sh Sherwood number "" F~/ cD, dimensionless 
T tank diameter, tower diameter, L 

tray spacing. L 
u average velocity, LIe 
u' root-meanasquare fluctuating velocity, LIe 
VL liquid volume, Ll 
Y superficial velocity based on tower cross section; for tray towers, based on A", LIe 
Va gas velocity based on All' LIe 
YF flooding velocity based on A". L/e 
VI) velocity through an orifice, L/e 
Vo", minimum gas velocity through perforations below which excessive weeping occurs, L/e 
Ys slip velocity. L/e 
V, terminal settling velocity of a single bubble, L/S 
w blade width. L 
WI> mass rate of flow per orifice, M/9 
W weir length, L 

work done by gaslunit mass, FL/M 
We Weber number =0 pu24,./ age' dimensionless 



x concentration in liquid, mole fraction 
y concentration in gas, mole fraction 
z average flow width for liquid on a tray. L 
Z liquid depth in an agitated vessel; depth of packing; length of travel on a tray, L 
a empirical constant, Table 6.2 
p empirical constant: for flooding velocity. Table 6.2; for holdup in packing. Table 6.5 

fractional void volume in a dry packed bed, volume voids/volume bed, dimensionless 
11 defined by Eq. (6.58), dimensionless 
'h time of residence of a liquid on a tray, e 
J.l viscosity, MiLe 
p density, M/L3 
A.p difference in density. M/Ll 

(J surface tension F /L 
<Po gas holdup. volume fraction, dimensionless 
q>L liquid holdup, fraction of packed volume, dimensionless 

Subscripts 

av average 
A W air-water 
F at flooding 
G gas 
L liquid 
11 tray number 
() orifice; operating or moving (holdup and packing void space) 
s surface; static (holdup in packing) 

Super:scrlpt 

in equilibrium with bulk liquid 
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PROBLEMS 

6.1 A gas bubble released below the surface of a deep pool of liquid will expand as it rises to the 
surface be<:ause of the reduction of pressure to which it is subject. 

(a) Derive an expression for the time of rise of a bubble of initial diameter ~o released at a 
depth Z below the surface of a liquid of density PL' Atmospheric pressure is PA' Assume that the 
bubble assumes the terminal velocity corresponding to its diameter instantly. 

(b) If an air bubble is initially 0.50 nun in diameter and released at a depth of 10 m in water at 
25"C. compute the time of rise to the surface. Atmospheric pressure is standard. 

ADs.: 54 s. 
(c) Repeat for a 2.O-mm..mameter bubble. 

6.2 Calculate the power impaned to the vessel contents by the gas in the case of the sparged vessel 
o( Illustration 6.1. 

ADs.: 1.485 kW. 
6.3 Calculate the power imparted to the vessel by the gas and the total power (or the agitated vessel 
of lIlustration 6.2. 

6..4 Petroleum oils which contain small amounts of suspended water droplets, resulting from washing 
the oils with water after chemical treatment, are cloudy in appearance. Sparging with air evaporates 
the moisture and the oil is "brightened," i.e., made clear. Presumably the air bubbles pick up water 
after diffusion of dissolved water through the oil. 

A batch of a petroleum-oil product is to be brightened at 80Ge with air. The oil viscosity at that 
temperature is 10 CPt its specific gravity 0.822. and its surface tension 20 dyn/cm; av mol wt - 320. 
The oil will be contained in a vessel 1.25 m in diameter. liquid depth 2.5 m. Air will be introduced at 
the rate of 0.06 kg/s at the bottom through a sparger ring 400 nun in diameter, containing 50 holes 
each 6.5 nun in diameter. 

Estimate the gas-bubble size, the gas holdup, the specific interfacial area.. and the mass-transfer 
coefficient Cor water in the liquid at the gas-liquid surface. 

Am.: a'" 216.6 m1/m3, kL - 5.71 X 10-5 kmoljm1 • s· (kmoljml). 

6.5 A balfled fermenler tank, 5.0 ft (1.525 m) in diameter, which will contain 1600 gal (6.056 m3) of 
a beet-sugar solution, will be used to produce citric acid by action of the microorganism Aspergillus 
niger at 25°C. The vessel will be agitated with two 28·in-diameter (0.71-m) flat-blade disk turbines, 
one located 2 ft (0.61 m) above the bottom of the tank, the other 6 ft (1.83 m) from the bottom. on 
the same shalt, turning at 92 r/min. Sterilized air will be introduced below the lower impeller at 2.1 
rt/min (0.01067 m/s) superficial velocity based on the tank cross-sectional area. The solution 
sp gr ... 1.038, the visoosity 1.4 cP (1.4 X 10-3 kg/m . $). 

(a) Estimate the agitator power required. 
ADs.: 5.4 kW. 

(b) If the air is introduced through five ~.in, scbedule 40, open pipes (lD - 0.622 in
IS.8 mm). estimate the power imparted to the tank contents by the air. 
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6.6 A bafned fermenter [10 ft (3.05 m) diameter, liquid depth 10 ft (3.05 m)l contains nutrient liquid 
of sp gr 1.1, viscosity 5 cP, surface tension 50 dyn/cm. The liquid contains dissolved electrolytes. It 
will be aerated at the rate 360 ft/h (0.0305 m/s) superiiciaJ air velocity based on the tank cross 
section and agitated with a nat-blade disk turbine 4.5 ft (L37 m) in diameter turning at 60 r/min 
and located 3 ft (0.91 m) from the bottom of the tank. The temperature will be 80°F (26.7"q. The 
dllfusivity of oxygen in water at 2S QC ... 2.5 X 10-5 cml/s. Estimate the diffusiYity of oxygen in the 
solution by assuming that the quantity DLIJ.L/ t ... const, where 1 ... absolute temperature. 

Compute the agitator power required, the interfacial area, and the mass-transfer coefficient for 
oxygen transfer. 

AD!I.: P - 16.2 hp ... 12.1 kW, kL "" 0.31 Ib mol/ell. h· (lb mOl/ft3) "" 2.63 x 1O-~ kmol/ 
m2 • s . (kmol/m3). 

6.7 A bafned fermentation tank for a pilot plant is to be 1.5 m in diameter and will contain liquid to 
a depth 2.0 m. The flat-blade disk turbine impeller, 0.5 m diameter, will be located t m from the 
bottom of the vessel. Air at a superficial velocity of 0.06 m/s will be introduced beneath the 
impeller. The temperature will be 21°C, and the liquid properties may be taken as those of water. 
Small-scale tests indicate that a suitable agitator power will be 0.5 kW 1m3 of liquid. At what speed 
should the impeller be turned? 

6.8 A sieve-tray tower is to be designed for stripping an aniline-water solution with steam. The 
circumstances at the top of the tower, which are to be used to establish the design, are 

Temperature = 98.5°C pressure ... 745 mmHg abs 

Liquid: 

Compositio~ ... 7.00 mass % a.niline 

Rate ... 6.3 kg/s = 50000 lb/h density"'" 961 kg/m3 = 60 Ib/ft' 

Viscosity'" .3 x 10-4 kg/m . s = 0.3 cP 

Surface tension ... 0.058 N/m = 58 dyn/cm 

Aniline diffusivity = 52 X 10- 10 m2 Is = 52 X 10-6 cml Is (est) 

Vapor: 

Composition ... 3.6 mole % aniline rate = 3.15 kg/s ... 25 000 lb/h 

Aniline diffusivity = 1.261 X 10-5 m2 Is = 0.1261 cm2 Is (est) 

The equilibrium data [Griswold, et al.: Ind. Eng. Chem., 32, 878 (1940)] indicate that m 'l1li 0.0636 at 
this concentration. 

(a) Design a suitable cross-flow tray for such a tower. Report details respecting perioration size 
and arrangement, tower diameter, tray spacing. weir length and height, downspout seal, pressure 
drop for the gas, height of liquid in the downspout, and entrainment in the gas. Check for excessive 
weeping. 

(b) Estimate the tray efficiency for the design reported in part (a). 

6.9 A gas containing methane, propane, and butane is to be scrubbed countercurrently in a 
sieve-tray tower with a hydrocarbon oil to absorb principally the butane. It is agreed to design a tray 
for the circumstances existing at tbe bottom of the tower, where the conditions are 

Pressure;;; 350 kN/m2 (51Ib,/in1 abs) temperature;;; 38°e 

Gas: 0.25 kmol/s (1984 lb mOl/h), containing 85% methane, 10% propane, and 5% butane by 
volume. 

Liquid: 0.15 kmol/s (1l90 lb mol/h), av mol wt ... ISO, density - 849 kg/m3 (53 Ib/ftl ), 

surface tension ... 0.025 N/m (25 dyn/cm), viscosity = 0.00160 kg/m . S (1.60 cP). 

(a) Design a suitable sieve tray, and check for weeping and flooding by downspout backup. 
(b) Estimate the tray efficiency for butane absorption, corrected for entrainment. The average 

molecular diffusivities may be taken as 3.49 X 10-6 m2 Is for the gas and 1.138 X 10-9 m1 Is for the 
liquid. 
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6.10 A packed tower is to be designed for the countercurrent contact of a benzene-nitrogen gas 
mixture with kerosene to wash out the benzene from the gas. The circumstances are: 

Gas in: 1.50 m3/s (53 ft3 Is). containing 5 mol % benzene, at 25°C, 1.1 x lOS N/m2 

(16 IbrJinl ). 

Gas ou/: substantially pure nitrogen. 
Liquid ill.: 4.0 kg/s (8.82 Ib/s), density == 800 kg/m3 (50 Ib/ft3), viscosity 0.0023 kg/m ' s. 
The packing will be SO-mm (2-in) metal Pall rings, and the tower diameter will be set to 

produce 400 N/m2 per meter of gas-pressure drop (0.5 inHlO/ft) for irrigated packing. 
(a) Calculate the tower diameter to be used. 
(b) Assume that, for the diameter chosen, the irrigated packed depth will be 6 m (19.7 ft) and 

that I m of unirrigated packing will be placed over the liquid inlet to act as entrainment separator. 
The blower-motor combination to be used at the gas inlet will have an overall efficiency of 60%. 
Calculate the power required to blow the gas through the packing. 

6.11 A small water-cooling tower, I m diameter, packed with 76-mm (3-in) ceramic Raschig rings, is 
fed with water at the rate 28 kg/m2 • s (20600 Ib/ft2 • h), in at 40°C and out at 25°C. The water is 
contacted with air (30°C, 1 std atm, essentially dry) drawn upward countercurrently to the water 
flow. Neglecting evaporation of the water, estimate the rate of airflow which would flood the tower. 



CHAPTER 

SEVEN 
HUMIDIFICATION OPERATIONS \\'\~<.,\~>'\ 

The operations considered in this chapter are concerned with the interphase 
transfer of mass and of energy which result when a gas is brought into contact 
with a pure liquid in which it is essentially insoluble. While the term humidifica
tion operations is used to characterize these in a general fashion, the purpose of 
such operations may include not only humidification of the gas but dehumidifi
cation and cooHng of the gas, measurement of its vapor content, and cooling of 
the liquid as welL The matter transferred between phases in such cases is the 
substance constituting the liquid phase, which either vaporizes or condenses. As 
in all mass-transfer problems, it is necessary for a complete understanding of the 
operation to be familiar with the eqUilibrium characteristics of the systems. But 
since the mass transfer in these cases will invariably be accompanied by a 
simultaneous transfer of heat energy as well, some consideration must also be 
given to the enthalpy characteristics of the systems. 

V APOR-LIQUlD EQUlLIBRIUM AND ENTHALPY FOR A 
PURE SUBSTANCE 

As indicated above, the substance undergoing interphase transfer in these 
operations is the material constituting the liquid phase, which diffuses in the 
form of a vapor. The eqUilibrium vapor-pressure characteristics of the liquid are 
therefore of importance. 
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Vapor-Pressure Curve 

Every liquid exerts an equilibrium pressure, the vapor pressure, to an extent 
depending upon the temperature. When the vapor pressures of a liquid are 
plotted against the corresponding temperatures, a curve like TBDC (Fig. 7.1) 
results. The vapor-pressure curve for each substance is unique, but each exhibits 
characteristics generally similar to that in the figure. The curve separates two 
areas of the plot, representing respectively, conditions where the substance exists 
wholly in the liquid state and wholly in the vapor state. If the conditions 
imposed upon the substance are in the liquid-state area, such as at point A, the 
substance will be entirely liquid. Under all conditions in the lower area, such as 
those at point E, the substance is entirely a vapor. At all conditions correspond
ing to points on the curve TBDC, however, liquid and vapor may coexist in any 
proportions indefinitely. Liquid and vapor represented by points on the vapor
pressure curve are called saturated liquid and saturated vapor, respectively. Vapor 
or gas at a temperature above that corresponding to saturation is termed 
superheated. The vapor-pressure curve has two abrupt endpoints, at T and C. 
Point T, from which originate curves LT and ST separating the conditions for 
the solid state from those for the liquid and vapor, is the triple point, at which all 
three states of aggregation may coexist. Point C is the critical point, or state, 
whose coordinates are the critical pressure and critical temperature. At the critical 
point, distinction between the liquid and vapor phases disappears, and all the 
properties of the liquid, such as density, viscosity, refractive index, etc., are 
identical with those of the vapor. The substance at a temperature above the 
critical is called a gas, and it will then not be liquefied regardless of how high a 
pressure may be imposed. This distinction between a gas and a vapor, however, 
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FIgure 7.1 Vapor pressure of a 
pure liquid. 



is not always strictly adhered to, and the term "gas" is frequently used to 
designate merely a condition relatively far removed from the vapor-pressure 
curve. The temperature corresponding to each pressure on the curve is termed 
the boiling point of the liquid at the pressure in question, and that corresponding 
to 1 std atm in particular is known as the normal boiling point, as at tnbp in Fig. 
7.1. 

Whenever a process involves bringing a sample of fluid across the vapor~ 
pressure curve, such as the isobaric process ADE or the isothermal process ABF, 
there will be a change of phase. This will be accompanied by the evolution (for 
condensation) or absorption (for vaporization) of the latent heat of vaporization 
at constant temperature. for example, at points B or D in the processes 
mentioned above. Heat added or given up with changing temperatures is called 
sensible heat. 

Interpolation between data For such common liquids as water, many re
frigerants, and others, the vapor-pressure-temperature curve has been estab
lished at many points. For most liquids, however, only relatively few data are 
available, so that it is necessary frequently to interpolate between, or extrapolate 
beyond, the measurements. The curve on arithmetic coordinates (Fig. 7.1) is 
very inconvenient for this because of the curvature. and some method of 
linearizing the curve is needed. Most of the common methods stem from the 
Clausius-Clapeyron equation, which relates the slope of the vapor-pressure curve 
to the latent heat of vaporization 

dp AI 
dT = T(vo - vL ) 

(7.1) 

where Vo and VL are molal specific volumes of the saturated vapor and liquid, 
respectively, and A' is the molal1atent heat in units consistent with the rest of the 
equation. As a simplification, we can neglect v L in comparison with Vo and 
express the latter by the ideal-gas law, to obtain 

(7.2) 

and if A' can be considered reasonably constant over a short range of tempera
ture~ 

A' 
In p = - - + const RT (7.3) 

Equation (7.3) suggests that a plot of log p against 1/ T will be straight for short 
temperature ranges. It also suggests a method of interpolating between points 
listed in a table of data. 

IIlustratJoo 7.1 A table lists the vapor pressure of benzene to be 100 mmHg at 26.loC and 
400 mmHg at 6O.6DC. At what temperature is the vapor pressure 200 mmHg? 
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SoumON At 26.1 OCt 1/ T - 1/299.1 K - I; at 6O.6°C, 1/ T - 1/333.6 K - I. 

1/299.1 - lIT _ log 100 - log 200 
1/299.1 - J /333.6 log 100 - log 400 

T,.,. 315,4 K ... 42.4°C 

The correct value is 42.2°C, Linear interpolation would have given 31.6°C. 

Reference-Substance Plots [21] 

Equation (7.2) can be rewritten for a second substance, a reference substance, at 
the same temperature, 

A;. dT 
dlnp =--

r RT2 
(7.4) 

where the subscript r denotes the reference substance. Dividing Eq. (7.2) by (7.4) 
provides 

(7.5) 

'which, upon integration, becomes 

logp 
MA 
M ,Ar log Pr + const (7.6) 

Equation (7.6) suggests that a linear graph will result if logp as ordinate is 
plotted against logPr for the reference substance as abscissa, where for each 
plotted point the vapor pressures are taken at the same temperature. Such a plot 
is straight over larger temperature ranges (but not near the critical temperature) 
than that based on Eq. (7.3). and, moreover, the slope of the curve gives the ratio 
of the latent heats at the same temperature. The reference substance chosen is 
one whose vapor-pressure data are well known. 

mustratlon 7.2 (a) Plot the vapor pressure or benzene over the range 15 to 180"C using water 
as the reference substance according to Eq. (1.6). (b) Determine the vapor pressure of benzene 
at lOOOlC. (c) Determine the latent heat of vaporization of benzene at 25°C. 

SoLUTION (0) Logarithmic graph paper is marked with scales for the vapor pressure of 
benzene and for water, as in Fig. 7.2. The vapor pressure of benzene at lS.4"'C is 60 minHg, 
and that for water at this temperature is 13.1 mmHg. These pressures provide the coordinates 
of the lowest point on the plot. In similar fashion, additional data for benzene are plotted with 
the help of a steam table, thus providing the curve shown. The line is very nearly straight over 
the temperature range used. 

(b) At 100°C, the vapor pressure of water is 760 mmHg. Entering the plot at this value 
for the abscissa, the vapor pressure of benzene is read as 1400 mmHg. Alternatively the 
abscissa can be marked with the temperatures corresponding to the vapor pressures of water, as 
shown, thus eliminating the necessity of referring to the steam table. 

(c) The slope of the curve at 25°C is 0.775. (Note: This is most conveniently determmed 
with a millimeter rule. If the coordinates are used, the slope will be A logp/A logp,.) At2S"'C, 
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F1gure 7.1. Reference-substance plot for the vapor pressure of benzene. 

the latent heat of vaporization of water is 2443 kN . m/kg. From Eq. (7.6) 

AM 78.05 
A,M, = 244300)(18.02) == 0.775 

,\ = 437 kN . m/kg for benzene at 2S"C 

(The accepted value is 434 kN . m/kg.) 

? feT, P") 
Enthalpy' ", ~'V0".~ (. -l\~i"? I\t }) 

r.t+ 10'-"" l-' ('OIl'" re'",i,r" l-

The internal energy U of a sUDsfance is the total energy residing in the substance 
owing to the motion and relative position of the constituent atoms and mole
cules. Absolute values of internal energy are not known, but numerical values 
relative to some arbitrarily defined standard state for the substance can be 
computed. The sum of the internal energy and the product of pressure and 
volume of the substance, when both quantities are expressed in the same units, is 
defined as the enthalpy of the supstance. 

I, 7'7~ r, ftll'l'7i'! '1-----1' 
1./." .II = U + pv 
~ t· f':f\ 7 ;~i i ~i.~'---' 

In a Dalen process at constant pressure, where work is done only in expansion 
against the pressure, the heat absorbed by the system is the gain in enthalpy, 

Q = AH = A(U + pv) (7.7) 
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In a steady-state continuous-flow process, the net transfer of energy to the 
system as heat and work will be the sum of its gains in enthalpy and potential 
and kinetic energies. It frequently happens that the changes in potential and 
kinetic energies are insignificant in comparison with the enthalpy change and 
that there is no mechanical work done. In such cases, Eq. (7.7) can be used to 
compute the heat added to the system, and such a calculation is termed a heat 
balance. In adiabatic operations, where no exchange of heat between the system 
and its surroundings occurs, the heat balance becomes simply an equality of 
enthalpies in the initial and final condition. 

Absolute values of the enthalpy of a substance, like the internal energy, are 
not known. However, by arbitrarily setting the enthalpy of a substance at zero 
when it is in a convenient reference state, relative values of enthalpy at other 
conditions can be calculated. To define the reference state, the temperature, 
pressure, and state of aggregation must be established. For the substance water, 
the ordinary steam tables list the relative enthalpy at various conditions referred 
to the enthalpy of the substance at oGe, the equilibrium vapor pressure at this 
temperature, and in the liquid state. For other substances, other reference 
conditions may be more convenient. 

Figure 7.3 is a graphical representation of the relative enthalpy of a typical 
substance where the liquid, vapor, and gaseous states are shown. The data are 
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FIgure 73 Typical enthaJpy.temperature diagram for a pure substance. 



most conveniently shown on lines of constant pressure. The curves marked 
"saturated liquid" and "saturated vapor," however, cut across the constant~ 

pressure lines and show the enthalpies for these conditions at temperatures and 
pressures corresponding to the equilibrium vapor~pressure relationship for the 
substance. The vertical distance between the saturated-vapor and -liquid curves, 
such as the distance BC, represents the latent heat of vaporization at the 
corresponding temperature. The latent heat thus decreases with increased tem~ 
perature, becoming zero at the critical point. In the vapor state at low pressures, 
the enthalpy is essentially a function of temperature; at all pressures where the 
ideal-gas law can be used to describe the pOI relation, the lines of constant 
pressure are superimposed and the enthalpy is independent of pressure. Except 
near the critical temperature, the enthalpy of the liquid is also substantially 
independent of pressure until exceedingly high pressures are reached. 

The change in enthalpy between two conditions, such as those at A and D, 
may be taken simply as the difference in ordinates corresponding to the points. 
Thus. to calculate the enthalpy of the substance in the superheated condition at 
point A relative to the saturated liquid at D. or HI - H 4, we can add the 
enthalpy change HI - H2t the sensible heat of the vapor from the saturation 
temperature 12 at the same pressure to the superheated condition at A; H2 - H3• 

the latent heat of vaporization at 12; and H3 - H4• the sensible heat of the liquid 
from the final condition at D to the boiling point at the prevailing pressure 12, 

For a liquid or vapor, the slope of the constant-pressure lines at any temperature 
is termed the heal capacity. The lines are not strictly straight, so that the heat 
capacity changes with temperature. By use of an average heat capacity or 
average slope, however. sensible heats are readily calculated. Thus, referring 
again to Fig. 7.3, dq 

F'Of' hI}' cjF,'1~\\;h? 1~1 ~ ::- Cp 

HI - H2 = C(tl - (2) II -II) ":' f~~Crlf~ 

where C is the average heat capacity of the vapor at constant pressure over the 
indicated temperature range. f CI' t:"/,,;I:, 

Illustration 1.3 Compute the heat evolved when 10 kg of benzene as a superheated vapor at 94 
mmHg, 100°C, is cooled and condensed to a liquid at lOoe. The average heat capacity for the 
vapor may be taken as 1.256 and for the liquid l.507 kJ /kg . K. 

SOLUTION Refer to Fig. 7.2. When the pressure is 94 mmHg, the saturation temperature for 
benzene is 25°C. The latent heat of vaporization at this temperature is 434 kJ /1:8 (Illustration 
7.2). The initial condition corresponds to a point such as A on Fig. 6.3, the final condition to 
point D, the path of the process to ABeD. Using the notation of Fig. 7.3, 

HI - H2 == C(t l 12) = 1.256(100 - 25) = 94.2 kJ/kg 

H2 - HJ = 434 kl/kg 

H) - H" = C(t2 - t,,) == 1.507(25 - 10) ... 22.6 kl/kg 

HI - H .. ... 94.2 + 434 + 22.6 "" 550.8 kJ /kg 

Heat evolved for 10 kg benzene == 10(550.8) = 5508 kJ/kg 
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VAPOR-GAS MIXTURES 

In what follows, the term vapor will be applied to that substance. designated as 
substance A, in the vaporous state which is relatively near its condensation 
temperature at the prevailing pressure. The term gas will be applied to substance 
B, which is a relatively highly superheated gas. 

Absolute Humidity 1: 

While the common concentration units (partial pressure, mole fraction, etc.) 
which are based on total quantity are useful, when operations involve changes in 
vapor content of a vapor-gas mixture without clianges in the gas content, it is 
~JID.Y.enlen.UQ.jl.Ae.JlJ)Jli.L.b.a,~(LQ1LJh(Uln~.lHtngLng.5u:n.QJ!nl.9LgC:}.s, The ratio 
mass of vapor/mass of gas is the absolute humidity Y'. If the quantities are 
expressed in moles, the ratio is the molal absolute humidity Y. Under conditions 
where the ideal-gas law applies, 

Y = YA = ji A = ft A moles A k 11101.-\1 ah ~(),u~"{ 
Ys jiB Pr - ft A moles B 

Y' = yMA = MA mass A i:, (7.8) 
MB PI - PA MB mass B }\1/i}<' ',I 

In many respects the molal ratio is the more convenient, thanks to the ease with 
which moles and volumes can be interrelated through the gas law, but the mass 
ratio has nevertheless become firmly established in the humidification literature. 
The mass absolute humidity was first introduced by Grosvenor [7] and is 
sometimes called the Grosvenor humidity. 

Illustration 7.4 In a m.ixture of benzene vapor (A) and nitrogen gas (8) at a total pressure of 
800 mmHg and a temperature of 60°C, the partial pressure of benzene is 100 mmHg. Express 
the benzene concentration in other terms. . 

SOLUTION PA 100, ftu = 800 - 100 = 700 mmHg. 
(0) Mole fraction. Since the pressure fraction and mole fraction are identical for gas 

mixtures'YA = PA/PI = 100/800 = 0.125 mole fraction benzene. The mole fraction nitrogen "'" 
Ys I - 0.125 = 700/800 "" 0.875. 

(b) Ymume..fI:action of benzene equals the mole fraction, 0.125. 
(c) Absolute humidity. 

YA PA 0.125 100 . 
y ... - = -:- -- = - = 0.143 mol benzene.j..moLw.t.rogen 

Yn PB 0.875 700 

Y' = Y Z: = 0.143 i::~~ == 0.398 kg benzene/kg nitrogen 

Saturated Vapor-Gas Mixtures 

If an insoluble dry gas B is brought into contact with sufficient liquid A, the 
liquid will evaporate into the gas until ultimately, at eqUilibrium, the partial 



pressure of A in the vapor-gas mixture reaches its saturation value, the vapor 
pressure P A at the prevailing temperature. So long as the gas can be considered 
insoluble in the liquid, the partial pressure of vapor in the saturated mixture is 
independent of the nature of the gas and total pressure (except at very high 
pressures) and is dependent only upon the temperature and identity of the 
liquid. However, tbe saturated molal absolute humidity Ys = PA/(pt - ppj will 
depend upon the total pressure, and the saturated absolute humidity Y; = 
YsM AI MB upon the identity of the gas as well. Both saturated humidities 
become infinite at the boiling point of the liquid at the prevailing total pressure. 

lUustradon 7.5 A gas (B)-benzene (A) mixture is saturated at J std atm, 50°c' Calculate the 
absolute humidity if B is (a) nitrogen and (b) carbon dioxide. 

SoLunON Since the mixture is saturated, the partial pressure of benzene. PAt equals the 
equililirium vapor pressure PA of benzene at 50°c' From Fig. 7.2, PA - 275 mmHg, or 0.362 
std atm. 

(a) 

PA 0.362 / N Ys = -_- = I _ 0 362 = 0.567 lanai C6H6 lanol 1 
PI PA . 

yl = YsM A "" 0.567(78.05) = 1 579 k C H jk N 
s M 8 28.02 . g 6 6 g 2 

(b) 

PA 0.362 / 
Ys = Pr _ P A = I _ 0.362 = 0.567 lanol C6H6 lanol CO2 

Y' "" YsM A == O.567(18.05} ... 1 006 k C H /k CO 
s MB 44.01 . g 6 6 g 2 

Unsaturated Vapor-Gas Mixtures 

If the partial pressure of the vapor in a vapor-gas mixture is for any reason less 
than the equilibrium vapor pressure of the liquid at the same temperature; the 
mixture is unsaturated. 

Dry-bulb temperature This is the temperature of a vapor-gas mixture as ordin
arily determined by immersion of a thermometer in the mixture. 

/lhtvJ Tot f,';lln r' .. ,' 
Relative sah'ration Relative saturation. also called .relat.w.e...ilumidiJy, expressed as 
a percentage is defined as lOOp Alp A' where P A is the vapor pressure at the 
dry-bulb temperature of the mixture. For any vapor, the graphical representa
tion of conditions of constant relative saturation can easily be constructed on a 
vapor-pres sure-temperature chart, as in Fig. 7.4a, by dividing the ordinates of 
the vapor-pressure curve into appropriate intervals. Thus the curve for 50 
percent relative saturation shows a vapor partial pressure equal to one-balf the 
equilibrium vapor pressure at any temperature. A reference-substance plot, such 
as Fig. 7.2, could also be used for this. 
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percentage sahlration_ Percentage saturation, or percentage absolute humidify) is 
defined as 100 Y / Ys and 100 Y' / Y;, where the saturated values are computed at 
the dry-bulb tempera ture of the mixture. Graphical representation of the quan
tity for any vapor can be .made on a chart of Y vs. t (in which case the chart 
must be limited to a single total pressure) or one of Y' vs. t (for a single total 
pressure and a specific gas), as in Fig. 7.4b. On this chart, the saturation 
humidities are plotted from vapor-pressure data with the help of Eq. (7.8), to 
give curve CD. The curve for humidities at 50 percent saturation is plotted at 
half the ordinate of curve CD, etc. All the curves of constant percentage 
saturation reach infinity at the boiling point of the liquid at the prevailing 
pressure·t 

Dew point This is the temperature at which a vapor-gas mixture becomes 
saturated when cooled at constant total pressure out of contact with a liquid. 
For example, if an unsaturated mixture such as that at F (Fig. 7.4) is cooled at 
constant pressure out of con.tact with liquid, the path of the cooling process 
follows the line FC, the mixture becoming more nearly saturated as the tempera
ture is lowered, and fully saturated at tDP ' the dew-point temperature. All 
mixtures of absolute humidity Y( on this figure have the same dew point. If the 
temperature is reduced only an infinitesimal amount below tDP' vapor will 
condense as a liquid dew. This is used as a method of humidity detennination: a 

t For this reason curves of constant relative saturation are sometimes drawn 00 absoJute
humidity-temperature charts. Since relative saturation and percentage saturation are nol numerically 
equal for an unsaturated mixture. the position of such curves must be computed by the methods or 
Illustration 7.6. 



shiny metal surface is cooled in the presence of the gas mixture, and the 
appearance of a fog which clouds the mirrorlike surface indicates that the dew 
point has been reached. 

If the mixture is cooled to a lower temperature, the vapor-gas mixture will 
continue to precipitate liquid, itself always remaining saturated, until at the final 
temperature 12 (Fig. 7.4) the residual vapor-gas mixture will be at point H. The 
mass of vapor condensed per unit mass of dry gas will be Y; Y~. Except 
under specially controlled circumstances supersaturation will not occur, and no 
vapor-gas mixture ,whose coordinates lie to the left of curve GD will result. 

Humjd volume The humid volume VH of a ... vapor-gas mixture is the XQlume .. QJ 
unit mass of dry gas and its l:1(.'!companying vapor at the prevailing temperature 
and. pressure. For a mixture of absolute humidity r at tG and PI' total pressure, 
the ideal-gas law gives the humid volume as 

Vii (_1_ + J:..)22.41 tG + 273 1.013 X 105 = 8315(_1- + J:..) tG + 273 
MB MA 273 P, Me MA PI 

v}! V~ - V" :. KT >: ;;-+ 
p t 

(7.9) 

where VH is in m3 jkg, tG in degrees Celsius, and PI Njm2.t The humid 
volume of a saturated mixture is computed with Y' = Y; and that for a dry gas 
with Y' = O. These values can then be plotted against temperature on a 
psychrometric chart. For partially saturated mixtures, VH can be interpolated 
between values for 0 and 100 percentage saturation at the same temperature 
according to percentage saturation. When the mass of dry gas in a mixture is 
multiplied by the humid volume, the volume of mixture results. 

Humid heat The humid heat Cs is the heat required to raise the temperature of 
unit mass of gas and its accompanying vapor one degree at constant pressure. 
For a mixture of absolute humidity Y', 

Cs CD + Y'CA (7.1O) 

Provided neither vaporation nor condensation occurs, the heat in Btu required 
to raise the tempera ture of a mass of W B dry gas and its accompanying vapor an 
amount 111 will be 

(7.11) 

Enthalpy The (relative) enthalpy of a vapor-gas mixture is the sum of the 
(relative) enthalpies of the gas and of the vapor content. Imagine unit mass of a 
gas containing a mass Y' of vapor at dry-bulb temperature tG' If the mixture is 
unsaturated, the vapor is in a superheated state and we can calculate the 

t For vH in ftl lib, (G in degrees Fahrenheit, and PI in atmospheres Eq. (7.9) becomes 

VJI "" 0.730(_1- +~) fa + 460 
Mn MA Pi 
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enthalpy relative to the reference states gas and saturated liquid at to' The 
enthalpy of the gas alone is CB(tc - to). The vapor at tc is at a condition 
corresponding to point A on Fig. 7.3, and its reference state corresponds to point 
D. If 'DP is the dew point of the mixture (/2 in Fig. 7.3) and ADP the latent heat 
of vaporization of the vapor at that temperature, the enthalpy per unit mass of 
vapor will be CA(tc - tDP) + ADP + CA, L(tDP - '0)' Then the cta. atthalpy for 
the mixture, per_uniLmass_QLd~_gas, is 

H' = CB(tc - to) + yl[ CA(tG - tDP) + ADp + CA , L(tDP - to)] (7.12) 

Refer again to Fig. 7.3. For the Imy pressures ordinarily encountered in humidi
fication work, the point A which actually lies on a line of constant pressure 
corresponding to the partial pressure of the vapor in the mixture can, for all 
practical purposes, be considered as lying on the line whose pressure is the 
saturation pressure of the vapor at the reference temperature, or at A'. The 
vapor enthalpy can then be computed by following the path A I ED and becomes, 
per unit mass of vapor, CA(tc - to) + Ao, where AD is the latent heat of 
vaporization at the reference temperature. The enthalpy of the mixture, per unit 
mass of dry gas, is then 

H' = CB(tc - to) + yl[ CA(tc - to) + Ao] = Cs(t - to) + Y'AO (7.13) 

Occasionally different reference temperatures are chosen for the dry gas and for 
the vapor. Note that the enthalpy H ' for a 'mixture can be increased by 
increasing the temperature at constant humidity, by increasing the humidity at 
constant temperature, or by increasing both. Alternatively, under certain condi
ti~ns H' may remain constant as t and Y' vary in opposite directions. 

By substitution of Y; and the appropriate humid heat in Eq. (7.13), the 
enthalpy of saturated mixtures H; can be computed and plotted against temper
ature on the psychrometric chart. Similarly H for the dry gas can be plotted. 
Enthalpies for unsaturated mixtures can then be interpolated between the 
saturated and dry values at the same temperature according to the percentage 
humidity. 

The System Air-Water 

While psychrometric charts for any vapor-gas mixture can be prepared when 
circumstances warrant, the system air-water occurs so frequently that unusually 
complete charts for this mixture are available. Figure 7.5a and 7.5b shows two 
versions of such a chart, for SI and English engineering units, respectively, 
prepared for a total pressure of 1 std atm. For convenient reference, the various 
equations representing the curves are listed in Table 7.1. It should be noted that 
all the quantities (absolute humidity, enthalpies, humid volumes) are plotted 
against temperature. For the enthalpies, gaseous air and saturated liquid water 
at aoe (32°F) were the reference conditions, so that the chart can be used in 
conjunction with the steam tables. The data for enthalpy of saturated air were 
then plotted with two enthalpy scales to provide for the large range of values 
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Figure 75 (a) Psychrometric chart for air-water vapor, I std atm nbs, in SI units. 
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Table 7.1 Psychrometric relations for the system air (B)-water (A) 
at 1 std atm pressure 

Y' 

Y' I 

H 

H, 

SI units (kg, m, Nt 0c) 

28.97 kg/lema!, air 

English engineering units 
(Btu, tt3, Ib, of, Ib,jinl ) 

18.02Ib/lb mol, H20 

28.97Ib/lb mol. air 

(OJ.10283 + 0.00456 y/)(tc; + 273) ~3 mixture/kg air (0.0252 + 0.0405 Y')(tc; + 460) ft' mixture/lb air 

1005 + 1884Y' J for mixture/(kg air} . "C 

O"C 

2 502 300 J /kg 

(1005 + 1884Y')tG + 2502 300Y' 
J for mixture/kg air, 
referred to gaseous air and 
saturated liquid H20,O°C 

I, ·C 
o 
10 
20 
30 
40 
50 
60 

H;, J/kS 
9479 

29360 
57570 

100 030 
166 790 
275 580 
461 500 

0.24 + 0.45 Y' Btu for mixture/Qb air) • of 

32°F 

1075.8 Btu/lb 

(0.24 + O.4SY')(IG - 32) + 1075.8 Y' 
Btu for mixture/lb air, 
referred to gaseous air and liquid H20, 
32"F 

I, of 

32 
40 
60 
80 

100 
120 
140 

H;. Btu/lb 
4.074 
7.545 

18.780 
36.020 
64.090 

112.00 
198.40 

hc;/ky 950 J/kg . K 0.227 Btu/lb· of 

necessary. The series of curves marked Hadiabatic~saturation curves" on the 
chart were plotted according to Eq. (7.21), to be considered later. For most 
purposes these can be considered as curves of constant enthalpy for the 
vapor-gas mixture per unit mass of gas. 

Dlustradon 7.6 An air (B)-water-vapor (A) sample has a dry-bulb temperature SS"C and an 
absolute humidity 0.030 kg water/kg dry air at J sid alm pressure, Tabulate its characteristics. 

SOLUTION The point of coordinates la = 55°C, Y' = 0.030 is located on the psychrometric 
chart (Fig. 7.50), a schematic version of which is shown in Fig. 7.6. This is point D in Fig. 7.6. 



HUMIDIFICATION OPERATIONS 235 

f------+-----~--__; 0.115 

~ 
1.101-------

g 
~---------_= __ ~·352 

""0 

'e 
~ 0.93t-----+---l.....,...,-----::;;;>o~ 

~-____ ~-="'#_:::__-------_,._-___IO.030 

31,5 55 
Temperature 

110 

FIgure 7.6 Solutions to Illustrations 7.6 and 7.7. 

(a) By vertical interpolation between the adjacent curves of constant percent humidity, 
the sample has a percentage humidity = 26.1%. Alternatively, the saturation humidity at 55°C 
is Y; "'" 0.115, and the percentage humidity at D is therefore «)'o30/0.1l5)100 "" 26.1%. 

(b) The molal absolute humidity = Y = Y'(MB/ M A) ;:: 0.030(28.97/18.02) = 
0.0482 kmol water /kmol dry air. 

(e) The partial pressure of water vapor in the sample, by Eq. (7.8), is 

- => ~ = 0.0482(1.0133 x lOS) = 4660 N/ 2 
PAl + Y 1.0482 m 

(d) The vapor pressure of water at 55°C ... 118 mmHg or 118(133.3) "" IS 730 N/m2 "'" 
PI.' The relative humidity ... PA(IOO)/p" = 4660(100)/15 730 ... 29.6%. 

(e) Dew point. From point D proceed at constant humidity to the saturation curve at 
point E. at which the dew point temperature is 3 1.5 "C. 

(f) Humid volume. At 5S"C, the specific volume of dry air is 0.93 m3/kg. The humid 
volume of saturated air ... 1.10 mJ /kg dry air. Interpolating for 26.1% humidity, 

I)H - 0.93 + (1.10 - 0.93)(0.261) = 0.974 ml/kg dry air 

(g) Humid heat, Eq. (7.10): 

Cs - CB + Y'CA ,. 1005 + 0.030(1884) ... 1061.5 J (for wet air)/ (kg dry air)· K 

(h) Enthalpy. At 55°C, the enthalpy of dry air is 56000 J jkg dry air; that for saturated 
air is 352 000 N . m/kg dry air. Interpolating for 26.1% humidity gives 

H' "'" 56 000 + (352000 - 56 000)(0.261) == 133 300 J jlcg dry air 

Alternatively. Eq. (7.13) or Table 7.1: 

H' ... Cs(to - to) + Y'Xo ... (1005 + 1884Y')to + 2 502 JOOY' 

= (1005 + 1884(0.030)]55 + 2502300(0.030) "'" 133.4 kJjkg dry air 



As another alternative line DF is drawn parallel to the adjacent adiabatic-saturation curves. At 
F, the enthalpy is 134 kJ/kg dry air, or nearly the same as at D. 

Dlustradon 7.7 If 100 m3 of the moist air of Illustration 7.6 is heated to 110°C, how much heat 
is required? 

SOLUTION After heating the mixture will be at point G of Fig. 7.6. The mass of dry air - Wo -
100/ t>H ,.. 100/0.974 = 102.7 kg. Eq. (1.11): Q::II WaCs At ... 102.7(1061.5Xll0 - 55) - 6.00 
x lcf J. 

Adiabatic-Saturation Curves 

Consider the operation indicated schematically in Fig. 7.7. Here the entering gas 
is contacted with liquid, for example, in a spray, and as a result of diffusion and 
heat transfer between gas and liquid the gas leaves at conditions of humidity 
and temperature different from those at the entrance. The operation is adiabatic 
inasmuch as no heat is gained or lost to the surroundings. A mass balance for 

b · l""I' su stance A gives ! <>:k~"!': ~) 6'o5'Y"·;:.1 017'" - , .. !>. 

L' = Gs( Y2 - Y{} (7.14) 

An enthalpy balance is 

GsH; + L' HL = GsH,. 

therefore H~ + (Y~ - Y{)HL = H2 

This can be expanded by the definition of H' given in Eq. (7.13), 

(7.15) 

(7.16) 

CS1(tGI - 10) + Y{Ao + (Y2 - YDCA,L(tL - 10) = CS2(lG2 - 10) + Y:iAo 

(7.17) 

In the special case where the leaving gas-vapor mixture is saturated, and 
therefore at conditions las, Y~~ H/u. and the liquid enters at tas) the gas is 
humidified by evaporation of liquid and cooled. Equation (7.17) becomes, on 
expansion of the humid-heat terms, 

CB(tGl - 10) + Y;CA{tG1 - to) + Y1Ao + (Y~ - YDCA, L(tas - to) 

= CB(ttu - 10) + Y/uCA(tas - to) + Y~Ao (7.18) 

G~ mass dry 90Sl1 6s 
(tlme)(oreo) r r.J. 

>;' obs humidity , 
H,' enthalpy H2 

(52 
tal drY'bulbtemp i..-------r-------I. 

t 
L' mass hqUld/(lIme){oreo) 
tL =temp 
Hl = enthalpy 

Figure 7.7 Adiabatic gas.liquid contact. 
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By subtracting Y;CA1as from both sides and simplifying this becomes 

(CB + Y{CA)(rGI - tas ) = CSI(tGI - las) 

= (Y~s - Y,)[ CA(tas - 10) + Ao - CA,L(tas - to)J 

(7.19) 

Reference to Fig. 7.3 shows the quantity in brackets to be equal to Aas' 
Consequently, 

CSI(tGI - las) = (Y~ - Y;)Aas 1\11ttm-' ~ (7.20) ' l,-- \-P 
c:tcl, i o.b~ttC. . (' ') Aas (721) AoP or .r~,:t\t.,(.\t'o~ Irne. tGI - las = Yas Y I C . 

/ SI ). 
cJ.~ \ fvl C i ~ -VlO Y1- \ 11./l.€6\ V' 

This is the equatiOll.-oLa_cw:.ve~h the ~h.tometri. chart, the "adiabatic
saturation curve"t which passes through the points (Y~, las) on the 100 percent 
saturation curve and (Y{, tG I)' Since the humid heat C S 1 contains the tenn Y;, 
the curve is not straight but slightly concave upward. For any vapor-gas mixture 
there is an adiabatic-saluration temperature las such that if contacted with liquid 
at las, the gas will become humidified and co01ed. If sufficient contact time is 
available, the gas will become saturated at (Y~, las) but otherwise will leave 
unsaturated at (Y2, t(2 ), a point on the adiabatic-saturation curve for the initial 
mixture. Eventually, as Eq. (7.20) indicates, the sensible heat given up by the gas 
in cooling equals the latent heat required to evaporate the added. vapor. 

The psychrometric chart (Fig. 7.5) for air-water contains a family of 
adiabatic-saturation curves, as previously noted. Each point .on the curve repre
sents a mixture whose adiabatic-saturation temperature is at the intersection of 
the curve with the 100 percent humidity curve. 

lUumadoo 7.8 Air at 83°C. Y' = 0.030 kg water/kg dry air, 1 std atm is contacted with water 
at the adiabatic-saturation temperature and is thereby humidified and cooled to 90% saturation. 
What are the final temperature and humidity of the air? 

SOLUTION The point representing the original air is located on the psychrometric chart 
(Fig. 7.5a). The adiabatic-saturation curve through the point reaches the 100% saturation curve 
at 40°C, the adiabatic-saturation temperature. This is the water temperature. On this curve, 
90% saturation occurs at 41.5°C, Y' = 0.0485 kg water/kg air. the outlet-air conditioDS. 

Wet-Bulb Temperature 

The wet-bulb temperature is the steady-state temperature reached by a small 
amount of liquid evaporating into a large amount of unsaturated vapor-gas 
mixture. Under properly controlled conditions it can be used. to measure the 
humidity of the mixture. For this purpose a thermometer whose bulb has been 

t The adiabatic-saturation curve is nearly one of CODStant enthalpy per unit mass of dry gas. As 
Eq. (7.16) indicates. H:'" differs from HI by the enth.a.1py of the evaporated liquid at its entering 
temperature 'os, but this difference is usually unimportant. 



covered with a wick kept wet with the liquid is immersed in a rapidly moving 
stream of the gas mixture. The temperature indicated by this thermometer will 
ultimately reach a value lower than the dry-bulb temperature of the gas if the 
latter is unsaturated, and from a knowledge of this value the humidity is 
computed. 

Consider a drop of liquid immersed in a rapidly moving stream of un
saturated vapor-gas mixture. If the liquid is initially at a temperature higher than 
the gas dew point, the vapor pressure of the liquid will be higher at the drop 
surface than the partial pressure of vapor in the gas, and the liquid will 
evaporate and diffuse into the gas. The latent heat required for the evaporation 
will at first be supplied at the expense of the sensible heat of the liquid drop, 
which will then cool down. As soon as the liquid temperature is reduced below 
the dry~bulb temperature of the gas, heat will flow from the gas to the liquid, at 
an increasing rate as the temperature difference becomes larger. Eventually the 
rate of heat transfer from the gas to the liquid will equal the rate of heat 
requirement for the evaporation, and the temperature of the liquid will remain 
constant at some low value, the wet-bulb temperature two The mechanism of the 
wet-bulb process is essentially the same as that governing the adiabatic satura
tion, except that in the case of the former the humidity of the gas is assumed not 
to change during the process. 

Refer to Fig. 7.8, sketched in the manner of the film theory, where a drop of 
liquid is shown already at the steady-state conditions and the mass of gas is so 
large as it passes the drop that its humidity is not measurably affected by the 
evaporation. Since both heat and mass transfer occur simultaneously, Eq. (3.71) 

{
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Figure 7.8 The wet-bulb temperature. 
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applies with q, =,0 since no heat passes through the gas-liquid interface, and 
N B = O. Thereforet 

(7.22) 

and the approximation of the right-hand side is usually satisfactory since 
ordinarily the rate of mass transfer is smalL Further, 

rno.s I-PAw/PI_ 
tro.(f~ff'V N A = Fin 1 -' / ~ kG(PA. G - PA, w) (7.23) 

- PA, G PI 

where the approximation on the right is usually satisfactory since N A is small 
Ithe form of Eq. (7.23) reflects the fact that N A is negative if qs is taken to be 
positive]. PA, w is the vapor pressure of A at two Substituting Eqs. (7.22) and (7.23) 
into Eq. (3.71) with NB and q, equal to zero, we get 

(7.24) 

where A,., is the latent heat at the wet-bulb temperature per unit of mass. From 
this, 

I - t = ~MAkG(PA.w - PA.d = ~MBPB,MkdY~ - Y') 
G w hG hG (7.25) 

where PB. M is the average partial pressure of the gas. Since (Table 3.1) 
MaPa. MkG = ky, Eq. (7.25) becomes 

~(Y~ - y') 
tG - t"" = h /k 

G Y 
(7.26) 

which is the form of the relationship corrunonly used. The quantity 10 - is the 
w~J.dJuIh...dep.J:.es.s.itm . 

In order to use Eq. (7.26) for determination of Y, it is necessary to have at 
hand appropriate values of hG/ky, thepsychromelric ratio.t Values of hG and k y 
can be 'estimated independently for the particular shape of the wetted surface by 
correlations like those of Table 3.3, using the heat- mass-transfer analogy if 
necessary. Alternatively, experimental values of the ratio can be employed. 
Henry and Epstein [10] have critically examined the data and methods of 

t For very careful measurements, the possibility of the liquid surface's receiving heat by radiation 
from either the gas itself or from the surroundings must also be considered. Assuming that the 
source of radiation is at temperature IG' we have 

'l., = (h(j + hR)(ta - t",) 

where the radiative heat transfer is described by an equivalent convection-type coefficient hF/.. In 
wet-bulb thermometry, the effect of radiation can be minimjzed by using radiation shields and 
maintaining a high velocity of gas to keep ha relatively high (at least 5 to 6 mls in the ~ of 
air-water-vapor mixtures at ordinary temperatures). The relative size of ho and hF/. in any case can 
be estimated by standard methods [13). It is necessary to observe the additional precaution of 
feeding the wick surrounding the thermometer bulb with an adequate supply of liquid preadjusted as 
nearly as practicable to the wet-bulb temperature. 

:l: The quantity hal kyCS is also sometimes termed the psychrometric ratio. 



measurement and have produced some measurements of their own. For flow of 
gases past cylinders, such as wet-bulb thermometers, and past single spheres, the 
results for 18 vapor-gas systems are well correlated by 

.J!sL = (SC )0.567 = Leo.567 

kyCs Pr 
(7.27) 

for rates of flow which are turbulent, independent of the Reynolds number. A 
large range of Lewis numbers Le, 0.335 to 7.2, is made possible by using not 
only surfaces wetted with evaporating liquids but also cylinders and spheres cast 
from volatile solids, which provide large Schmidt numbers. 

Vapor-air systems are the most important. For dilute mixtures, where 
Cs = CB, and with Pr for air taken as 0.707, Eq. (7.27) becomes (SI units)t 

hG = 1223 SCO.S67 

k y 
(7.28) 

For the system air-water oopor, for which Dropkin's [3] measurements are 
generally conceded to be the most authoritative, a thorough analysis [23. 24] led 
to the value hal ky = 950 N . m/kg· K,t which is recommended for this 
system. It agrees closely with Eq. (7.28). 

It will be noted that Eq. (7.26) is identical with Eq. (7.21) for the adiabatic
saturation temperature, but with replacement of CS1 by hGI kyo These are nearly 
equal for air-water vapor at moderate humidities, and for many practical 
purposes the adiabatic-saturation curves of Fig. 7.5 can be used instead of Eq. 
(7.26). This is not the case for most other systems. 

1be Lewis relation We have seen that for the system air-water vapor, hal k y is 
approximately equal to CSt or, approximately. hGI kyCS = 1. This is the so
called Lewis relation (after W. K. Lewis). Not only does it lead to near equality 
of the wet-bulb and adiabatic-saturation temperatures (as in the case of air
water vapor) but also to other simplifications to be developed later. It can be 
shown, through consideration of Eqs. (3.31) and (3.33), with J A = N A and 
equality of the eddy diffusivities ED and EH~ that the Lewis relation will be 
followed only if the thermal and molecular diffusivities are identical, or if 
Sc == Pr, or Le 1. This is, of course, the conclusion also reached from the 
empirical equation (7.27). Le is essentially unity for air-water vapor but not for 
most other systems. 

lUustratlon 7.9 For an air-water-vapor mixture of dry-bulb teotperature 6SoC, a wet-bulb 
temperature 35"C was determined under conditions such that the radiation coefficient can be 
considered negligible.. The total pressure was I std atm. Compute the humidity of the air. 

SOLUTION At 1M! = 35°C. )".. "" 2 419 300 J/kg. and y~ =: 0.0365 kg H20/kg dry air 

t With ha/ ky expressed as Btu/lb· OF, the coefficient of Eq. (7.28) for air mixtures becomes 
0.292 and for air-water vapor hoI k y = 0.227. 
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(Fig, 7.5a); ha/ky = 950J/kg' K, ta = 6S"C. Eq. (7.26); 

65 _ 35 = 2419300(0.0365 y') 
950 

y' = 0.0247 kg H20/kg air 

Alternatively as an approximation, the adiabatic-saturation curve for tM "" 3S"C in Fig. 7.50 is 
followed to a dry-bulb temperature 65"C. where Y' is read as 0.0238 kg H20/kg air. 

lUustradoo 7.10 Estimate the wet-bulb and adiabatic-saturation temperatures for a toluene-air 
mixture of 6O"C dry-bulb temperature, Y' "'" 0.050 kg vapor /kS air, I std atm. 

SOLUTION Wet-bulb tempel'DllU'e ta ... 6OD C, Y' "" 0,050 kg toluene/kg air. DAB == 0.92 X 10-5 

m2/s at 59"C, 1 std atm. At 6O~C, p for air == 1.060 kg/mJ and p. = 1.9S X 
10-5 kg/m . s. 

Sc xhould be calculated for mean conditions between those of the gas-vapor mixture and 
the wet-bulb saturation conditions. However. for the dilute mixture considered here, the 
bulk-gas value of Sc is satisfactory and is essentially independent of temperature 

Sc = _P-_ "" 1.95 x 10-s "'" 2.00 
pD All 1.060(0.92 x 10-5) 

Eq. (7.28): ha/ky ""' 1223(2.00)°·561::; 1812 J/kg· K (observed value = 1842). Eq. (7.26): 

60 - 1"1 =: 1~2 (Y~ - 0.050) 

Solution for /w is by trial and error. Try t.., "" 3S"C. P A.. w "" 46.2 mmHg, Y':' - [46.2/(760 -
46.2)] 92/29 - 0.2056, A,. - (96.6 cal/gm)(4187) .... 404 460 J/kg. The equation provides t", -
2S.3"C instead of the 3S"C assumed. Upon repeated trials, I ... is computed to be 31.8"C. ADs. 

Adi.aIxltic-SDtllI'tltion tempeNtIue ta I "" 6O"C, Yi .. 0.05, C for toluene vapor ... 1256 J /kg • K. 
CS1 '" 1005 + 1256(0.05) ... 1067.8 J/kS' K. Eq. (7.21): 

60 - las "'" (Y~ - 0.05) 1~.8 
In the same fashion as the wet-bulb temperature, IQJ is calcula.ted by trial and found to be 
25.7"C. ADs. 

GAS.LIQUID CONTACT OPERATIONS 

Direct contact of a gas with a pure liquid may have any of several purposes: 

I. Adiabatic operations. 

a. Cooling a liquid. The cooling occurs by transfer of sensible heat and also 
by evaporation. The principal application is cooling of water by contact 
with atmospheric air (water cooling). 

h. Cooling a hot gas. Direct contact provides a nonfouling heat exchanger 
which is very effective, providing the presence of some of tlie vapor of the 
liquid is not objectionable. 

c. Humidifying a gas. This can be used for controlling the moisture content 
of air for drying. for example. 



242 MASS-TRANSFER OPERA nONS 

d. Dehumidifying a gas. Contact of a warm vapor-gas mixture with a cold 
liquid results in condensation of the vapor. There are applications in air 
conditioning, recovery of solvent vapors from gases used in drying, and 
the like. 

2. Nonadiabatic operations. 
a. Evaporative cooling. A liquid or gas inside a pipe is cooled by water 

flowing in a film about the outside, the latter in turn being cooled by 
direct contact with air. 

h. Dehumidifying a gas. A gas-vapor mixture is brought into contact with 
refrigerated pipes, and the vapor condenses upon the pipes. 

Although operations of this sort are simple in the sense that mass transfer is 
confined to the gas phase (there can be no mass transfer within the pure liquid), 
they are nevertheless complex owing to the large heat effects which accompany 
evaporation or condensation. 

ADIABATIC OPERATIONS 

These are usually carried out in some sort of packed tower, frequently with 
countercurrent flow of gas and liquid. General relationships will be developed 
first, to be particularized for specific operations. 

Fundamental Relationships 

Refer to Fig. 7.9, which shows a tower of unit cross-sectional area. A mass 
balance for substance A over the lower part of the tower (envelope I) is 

L' - L~ = Gs(Y' - Y;) 

or dL' = Gs dY' 

(7.29) 

(7.30) 

Similarly, an enthalpy balance is 

L'HL + GsH, = LIHLI + GsH' (7.31) 

These can be applied to the entire tower by putting subscript 2 on the unnum
bered terms. 

The rate relationships are fairly complex and will be developed in the 
manner of Olander [20]. Refer to Fig. 7.10, which represents a section of the 
tower of differential height dZ and shows the liquid and gas flowing side by side, 
separated by the gas-liquid interface. The changes in temperature, humidity, etc., 
are all differential over this section. 

The interfacial surface of the section is dS. If the specific interfacial surface 
per packed volume is a (not the same as the packing surface ap ), since the 
volume of packing per unit cross section is dZ, then dS = a dZ. If the packing is 
incompletely wetted by the liquid, the surface for mass transfer aM' which is the 
liquid-gas interface, will be smaner than that for heat transfer QH' since heat 
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Figure 7.9 Continuous countercurrent adia
batic gas-liquid contact. 

transfer may also occur between the packing and the fluids. Note that OM 

corresponds to 0v of Chap. 6. The transfer rates are then: 

Figure 7.10 Differential section of 
a packed tower. 
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Sensible heat, as energy rate per tower cross-sectional area:, ,v', 
1~\?1't " -I.' i\~, 

_~,_/,'" N AMACA ' (/JY''''~) 
I::'a:,:, CJ:}f1H dl,~J= 1 _ e-N",M",C",lha (ta - ti)aH dZ = haaH(ta -~) dZ (7.33) 

~l1f rtor1 
Liquid: V£;~~(!;"~ qsLaH dZ hLaH(t; - tL) dZ ifll;y (7.34) 

In Eq. (7.32), ji A. i is the vapor pressure of A at the interface temperature ti' and 
ji A. G is the partial pressure in the bulk gas. In Eq. (7.33), radiation has been 
neglected, and the coefficient h(;, which accounts for the effect of mass transfer 
on heat transfer, replaces the ordinary convection coefficient hG (see Chap. 3). 
The rate equations are written as if transfer were in the direction gas to interface 
to liquid, but they are directly applicable as written to all situations; correct 
signs for the fluxes will develop automatically. 

We now require a series of enthalpy balances based on the envelopes 
sketched in Fig. 7.10. 

Envelope I: 

Rate enthalpy in = GsH' 

Rate enthalpy out = Gs(H' + dH') - (Gs dY')[CA(ta to) + i\oJ (7.35) 

The second term is the enthalpy of the transferred vapor [recall that N A and 
Gs dY have opposite signs in Eq. (7.32)]. 

Rate in rate out = heat-transfer rate 

GsH' - Gs(H' + dH') + (Gs dY')[ CA(ta - to) + Ao] = h(;aH(tG - t;) dZ 

(7.36) 

If dH', obtained by differentiation of Eq. (7.13), is substituted, this reduces to 

(7.37) 

Envelope II: 

Rate enthalpy in == (L' + dL')CA.dtL + dlL - to) + (-GSdY')CA.L(ti - to) 

Here the second term is the enthalpy of the material transferred, now a liquid. 

Rate enthalpy out == L'CA. L(tL - (0) 

Rate out rate in + heat-transfer rate 

L'CA.L(tL - to) = (L' + dL')CA,L(tL + dtL to) - (Gs dY')CA.L(t j to) 

+ hLaH(tj tL ) dZ (7.38) 

If Eq. (7.30) is substituted and the second-order differential dY' dtL ignored, this 
becomes 
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Envelope III: 

Rate enthalpy in = GsH' + (L' + dL/) CA. JtL + dtL - fo) 

Rate enthalpy out = L' C A, L(tL - to) + Gs( H' + dH') 

Rate in = rate out (adiabatic operation) 

C;H' + (L' + dL') CA. L(IL + dlL - 10) = L'CA. L(tL - to) + G;(H' + dH') 

(7.40) 

Substitutions of Eq. (7.30) and the differential of Eq. (7.13) for dH' are made, 
and the term dH' dlL is ignored, whereupon this becomes~, VU? k' -(11 ~ ~.( ' yV 

-----______ .~ dtti\'f\'t: ( 
L~J CA.L dtL = G;{ Cs dIG + [CA(IG - to) - CA, L(!.b :: '0) + Ao] dr-' f ~~tApfi:6 

IAD~ iL, ~11lp\ ;< Lt. {" ) I fCt. 6o~f\I'.C, ( (7.41) 
At~ ~ C-g I~~{ 

These will now be applied to the adiabatic operations. 'A.ecVt 
(W~ t ")1~ ~ ~ eY'(~) 

Water Cooling with Air 

This is without question the most important of the operations. Water, warmed 
by passage through heat exchangers, condensers, and the like, is cooled by 
contact with atmospheric air for reuse. The latent heat of water is so large that 
only a small amount of evaporation produces large cooling effects. Since the rate 
of mass transfer is usually small, the temperature level is generally fairly low, 
and the Lewis relation applies reasonably well for the air-water system, the 
relationships of the previous section can be greatly simplified by making 
reasonable approximations. 

Thus, if the sensible-heat terms of Eq. (7.41) are ignored in comparison with 
the latent heat, we have 

(7.42) 

Here the last term on the right ignores the Y' which appears in the definition of 
Cs· Integrating, on the further assumption that L' is essentially constant (little 
evaporation), gives 

(7.43) 

This enthalpy balance can be represented graphically by plotting the gas 
enthalpy H' against IL' as in Fig. 7.11. The line ON on the chart represents Eq. 
(7.43), and it passes through the points representing the terminal conditions for 
the two fluids. Insofar as L2 - L; is small in comparison with L', the line is 
straight and of slope L' CA. L/ Gs' The equilibrium curve in the figure is plotted 
for conditions of the gas at the gas-liquid interface, i.e., the enthalpy of saturated 
gas at each temperature, 

If the mass-transfer rate is small, as it usually is, Eq, (7.32) can be written as 

(7.44) 
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Figure 7.11 Operating diagram for a water cooler. 

and Eq. (7.37) as L:,,:.j~';!/ ~. ,,', 
'Jbres lIfa = haGJ/(ti - te) dZ (7.45) 

When the sensible heat of the transferred vapor is ignored, Eq. (7.39) becomes 

L'CA, L dtL = hLaH(tL - Ii) dZ (7.46) 

Substituting Eqs. (7.44) and (7.45) into (7.42) gives 

Gs dH' = haGu(t, - ta) dZ + AokyG,AY/ - Y') dZ (7.47) 

If heGH / CSkyaM r, this becomes 0)( 

Gs dH' = kyaM[(Csth + AoY/) - (C/r:Je + AoY')] dZ (7.48) 

For the special case where r I [16, 17) the terms in parentheses are gas 
enthalpies. The restriction that r = 1 requires Le = I (air-water), and aM = aH 

= a (the latter will be true only for thoroughly irrigated tower filling; even for 
air-water contacting, values of r as high as 2 have been observed with low liquid 
rates [9]). With these understood, Eq. (7.48) is 

, (J I " Gs dH' = kya(Hj - H') dZ (7.49) 

which is remarkable in that the mass-transfer coefficient is used with an 
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enthalpy driving force. Combinii1g-..-'Eqs. (7.42), (7.46), and (7.49) then provides 
t -- - -

'tj!H' = !YaJ!!~_-;..l!.:2 dZ ~ h a~tL - tJ dZ . (7.~O) 
At a position in the apparatus corresponding to pomt U on the operatmg lme 
(Fig. 7.] I), point T represents the interface conditions and the distance TR the 
enthalpy driving force H;' - H' within the gas phase. By making constructions 
like the triangle RTU at several places along the operating line, corresponding 
H;' and H' values can be obtained. Equation (7.50) then provides, assuming kya 
is constant, 

f H-i dH' kya (z kyaZ 
H,' - H' = G' j" dZ = ---a' 

Hi ISO S 

'3DI~l~~ 
(7.51) 

The integral can be evaluated graphically and the packed height Z computed. 
The enthalpy integral of Eq. (7.51) is sometimes given another interpretation. 
Thus, 

f H ' dB ' 
2 H,' _ H' 

Hi I 

(7.52) 

where the middle part of the equation is the number of times the average driving 
force divides into the enthalpy change. This is a measure of the difficulty of 
enthalpy transfer, called the number of gas-enthalpy transfer units N IG . Conse
quently, 

Z = H1GN'G (7.53) 

where the height of a gas-enthalpy transfer unit = HIC = Gs/ kya. B rG is 
frequently preferred over kya as a measure of packing performance since it is 
less dependent upon rates of flow and has the simple dimension of length. 

As discussed in Chap. 5, an overall driving force representing the enthalpy 
difference for the bulk phases but expressed in terms of H' can be used, such as 
the vertical distance S U (Fig. 7.11). This requires a corresponding overall 
coefficient and leads to overall numbers and heights of transfer units :t 

(7.54) ;:\{ t; /) 

The use of Eq. (7.53) is satisfactory (see Chap. 5) only if the equilibrium 
enthalpy curve of Fig. 7.11 is straight, which is not strictly so, or if hLa is 
infinite, so that the interface temperature equals the bulk-liquid temperature. 
Although the few data available indicate that hLa is usually quite large (see, for 

t The water-rooling-tower industry frequently uses Eq. (7.54) in another form: 

KyaZ = fILl dtL 
L' H'· - H' 

'Ll 
which results from combining Eqs, (7.42) and (7.54) and setting CA.L for water = I.' 



example, Illustration 6.7), there are uncertainties owing to the fact that many 
have been taken under conditions such that hGaH / CSkyaM == r was not unity 
eVen though assumed to be so. In any case, it frequently happens that, for 
cooling-tower packings, only Kya or HtOG' and not the individual phase 
coefficients, are available. 

Just as with concentrations (Chap. 5), an operating line on the enthalpy 
coordinates of Fig. 7. I 1 which anywhere touches the equilibrium curve results in 
a zero driving force and consequently an infinite interfacial surface, or infinite 
height Z, to accomplish a given temperature change in the liquid. This condition 
would then represent the limiting ratio of L' / Gs permissible. It is also clear that 
point N, for example, will be below the equilibrium curve so long as the 
entering-air enthalpy H{ is less than the saturation enthalpy Hi· for air at ILl' 

Since the enthalpy H' is for most practical purposes only a function of the 
adiabatic-saturation temperature (or, for air-water, the wet-bulb temperature), 
the entering-air wet-bulb temperature must be below ILl but its dry-bulb tempera
ture need not be. For this reason, it is perfectly possible to cool water to a value 
of 'Ll less than the entering-air dry-bulb temperature tGI • It is also possible to 
operate a cooler with entering air saturated, so long as its temperature is less 
than fLi • The difference between the exit-liquid temperature and the entering-air 
wet-bulb temperature, ILl - 111.'1' called the wet-bulb temperature approach, is then 
a measure of the driving force available for diffusion at the lower end of the 
equipment. In the design of cooling towers, this is ordinarily specified to be from 
2.5 to SoC, with twl set at the "5 percent wet-bulb temperature" (the wet-bulb 
temperature which is exceeded only 5 percent of the time on the average during 
the summer months). 

Makeup fresh water in recirculating water systems must be added to replace 
losses from entrainment (drift, or windage), evaporation losses, and blowdown. 
Windage losses can be estimated as 0.1 to 0.3 percent of the recirculation rate 
for induced-draft towers. If makeup water introduces dissolved salts (hardness) 
which will otherwise accumulate, a small amount of water is deliberately 
discarded (blowdown) to keep the salt concentration at some predetermined 
level. A calculation is demonstrated in IlJustration 7.1 1. Chlorine treatment of 
the water to control algae and slime and addition of chromate-phosphate 
mixtures to inhibit corrosion have been common in the past, but restrictions on 
discharges to the environment by the blowdown have led to the use of nonchro
mate inhibitors. Many other practical details are available [14, IS]. 

The use of overall mass-transfer coefficients does not distinguish between 
convective and evaporative cooling of the liquid and will not permit computa
tion of the humidity or dry-bulb temperature of the exit air. The air will 
ordinarily be very nearly saturated, and for purposes of estimating makeup 
requirements it may be so assumed. The temperature-humidity history of the air 
as it passes through the tower can be estimated by a graphical method on the 
Hlh diagram (Fig. 7.11) if hLa and kya are known [17] but approach of the gas 
to saturation is very critical to the computations. and it is recommended instead 
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that these be done by the methods outlined later (see page 255) which make no 
assumptions. Cooling towers for systems other than air-water (Le =1= 1) or when 
aM =1= aH must also be treated by the general methods discussed later. Some 
cooling towers use a cross flow of air and water, for which methods of 
computation are also available [11, 22,27]. 

Vuiustradoa 7.11 A plant requires 15 kg/s (1984 Ib/min) of cooling water to now through its 
distillation-equipment condensers. thereby removing 270 W (55 270 Btu/min) from the con
densers. The water will leave the condensers at 4S"C. It is planned to cool the water for reuse 
by contact with air in an induced-draft cooling tower. The design conditions are as follows: 
entering air at 30°C dry-bulb, 24°C wet-bulb temperature. water to be cooled to within 5°C of 
the inlet-air wet-bulb temperature, i.e., to 29°C; an air/water-vapor ratio of 1.5 limes the 
minimum. Makeup water will come from a well at 10°C, hardness 500 ppm dissolved solids. 
The circulating water is not to contain more than 20C10 ppm hardness. For the packing to be 
used, !ya is expected to be 0.90....k&b!L· s . £l Y (202 Ib/ft2 • h . £l Y). for a liquid rate at least 
2.7 kg/a?· s and a gas rate 2.0 kg/m1 . s (1991 and 1474Ib/rf~· h. respectively). Compute the 
dimensions of the packed section and the makeU'J""'f'Rtef"-requirement" 

SoLUTION Refer to Fig. 1.12, which represents the nowsheet of the operation. The entering air 
humidity and enthalpy are taken from Fig. 7.5a. The operating diagram. Fig. 7.13, contains the 
saturated·air-enthaJpy curve. and on this plot is point N representing the condition at the 
bottom of the tower (ILl '"" 29°C, HI = 72 000 N . m/leg dry air). The operating line will pass 
through N and end at ILl ... 4S°C, For the minimum value of Gs. the operating line will have 
the least slope which causes it to touch the equilibrium curve and will consequently pass 
through point 0, where H2 ... 209 500 N . m/kg dry air. The slope of the line 0' N is therefore 

Siowoown 
45°C~ 

2000 ppm 

Makeup 

500 ppm 
10"C 

L'CA, L 15(4187) 209 500 - 72 000 
Gs. min = Gs. min'" 45 - 29 

L2;;; 15 kg woterls 

la=: 45" C 

Condensers 

L; kg/s 
ILl = 29° C 

Cool109 
tower 

Air 
H' 2 
y' 
2 

Gs kg dry Olr/s 
/g,= 30°C 

twt'= 24"C 
H/= 72000 
1'1'= 0.0160 

Figure 7.12 F10wsbeet for Illustration 7.11. 
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FIgure 7.13 Solutions to Illustrations 7.1 I and 7.12. 

whence GS,min'" 7.31 kg dry air/so For a gas rate of 1.5 times the minimum, Gs'" 1.5(7.31)-
10.97 kg dry air/so Therefore 

Hi - 12 000 ... 15(4187) 
45 - 29 10.97 

and H;' ... 163600 N . m/kg dry air, plotted at point O. The operating line is therefore line 
ON. For a liquid rate at least 2.7 kg/m2 • S, the tower cross section would be 15/2.7 - 5.56 m2, 

For a gas rate of at least 2.0 kg/m2 • s, the cross section will be 10.97/2.0 - 5.50 m". The latter 
will therefore be used, since the liquid rate will then exceed the minimum to ensure that 
KyQ "" 0.90. 

Basis: 1 m2 cross section, Gs = 2.0 kg/m2 • S. The driving force H'· - Ht is obtained at 
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frequent intervals of IL from Fig. 7.13 as follows 

XH'·(equilibrium curve), H' (operating line). lOS 

tL' "C J/kg J/kg H'·-H' 

29 100 000 72 000 3.571 
32.S 114000 92000 4.545 
35 129800 106 500 4.292 
37.S 147000 121000 .3.&% 
40 166 800 135500 3.195 
42.5 191000 149500 2.410 
45 216000 163500 l.90S 

The data of the last two columns are plotted against each other, H' as abscissa. and the area 
under the curve is 3.25. From Eq. (7.54) 

32S "" KyaZ ... O.90Z 
. Gs 2.0 

z ... 7.22 m (23.7 ft) packed height ADs. 

Note: In this case N,X = 3.25, and HIOG .. GS! Kyo"" 2.0/0.90 ... 2.22 m. 

Makeup-watet' requirement For present purposes, derine 

Em evaporation rate, kg/h 
W = windage loss, kg/h 
B ... blowdown rate, kg/h 
M - makeup rate, kg/h 
Xc weight fraction hardness in circulated water 
xM wt fraction hardness in makeup water 

For continuous makeup and continuous blowdown, a total material balance is 

M-B+E+W 
and a hardness balance is 

Elimination of M results in 

Assuming the outlet air (H' = 163500 N . m/kg) is essentially saturated. Yi .... 0.0475. The 
approximate rate of evaporation is then 

E - 2.0(5.50)(0.0475 - 0.0160) m 0.3465 kg/s 

The windage loss is estimated as 0.2 percent of the circulation rate, 

W'" 0.002(15) = 0.03 kg/s 

Since the weight fractions Xc and XM are proportional to the corresponding ppm values, the 
blowdown rate is 

500 
B "" 0.3465 2000 _ 500 - 0.03 """ 0.0855 kg/s 
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The makeup rate is then estimated to be 

M"" B + E + W"" 0.0855 + 0.3465 + 0.03;: 0.462 kg/s (3670 Ib/h) ADs. 

UlustradOD 7.12 In the cooler of Illustration 7.11. to what temperature would the water be 
cooled if. alter the tower was built and operated at the design L' and Gs values, the entering air 
entered at dry-bulb temperature tal = 32°C. wet-bulb temperature tWI ... 28"C? 

SOLtmON For the new conditions, HI'" 90 000 J /kg. and the new operating line must 
originate on the broken line at M in Fig. 1.13. Since in all likelihood the heat load on the plant 
condensers, which is ultimately transferred to the air, will remain the same, the change in air 
enthalpy will be the same as in lUustratioo 7.11: 

Hl - 90 000 m 163 600 - 72 000 

H2 == 181 60(H/kg 

The new operating line must therefore end on the broken line at P in Fig. 7.13. and because of 
the same ratio L' / Gs as in Illustration 7.11 it must be parallel to the original line NO. Since at 
the same flow rates as in Illustration 7.11 the value of Hloe remains the same, for the same 
packing depth N,oa remains at 3.25. The new operating line RS is therefore located by trial so 
that NlOa - 3.25. The temperature at R := ILl is 31.7"C, which is the temperature to which the 
water will be cooled. ADs. 

Dehumidification of Air-Water Vapor 

If a warm vapor-gas mixture is contacted with cold liquid so that the humidity 
of the gas is greater than that at the gas-liquid interface, vapor will diffuse 
toward the liquid and the gas will be dehumidified. In addition, sensible heat 
can be transferred as a result of temperature differences within the system. For 
air-water~vapor mixtures (Le = 1) contacted with cold water, the methods of 
water cooling apply with only obvious modification. The operating line on the 
gaswenthalpy-liquid-temperature graph wi1l be above the equilibrium curve, the 
driving force is H' - H'·, and Eq. (7.54) can be used with this driving force. 
For all other systems, for which Le =F I, the general methods below must be 
used. 

Recirculating Liquid-Gas Humidification-Cooling 

This is a special case where the liquid enters the equipment at the adiabatic
saturation temperature of the entering gas. This can be achieved by continuously 
reintroducing the exit liquid to the contactor immediately, without addition or 
removal of heat on the way, as in Fig. 7.14. The development which follows 
applies to any liquiq-gas system, regardless of the Lewis number. In such a 
system. the temperature of the entire liquid will fall to, and remain at, the 
adiabatic-saturation temperature. The gas will be cooled and humidified, follow
ing along the path of the adiabatic-saturation curve on the psychrometric chart 
which passes through the entering-gas conditions. Depending upon the degree of 
contact, the gas will approach more or less closely equilibrium with the liquid, or 
its adiabatic-saturation conditions. This supposes that the makeup liquid enters 
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Figure 7.14 Recirculating liquid. gas huoudlficatlOn-cooling. 

at the adiabatic-saturation temperature also, but for most purposes the quantity 
of evaporation is so small relative to the total liquid circulation that minor 
deviations from this temperature for the makeup liquid can be ignored. 

As has been shown previously, the enthalpy of the gas is practically a 
function only of its adiabatic-saturation temperature, which remains constant 
throughout tbe operation. The enthalpy of the liquid at constant temperature is 
also constant, so that an operating "line" on a plot such as Fig. 7.11 would be 
merely a single point on the equilibrium curve. This diagram therefore cannot be 
used for design purposes. The temperature and humidity changes, which lie 
entirely within the gas phase, can be used, however, and these are shown 
schematically in Fig. 7.14. If mass transfer is used as a basis for design, Eq. 
(7.44) becomes 

Gs dY = kya( Y~ - Y') dZ (7.55) 

f ' dY ' _ kya i2 
Y - y' - Gs 0 dZ (7.56) 

Yj as 

and since y~ is constant, 
Y' - y' = kyaZ 

In yo.: _ I (7.57) 
as Y2 Gs 

Equation (7.57) can be used directly, or it can be rearranged by solving for Gs 
and multiplying each side by Y2 - Y{ or its equivalent, 

G'(Y' _ y') _ kyaZ[(Y~ - yn - (Y~ - YD] _ , 
S 2 I - In[(Y~- Y{)/(Y~_ YD] -kyaZ(6Y)av (7.58) 



where (D. yl)av is the logarithmic average of the humidity-difference driving 
forces at the ends of the equipment. Alternatively, 

Y2 - y, y~ - y; 
NrG = (8 Y')av = In Y~ - Y2 (7.59) 

G~ z 
H G --=-

I kyQ N
'G 

and (7.60) 

where N,G is the number of gas-phase transfer units and HIG the corresponding 
height of a transfer unit.t 

In contacting operations of this sort, where one phase approaches 
equilibrium with the other under conditions such that the characteristics of the 
latter do not change, the maximum change in the first phase corresponds to the 
operation of one theoretical stage (see Chap. 5). Since the humidity in adiabatic 
equilibrium with the liquid is Y;.f' the Murphree gas-phase stage efficiency is 

Y2 - Y, 
EMG = Y' _ Y' = 1 0$ I 

yl - Y' 
0$ 2 = 1 - e-kytlZ/O; = 1 - e-N,G (7.61) 
y~- Y; 

If heat transfer is used as the basis for design, similar treatment of Eq. (7.45) 
leads to 

, hoaZ[ (tal - tO$) - (102 - 10$)] 
GSCSI(tGI - (02 ) = 1 [( _ )/ ( _ )] = hoaZ(D.t)ll11 

n to 1 tO$ tal tO$ 

(7.62) 

where hGa is the volumetric-heat-transfer coefficient of sensible-heat transfer 
between the bulk of the gas and the liquid surface. 

lIIustnldoo 7.13 A horizontal spray chamber (Fig. 7.19) with recirculated water is used for 
adiabatic humidification and cooling of air. The active part of the chamber is 2 m long and has 
cross section of 2 m2. With an air rate 3.5 m1/s at dry-bulb temperature 6S.0°C, Y' - 0.0170 
kg water/kg dry air, the air is cooled and humidified to a dry-bulb temperature 42.0"C. If a 
duplicate spray chamber operated in the same manner were to be added in series with the 
existing chamber, what outlet conditions could be expected for the air? 

SOLUTION For the existing chamber. the adiabatic-saturation line on Fig. 7.5 for tGI = 65.0"C, 
Yj Ie 0.0170 shows IIJS ,.. 32.0I>C. Y';" = 0.0309, and at tGl "" 42.0°C. Yi 0.0265. From Eq. 
(7.57) with Z = 2 m: 

In 0.0309 - 0.0170 = kyQ(2) 
0.0309 - 0.0265 Gs 

kyO 
Gs = 0.575 m- I 

t To be entirely consistent with the definition of Cha.p. 8, Eq. (7.60) should read R'G ... 
Gs/ kya(l - y AJ. The value of 1 - YA in the present application. however. is ordinarily very close to 
unity. 
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For the extended chamber, with Z = 4 m, kyaJ Gs and tl:U will remain the same. Therefore, Eq. 
(7.57): 

In 0.0309 - 0.0170 "'" 0 575(4) 
0.0309 - Y:z . 

Y2 = 0.0295 
With the same adiabatic-saturation curve as before, t(il 34.0°C. 

General Methods 

For all other countercurrent operations. and even for those discussed above 
when the approximations are not appropriate or when Le =1= I, we must return to 
the equations developed earlier. Equating the right-hand sides of Eqs. (7.39) and 
(7.41) provides 
I j = tL 

G~{ Cs(dto / dZ) + [CAto - CA.LtL + (CA, L - CA)to + Ao](dY' / dZ)} 
+~~~~------~~~--~~~~~~--~~--~~--~--~ 

G;CA• L(dY' / dZ) hLaH 
(7.63) 

The humidity gradient in this expression is obtained from Eq. (7.32): 

dY' MAFoaM1 I-PAilpt MAFoaMI Y'+MAIMB 
dZ = - 'Gs n 1 - PA:O/Pt = G~ n Y! + MAIMB 

kya", (Y' _ y,') 
Gs I 

(7.64) 

(7.64a) 

where the approximations of Eq. (7.64a) are suitable for low vapor concentra
tions. The temperature gradient is taken from Eq. (7.37): 

dlo h'oaH(to - I;) hOaH(lo - /J (7.65) 
dZ = - GsCs ~ - GsCs 

where hOaH rather than hhaH may be used at low transfer rates. Unless aH and 
aM are separately known (which is not usual), there will be difficulty in 
evaluating h'o exactly. Here we must assume all = aM: 

(7.66) 

The effect of the approximation is not normally important. 
Equations (7.64) and (7.65) are integrated numerically, using a procedure 

outlined in Illustration 7.14. Extensive trial and error is required, since I j from 
Eq. (7.63) is necessary before PA, i (or Y/) can be computed. The li-PA. j relation
ship is that of the vapor-pressure curve. If at any point in the course of the 
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calculations PA, G (or Y') at a given to calculates to be larger than the corre
sponding saturation vapor concentration, a fog may fonn in the gas phase, in 
which case the entire analysis is invalid and new conditions at the terminals of 
the tower must be chosen. 

nlustnldOD 7.14 A producer gas, 65% N2, 35% CO, initially dry at 1 std atm and 315"C, flowing 
at a rate of 5 m3/s (10 600 ft3/min). is to be cooled to 27°C by countercurrent contact with 
water entering at IS"C. A tower packed with 50-mm ceramic Raschig rings will be used. with 
J.?/ G1 - 2.0. Specify the diameter of a suitable tower and the packed height. 

SoumON For the entering gas, Y; "'" O. MB "" 28.0, PI - 1 std atm. tal - 315°C, whence 

28.0 273 80k / 3 
PCI - 22.41 273 + 31S - 0.5 g m 

therefore Gas in ... 5(0.580) - 2.90 kg/s 

At the top of the tower, ILl'" 18°C, PLl := 1000 kg/m3, I'u - 1.056 X 10-3 kg/m . s, and 
tal - 27°C. Since the outlet gas is likely to be nearly saturated (Y' - 0.024), estimate 
Y2 - 0.022, to be checked later. The o\.llet gas rate ... 2.90(1.022) - 2.964 kg/s. 

1.022 
Mn "" 1/28.0 + 0.022/18.02 = 27.7 kg/kmol 

27.7 273 / 3 
Pal - 22.41 273 + 27 .. 1.125 kg m 

L' ( Po ) 1/2 ( 1.125 ) 1/2 
7Ji PL - Pa "'" 2 1000 - L 125 = 0'(AS71 

Fig. 6.34: at a gas-pressure drop of 400 (N /m2)/m. the ordinate is 0.073 m G'2Cf PL O.I) / PO(PL 
- Po)8e' Table 6.3: C/ = 65; } == I, gc ... 1, whence G2 "'" 1.583 kg/m2 • s (tentative). 

The tower cross section is 2.964/US3 ... 1.81 m2 (tentative). The corresponding diameter 
is 1.54, say 1.50 mt for which the cross section is 'IT(1.50)2/4 t. 767 m2 (final). G; .. 
2.90/1.767 = 1.641 kg/m2 • s (final). G2 2.964/1.767"" 1.677 kg/m2 • s (final); Li = 
2(1.677) == 3.354 kg/m2 • s. 

Calculations will be started at the bottom, for which Lj and iLl must be known. An 
overall wllter balance [Eq. (7.29») is 

3.354 - Li = 1.641(0.022 - 0) 

Lj "'" 3.319 kg/m2
• s 

The heat capacities or CO and N2 are CD = 1089, and that of water vapor is CA = 1884 
J/kg· K. CSt = 1089, CS2 '" 1089 + 1884{O.022) ... 1130 N· m/(kg dry gas) . K. For con
venience use as base temperature fo = lS"C, for which Ao = 2.46 X 10' J/kg. CAL == 4187 
J /kg . K. An overall enthalpy balance [Eq. (7.32»): 

3.354(4187)(18 - IS) + 1.641(1089}(3IS - 18) = 3.319(4187) 

X (ILl - 18) + 1.641[1130(27 - IS) + 0.022(2.46 X 1()6)] 

fLI ... 49.2°C, for which I'L "" 0.557 X 10-3 kg/m . s. PL "" 989 kg/m3, thennal conductivity = 
0.64 W /m . K, Prandtl number PrL == 3.77. For the entering gas, the viscosity is 0.0288 X 10-3 

kg/m' s, the difCusivity of water vapor 0.8089 X 10-4 m2/s, Sea = 0.614. and Pro "" 0.74. 
With the data of Chap. 6 and the methods of Illustration 6.1. we obtain 0 "'" 0YW ... 53.1 

m2/m3, Faa ... 0.0736 kmol/m3 • s, haQ = 4440, and hLQ "" 350500 W /m3 • K. 
At the bottom, t; win be estimated by trial and error. After several trials, assume 

I, .. SO.3 c C.PA.1 .., 93.9 mmHg/760 "" 0.1235 std atm. Eq. (7.64): 

dY' "'" _ 18.02(0.0736) I 1 - 0.1235 ",. 0 1066 (k H O/k d )/ 
dZ 1.641 n I _ 0 . g 2 g ry gas m 
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Eq. (7.66) 

, _ -1.641(1884)(0.1066) 
haa - I - exp[L641(1844)(O.l066)/4440] 

4280W/m3 • K 

Eq. (7.65) 

drc; ... -4280(315 - 50.3) = -6300 C/ 
dZ 1.64 I (1089) m 

For use in Eq. (7.63): 

CAlc; - CA,LtL + (CA,L - C~/o + Ao = 1884(315) - 4187(49.2) 

+ (4187 1884)(18) + 2.46 x l<f = 2.889 x l<f J/kg 

Eq. (7.63): 

= 492 1.641(1089(-630) + (2.889 x 1<f)(O.I066)] ..., 503"C (h k) 
I, . + 1.641(4187)(0.1066) _ 350500 . c ec 

A suitably smaU increment in gas temperature is now chosen, and with the computed 
gradients assumed constant over a smaU range, the conditions at the end of the increment are 
computed. For example, take Ata = 30"C. 

Ala -30 
tJ.Z == d'a/ dZ -= -630 = 0.0476 m 

ta = lo(at Z = 0) + Ala = 315 - 30 = 285
Q

C 

Y' = Y'(at Z = 0) + ~~ tJ.Z = 0 + 0.1066(0.0476) 

"" 5.074 X 10- 3 kg H20/kg dry gas 

- = y' ... 5.074 X 10-
3 

"" 1.83 X 10-3 std atm 
PA.a yl + MAIMs 5.074 x 10-3 + 18/28 

Cs '" 1089 + 1884(5.074 x 10-3) = 1099 J/kg . K 

L' is calculated by a water balance [Eq. (7.29)] over the increment: 

L' 3.319 1.641(5.074 x 10-3 - 0) 

L' = 3.327 kg/m2 • s 

tL is calculated by an enthalpy balance [Eq. (7.31)]: 

3.327(4187)(IL - 18) + 1.641(1089)(315 - (8) .. 3.319(4187)(49.2 18) 

+ 1.641[1099(285 - 18) + (5.074 x 10-3)(2.46 X l<f)] 

thererore IL ... 47.I"C 

New gradients dY'1 dZ and dla/ dZ at this level in the tower and another interval are then 
computed in the same manner. The process is repeated until the gas temperature falls to 27"C. 
The intervals of Ma chosen must be small as the gas approacbes saturation. The entire 
computation is readily adapted to a digital computer. The computed la - Y' results are shown 
in Fig. 7.15. along with the saturation humidity curve. At ta ... 27°C. the value of Yi was 
calculated to be 0.0222, which is considered sufficiently close to the value assumed earlier. 
0.022. The sum of the AZ's Z ... 1.54 m. This relatively small packed depth emphasizes the 
effectiveness or this type of operation. 

The dir~ct contact of a vapor-laden gas with cold liquid of the same 
composition as the vapor can be useful as a means of vapor recovery. For thist a 
flowsheet of the sort shown in Fig. 7.16 can be employed and the tower designed 
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through Eqs. (7.63) to (7.69). The method is direct, whereas alternative methods 
of vapor recovery require additional operations for their completion. For exam
ple, absorption of the vapor into a solvent must be followed by distillation or 
stripping to recover the solvent and obtain the recovered solute; adsorption onto 
a solid similarly requires additional steps. With gas-vapor mixtures other than 
air-water vapor, however, the molecular diffusivity is likely to be less than the 
thermal diffusivity. so that Le = Sc/Pr = al DAB may exceed 1.0. Heat transfer 
is then faster than mass transfer, the path of the gas on a psychrometric chart 
tends to enter the supersaturation region above the saturation curve, and fog 
may result if suitable nucleation conditions are present [25, 26]. The difficulty is 

Rerrigeration 

Cold 
liquid A 

Recovered A __ ....L,_--_~ 
UquidA 

Gas 

Vapor (A)
gas mixture 

Figure 7.16 Recovery of vapor from a 
gas mixture by direct contact with a 
cold liquid. 
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alleviated if the entering vapor-gas mixture is sufficiently superheated. An 
example is given in Prob. 7.11. 

Equipment 

Any of the gas-liquid contact devices described in Chap. 6 are applicable to the 
operations described here, and conventional packed and tray towers are very 
effective in these services. 

Water-cooling towers Air and water are low-cost substances, and where large 
volumes must be handled, as in many water-cooling operations) equipment of 
low initial cost and low operating cost is essential. The framework and internal 
packing are frequently of redwood, a material which is very durable in continu
ous contact with water, or Douglas fir. Impregnation of the wood under pressure 
with fungicides such as coal-tar creosote, pentachlorophenols, acid copper 
chromate, and the like, is commonplace. Siding for the towers is commonly 
redwood, asbestos cement, glass-reinforced polyester plastic, and the like. 
Towers have been built entirely of plastic. The internal packing ("fill") is usually 
a modified form of hurdle (see Chap. 6), horizontal slats arranged stac8gered with 
alternate tiers at right angles. Plastic packing may be polypropylene, molded in a 
grid or other form [5]. A great many arrangements are used [12, 15]. The void 
space is very large, usually greater than 90 percent, so that the gas-pressure drop 
will be as low as possible. The air-water interfacial surface consequently includes 
not only that of the liquid films which wet the slats (or other packing) but also 
the surface of the droplets which fall as rain from each tier of packing to the 
next. 

The common' arrangements are shown schematically in Fig. 7.17. Of the 
natural-circulation towers (Fig. 7.17a and b) the atmospheric towers depend on 
prevailing winds for air movement. The natural-draft design [6. 8] ensures more 
positive air movement even in calm weather by depending upon the displace
ment of the warm air inside the tower by the cooler outside air. Fairly tall 
chimneys are then required. Both these tower types must be relatively tall in 
order to operate at a small wet-bulb-temperature approach. Natural-draft equip
ment is used commonly in the southwestern United States and in the Middle 
East, where the humidity is usually low, in parts of Europe where air tempera
tures are generally low, and with increasing frequency everywhere as energy for 
fan power becomes more costly. 

Mechanical-draft towers may be of the forced-draft type (Fig. 7.17c), where 
the air is blown into the tower by a fan at the bottom. These are particularly 
subject to recirculation of the hot, humid discharged air into the fan intake 
owing to the low discharge velocity, which materially reduces the tower effec
tiveness. Induced draft, with the fan at the top, avoids this and also permits 
more uniform internal distribution of air. The arrangements of Fig. 7.17d and e 
are most commonly used. and a more detailed drawing is shown in Fig. 7.18. 
Liquid rates are ordinarily in the range L' = 0.7 to 3.5 kg/m1 • s (500 to 2500 
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Figure 7.18 Induced-draft cooling tower. (The Marley Co" Inc.) 
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Ib/ft2
• h), and superficial air rates are of the order of G~ = 1.6 to 2.8 kg/m2

• s 
(1200 to 2100 Ib/ft2

• h). whereupon the air pressure drop is ordinarily less than 
250 N /m2 (25 mmH20). If fogging is excessive, finned-type heat exchangers can 
be used to evaporate the fog by heat from the hot water to be cooled, as in Fig. 
7.171· 

Mass-transfer rates The correlations of mass-transfer coefficients for the stan
dard packings discussed in Chap. 6 are suitable for the operations discussed here 
(see particularly Illustration 6.7). Additional data for humidification with BerI 
saddles [9]; Intalox saddles, and Pall rings [18t] are available. Data for some of 
the special tower fillings generally used for water-cooling towers are available in 
texts specializing in this type of equipment [15, 19]. 

t The data for H20-H2 and H20-C02 should be used with caution since H-IL diagrams were 
used in interpreting the data despite the fact that I.e is substantially different from unity for these 
systems. 
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Tray towers These are very effective but are not commonly used in humidifica
tion, dehumidification, or gas-cooling operations for reasons of cost and rela
tively high pressure drop, except under special circumstances. Design considera
tions are available [1,4]. 

Spray chambers These are essentially horizontal spray towers and may be 
arranged as in Fig. 7.19. They are frequently used for adiabatic humidfication
cooling operations with recirculating liquid. With large liquid drops, gas rates up 
to roughly 0.8 to 1.2 kg/m2

• s (600 to 900 Ib/ft2
• h) are possible, but in any 

case entrainment eliminators are necessary. 
Heat-transfer surfaces at the inlet and outlet provide for preheating and 

afterheating of the air, so that processes of the type shown in Fig. 7.20 can be 
carried out. If large humidity changes by this method are required, preheating 
the air to unusually high temperatures is necessary, however. As an alternative, 
the spray water can be heated above the adiabatic-saturation temperature to 
which it will tend to come by direct injection of steam or by heating coils. 
Dehumidification can be practiced by cooling the water before spraying or by 
using refrigerating coils directly in the spray chamber. Operations of this sort 
cannot be followed with assurance on the enthalpy-temperature diagrams de
scribed earlier owing ·to the departure from strictly countercurrent-flow condi
tions which prevail. When an adequate spray density is maintained, it can be 
assumed that three banks of sprays in series will bring the gas to substantial 
equilibrium with the incoming spray liquid. 

For comfort air conditioning, many compact devices are provided with a 
variety of these facilities, and automatic controls are available. 

Spray ponds These are sometimes used for water cooling where close approach 
to the air wet-bulb temperature is not required. Spray ponds are essentially 

-Fresh 
air 

Filler 

Steam 

Pump Drain 

FIgure 7.19 Schematic arrangement of a spray chamber. 

tSteom 
l' 
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FIgure 7.20 A simple conditioning process. 

fountains, where the water is sprayed upward into the air and allowed to fall 
back into a collection basin. They are subject to high windage losses of water. 

Dehumidification by other methods Adsorption, e.g., methods using activated 
silica gel, alumina, or molecular sieves as adsorbents (see Chap. 11). and 
washing gases with water solutions containing dissolved substances which appre· 
ciably lower the partial pressure of the water (see Chap. 8) are other commonly 
used dehumidification processes, particularly when very dry gases are required. 

NONADIABATIC OPERATION: EVAPORATIVE COOLING 

In evaporative cooling, a fluid is cooled while it flows through a tube. Water 
flows in.a film or spray about the outside of the tube, and air is blown past the 
water to carry away the heat removed from the tube·side fluid. Advantage is 
taken of the large heat-transfer rate resulting when the spray water is evaporated 
into the airstream. A schematic arrangement is shown in Fig. 7.21a. The 
tube-side fluid usually flows through a bank of tubes in parallel, as shown in 
Fig. 7.21b and c, Since the water is recirculated from top to bottom of the heat 
exchanger, the temperature tL2 at which it enters is the same as that at which it 
leaves, ILl' While the water temperature' does not remain constant as it passes 
through the device, it does not vary greatly from the terminal value. 

Figure 7.22 shows the temperature and gas-enthalpy profiles through a 
typical section of the exchanger. In the present analysis [24] the heat-transfer 
system will be'divided at the bulk-water temperature tv corresponding to a 
saturation gas enthalpy H;·. The overall heat-transfer coefficient Va based on 
the outside tube surface, from tube fluid to bulk water, is then given by 

(7.67) 
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Figure 7.22 Temperature and en
thalpy gradients, evaporative cooler. 

The overall coefficient Ky for use with gas enthalpies, from H,* to H', is 

11m 
= -k + J? (7.68) 

Y L 

where m is the slope of a chord such as chord TS on Fig. 7.11: 

H'* -
m=----

IL t, 

Since the variation in tL is small, for all practical purposes m can be taken as 
constant, 

dH'* 
m = -- (7.69) 

dtL 

If Ao is the outside surface of all the tubes, Aox is the area from the bottom 
to the level where the bulk-water temperature is tL , Here x is the fraction of the 
heat-transfer surface to that leveL For a differential portion of the exchanger, 
the heat loss by the tube-side fluid is 

wrCr dtL VoAo dx(tT - lL ) 

whence dtT = VoAo (t - t ) (7.70) 
dx wrCT T L 

The heat lost by the cooling water is 

or 

WA.LCA. L dtL = KyAo dx(H'* 

dJL 

dx (7.71) 
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The heat gained by the air is 

Ws dB' = KyAQ dx(H'* - H') 

or dH' = KyA(J (H'* _ H') 
dx Ws 

(7.72) 

Subtraction of Eq. (7.71) from Eq. (7.70) results in 

d(tT - IL ) + a (I - / ) + f3 (H'* - H') := 0 (7.73) dx I T L I 

Multiplying Eq. (7.71) by m and then subtracting Eq. (7.72) provides 

d(H':x H') + a2(tT - tL ) + fi2(H'* - H') = 0 (7.74) 

where at = - ( UoAo + UoAo) a2 = mUoAo (7.75) 
wrCT WA.LCA,L WTCT 

and f3 - KyAo f3 - _ ( mKyAo _ KyAa) (7.76) 
1 - WA,LCA.L 2 - WA.LCA• L Ws 

Integration of Eqs. (7.73) and (7.74), with Uo and Ky assumed constant, yields 

IT - tL = M1e"x + M2e
r
? (7.77) 

H'· - H' = N,e'lx + N2er2)( (7.78) 

For use with average driving forces, these yield 

Q = WTCr(tT2 - tTl) = ws(H2 - HI) = UoA"Ctr - 'L)av = KyAoCH'* - H'}av 
(7.79) 

where ( ) M, (r ' M2 (r ) I - t = - e ! - IJ + - e 1 - I 
T L av" '2 (7.80) 

{H'* - H'};1V = N, (e r , - 1) + N2 (e'I - I) (7.81) 
'1 '2 

In these expressions, '1 and r2 are the roots of the quadratic equation 

and 

r2 + (al + {32)r + (ad32 - cx2fi,) 0 (7.82) 

M.(r. + al) 
N; = ~J_J--:f3:-1 -- j = 1,2 (7.83) 

These expressions permit the design of the evaporative cooler provided values 
of the various transfer coefficients are available. The available data [24] are 
meager despite the widespread use of these devices. 

For hT use standard correlation for sensible·heat changes or vapor con
densation [13] for flow inside tubes. 

For tubes 19.05 m.m on (~ in) on 38-nun (1.5-in) center, triangular pitch 
(Fig. 7.21b and c), rjdo == 1.36 to 3.0 kg H20jm2 • s (1000 to 2200 Ib/ft2 • h), 
G;. min == 0.68 to 5 kgjm2

• s (500 to 3700 Ib/ft2
• h), water 15 to 70°C, in 
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kilograms, meters, newtons! seconds, and kelvins and tL in degrees Celsiust 

h~ _ (982 + 15.581L )( ~)'" 
hi = 11 360 W 1m2

• K 

k y = 0.0493 [ GS. min(l + y~v) ]0.905 kg/m2 • s . ~yl 

For other tube diameters, since the general relationship is expected to be 

Sh == const Relt Sen' 
ky can be expected to vary as G nd/ - I j or in this case as d

D 
- 0.095 

(7.84) 

(7.85) 

(7.86) 

Dlustratloo 7.15 An evaporative cooler of the sort shown in Fig. 1.21a and b is to be used to 
cool oil. The oil, flowing at a rate 4.0 kg/s in the tubes, will enter at 9S"C. Its average 
properties are density - 800 kg/m3, viscosity - 0.005 kg/m . s, thermal conductivity - 0.1436 
W 1m . K. and heat capacity ... 2010 J /kg . K. 

The cooler consists of a rectangular vertical shell. 0.75 m wide, fitted with 400 Admiralty 
Metal tubes, 19.05 mm 00, 1.65 mm wall thickness. 3.75 m long, on equilateral-triangular 
unters 38 mm apart. The tubes are arranged in horizontal rows of 20 tubes through which the 
oil flows in parallel, in stacks to tubes tall, as in Fig. 7.2Ib. Cooling water will be recycled at 
the rate 10 kg/so The design air rate is to be 2.3 kg dry air/s, entering at 30°C dry-bulb 
temperature, standard atmospheric pressure, humidity 0.01 kg H20/kg dry air. 

Estimate the temperature to which the oil will be cooled. 

SoLlmON The minimum area for airflow is on a plane through the diameters of tubes in a 
horizontal row. The free area is 

{O.75 - 20(0.01905)](3.75) == 1.384 m2 

Ws ... 2.3 kg/s Gs. rr1ll1 ... I ~~ ,. 1.662 kg/m2
• s 

Y;- 0.01 kg H20/kg dry air. Estimate Y:z" 0.06. Y~ ... = (0.01 + 0.(6)/2 ... 0.035. Eq. 
(7.86): 

k y - 0.0493[1.l62{l + 0.035)]°·905 .... 0.05826 kg/m1 • s . J1 Y' 

Fig. 7.5: 
H{(satd at tw ,.., 19.soC) ... 56000 J Ikg 

Outside surface of tubes DO A., .. 4OO'If(O.01905)(3.75) ... 89.8 m2• The cooling water is 
distributed over 40 tubes. Since the tubes are staggered, 

r 10 03 3 k I I 0.0333 / 2 - 40(2)(3.75) - o. 3 g m' s r do = O.ot905 - 1.750 kg m . s 

Tentatively take av tL ~ 'Ll'" tLl - 28°C. Eq. (7.84): 

hI. - (982 + 15.58(28)](1.750)1/3 - 1709 W 1m2 • K 

t For units of Btu, hours. feet, pounds mass, and degrees Fahrenheit Eqs. (7.84) to (7.86) become 

hI. - 13.72(1 + 0.0123tL )( i-) 1/3 Btu/rt2 • h . OF 

hi. - 2000 Btu/tt2 • h . OF 

k y - 0.0924[Gs.mm(1 + Y~v)]O.905 Ib/ftl . h . J1 Y' 



Eq. (7.85): 

hI. = 11360W/m2
• K 

Fig. 7.5: 

Eq. (7.68): 

I 1 S<XX> 
Ky "" 0.05826 + 11 360 

Tube ID ... ~ .. [19.05 - 2(1.65»)/1000 ... 0.01575 m. Inside crOSS section, each tube ... 
'11'(0.01575)2/4 ... 1.948 X 10-4 ml. G';' .... tube4nuid mass velocity .... 4.0/20 (1.948 X 10-") "" 
1026.7 kg/m1 . s; 

R ~G';' 0.01515(1026.1) 3234 Pr _ CT#JT _ 2010(0.005) ... 700 
cT - ---;;;:- ... 0.005 = T kT 0.1436 . 

From a standard correlation (fig. 10-8. p. 10-14. "The Chemical Engineers' Handbook," 
5th cd.), hT - 364 W /m2 • K. 

d f b = O.oJ905 + 0.DI575 "'" 0 01740 
4" or tu es 2 • m k", "" 112.5 W/m· K 

Eq. (7.67): 

I 0.01905 0.01905 0.00165 J 
Uo "" 0.01575(364) + 0.01740 lTf.5 + 1709 

Uti'" 255 W/m2
• K 

wr 4.0 kg/s, 'WA.L'" 10 kg/so 'Ws = 2.3 kg/s; CT = 2010, CA.L "" 4187 N . m/kg· K. 
Equations (7.7S) and (7.76) then yield 

"I:: -3.393 a2 == 18794 PI::r: 12.08 x 10- 5 P2 = 1.402 

With these values, the roots of Eq. (7.82) are 

'I = 3.8272 '2 == - 1.8362 

Since 'L is unknown, proceed as follows. Eq. (7.83): 

N ... M,P·8272 - 3.393) ... 3594M 
I 12,08 x IO-s I 

(7.87) 

N = M2( -1.8362 - 3.393) "" -43 288M 
2 12.08 x 10-5 2 

(7.88) 

From Eq. (7.77) at x'" ] (top) 

95 - 'L2 = M]e 3,8112 + M2e-U362 = 45.934M, + O.lS942M2 (7.89) 

From Eq. (7.78) at x == 0 (bottom) 

HI' - S6 000 = NI + Nz (7.90) 

Eq. (7.80): 

(t - I) = ~(e3.812 - 1) + ~(e-U362 - 1) 
T L AY 3.8272 - 1.8362 

= 11.74IM] + O.4578Mz (7.91) 

Eq. (7.81): 

(H'· - H')4Y "" 11.741NJ + 0.4578N2 (7.92) 
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Equation (7.79). with Eqs. (7.91) and (7.92) ror the average temperature and enthalpy dif· 
ferences. gives 

U"A,,(IT - h)av = KyA()(H'· - H')av 

255(89.8)(11.74IM] + 0.4578M2) = O.0568(89.8)(lL741N) + 0.4S78N2) (7.93) 

Elimination of the M's and the N's by solving Eqs. (7.87) to (7.90) and (7.93) simultaneously 
(with ILl = ILl) results in . 

HI" = 106 560 .. 532.2tLl 

This is solved simultaneously with the saturated-enthalpy curve of Fig. 7.5, whence ILl - 28°e, 
thus checking the value assumed at the start. Hr· - 91 660 J /kg. Equations (7.87) to (7.90) 
then provide M, .. 1.461, M2 "" --0.7204. and from Eq. (7.9t) (tT - IL)/l.v ... 16.83°C. Eq. 
(1.19): 

Q = 4.0(2010)(95 tTl) = 255(89.8)(16.83) -= 2.3(H2 - 56 COO) 

In "" 47.0"C = the outlet temperature ADs. 

H2 223500 J /kg 

If the outlet air is essentially saturated, this corresponds to Y' ... 0.0689 and the average Y' -
(0.01 + 0.0689)/2 "" 0.0395, which is considered sufficiently close to the 0.035 assumed earl.ier. 

Note: It is estimated that in the absence of the spray water. all other quantities as above, 
the oil would be cooled to 8 t "C. 

NOTATION FOR CHAPTER 7 

Any consistent set of units may be used, except as noted. 

CT 
day 

Ii. 
d~ 
DAB 

ED 
EH 
EMG 
F 
G 
Gs 
h 
h' 
hi.. h'i 
hR 
H 
H' 

specific interfacial surface, based on volume of packed section. LI/Ll 
specific interfacial surface for beat transfer, L1/L3 
specific interfacial surface for mass transfer. L1/L3 

outside surface of tubes. Ll 
molar density, moIe/L3 
heal capacity of a gas or vapor. unless otherwise indicated, at constant pressure. FL/l'tIT 
bumid beat. heat capacity of a vapor-gas mixture per unit mass of dry gas content, 
FL/Mr 
heat capacity of tube-side fluid. FL/MT 
mean diameter of a tube. L 
inside diameter of a lube, L 
outside diameter of a tube. L 
molecular diffusivity of vapor A in mixture with gas B. Ll/9 
eddy diffusivity of mass, L1/8 
eddy diffusivity of heat, L1/8 
Murphree gas-phase stage efficiency, fractional 
mass-transfer C()efficient, moIe/L'2S 
molar mass velocity, moIe/L'2S 
superficial mass velocity of dry gas, M/Ll(t 
convective heaHransfer coefficient, FL/L1TQ 
convective heat-transfer coefficient corrected for mass transfer, FL/LlIJ'e 
water heat-transfer C()efficients, evaporative cooler. FL/LiJ"9 
radiation heat-transfer coefficient in convection form. FL/LiJ"9 
enthalpy, FL/M 
enthalpy of a vapor-gas mixture per unit mass of dry gas, FL/M 



BtG 

BtoG 
JA 

k 
kG 
k y 
Ky 
In 
log 
L' 
Le 
In 

M 
M 1,M2 
N 

N'G 
N,oo 
N 1,N2 

P 
P 
PO.M 
Pr 
q3 
qT 
Q 

z'" 
Z 

height of a gas transfer unit, L 
overall height of a gas-enthalpy transfer unit, L 
flux of mass for no bulk flow, mole/LIe 
thermal conductivity. FL2 /L~ 
gas-phase mass-transfer coefficient, moIe/L28(F /Ll) 
gas-phase mass-transfer coefficient, M/L~/M) 
overall gas-phase mass-transfer cOerficient, M/Ll 8(M/M) 
natural logarithm 
common logarithm 
superficial mass velocity of liquid, M/L ~ 
Lewis number, Se/Pr. dimensionless 
slope of a chord of the saturated-enthalpy cUJVe on a B'·-h diagram; dB'· / diL' 
FL/MT 
mol wt, M/rnole 
quantities defined by Eq. (1.83) 
mass-transfer flux, moIe/L~ 
number of gas transfer units. dimensionless 
number of overall gas transfer units, dimensionless 
quantities defined by Eq. (7.83) 
vapor pressure, F /Ll 
partial pressure, F /Ll 
mean partial pressure of nondiffusing gas, F /Ll 
Prandtl number, C IL/ k. dimensionless 
sensible-heat-transfer flux, FL/L1e 
total-heat-transfer flux, FL/L~ 
evaporative-cooler beat load, FL/9; gain in enthalpy, FL/M 
hGQH/CSkyOM [not in Eq. (7.82)], dimensionless 
roots of Eq. (7.82) 
universal gas constant, FL/mole K 
interracial surface, Ll 
Schmidt number, p./ pD AD' dimensionless 
Sherwood number. kyd,,/ MBcDAB, dimensionless 
temperature, T 
adiabatic saturation temperature, T 
dew-point temperature, T 
wet-bulb temperature, T 
reference temperature, T 
absolute temperature, T 
internal energy, FL/M 
overall heat-transfer coefficient based on outside tube surface, FL/LHre 
molal specific volume, LJ /mole 
humid volume, volume vapor~gas mixture/mass dry gas, LJ /M 
mass rate, M/9 
mass rate of dry gas, M/9 
mass of dry gas, M 
fraction of beat~transfer surface traversed in the direction of airflow, dimensionless 
absolute humidity, mass vapor/mass dry gas, M/M 
metal thickness, L 
length or height of active part of equipment, L 
thermal diflusivity. Ll /9 
quantities defined by Eq. (7.75) 
quantities defined by Eq. (7.76) 
mass ra.te of spray water per tube per tube length (Fig. 7.2Ic); use twice the tube length 
for Fig. 7.21b, M/Le 
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6 difference 
A latent heat of vaporization, FL/M 
;...' molal latent heat of vaporization, FL/moJe 
p. viscosity, MILS 
p density, MiLl 

Subscripts 
o reference condition 
1,2 positions I, 2 
as adia.batic saturation 
av average 
A substance A, the vapor 
bp boiling point 
B substance B, the gas 
G pertaining to the gas 
i interface 
L pertaining to the liquid 
m metal 
min minimum 
nbp normal boiling point 
0 overall; outside 
r reference substance 
s saturation 
T lube-side fluid 
W wet-bulb temperature 

Superscript 

at saturation 
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PROBLEMS 

7.1 Prepare a logarithmic reference-substance plot of the vapor pressure of acetone over a tempera
ture range of lOOC to its critical temperature, 23SoC, with water as reference substance. With the 
help of the plot, determine (0) the vapor pressure of acetone at 6SoC, (b) the temperature at which 
acetone has a vapor pressure of 500 torr, and (c) the latent heat of vaporiz.ation of acetone at 40°C 
(accepted value"'" 536.1 kN . m/kg). 

7.1 A mixture of nitrogen and acetone vapor at 800 mmHg total pressure, 2S°C. has a percentage 
saturation of 80%. Calculate (a) the absolute molal humidity. (b) the absolute humidity. kg 
acetone/kg nitrogen, (c) the partial pressure of acetone.. (d) the relative humidity. (e) the volume 
percent acetone, and (f) the dew point. 

7.3 In a plant for the recovery of acetone which has been used as a solvent, the acetone is 
evaporated into a stream of nitrogen gas. A mixture of acetone vapor and nitrogen flows through a 
duct, 0.3 by 0.3 m cross section. The pressure and temperature at one point in the duct are 
800 mmHg, 4O"C, and at this point the average velocity is 3.0 m/s. A wet·bulb thermometer (wick 
wet with acetone) indicates a temperature at this point of 27°C. Calculate the kilograms of acetone 
per second carried by the duct. 

Ans.: 0.194 kg/so 

7.4 Would you expect the wet-bulb temperature of hydrogen-water vapor mixtures to be equal to, 
greater than, or less than the adiabatic-saturation temperature? Take the pressure as 1 std atm. 
Diffusivity for H20-Hz = 7.5 X 10-5 m2/s at O°C, 1 std atm. Heat capacity of H2 ... 14650 
N . m/kg· K, therma.l conductivity 0,173 W Jm· K. 

7.5 An air-water-vapor mixture, 1 std atm, HtO°C, flows in a duct (wall temperature ... 180°C) at 
3 m/s average velocity. A wet-bulb temperature, measured with an ordinary, unshielded thermome
ter covered with a wetted wick (9.5 mm outside diameter) and inserted in the duct at right angles to 
the duct axis, is. 52b C. Under these conditions, the adiabatic·saturation curves of the psychrometric 
chart do not approximate wet-bulb lines, radiation to the wet bulb and the effect of mass transfer on 
heat transfer are not negligible, and the k·type (rather than F) mass-transfer coefficients should not 
be used. 

(0) Make the best estimate you can of the humidity of the air, taking these matters into 
consideration. 

(b) Compute the humidity using the ordinary wet-bulb equation (7.26) with the usual ha/ ky, 
and compare. 

7.6 Prepare a psychrometric chart for the mixture acetone-nitrogen at a pressure of 800 mmHg over 
the ranges - 15 to 60°C, Y' = 0 to 3 kg vapor Ikg dry gas. Include the following curves, all plotted 
against temperature: (0) 100, 75, SO, and 25% humidity; (b) dry Ilnd saturated humid volumes; (e) 
enthalpy of dry and saturated mixtures expressed as N . m/leg dry gas, referred to liquid acetone 
and nitrogen gas at -lSoC; (d) wet-bulb curves for Iw "" 25°C; (e) adiabatic-saturation curves 
IllS = 25 and 40°C. 

7.7 A drier requires 1.50 ml/s (3178 ft3/min) of air at 65°C, 20% humidity. This is to be prepared 
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from air at 21"C dry-bulb, IS"C wet-bulb temperatures by direct injection of steam into the 
airstream followed by passage of the air over steam-heated finned tubes. The available steam is 
saturated at 35 000 N/m2 (5.081br/in2) gauge. Compute the kilograms of steam per second required 
(0) ror direct injection and (b) for the heat exchanger. 

ADs.: (a) 0.0463 kg/s; (b) 0.0281 kg/so 

7.8 For the purpose of canying out a catalytic reaction of acetone vapor with another reagent, an 
acetone-nitrogen mixture will be produced by passing nitrogen upward through a tower packed with 
38-mm (1.5-in) Berl saddles, irrigated with liquid acetone recirculated from the bottom to the top ot 
the tower, with addition of makeup acetone as needed. The process is to be one of adiabatic gas 
humidification. as in Fig. 7.14. The Nl will be preheated to the necessary temperature and 
introduced at the rate 1.S kg/s (11061b/h). The desired ultimate humidity is 0.6 kg acetone/kg Nl • 

and the circulated liquid acetone is to be at 25"C. the adiabatic-saturation temperature. The surface 
tension of acetone at 25"C is 23.2 dyn/cm. 

(0) To what temperature should the N2 be preheated? 
(b) Specify the liquid-circulation rate and the dimensions of a suitable packed section of the 

tower. 
ADs: 7.1 kg/s; LS m diam. 1.1 m depth. 

(c) Another possible process would involve heating the recirculating liquid, admitting the gas at 
ordinary temperatures. Are there advantages to this alternative? What portion of this chapter could 
be used for the design. of the tower? 

7.9 A recently installed induced-draft cooling tower was guaranteed by the manufacturer to cool 
2000 U.S. gal/min (0.1262 mJ Is) of 43°C water to 30°C when the available air has a wet-bulb 
temperature 24"C. A test on the tower, when operated at fuU fan capacity, provided the following 
data: 

InJet water, 0.1262 m3/s. 46.0"C 
Outlet water. 2S.6 DC 
Inlet air. 24.0°C dry-bulb, IS.6"C wet-bulb temperature 
Outlet air, 37.6"'Ct essentially saturated 

(0) What is the fan capacity, ml/s? 
(b) Can the tower be expected to meet the guarantee conditions? Note that to do so, N'OG in 

the test must at least equal the guarantee value if H10G is unchanged. 

7.10 It is desired to dehumidify 1.2 m3/s (2.540 f13/min) of air, available at 38.0"C dry-bulb. 30.0°C 
wet-bulb temperatures, to a wet-bulb temperature of IS.ODC in a countercurrent tower using water 
chilled to 10.0"C. The packing will be SO-mm (2.in) Rascbig rings. To keep entrainment at a 
minimum, Gs will be 1.25 kg air/m2

• s (922 Ib/ft2 • h). and a Uquid rate of 1.5 times the minimum 
will be used. 

(0) Specify the cross section and height of the packed portion of the tower. 
ADs.: Z ... 1.013 m. 

(b) What will be the temperature of the outlet water? 

7.11 A new process involves a product wet with methanol, and it is planned to dry the product by a 
continuous evapora.tion of the methanol into a stream of bot carbon dioxide (CO2 rather than air in 
order to avoid an explosive mixture). One of the schemes being considered is that of Fig. 7.16. The 
tower will be packed with 25-mm ceramic R.a.scbig rings. The CO2-methanol mixture from the drier, 
at the rate 0.70 kg/(m2 tower cross section)· s (516 Ib/ft2 • h) total flow, 1 std atm. 80°C, will 
contain IQ9Ii methanol vapor by volume. The refrigerated liquid methanol will enter the tower at 
-lS"C at a rate of 4.1S kg/m2 • s (3503 lb/ft2 • h). The methanol of the effluent gas is to be reduud 
to 2.0% by volume. 

(a) CalcuJate the value of the coefficients FGat hGo. and hLo at the top of the tower. For this 
pwpose assume that the outlet gas is at -9"C. Take the surface tension of methanol as 25 dyn/cm. 

Am.: FGtJ" - 0.0617 kmoljm3 • s, hGa.., om 2126. hLa..," 32900 W /m3 • K. 



(b) Compute the required depth of paclcing. Take the base temperature for enthalpies as 
-ISaC, at which temperature the latent beat of vaporization of methanol is 1197.S kJ/kg. Take 
CA.L - 2470. CA .. 1341. CD - 846 J/kg· K. In order to simplify the computations. assume that 
the interfacial area, void spa.ce, gas viscosity, Sea. and PrG all remain constant. Then Fa varies as 
G/GrO•36• Since hLD is very largc, assume also that " ... 'L' For present purposes, ignore any 
solubility of CO2 in methanol. 

ADs.: 0.64 m. 



CHAPTER 

EIGHT 
GAS ABSORPTION 

Gas absorption is an operation in which a gas mixture is contacted with a liquid 
for the purposes of preferentially dissolving one or more components of the gas 
and to provide a solution of them in the liquid. For example, the gas from 
by-product coke ovens is washed with water to remove arrunorua and again with 
an oil to remove benzene and toluene vapors. Objectionable hydrogen sulfide is 
removed from such a gas or from naturally occurring hydrocarbon gases by 
washing with various alkaline solutions in which it is absorbed. Valuable solvent 
vapors carried by a gas stream can be recovered for reuse by washing the gas 
with an appropriate solvent for the vapors. Such operations require mass 
transfer of a substance from the gas stream to the liquid. When mass transfer 
occurs in the opposite direction, i.e., from the liquid to the gas, the operation is 
called desorption, or stripping. For example, the benzene and toluene are 
removed from the absorption oil mentioned above by contacting the liquid 
solution with steam, whereupon the vapors enter the gas stream and are carried 
away, and the absorption oil can be used again. Since the principles of both 
absorption and desorption are basically the same, we can study both operations 
at the same time. 

Ordinarily, these operations are used only for solute recovery or solute 
removal. Separation of solutes from each other to any important extent requires 
the fractionation techniques of djstillation. 

EQUILIBRIUM SOLUBILITY OF GASES IN LIQUlDS 

The rate at which a gaseous constituent of a mixture will dissolve in an 
absorbent liquid depends upon the departure from equilibrium which exists, and 

27S 
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therefore it is necessary to consider the equilibrium characteristics of gas-liquid 
systems. A very brief discussion of such matters was presented in Chap. 5, but 
some elaboration will be required here. 

Two-Component Systems 

If a quantity of a single gas and a relatively nonvolatile liquid are brought to 
equilibrium in the manner described in Chap. 5, the resulting concentration of 
dissolved gas in the liquid is said to be the gas solubility at the prevailing 
temperature and pressure. At fixed temperature, the solubility concentration will 
increase with pressure in the manner, for example, of curve A, Fig. 8.1, which 
shows the solubility of ammonia in water at 30°C. 

Different gases and liquids yield separate solubility curves, which must 
ordinarily be determined experimentally for each system. If the equilibrium 
pressure of a gas at a given liquid concentration is high, as in the case of curve B 
(Fig. 8.1), the gas is said to be relatively insoluble in the liquid, while if it is low, 
as for curve C, the solubility is said to be high. But these are relative matters 
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only, for it is possible to produce any ultimate gas concentration in the liquid if 
sufficient pressure is applied~ so long as the liquefied form of the gas is 
completely soluble in the liquid. 

The solubility of any gas is influenced by the temperature, in a manner 
described by van't Hoffs law of mobile equilibrium: if the temperature of a 
system at equilibrium is raised, that change will occur which will absorb heat. 
Usually, but not always, the solution of a gas results in an evolution of heat, and 
it follows that in most cases the solubility of a gas decreases with increasing 
temperature. As an example, curve A (Fig. 8.1) for ammonia in water at 30°C 
lies above the corresponding curve for 100e. At the boiling point of the solvent, 
provided its vapor pressure is less than that of the gas or vapor solute, the gas 
solubility will be zero. On the other hand, the solubility of many of the 
low-molecular-weight gases such as hydrogen, oxygen, nitrogen, methane, and 
others in water increases with increased temperature above about 100°C and 
therefore at pressures above atmospheric [29. 35]. This phenomenon can be 
usefully exploited, e.g., in operations such as certain ore-leaching operations 
where oxygen-bearing solutions are required. Quantitative treatment of such 
equilibria is beyond the scope of this book, but excellent treatments are 
available [27, 34]. 

Multicomponent Systems 

If a mixture of gases is brought into contact with a liquid, under certain 
conditions the eqUilibrium solubilities of each gas will be independent of the 
others, provided, however, that the equilibrium is described in terms of the 
partial pressures in the gas mixture. If all but one of the components of the gas 
are substantially insoluble, their concentrations in the liquid will be so small that 
they cannot influence the solubility of the relatively soluble component, and the 
generalization applies. For example, curve A (Fig. 8.1) will also describe the 
solubility of ammonia in water when the ammonia is diluted with air, since air is 
so insoluble in water, provided that the ordinate of the plot is considered as the 
partial pressure of ammonia in the gas mixture. This is most fortunate, since the 
amount of experimental work in gathering useful solubility data is thereby 
considerably reduced. If several components of the mixture are appreciably 
soluble, the generalization will be applicable only if the solute gases are indif
ferent to the nature of the liquid, which will be the case only for ideal solutions. 
For example, a mixture of propane and butane gases will dissolve in a nonvola
tile paraffin oil independently since the solutions that result are substantially 
ideal. On the other hand, the solubility of ammonia in water can be expected to 
be influenced by the presence of methylamine, since the resulting solutions of 
these gases are not ideal. The solubility of a gas will also be influenced by the 
presence of a nonvolatile solute in the liquid, such as a salt in water solution, 
when such solutions are nonideal. 



218 MASS-TRANSFER OPERATIONS 

Ideal Liquid Solutions 

When the liquid phase can be considered ideal, we can compute the equilibrium 
partial pressure of a gas from the solution without resort to experimental 
determination. 

There are four significant characteristics of ideal solutions, all interrelated: 

I. The average intermolecular forces of attraction and repulsion in the solution 
are unchanged on mixing the constituents. 

2. The volume of the solution varies linearly with composition. 
3. There is neither absorption nor evolution of heat in mixing the constituents. 

For gases dissolving in liquids, however, this criterion should not include the 
heat of condensation of the gas to the liquid state. 

4. The total vapor pressure of the solution varies linearly with composition 
expressed as mole fractions. 

In reality there are no ideal solutions, and actual mixtures only approach 
ideality as a limit. Ideality would require that the molecules of the constituents 
be similar in size, structure, and chemical nature, and the nearest approach to 
such a condition is perhaps ex.emplified by solutions of optical isomers of 
organic compounds. Practically, however, many solutions are so nearly ideal 
that for engineering purposes they can be so considered. Adjacent or nearly 
adjacent members of a homologous series of organic compounds particularly fall 
in this category. So, for example, solutions of benzene in toluene, of ethyl and 
propyl alcohols, or of the paraffin hydrocarbon gases in paraffin oils can 
ordinarily be considered as ideal solutions. 

When the gas mixture in equilibrium with an ideal liquid solution also 
follows the ideal-gas law, the partial pressure ft· of a solute gas A equals the 
product of its vapor pressure p at the same temperature and its mole fraction in 
the solution x. This is Raoult's law. 

ft· = px (8.1) 

(The asterisk is used to indicate equilibrium.) The nature of the solvent liquid 
does not enter into consideration except insofar as it establishes the ideality of 
the solution, and it follows that the solubility of a particular gas in ideal solution 
in any solvent is always the same. 

lUostratioo 8.1 After long contact with a hydrocarbon oil and establishment of equilibrium, a 
gas mixture has the foUowing composition at 2 X lOS N/m2 total pressure, 24"C: methane 60%. 
ethane 20%. propane 8%, n-butane 6%. n-pcntane 6%. Calculate the composition of the 
equilibrium solution. 

SoLUTION The equilibrium partial pressure p. of each constituent in the gas is its volume 
fraction multiplied by the total pressure. These and the vapor pressures p of the constituents at 
24"C are tabulated below. The prevailing pressure is above the critical value for methane, and 
at this low total pressure its solubility may be considered negligible. For each constituent its 
mole fraction in the liquid is calculated by Eq. (8.1), fi* / P. and the last column of the table lists 
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these as the answers to the problem. The remaining liquid, 1 - 0.261 '"" 0.739 mole fraction, is 
the solvent oil. 

Mole fraction 
Component Equilibrium Vapor pressure p in the liquid 

partial pressurep·, N/m2 X lO-s at 24°C, N/ml x lO-s x=r/p 

Methane 1.20 = 0.6(2) 
Ethane 0.4 42.05 0.11095 
Propane 0.16 8.96 0.018 
n-Butane 0.12 2.36 0.051 

II-Pentane 0.12 0.66 0.182 
Total 0.261 

For total pressures in excess of those for which the ideal-gas law applies, 
Raoult's law can frequently be used with fugacities substituted for the pressure 
terms [27, 34]. 

Nonideal Liquid Solutions 

For liquid solutions which are not ideal, Eq. (8.1) will give highly incorrect 
results. Line D (Fig. 8.1), for example, is the calculated partial pressure of 
ammonia in equilibrium with water solutions at lOGe, assuming Raoult's law to 
be applicable, and it clearly does not represent the data. On the other hand, the 
straight line E is seen to represent the lOoe ammonia-water data very well up to 
mole fractions of 0.06 in the liquid. The equation of such a line is 

-* 
y* = L = mx (8.2) 

P, 
where m is a constant. This is Henry's law, t and it is seen to be applicable with 
different values of m for each of the gases in the figure over at least a modest 
liquid-concentration range. Failure to follow Henris law over wide concentra
tion ranges may be the result of chemical interaction with the liquid or 
electrolytic dissociation, as is the case with ammonia-water, or nonideality in the 
gas phase. Most gases can be expected to follow the law to equilibrium pressures 
to about 5 X lOs N/m2 (~5 std atm), although if solubility is low, as with 
hydrogen-water, it may be obeyed to pressures as high as 34 N 1m2 [35]. Gases 
of the vapor type (which' are below their critical temperature) will generally 

t Equation (8.2) is frequently written a.s y. = Xx, but here we wish to distinguish between the 
Henry·law constant and mass-transfer coefficients. For conditions under which Eq. (8.2) is inappli
cable, it is frequently used in empirical fashion to describe experimental data, but the value of m will 
then be expected to vary with temperature, pressure, and concentration and should be listed as a 
function of these variables. 
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follow the law up to pressures of approximately 50 percent of the saturation 
value at the prevailing temperature provided no chemical action occurs in the 
liquid. In any case m must be established experimentally. 

The advantages of straight-line plotting for interpolating and extrapolating 
experimental data are, of course, very great, and an empirical method of wide 
utility is an extension [32] of the referenceMsubstance vapor-pressure plot de
scribed in Chap. 7. As an example of this, Fig. 8.2 shows the data for 
ammonia-water solutions, covering a wide range of concentrations and tempera
tures. The coordinates are logarithmic. The abscissa is marked with the vapor 
pressure of a convenient reference substance, in this case water, and the ordinate 
is the equilibrium partial pressure of the solute gas. Points are plotted where the 
corresponding temperatures for the vapor pressure of the reference substance 
and the partial pressure of solute are identical. For example, at 32.2°C the vapor 
pressure of water is 36 mmHg, the partial pressure of ammonia for a 10 mole 
percent solution is 130 mmHg, and these pressures locate point A on the figure. 
The lines for constant liquid composition are straight with few exceptions. A 
temperature scale can later be substituted for the reference vapor-pressure scale, 
using the steam tables where water is the reference substance. A similar plot, 
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with water as reference substance, can also be drawn for the partial pressures of 
water over these solutions. An important property of such plots is their ability to 
provide enthalpy data. For substance (solute or solvent) J, let the slope of the 
line for concentration Xl be m~r' Then 

HJ = CJ(t to) + AjO - mjA.t (8.3) 

HJ = partial enthalpy of component J in solution 
Cj = molar heat capacity of gaseous J 
A = appropriate latent heat of vaporization 

AJO is taken as zero if J is a gas at temperature to' The enthalpy of the solution 
relative to pure components at 10 is then 

(8.4) 

Choice of Solvent for Absorption 

If the principal purpose of the absorption operation is to produce a specific 
solution, as in the manufacture of hydrochloric acid, for example, the solvent is 
specified by the nature of the product. If the principal purpose is to remove 
some constituent from the gas, some choice is frequently possible. Water is, of 
course, the cheapest and most plentiful solvent, but the following properties are 
important considerations: 

1. Gas solubility. The gas solubility should be high, thus increasing the rate of 
absorption and decreasing the quantity of solvent required. Generally 
solvents of a chemical nature similar to that of the solute to be absorbed win 
provide good solubility. Thus hydrocarbon oils, and not water, are used to 
remove benzene from coke-oven gas. For cases where the solutions formed 
are ideal. the solubility of the gas is the same in terms of mole fractions for all 
solvents. But it is greater in terms of weight fractions for solvents of low 
molecular weight. and smaller weights of such solvents, as measured in 
pounds. need to be used. A chemical reaction of solvent with the solute will 
frequently result in very high gas solubility, but if the solvent is to be 
recovered for reuse. the reaction must be reversible. For example, hydrogen 
sulfide can be removed from gas mixtures using ethanolamine solutions since 
the sulfide is readily absorbed at low temperatures and easily stripped at high 
temperatures. Caustic soda absorbs hydrogen sulfide excel1ently but will not 
release it in a stripping operation. 

2. Volatility. The solvent should have a low vapor pressure since the gas leaving 
an absorption operation is ordinarily saturated with the solvent and much 
may thereby be lost. If necessary. a second. less volatile liquid can be used to 
recover the evaporated portion of the first, as in Fig. 8.3. This is sometimes 
done, for example, in the case of hydrocarbon absorbers. where a relatively 
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volatile solvent oil is used in the principal portion of the absorber because of 
the superior solubility characteristics and the volatilized solvent is recovered 
from the gas by a nonvolatile oil. Similarly, hydrogen sulfide can be absorbed 
by a water solution of sodium phenolate, but the desulfurized gas is further 
washed with water to recover the evaporated phenol. 

3. Corrosiveness. The materials of construction required for the equipment 
should not be unusual or expensive. 

4. Cost. The solvent should be inexpensive, so that losses are not costly, and 
should be readily available. 

5. Viscosity. Low viscosity is preferred for reasons of rapid absorption rates, 
improved flooding characteristics in absorption towers, low pressure drops on 
pumping, and good heat~transfer characteristics. 

6. Miscellaneous. The solvent if possible should be nontoxic, nonflammable, 
and chemically stable and should have a low freezing point. 

ONE COMPONENT TRANSFERRED; MATERIAL BALANCES 

The basic expressions for material balances and their graphical interpretation 
were presented for any mass-transfer operation in Chap. 5. Here they are 
adapted to the problems of gas absorption and stripping. 

CountercUITent Flow 

Figure 8.4 shows a countercurrent tower which may be either a packed or spray 
tower, filled with bubble-cap trays or of any internal construction to bring about 
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liquid~gas contact. The gas stream at any point in the tower consists of G total 
mol/(area of tower cross section) (time), made up of diffusing solute A of mole 
fraction y, partial pressure p, or mole ratio Y, and nondiffusing, essentially 
insoluble gas Gs mol/(area) (time). The relationship between these is 

y=_y_=-.L 
1 - Y p, - p 

Gs = G(l - y) = G 

(8.5) 

(8.6) 

Similarly the liquid stream consists of L total molj(area) (time), containing x 
mole fraction soluble gas, or mole ratio X, and essentially nonvolatile solvent Ls 
mol/(area) (time). 

X= x 
-x 

Ls = L(1 - x) = 

(8.7) 

L 
(8.8) 

Since the solvent gas and solvent liquid are essentially unchanged in quantity 
as they pass through the tower, it is convenient to express the material bal
ance in terms of these. A solute balance about the lower part of the tower 
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slope =Ls/6s 

(8.9) 

This is the equation of a straight line (the operating line) on X. Y coordinates, of 
slope Ls/Gs, which passes through (Xl' Y1). Substitution of X2 and Y2 for X 
and Y shows the line to pass through (X2• Y1), as on Fig. 8.5a for an absorber. 
This line indicates the relation between the liquid and gas concentration at any 
level in the tower, as at point P. 

The ~quilibrium-solubility data for the solute gas in the solvent liquid can 
also be plotted in terms of these concentration units on the same diagram, as 
curve MN, for example. Each point on this curve represents the gas concentra
tion in equilibrium with the corresponding liquid at its local concentration and 
temperature. For an absorber (mass transfer from gas to liquid) the operating 
line always lies above the equilibrium·solubility curve, while for a stripper (mass 
transfer from liquid to gas) the line is always below, as in Fig. 8.5b. 

The operating line is straight only when plotted in tenns of the mole-ratio 
units. In terms of mole fractions or partial pressures the line is curved, as in 
Fig. 8.6 for an absorber. The equation of the line is then 

G ----- = G --- = L -----( Yl Y) (PI ) (XI X) 
s I - YI I - Y S PI PI PI - P 'S 1 - XI I - x 

(8.10) 

t Equations (8.9) and (8.10) and the corresponding Figs. 8,4 to 8.8 are written as for packed 
towers, with 1 indicating the streams at the bottom and 2 those at the top. For tray towers, where 
tray numbers are used as subscripts, as in Fig. 8.12, the same equations apply, but changes in 
subscripts must be made. Thus Eq. (8.9) becomes, when applied to an entire tray tower, 

GS(YN,+I - Y.) "'" LS(XN, - Xo) 
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Mole traction solute in liQuid Figure 8.6 Operating line in mole fractions. 

The total pressure PI at any point can ordinarily be considered constant 
throughout the tower for this purpose. 

Minimum Liquid-Gas Ratio for Absorbers 

In the design of absorbers, the quantity of gas to be treated G or Gs, the 
tenninal concentrations YI and f 2, and the composition of the entering liquid 
X 2 are ordinarily fixed by process requirements, but the quantity of liquid to be 
used is subject to choice. Refer to Fig. 8.7a. The operating line must pass 
through point D and must end at the ordinate fl' If such a quantity of liquid is 
used to give operating line DE, the exit liquid will have the composition Xl' If 
less liquid is used, the exit-liquid composition will clearly be greater, as at point 
F, but since the driving forces for diffusion are less, the absorption is more 
difficult. The time of contact between gas and liquid must then be greater, and 

r 

Slope '" Ls(min) 
Os 

y 

X, (max) X2 
Moles solute / mole solvent 

(0) 

Figure 8.7 Minimum liquid-gas ratio, absorption. 

(0) 



the absorber must be correspondingly taller. The minimum liquid which can be 
used correspo~ds to the operating line DM, which has the greatest slope for any 
line touching the equilibrium curve and is tangent to the curve at P. At P the 
diffusional driving force is zero, the required time of contact for the concentra
tion change desired is infinite, and an infinitely tall tower results. This then 
represents the limiting liquid-gas ratio. 

The equilibrium curve is frequently concave upward, as in Fig. 8.7 b, and the 
minimum liquid-gas ratio then corresponds to an exit-liquid concentration in 
equilibrium with the entering gas. 

These principles also apply to strippers, where an operating line which 
anywhere touches the equilibrium curve represents a maximum ratio of liquid to 
gas and a maximum exit-gas concentration. . 

Cocurrent Flow 

When gas and liquid flow cocurrently, as in Fig. 8.8, the operating line has a 
negative slope - Ls / Gs . There is no limit on this ratio, but an infinitely tall 
tower would produce an exit liquid and gas in equilibrium, as at (Xe' Y,). 
Cocurrent flow may be used when an exceptionally tall tower is built in two 
sections. as in Fig. 8.9, with the second section operated in cocurrent flow to 
save on the large-diameter gas pipe connecting the two. It may also be used if 
the gas to be dissolved in the liquid is a pure substance, where there is no 
advantage to countercurrent operation, or if a rapid, irreversible chemical 
reaction with the dissolved solute occurs in the liquid, where only the equivalent 
of one theoretical stage is required. 

IULWtration 8.2 A coal gas is to be freed of its light oil by scrubbing with wash oil as an 
absorbent and the light oil recovered by stripping the resulting solution with steam. The 
circumstances are as foUows. 

LI mole I (lIme)(oreo) I 
L solvent 61 moles (ltmel(oreo) l Gs solveot 

1 Y1 

i2l--l---~ 

~ t--+----I-¥ 

Xi 

flaure 8.8 Cocurrent absorber. 
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Liquid 

Gas 

liquid 

Gas 

Figure 8.9 Countercurrent-cocurrent arrangement for very 

Gas Liquid taU towers. 

Absorber Gas in. 0.250 O13/s (3 I 800 ft3/h) at 26°C, PI = L07 X lOS N/012 (803 mmHg), 
containing 2.0% by volume of light oil vapors. The light oil will be assumed to be entirely 
benzene, and a 95% removal is required. The wash oil is to enter at 26°C, containing 0.005 mole 
fraction benzene, and has an av 0101 wt 260. An oil circulation rate of 1.5 times the m.inimum is 
to be used. Wasb oil-benzene solutions are ideal. The temperature will be constant at 26°C. 

Stripper The solution from tbe absorber is to be heated to 120°C and will enter the stripper at 
I std atm pressure. Stripping steam will be at standard atmospheric pressure, superheated to 
122°C. The debenzolized oil. 0.005 mole fraction benzene, is to be cooled to 26°C and returned 
to the absorber. A steam rate of 1.5 times the roioi.mum is to be used. The temperature will be 
constant at 122°C. 

Compute the oil-circulation rate and the steam rate required. 

SOLUTION 

Abwrber Basis: 1 s. Define L. Ls, G, and Gs in terms of Ionoljs. 

273 \.07 X lOS I 
Gl = 0.250 273 + 26 I.OB) X lOS 22.41 = 0.01075 Ionol/s 

YI = 0.02 Yl = I ~'~~02 = 0.0204 Ionol benzene/Ionol dry gas 

Gs = 0.01075 (\ - 0.02) = 0.01051 lanol dty gas/s 

For 95% removal of benzene, 

Y2 = 0.05 (0.0204) = 0.00102 Ionol benzene/lemol dry gas 

X2 = 0.005 X 2 = I ~'~~5 = 0.00503 Ionol benzene /kmol oil 

At 26°C, the vapor pressure of benzene is P = 100 mmHg = 13 330 N /m2. Equation (8.1) for 
ideal solutions: p. = 13 330x. 

PI = 1.07 X lOS N/m2 

Substitution in Eq. (8.1) yields 
y. X· 

I + y* = 0.125 I + X 

X=_x_ 
I-x 
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which is the equilibrium-curve equation for the absorber, plotted in Fig. 8.10. Operating Jines 
originate at point D in this figure. For the minimum oil rate, line DE is drawn as the line of 
maximum slope which touches the equilibrium curve (tangent to the curve). At Y, m 0.0204, 
XI ... 0.116 kmol benzene/kmol wash oil (point E). 

. L == Gs( Yl - Y1) = 0.01051 (0.0204 - 0.00102) == ] 190 X 10-3 km I ill 
nun 'S Xl _ Xl 0.176 _ 0.00503 . 0 0 s 

For 1.S limes the minimum, Ls .. 1.5 (1.190 x 10-3) := 1.787 X 10-3 kmol/s. 

X ... GS(YI - Y2) + X "" 0.01051 (0.0204 - 0.00102) + 0.00503 
I Ls :2 1.787 X 10-3 

- 0.1190 kmol benzene /lcmol oil 

The operating line is DF. 

Stripper At 122°C, the vapor pressure of benzene is 2400 mmHg - 319.9 kN/m2. The 
equilibrium curve for the stripper is therefore 

Y· 319.9 X 3.16X 
I + Y· ... 10 1.33 I + X ... 1 + X 

which is drawn in Fig. 8.U. For the stripper, X2 - 0.1190, Xl - 0.00503 kmol benzene/lanol 
oil. Yj - 0 kmol benzene/kmo) steam. For the minimum steam rale, line MN is drawn tangent 
to the equilibrium curve, and at N the value of Y2 - 0.45 k.mol benzene/kmol steam. 

min G
s 

... LS(X2 - XI) ... (1.787 x 10- 3)(0.1190 - 0.00503) 
Y2 - Yl 0.45 - 0 

"" 4.526 X 10-4 kmol steam/s 

For 1.5 times the minimum, the steam rate is 1.5 (4.526 X 10-4) - 6.79 X 10-4 lanOl/B, 
corresponding to line M P. 
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COUNTERCURRENT MULTISTAGE OPERATION; 
ONE COMPONENT TRANSFERRED 

Tray towers and similar devices bring about stepwise contact of the liquid and 
gas and are therefore countercurrent multistage cascades. On each tray of a 
sieve-tray tower, for example, the gas and liquid are brought into intimate 
contact and separated, somewhat in the manner of Fig. 5.14, and the tray thus 
constitutes a stage. Few of the tray devices described in Chap. 6 actually provide 
the parallel flow on each tray as shown in Fig. 5.14. Nevertheless it is convenient 
to use the latter as an arbitrary standard for design and for measurement of 
perfonnance of actual trays regardless of their method of operation. For this 
purpose a theoretical, or ideal, tray is defined as one where the average composi
tion of all the gas leaving the tray is in equilibrium with the average composition 
of all the liquid leaving. the tray. 

The number of ideal trays required to bring about a given change in 
composition of the liquid or the gas, for either absorbers or strippers, can then 
be detennined graphically in the manner of Fig. 5.15. This is illustrated for an 
absorber in Fig. 8.12, where the liquid and gas compositions corresponding to 
each tray are marked on the operating diagram. Ideal tray 1, for example, brings 
about a change in liquid composition from Xo to XI and of gas composition 
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YHp +1 

>Np 

Y,;p -1 

Wp -2 

Yl 

Xo X; X2 X~ XNp ~2 XNp -1 XNp 

X = moles solute / mole solvent liquid 

from Y2 to Y1• The step marked 1 on the operating diagram therefore represents 
this ideal tray. The nearer the operating line to the equilibrium curve, the more 
steps will be required, and should the two curves touch at any point correspond
ing to a minimum Lsi Gs ratio, the number of steps will be infinite. The steps 
can equally be constructed on diagrams plotted in terms of any concentration 
units. such as mole fractions or partial pressures. The construction for strippers 
is the same, except, of course. that the operating line lies below the equilibrium 
curve. 

It is usually convenient, for tray towers, to define the flow rates Land G 
simply as mol/h. rather than to base them on unit tower cross section. 

Dilute Gas Mixtures 

Where both operating line and equilibrium curve can be considered straight, the 
number of ideal trays can be determined without recourse to graphical methods. 
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This will frequently be the case for relatively dilute gas and liquid mixtures. 
Henry's law [Eq. (8.2)] often applies to dilute solutions, for example. If the 
quantity of gas absorbed is small, the total flow of liquid entering and leaving 
the absorber remains substantially constant, La ~ LN ~ L total mol/(area) 
(time), and similarly the total flow of gas is substantially constant at G total 
mol/(area) (time). An operating line plotted in terms of mole fractions will then 
be substantially straight. For such cases, the Kremser equations (5.50) to (5.57) 
and Fig. 5.16 apply.t Small variations in A from one end of the tower to the 
other due to changing L/ G as a result of absorption or stripping or to change in 
gas solubility with concentration or temperature can be roughly allowed for by 
using the geometric average of the values af A at top and bottom [17]. For large 
variations, either more elaborate corrections [13, 20, 33] for A, graphical com
putations, or tray-to-tray numerical calculations as developed below must be 
used. 

The Absorption Factor A 

The absorption factor A = L/mG is the ratio of the slope of the operating line _ 
to that of the equilibrium curve. For values of A less than unity, corresponding l~ 
to convergence of the operating line and equilibrium curve for the lower end of'tV ~ 
the absorber, Fig. 5.16 indicates clearly that the fractional absorption of solute is 1 \'\\..V.-

definitely limited, even for infinite theoretical trays. On the other hand, for 1- / 
values of A greater than unity, any degree of absorption is possible if sufficient ... ~7\ 
trays are provided. For a fixed. degree of absorption from a fixed amount of gas, 'f /" 
as A increases beyond unity, the absorbed solute is dissolved in more and more 
liquid and becomes therefore less valuable. At the same time, the number of 'I 
trays decreases, so that the equipment cost decreases. From these opposing cost 
tendencies it follows that in all such cases there will be a value of A, or of L / G, 
for which the most economical absorption results. This should be obtained 
generally by computing the total costs for several values of A and observing the 
minimum. As a rule of thumb for purposes of rapid estimates, it has been 

t These become, in terms of mote fractions, 

AbsoIJ)tion: 
Y.vp+l - Yl ANp+1 - A 

YNp+l- mxO ANp+I-J 
(5.54a) 

)Og[ YNp + I - ntXo (1 - .l) + 1. J 
YI - mxo A A 

N = -=--------,-------=-
p log A 

(5.55a) 

Stripping: 
XO-XNp _SNp+I-S 

Xo - YNp+!/m - SNp+1 - 1 
(5.50a) 

(5.51a) 



frequently found [8] that the most economical A will be in the range from 1.25 
to 2.0. 

..,. 
c 

The reciprocal of the absorption factor is caned the stripping factor S. 

lllustTadOD 8.3 Detennine the number of theoretical trays required for the absorber and the 
stripper of IUustration 8.2. 

SOLUTION 

Absorber Since the tower will be a tray device, the following notation changes will be made 
(compare Figs. 8.4 and 8.12): 

LI is changed toLH, G1 is changed toGH,+ I XI is changed tOXH, 

Ll Lo O2 0 1 

XI X N, Y1 YN,+I 

Xl Xo Yl Y\ 

The operating diagram is established in Illustration 8.2 and replotted in Fig. 8.13, where the 
theoretical trays are stepped off. Between 7 and 8 (approximately 7.6) theoretical trays are 
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c 
~ 
<It .... 
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~ 0.0081-----+-+-+->"'--+-----+-----1 
:..... 

0.0041----r-bL-+----+------I------I 

0.04 0.08 0.12 
X =moles ben2ene I mole wosh oil 

0.16 Figure 8.13 Illustration 8.3, the ab
sorber. 
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requited. Alternatively, the number of theoretical trays caD be romputed analytically. 

YN,+I == 0.02 
0.00102 

YI lei; I + 0.00102 = 0.00102 

Xo = 0.005 m = Y· /x = 0.125 

LN, = Ls(l +XN,) = (1.787.X 10- 3)(1 + 0.1190) = 2.00 X 1O.- 3 kmol/s 

LN, LN, 2.00 X 10- 3 

AN =--::::::---= = 1488 
, mGN, mGN,+1 0.125(0.01075) . 

1...0 = Ls(l + Xc) = (1.787 X 10- 3) (i + 0.00503) = 1.796 X 10- 3 kmol/s 

Gl = Gs(l + Yl ) = 0.01051 (I + 0.00102) = 0.01052 kmol/s 

L1 La 1.796 X 10- 3 

A 1 = mGI :::::: mG I = 0.125 (0.01052) "" 1.366 

A "" [1.488 ( 1.366) ]o.s = 1.424 

YI - mxo "" 0.00102 - 0.125 (0.005) = 0.0204 
YN, + 1 - mxo 0.02 - 0.125 (0.005) 

From Fig. 5.16 or Eq. (5.55) N" "'" 7.7 equilibrium stages. 

SlTipjNr The trays were delenruned graphicaUy in the same manner as for the absorber and 
found to be 6.7. Figure 5.16 for this case gave 6.0 trays owing to the relative nonronstancy of 
the stripping factor. I/AN = SN = 1.197. l/A 1 = SI = 1.561. The graphical method should 
be wed. " 

Nonisothennal Operation 

Many absorbers and strippers deal with dilute gas rnixtu·res and liquids, and it is 
frequently satisfactory in these cases to assume that the operation is isothermal. 
But actually absorption operations are usually exothermic, and when large 
quantities of solute gas are absorbed to form concentrated solutions. the temper
ature effects cannot be ignored. If by absorption the temperature of the liquid is 
raised to a considerable extent. the equilibrium solubility of the solute will be 
appreciably reduced and the capacity of the absorber decreased (or else much 
larger flow rates of liquid will be required). If the heat evolved is excessive, 
cooling coils can be installed in the absorber or the liquid can be removed at 
intervals, cooled. and returned to the absorber. For stripping, an endothermic 
action, the temperature tends to fall. 

Consider the tray tower of Fig. 8.14. If QT is the heat removed per unit time 
from the entire tower by any means whatsoever. an enthalpy balance for the 
entire tower is 

(8.11 ) 

where H represents in each case the molal enthalpy of the stream at its 
particular concentration and condition. It is convenient to refer all enthalpies to 
the condition of pure liquid solvent. pure diluent (or solvent) gas, and pure 
solute at some base temperature 10- with each substance assigned zero enthalpy 



G, tOIO! moles / time 

t 
Y\ mole froction solute 

Hr;\ energy/mole 

~ 
21-----..., 

i? -1 J--r-----/ 

Np 1------1 

- L 0 rota I moles I lime 
Xo mole fraction solute 
HLO energy/mole 

GNp +1 torol moles / lime 
YN

p
+1 mole fraction solute 

Ha. Np +1 energy/mole 

LN
p 

rotol moles / lime 
xNp mole froctlon solute 

Ht • Np energy/mole Figure 8.14 Nonisotherrnal operation. 

for its normal state of aggregation at 10 and I atm pressure. Thus, the molal 
enthalpy of a liquid solution, temperature tv composition x mole fraction solute, 
can be obtained either from Eq. (8.4) or, dependmg on the nature of the data 
availa bIe, from 

(8.12) 

where the first term on the right represents the sensible heat and the second the 
molal enthalpy of mixing, or integral heat of solution, at the prevailing con
centration and at the base temperature to' per mole of solution. If heat is evolved 
on mixing, IlHs will be a negative quantity. If the absorbed solute is a gas at to. 
I std atm, the gas enthalpy will include only sensible heat If the absorbed solute 
is a liquid at the reference conditions, as in the case of many vapors, the 
enthalpy of the gas stream must also include the latent heat of vaporization of 
the solute vapor (see Chap. 7). For ideal solutions, IlHs for mixing liquids is 
zero, and the enthalpy of the solution is the sum of the enthaipies of the 
separate, unmixed constituents. If the ideal liquid solution is formed from a 
gaseous solute. the heat evolved is the latent heat of condensation of the 
absorbed solute. 
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For adiabatic operation, QT of Eq. (8.11) is zero and the temperature of the 
streams leaving an absorber will generally be higher than the entering tempera
tures owing to the heat of solution. The rise in temperature causes a decrease in 
solute solubility, which in turn results in a larger minimum LJ G and a larger 
number of trays than for isothermal absorption. The design of such absorbers 
may be done numerically, calculating tray by tray from the bottom to the top. 
The principle of an ideal tray, that the effluent streams from the tray are in 
equilibrium both with respect to composition and temperature, is utilized for 
each tray. Thus, total and solute balances up to tray n, as shown by the 
envelope, Fig. 8.14, are 

Lit + GNp + I = LNp + G n+ 1 

Lnx" + GNp+1YNp+l = LNpxNp + Gn+1Yn+l 

from which Ln and Xn are computed. An enthalpy balance is 

(8.13) 

(8.14) 

(8.15) 

from which the temperature of stream Lit can be obtained. Stream Gn is then at 
the same temperature as L" and in composition equilibrium with it. Equations 
(8.13) to (8.15) are then appbed to tray n - I, and so forth. To get started, since 
usually only the temperatures of the entering streams Lo and GN + I are known, it 
is usually necessary to estimate the temperature t

J 
of the gas PCI (which is the 

same as the top tray temperature), and use Eq. (8.11) to compute the tempera
ture of the liquid leaving at the bottom of the tower. The estimate is checked 
when the calculations reach the top tray, and jf necessary the entire computation 
is repeated. The method is best illustrated by an example. 

Illustradon 8.4 One kilomole per unit lime of a gas consisting of 75% methane, CH4 , and 25% 
II-pentane vapor, n-CSHI2' 27"C, I std atm, is to be scrubbed with 2 kmol/wtit time of a 
nonvolatile paraffin oil. mol wt 200, heat capacity 1.884 kJ jkg . K, entering the absorber free 
of pentane at 35°C. Compute the number of ideal trays for adiabatic absorption of 98% of the 
pentane. Neglect solubility of CH4 in the oil, and assume operatioo to be at I std atm (neglect 
pressure drop for flow through the trays). The pentane fonos ideal solutions with the paraffin 
oil. 

SOLUTION Heat capacities over the range of temperatures to be encountered are 

CH4 = 35.59 kl jkmol . K C H _ { 119.75 kJ/kmo\ . K 
n- s 12 - 177.53 kl/kmol . K 

as vapor 
as Liquid 

The latent heat of vaporization of n-CSH I2 at O°C = 27 820 kJ/kmol. Use a base temperature 
to c: O°c. Enthalpies referred to ODC, liquid pentane, liquid paraffin oil, and gaseous methane, 
are then 

HL = (1 - x) (1.884) (200) (fL - 0) + x(l77.53) (IL - 0) 

= fL(376.8 - 199.3x) kJjkmolliquid solution 

HG = (I -y) (35.59) (te; - 0) + y[119.75 (fe; - 0) + 27 820] 

= lG(35.59 + 84. I 6y) + 27 820y kJ /kmol gas-vapor mixture 



For solutions which follow Raoult's law, Eqs. (8.1) and (8.2) provide 

y* = pX == mx 
PI 

where P ... vapor pressure of n-pentane. Thus the vapor pressure oC n·C5H 1l is 400 mmHg 
(53.32 kN/m2) at IS.SoC, whence m = p/Pt = 400/160 - 0.530. Similarly, 

43 

m 1.25 

It is convenient to prepare a graph of these for interpolation. 
Basis: unit time. From the given data, 

GH,+ I = I kmol YH,+I 0.25 

HG,H,+I == 27[35.59 + 84.16 (O.2S)} + 27 820 (0.25) .... 8484 kJ/kmol 

~;;: 2 kmol Xo'" 0 HLO = 3S (376.8) ... 13 188 kJjkmol 

n-CSH I2 absorbed == 0.98 (0.25) .. 0.245 kmol 

n·CSHI2 in G1 .... 0.25 - 0.245,"" 0.005 kmol 

G, -- 0.75 + 0.005 = 0.755 klnol 

LN, "" 2 + 0.245 == 2.245 kmol 

Assume /1 = 35.6"C (to be checked later). 

RequiredYI "'" g:~~ = 0.00662 

0.245 
xH, == 2.245 "" 0.1091 

HGI = 35.6[35.59 + 84.16 (0.00662)] + 27820 (0.00662) ... 1411 kJ/kmol 

Eq. (8.11) with QT .... 0: 

2(13188) + 8484 ... LN,HL.H, + 0.755 (1471) 

LH,HL• H, ... 31749 kJ 

37749 
HL,H, - 2.245 ... /N,[376.8 - 199.3 (0.1091)) 

tH, ... 42.3"C 

mN, ... 1.21 YH, .. mN,xHjI - 1.21 (0.1091) - 0.1330 

GN, ... 1 _0;i330 ... 0.865 kmal 

HG• llp - 42.3[35.59 + 84.16 (0. I 330}) + 27 820 (0.1330) - 5679 kJjlcmol 

Eq. (8.13) with n ... Np - 1: 

Eq. (8.14) with n ... NI' - 1: 

LH,-I + GN,,+I - LNjI + GN, 

LH, _ I + I - 2.245 + 0.865 

LH,_I ... 2.1l0kmal 

2.1I0XN,_t + 0.25 .. 0.245 + 0.865 (0.1330) 

XNjI-l - 0.0521 
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Eq. (8.15) with n ... NI' - 1: 

2.1I0HL ,N,_1 + 8484'" 3374 + 0.865 (5679) 

Hr..N,-1 ... 14302kJ/kmol 

14302 == tN,_1 [376.8 - 199.3 (0.OS21)] 

IN,_I .... 39.0DC 

The computations are continued upward through the tower in this manner until the gas 
composition falls at least to y .. 0.00662. The results are: 

n ... tray no. 'II' lie x" ),,, 

Np -4 42.3 0.1091 0.1320 
Np - I- 3 39.0 0.0521 0.0568 
Np -2-2 36.8 0.0184 0.01815 
Np -3-1 35.5 0.00463 0.00450 

Figure 8.15 shows the calculated gas composition and tray temperature plotted against tray 
number. The required)'l "'" 0.00662 occurs at about 3.75 ideal trays, and the temperature on the 
top tray is essentially that assumed. Had this not been so, a new assumed value of I, and a new 
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calculation would have been required. An integral number of trays will require a slightly 
greater (for Np "" 3) or less (for N, = 4) liquid flow, but since a tray efficiency must still be 
applied to obtain the number of real trays, the nonintegral number is ordinarily accepted. 

A graphical solution using an enthalpy·concentration diagram (see Chap. 9) 
is also possible [43]. When the temperature rise for the liquid is large or for 
concentrated gases entering and small values of L/ G, the rate of convergence of 
the calculated and assumed 'I is very slow and the computation is best done on 
a digital computer. There may be a temperature maximum at some tray other 
than the bottom one. If the number of trays is fixed, the outlet-gas composition 
and top-tray temperature must both be found by trial and error, Cases when the 
carrier gas is absorbed and the solvent evaporates [3, 4] are considered to be 
multicomponent systems (which see). 

Real Trays and Tray Efficiency 

Methods for estimating the Murphree tray efficiency corrected for entrainment 
EMGE for sieve trays are discussed in detail in Chap. 6. For a given absorber or 
stripper. these permit estimation of the tray efficiency as a function of fluid 
compositions and temperature as they vary from one end of the tower to the 
other. Usually it is sufficient to make such computations at only three or four 
locations and then proceed as in Fig. 8.16. The broken line is 'drawn between 
equilibrium curve and operating line at a fractional vertical distance from the 
operating line equal to the prevailing Murphree gas efficiency. Thus the value of 
EMGE for the bottom tray is the ratio of the lengths of lines l AB / A C. Since the 
broken line then represents the real effluent compositions from the trays, it is 
used instead of the equilibrium curve to complete the tray construction, which 
now provides the number of real trays. 

Figure 8.16 Use of Murphree efficiencies for an ab. 
sorbet. 
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When the Murphree efficiency is constant for all trays, and under condi
tions such that the operating line and equilibrium curves are straight (Henry's 
law~ isothermal operation, dilute solutions), the overall tray efficiency can be 
computed and the number of real trays can be determined analytically: 

equilibrium trays log[ 1 + EMGE(l/ A - I}] 
E = = --=---~..;..,.,;;....~---...::.. 

o real trays log(l/ A) 
(8.16) 

For rough estimates, Fig. 6.24 is useful for both bubble-cap and sieve trays. 

Illustration 8.5 A process for making smaU amounts of hydrogen by cracking ammonia is being 
considered. and residual, un cracked ammonia is to be removed from the resulting gas. The gas 
will consist of H2 and Nl in the molar ratio 3: I, containing 3% NH3 by volume, at a pressure of 
2 bars and temperature of 30°C. 

There is available a sieve-tray tower, 0.75 m diameter, containing 14 cross-flow trays at 
0.5 m tray spacing. On each tray, the downflow weir is 0.53 m long and extends 60 mm above 
the tray floor. The perforations are 4.75 nun in diameter, arranged in triangular pitch on 
12.5-mm centers, punched in sheet metal 2.0 nun thick. Assume isothermal operation at 30Ge. 
Estimate the capacity of the tower to remove ammonia from the gas by scrubbing with water. 

SOLUTION In this case "capacity" will be taken to mean obtaining a low NH3 content of the 
effluent gas at reasonable gas rates. 

From the geometry of the tray arrangement, and in the notation of Cbap. 6, the following 
are readily calculated: 

T = tower diameter = 0.75 m Al = tower cross section = 0.4418 m'2 

Ad'" downspout cross section = 0.04043 m'2 An'" At - Ad = 0.4014 ml 

Ao = perforation area = 0.0393 m1 Z = distance between downspouts = 0.5307 m 

W = weir length = 0.53 m hw = weir height ... 0.060 m 

t = tray spacing = 0.5 m z = average flow width = T ~ W = 64 m 

Use a weir crest hI = 0.040 m. Eq. (6.34): Wert = 0.4354 m. Eq. (6.32): q ... 1.839 (0.4354) 
(0,04)3/2 6.406 X 10-3 m3/s liquid flow. Note: this is a recommended rate because it 
produces a liquid depth on the tray of 10 em. 

Liquid density = PL = 996 kg/m3 

Liquid rate == 6.38 kg/s ... 0.354 kmoljs 

Av mol wt gas in ... 0.03 (17.03) + 0.97 (0.25) (28.02) + 0.97 (0.75) (2.02) 

= 8.78 kg/kmol 

8.78 2.0 273 0716 k / 3 
PG = 22.41 0.986 273 + 30:00· g m 

The flooding gas rate depends upon the liquid rate chosen. With the preceding values, the 
flooding gas rate is found by simultaneous solution of Eqs. (6.29) and (6.30) by trial and error. 
For these solutions, (} "" 68 X 10- 3 N/m surface tension. As a final trial, use a gas mass 
rate"" 0.893 kg/ s. 

L' (PG )o.s .,. 6.38 (0.716 )0,5 .,. 0 1916 
G' PL 0.893 996 . 

Table 6.2: a = 0.04893, f3 = 0.0302. Eq. (6.30): CF = 0.0834. Eq. (6.29): VF ..,. 3.11 m/s based 
on An' Therefore flooding gas mass rate := 3.11 (0.4014) (0.716) = 0.893 kg/s (check). Use 80% 



of the flooding value. V = 0.8 (3.11) = 2.49 m/s based on All' Gas mass rate = 0.80 (0.893) ... 
0.7144 kg/s "" 0.0814 kmo1js. 

The methods of Chap. 6 provide (Chap. 6 notation): Vo = 2.49 (0.4014)/0.0393 """ 25.43 
mIs, 1- 0.002 m, do = 0.00475 m, CD =- 1.09 (O.00475/0.002}o.2S "" 1.353. /- 0.002 m, iJG "" 
1.13 kg/m· s, Reo == doYoPe//Le -7654, jm 0.0082, hD "" 0.0413 m. V" - VAII/A,,-
3.33 m/s. hL "" 0.0216 m, hit "'" 0.0862 m, hG ..., 0.1491 m, h2 "'" 3.84 X 10-3 m. h, """ 0.1529 m. 

Since hw + hi + h3 ... 0.2529 m is essentially equal to 1/2, flooding will nol occur. Flow 
rates are reasonable. V/VF = 0.8, and (L'/G') (PG/PL)O.S ... 0.239. Fig. 6.17: E .. fractional 
entrainment = 0.009. 

At the prevailing conditions, the methods of Chap. 2 provide DNH)(mcan) through the 
N2-Hl mixture = Dc '"" 2.296 x IO-s m'is. The gas viscosity is estimated to be 1.122 x 10-5 

kg/m . s, whence SCa "" /Le/PGDe ... 0.683. The diffuslvity of NH) in dilute water solutions is 
2.421 X 10-9 

0= DL at 30"'C. 
For dilute solutions, NH,-H20 follows Henry's law, and at 30"C m .... Y· / x .. 0.850. The 

absorption factor A = L/mG - 0.354/0.850 (0.0814) ... 5.116. Note: "Optimum" values of A 
such as 1.25 to 2,0 cited earlier apply to new designs but not necessarily to existing towers. 

Eq. (6.61): N/G = 1.987 Eq. (6.64): 8L *' 1.145 s 

Eq. (6.62): NIL = 1.691 Eq. (6.52): N 'OG - 1.616 

Eq. (6.51): EOG = 0.801 Eq. (6.63): DE =: 0.01344 m2/s 

Eq. (6.59): Pe .. 18.30 Eq. (6.58): ." = 0.1552 

Eq. (6.57): EUG = 0.86 &i (6.60): EMG£ - 0.853 

Since the quantity of gas absorbed is relatively small with respect to the total now and the 
liquid solutions are dilute, the Murphree efficiency will be taken as constant for all trays. For 
the dilute solutions encountered here, the operating line in terms of mole-fraction concentra
tions is essentially straight. Consequently, Eq. (8.16): 

E ... 10g(1 + 0.853 0/5.116 - I)J = 0710 
o 10g(I/5.116) . 

(Nore: Fig. 6.24, with abscissa - 1.306 X 10-5 for these data, shows Eo ~ 0.7 for absorption 
of NHJ in water, the point plotted as +.) Eq. (8.16): Np - 14 (O.710) "" 9.94 theoretical trays. 
Fig. 5.16 is off-scale. Therefore, the Kremser equation Eq. (5.54a), gives 

YN .. +I - YI YNf'H - y, 0.03 - y, (5.116)10.94 - 5.116 

YN,+I-mxO"" YN,.+I "" 0.03 ... (5.116)10.94_ 1 

Yt ... 2.17 X 10-9 mole fraction NHJ in effluent AIls. 

CONTINUOUSMCONTACf EQUIPMENT 

Countercurrent packed and spray towers operate in a different manner from 
plate towers in that the fluids are in contact continuously in their path through 
the tower, rather than intermittently. Thus. in a packed tower the liquid and gas 
compositions change continuously with height of packing. Every point on an 
operating, Hne therefore represents conditions found somewhere in the tower, 
whereas for tray towers, only the isolated points on the operating line corre
sponding to trays have real significance. 
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Height Equivalent to an Equilibrium Stage (Theoretical Plate) 

A simple method for designing packed towers, introduced many years ag.o, 
ignores the differences between stagewise and continuous contact. In this 
method the number of theoretical trays or plates required for a given change in 
con centra tion is computed by the methods of the previous section. This is then 
multiplied by a quantity, the height equivalent to a theoretical tray or plate 
(HETP) to give the required height of packing to do the same job. The HETP 
must be an experimentally detennined quantity characteristic for each packing. 
Unfortunately it is found that the HETP varies, not only with the type and size 
of the packing but also very strongly with flow rates of each fluid and for every 
system with concentration' as well, so that an enormous amount of experimental 
data would have to be accumulated to permit utilization of the method. The 
difficulty lies in the failure to account for the fundamentally different action of 
tray and packed towers, and the method has now largely been abandoned. 

Absorption of One Component 

Consider a packed tower of unit cross section, as in Fig. 8.17. The total effective 
interfacial surface for mass transfer. as a result of spreading of the liquid in a 
film over the packing, is S per unit tower cross section. This is conveniently 
described as the product of a specific interfacial surface, surface per volume of 

Ls Gs 
L2 Gz 
X2 Y2 

x2 Y2 

z 

Figure 8.17 Packed tower. 
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packing, by the packed volume Z volume per unit tower cross section, or height 
(the quantity ° is the 0A of Chap. 6). In the differential volume dZ, the interface 
surface is 

dS = ° dZ (8.17) 

The quantity of solute A in the gas passing the differential section of the tower 
under consideration is Gy mol/(area) (time). and the rate of mass transfer 
is therefore d(Gy) mol A/(differential volume) (time). Since NB = 0 and N AI 
(N A + NB) 1.0, application of Eq. (5.20) prov~desf<)~ ,)tf" 

,V1:'),fI' 
\ 

N = moles A absorbed = d( Gy) = F 1n 1 - Yi (8) 
A (interfacial surface) (time)\ 'aaZ G 1 _ Y .18 

j ,,;;:td?< l/'.v\:t v) I ' 
Both G and y vary from one end of the tower to the other. but Gs• the solvent 
gas which is essentially insoluble, does not. Therefore, 

d( Gy) = d( GsY ) = Gs dy = G dy (8.19) 
I - y (I _ y)2 1 Y 

Substituting in Eq. (8.18), rearranging, and integrating give 

Z = (Z dZ = l Y' 

G dy (8.20) 
Jo FGa(1 - y) In[ (1 - Yi)! (1 y)] '/~ \"\;' . 

Yl ,Vhlif\)/I,J/;$",~, 
f<JI ?\"'/t:\ I{ • 

The value of y/ can be found by the methods of Chap. 5, using Eq. \5.21) with 
NA/"i.N = I: 

(8.21 ) 

For any value of (x, y) on the operating curve ploued in terms of mole fractions, 
a curve of x, vs. y, from Eq. (8.21) is plotted to determine the intersection with 
the equilibrium curve. This provides the local Y and YI for use in Eq. (S.20).t 
Equation (8.20) can then be integrated graphically after plotting the integrand as 
ordinate vs.y as abscissa. 

However, it is more customary to proceed as follows (6). Since 

y - y, = (1 - y,) (1 - y) (8.22) 

the numerator and denominator of the integral of Eq. (8.20) can be multiplied 
respectively by the right- and left-hand sides of Eq. (8.22) to provide 

Z - jYI G(1 - Y)jM dy 
- FGo(l - y)(l\- Y,) 

y~ .) 

(8.23) 

t As demonstrated in Illustration 8.6, for moderately dilute solutions it is satisfactory to 
detcrnUneYi by a line of slope -kzaJkya drawn (rom (x,y) on the operating line to intersection 
with the equilibrium curve, io accordance with Eq. (5.2). 
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where (1 - Y)iM is the logarithmic mean of 1 - y, and I - y. When we define a 
height of a gas transfer unit HIG as 

H = --.£ = G G (8.24) 
rC Fca kya(I - Y)iM kcapl(l - Y)iM 

\ ~Wvv\t; \ ow c.o v'1(> . 
Eq. (8.23) becomes () -----lY' (1 - Y)iM dy ,...., IIYl (1 - Y)iM dy / - H N z- HfC(l_Y)(Y_Yi)",Hlcl (l-Y)(Y-Yj)'- fC IG 

Y2 r-:;,. Yl I 

t\) b SOl. (foV\(,' ~lA-'-- (8.25) 

Here advantage is taken of the fact that the ratio G / F ca = H'G is very much 
more constant than either G or FGa, and in many cases may be considered 
constant within the accuracy of the available data. In the integral of Eq. (8.25) 
containing only the Y terms, if we disregard the ratio (1 - Y )jM / (I - y), the 
remainder is seen to be the number of times the average-y - Yi divides into the 
change of gas concentration YI - Y2' As in Chap. 7, this is a measure of the 
difficulty of the absorption, and the integral i.s called the number oj gas transfer 
units N tG . H'G is then the packing height providing one gas transfer unit. 
Equation (8.25) can be further simplified by substituting the arithmetic average 
for the logarithmic average (1 - Y)iM [9] 

(I -yJ - (I -Y) (I -Yi) +(l-y) 
(1 - Y)iM = In [(I - y,) / (1 - y)] ~ 2 (8.26) 

which involves little error. NrG then becomes 
b~ ~~td\Ov\) 

N = 1Y'(9- lIn I - y, 
IG _ ~ 2 Y _ Y 

Y2 I 

(8.27) 

which makes for simpler graphical integration. A plot of l/(y - y,.) vs. y for the 
graphical integration of Eg. (8.27) often covers awkwardly large ranges of the 
ordinate. This can be avoided [37] by replacing dy by its equal y dIn y, so that 

1lOgy, Y I - Y2 
N1C = 2.303 --d logy + LI5210g-

1
--

logY2 Y - Yt - Y 1 
(8.28) 

For dilute solutions, the second term on the right of Eqs. (8.27) and (8.28) is 
negligible, Fca ~ /s,a, and Yi can be obtained by plotting a line of slope 
- kxa/ kya from points (x, y) on the operating line to intersection with the 
equilibrium curve. . 



The above relationships all have their counterparts in tenns of liquid 
concentrations, derived in exactly the same way 

Z -lx, L dx lXI L(1 - X)iM dx 
- FL0(l - x) In [(1 - x)/ (l - Xi)] = FLo(l - X)(X; - x) 

~ ~ 

lXI~ +lln 1 - XI 
NIL X. - X 2 1 - X 

Xl I 2 

where HfL = height of liquid transfer unit 
NfL == number of liquid transfer units 

(1 - X)iM = logarithmic mean of 1 - x and I - Xi 

Either set of equations leads to the same value of Z. 

(8.29) 

(8.30) 

(8.3 I) 

(8.32) 

Strippers The same relationships apply as for absorption. The driving forces 
Y - Yi and Xi - X which appear in the above equations are then negative) but 
since for strippers X 2 > XI andY2 > Yl. the result is a positive Z as before. 

lUustradoD 8.6 The absorber of Illustrations 8.2 and 8.3 is to be a packed tower, 470 mm 
diameter, filled with 38-mm (I.S-in) Ber! saddles. The circwnslances are as follows: 

Gas Benzene content: in, YI = 0.02 mole fraction, Y I '"" 0.0204 mol/mol dry gas. 

Out: 
Yl'" 0.00102 

Nonabsorbed gas: 
Av mol wt ... 11.0 

Rate in .... 0.250 m3 Is'" 0.01075 kmol/s 0.01051 kmoljs nonbenzene 

Temperature - 26°C pressurep, ... 1.07 X lOS N/ml (803 mmHg) 

Viscosity"'" to-5 kg/m . s (0.010 cP) D AG - 1.30 X IO-s m1/s 

Uquld Benzene content in, x2 "'" 0.005 mot fraction, X2 "" 0.00503 mol benzene/mol oil. 

Out: 
Xl .... 0.1063 XI "'" 0.1190 

Benzene~free oil: 

Mol wt ... 270 viscosity - 2 X IO- l kg/m . s (2.0cp) 

Density ... 840 kg/ml rate - 1.787 X 10-3 kmol/s 

Temperature - 26°C D A,L ... 4.77 X 10- 10 m2 Is 
Surface tension ... 0.03 N/ml m - Y· / X ... 0.1250 

Compute the depth of packing required. 



<II 
1::1 
C1' 

.!: 
<I.> 
c: 
ClI 

GAS ABSORPTION 305 

SoLUTION To plot the operating line. use Eq. (8.9) to calculate X and Y values (or read from 
Fig. 8.1 0) and convert to x = X / (1 + X). y ::: Y /(1 + Y). Thus, 

0.01051 (0.0204 Y) = (1.787 X 10-3) (0.1190 - X) 

X x Y y 

0.00503 0.00502 0.00102 0.00102 
0.02 0.01961 0.00357 0.00356 
0.04 0.0385 0.00697 0.00692 
0.06 0.0566 0.01036 0.01025 
0.08 0.0741 0.01376 0.01356 
0.10 0.0909 0.01714 0.01685 
0.1190 0.1063 0,0204 0.0200 

Values of y and x (the operating line) are plotted along with the equilibrium line, y ... O.1250x. 
in Fig. 8.18. Although the curvature in this case is not great, the operating line is not straight on 
mole-fraction coordina tes. 

The cross-sectional area or the absorber = ".(0.47)2/4 = 0.1746 m2• At the bottom. 

L ' .... (1.787 x lO- l )(260) + 0.1190(1.787 x 10- 3)(78) _ 275 k / :2. 
0.1746 . g m s 

0.022 ,-----------------, 

0.020 

0.016 

~ 0.012 
.0 

c 
o 
''5 
,g 
Q.I 

~ 0.008 
II 

:... 

0.004 

0.04 0.08 0.12 0.14 FJgure 8.18 Solution to llIustra-
x mole fraction benzene in liquid tion 8.6. 
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Similarly at the lOp, L' = 2.66 kg/m2 • s. Av L' == 2.71 kg/m2 • s. In similar fashion for the gas, 
at the bottom G' = 0.761 kg/m2 • s; at the top G' = 0.670 kg/m2 • s. Av G' ;:: 0.716 kg/m2

• s. 
The flow quantities change so little from one end of the tower to the other that the 

average values can be used to compute the mass-transfer coefficients, which can then be taken 
as constant. The circumstances are precisely those of IUustration 6.6. where it was found that 

Faa = 0.0719 kmoljm) . s FLo'" 0.01377 kmoljm)' s 

Interface compositions corresponding to points on the opera.ting line of Fig. 8.18 are de
termined with Eq. (8.21). For example, at (x 0.1063. >' = 0.0200) on the operating line at 
point A. Fig. 8.18. Eq. (8.21) becomes 

I - >" == ( I - 0.1063 )O_Olll1/0.0719 

1 0.0200 I - x, 

This is plotted Cy, liS. x,) as curve A B on Fig. 8.18 to inters~t the equilibrium curve at B, where 
>" = 0.01580. 

Note; In this case, since the concentrations are low, an essentially correct value of >'/ can 
be obtained by the following less tedious calculation. Table 3.1 shows 

At point A on the operating line. I - >' "" I - 0.02 = 0.98. I - x "'" 1 - 0.1063 "" 0.8937. As 
an approximation. these can be taken as (I - Y),M and (I - x),M' respectively. Then 

kya = 0~~!9 ... 0.0734 kmoljml. s . (mole fraction) 

k.xa ... ~~1:3777 ... 0.01541 kmol/m.l· s . (mole fraction) 

In accordance with Eq. (5.2), -k"o/kyo = - 0.01541/0.0734 = - 0.210. and if a straight tine 
of this slope is drawn from point A, it intersects the equilibrium curve at>" =- 0.01585. Curve 
AB. in other words, is nearly a straight line of slope -0.210. The error by this method becomes 
even less at lower concentrations. 

Where the F's must be used, it is sufficient to proceed as follows. In Fig. 8.18. draw the 
vertical line AC to intersect with the honzontal tine CB, thus locating the intersection at C. 
Repeat the calculation at two other locations. such as at D and E. and draw the curve EDC. 
Interfacial concentrations G corresponding to any point F on the operating line can then be 
obtained by the construction shown on the figure leading to the point G. 

In a similar manner the tabulated values of y, were determined 

>' >" ->'- log>, 
>' ->" 

0.00102 O.cXXI184 4.32 -2.9999 "'" log>'2 
0.00356 0.00285 5.02 -2.4486 
0.00692 0.00562 5.39 -2.1599 
0.01025 0.00830 5.26 -1.9893 
0.01356 0.01090 5.10 -1.8687 
0.01685 0.01337 4.84 -1.7734 
0.0200 0.01580 4.16 1.6990 ... log>, I 

Since the mass-transfer coefficients are essentially constant, Eq. (8.28) will be used to 
detc~e NtG • From the data of the above tabulation, the curve for graphical integration of 
Eq. (S.28) is plotted in Fig. 8.19. The area under the curve (to the zero ordinate) is 6.556. Then 
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6.-----------,------------.-----------. 

~ 5~--------~~~---------+--~~----~ y-y,. 

4~ __________ ~ __________ ~ ______ ~--~ 
-3.0 -2.5 -1.5 

'-log Yz log y 

Figure 8.19 Graphical integration for Illustration 8.6. 

by Eq. (8.28). 

1-0.00102 
N'G == 2.303 (6.556) + l.I52 log I 0.0200 == 15.1 I 

The average gas rate is 

G = 0.01075 + 0.01051/(1 - 0.(X}102) == 00609km II 2. 
2(0.1746) . 0 m s 

Eq. (8.24): 

H,G == F~a == ~:~ = 0.847 m 

Z = HIGN/v = 0.847 (15.11) :: 12.8 m packed depth AIls 

Nole: The circumstances are such that, for this problem, the simpler computations of 
Illustration 8.7 are entirely adequate. The method used above. however, is suitable for solutions 
of any concentration and where the eqUilibrium curve is not straight. If flow rates vary 
appreciably from top to bottom of the tower, so that mass-transfer coefficients vary, this is 
easily allowed for in determiningy;. In such cases, Eq. (8.20) would be used to compute Z. 

Overall Coefficients and Transfer Units (m = dyi/ dx; = const) 

For cases where the equilibrium distribution curve is straight and the ratio of 
mass-transfer coefficients is constant, it was shown in Chap. 5 that overall 
mass-transfer coefficients are convenient. The expressions for the height of 
packing can then be wri Hen ~ _ ~) IIfv". "" 1 p~' \h W r\ *' 

Z = N'OGH'OG wq rA~AII\. ()~ ( (8.33) 

(1 - y) ely '"'" 1-11 v,v1cL 
j YI *M ..... 

N'OG = (I _)( *) ,--\.\.; (8.34) 
Yl Y Y Y ..) 

j YI ely 1 I - Y2 
---+-In--

Y2 y - y* 2 I - Yl 

j Y\ dY I 1 + Y2 
N'OG = Y

z 
Y - Y· + 2'ln 1 + Y

l 

G G G 
HrOG =--

FOGa R;.a(l Y).M 

(8.35) 

(8.36) 

(8.37) 



Here y* (or Y"') is the solute concentration in the gas corresponding to 
equilibrium with the bulk liquid concentration x (or X), so that y - y. (or 
Y - Y·) is simply the vertical distance between operating line and equilibrium 
curve. (I - Y).M is the logarithmic average of 1 - y and 1 - y*. These methods 
are convenient since interfacial concentrations need not be obtained, and Eq. 
(8.36) is especially convenient since the operating line on X; Y coordinates is 
straight. N'OG is the number of overall gas transfer units, H,OG the height of an 
overall gas transfer unit. 

Equations (8.33) to (8.37) are usually used when the principal mass-transfer 
resistance resides within the gas. For cases where the principal mass-transfer 
resistance lies within the liquid, it is more convenient to use 

L L L 
H 'OL FOLa Kxa(l - X).M KLac(I - X)"'M 

Dilute Solutions 

OJC'0.AJ. Ii '"1. J 1-1 CA ~ ~{E';y VI "" ; '\ /1 
I etj fY'~(,II/'I..I r:J' \-:1 
o"'d(J~ 

(8.38) 

(8.39) 

(8.40) 

(8.41 ) 

(8.42) 

The computation of the number of transfer units for dilute mixtures can be 
greatly simplified. When the gas mixture is dilute, for example, the second term 
of the definition of NtOG [Eq. (8.35)] becomes entirely negligible and can be 
discarded 

j YI ely 

Y2 Y - y* 
(8.43) 

If the equilibrium curve in terms of mole fractions is linear over the range of 
compositions Xl to Xl' then 

y* = mx + r (8.44) 

If the solutions are dilute. the operating line can be considered as a straight line 
as well 

so that the driving force y - y. is then linear in x 

y - y. == qx + s 

(8.45) 

(8.46) 
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where q, " and s are constants. Therefore Eq. (8.43) becomes 

N = ' Lfxl~=~ln(Y-Y*)l= YI-Y2 
'OG G qx + s Gq (y - Y*)2 (y - y*)\ - (y - Y*)2 

X2 ~~.~~7-~--~~~ 

In[(y - y*).J (y - Y*)2] 

(8.47) 

(8.48) 

where (y - Y*)M is the logarithmic average of the concentration differences at 
the ends of the tower. This equation is sometimes used in the familiar rate fonn 
obtained by substituting the definition of N,OG 

G(YI - Y2) = KGaZp,(y - Y*)M (8.49) 

Dilute Solutions, Henry's Law 

If Henry's law applies [r of Eq. (8.44) = 0], by elimination of x between 
Eqs. (8.44) and (8.45) and substitution of Y* in Eq. (8.43) there results for 
absorbers [9J . 

In [ Y I - mx2 (1 - J..) + J..] 
Y2 - mx2 A A 

N'OG = .......:=----------:----------=-
1- 1/ A 

(8.50) 

where A = L/ mG, as before. For strippers, the corresponding expression in 
terms of NtOL is similar 

In[ x 2 - Yl/m(I - A) + A] 
XI - YI/ m 

N,OL = I - A 

These are shown in convenient graphical form in Fig. 8.20. 

Graphical Construction for Transfer Units [2] 

(8.51) 

Equation (8.48) demonstrates that one overall gas transfer unit results when the 
change in gas composition equals the average overall driving force causing the 
change. Consider now the operating diagram of Fig. 8.21, where line KB has 
been drawn so as to be everywhere vertically halfway between the operating line 
and equilibrium CUIVe. The step CFD, which corresponds to one transfer unit, 
has been constructed by drawing the horizontal line CEF so that line CE = EF 
and continuing vertically to D.YG - YH can be considered as the average driving 
force for the change in gas composition YD - YF corresponding to this step. 
Since GE = EH, and if the operating line can be considered straight, DF = 

2( GE) = GH, the step CFD corresponds to one transfer unit. In similar fashion 
the other transfer units were stepped off (JK = KL, etc.). For computing N'OL> 
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Figure 8.21 Grapltical determination of transfer 
L'" mole fraction of solute in liQuid units. 

the line KB would be drawn horizontally halfway between equilibrium curve 
and operating line and would bisect the vertical portions of the steps. 

Overall Heigbts of Transfer Units 

When overall numbers of transfer units are appropriate, the overall heights of 
transfer units can be synthesized from those for the individual phases through 
the relationships developed in Chap. 5. Thus, Eq. (5.25a), with m' = mil = m = 
canst, can be written 

G G(l - Y);M + mG L (I - X)iM (8.52) 
FOGa = FGo(l - Y).u L (I - Y) ... u 

whence, by definition of the heights of transfer units, 

H = H (I - Y)iM + mG H {l - X)iM (8.53) 
lOG IG (l - Y)"'M L IL (1 - Y)"'M 

If the mass-transfer resistance is essentially all in the gas, Yi ~ y*. and 

mG (1 - X);M 
H tOG H ,a + L HIL (1 _ Y).M (8.54) 

and, for dilute solutions, the concentration ratio of the last equation can be 
dropped. In similar fashion, Eq. (5.260) yields 

_ (I - x) iM L (l - Y) 1M 

H10L - HrL (1 - x).,., + mG HIG (I X).M (8.55) 

and if the mass-transfer resistance is essentially all in the liquid, 

H H +~H (I-Y)iM 
fOL IL mG fG (1 - x).,., (8.56) 



The concentration ratio of the last equation can be dropped for dilute solutions. 
Data for the individual phase coefficients are summarized for standard packings 
in Chap. 6. 

"" o 
c-

Illustration 8.7 Repeat the computation of Illustration 8.6 using the simplified procedures for 
dilute mixlures. 

SOLUTION 

Number or transfer unJts (0) Use Eq. (8.48)'Yl = 0.02, XI ... 0.1063,yT .... tnX, ... 0.125 (0.1063) 
- 0.01329, (y - Y·}J - 0.02 - 0.01329 ... 0.00671. Y2 "" 0.00102, X2 - 0.0050, yr = tnXl"" 

0.125 (0.005) .. 0.000 625, (y Y·h - 0.00102 - 0.000 625 = 0.000 395. 

( .) 0.0067\ - 0.000 395 000223 
y - Y M = In (0.00671/0.000 395) . 

N = 0.02 - 0.00102 "" 8 51 ADs 
lOG 0.00223 . . 

(b) Eq. (8.50) or Fig. 8,20: av A = 1.424 (Illustration 8.3). 

Y2 - mxl "'" 0.00102 - 0.125 (0.005) "'" 0 0204 
Yl - tnX2 0.02 - 0.125 (0.005) . 

From either Eq. (8.50) or Fig. 8.20, N'OG = 9.16. Ans. 
(c) The graphical construction for transfer units is shown in Fig. 8.22. The mole-ratio 

coordinates are satisfactory for dilute mixtures (even though Fig. 8.21 is drawn for mole 
fractions), and the operating line and eqqilibrium curve were redrawn from Fig. 8.lD. The line 
BD was drawn everywhere vertically midway between operating line and equilibrium curve and 

0024,---------------------------------------------1 

0020 !Xi.)!l 

~0.0!6 
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'" II> 
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II 

!>... 

°O~----~-----L------~----~----~----~~--~ 
0.02 0.04 006 0.08 0.10 012 0.14 

X= moles ben2ene I mole wash oil 

Ftgure 8.22 Solution to Illustration 8.7. 
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the transfer-unit steps were constructed by making the horizontal line segments such as AD and 
BC equal. The number of transfer units required is 8.7. AIls. 

(d) Eq. (8.36). From Fig. 8.10, for each value of X, values of Y are read from the 
operating line DF and Y'" from the equilibrium curve (or they can be computed from the 
equations of these lines). 

X Y Y· 

X 2 ::: 0.00502 0.00102 0.000625 2531 
0.02 0.00357 0.00245 893 
0.04 0.00697 0.00483 467 
0.06 0.01036 0.00712 309 
0.08 0.01376 0.00935 117 
0.10 0.01714 0.DI149 177.0 

XI = 0.1190 0.0204 0.01347 144.3 

The integral of Eq. (8.36) can be evaluated graphically from a plot of 1/(Y - Y"') as ordinate 
'IS. Y as abscissa or, following the suggestion of Eq. (8.28), from a plot of Y I(Y - Y"') as 
ordinate vs. log Y as abscissa. The integral term is then 8.63. Then 

N 863 lin 1 + 0.00102 - 862 .i. __ 

lOG • + -: 1 + 0.0204 -. .-ur>. 

HeIghI or a transfer unit Since the solutions are dilute, Eq. (8.54) becomes 

From Illustration 6.4, FGQ - 0.0719 kmol/m3 • s. and FLQ = 0.01377 kmol/m3 • s. Av G .... 
0.0609 kmol/m2 • s (Illustration 8.6). Av L = (1.787 x 10- 3) [(I + 0.1190) + (t + 0.00503»)1 
2(0.1746) "" 0.01081 kmol/m2 • s. Eq. (8.24): 

H'G = ~:~ = 0.847 m 

Eq. (8.31): 

L 0.01087 
HIL = FLQ :: 0.01377 = 0.189 

0.789 
H ,OG = 0.847 + 1.424 = 1.401 m 

Z = HIOGNIOG "" 1.401 (9.16) = 12.83 m Am. 

Nonisothermal Operation 

All the relationships thus far developed for packed towers are correct for either 
isothermal or nonisothermal operation, but for the nonisothermal case they do 
not tell the entire story. During absorption, release of energy at the interface due 
to latent heat and heat of solution raises the interface temperature above that of 
the bulk liquid. This changes physical properties, mass-transfer coefficients, and 
equilibrium concentrations. More subtle side effects associated with volume 
changes and contributions of thermal diffusion can enter the problem [4. 5, 11, 
42]. As a practical matter, where the energy release is large, as in absorption of 



He} or nitrogen oxides into water, unless vigorous attempts to remove the heat 
are made, the temperature rise limits the ultimate concentration of the product 
solution [23J. 

For relatively dilute solutions, a conservative approximation can be made 
by assuming that all the heat evolved on absorption is taken up by the liquid, 
thus neglecting the temperature rise of the gas. This results in a liquid tempera
ture higher than that which is likely, leading to a tower taUer than need be. A 
somewhat more correct but still approximate approach neglects the thermal- and 
mass-transfer resistances of the liquid [38J. The method which follows allows for 
these resistances and also for the simultaneous mass transfer of solvent, which in 
the warm parts of the tower evaporates and in the cooler parts recondenses [41 l. 
It has been experimentally confirmed [36J. 

Adiabatic Absorption and Stripping 

Because of the possibility of substantial temperature effects. allowance must be made for evapora
tion and condensation of the liquid solvent. For this problem, therefore, the components are defined 
as foUows: 

A ... principal transferred solute. present in gas and liquid phases 
B :If carrier gas, not dissolving, present only in gas 
C ... principal solvent of liquid, which cao evaporate and condense; present in gas and liquid phases 

Refer to Fig. 8.23, a schematic representation of a differential section of the packed tower [41). For 
convenience. the phases are shown separated by a vertical surface. Enthalpies are referred to the 
pure unmixed components in their normal state of aggregation at some convenient temperature to 
and the tower pressure. Liquid enthalpies are given by Eq. (8.12), expressed per mole of solution 

HI.. ... CL{tt - to) + tiHs (8.12) 

dHL = CL dtL + dtiHs 

Gas entha.lpies are expressed per mole of carrier gas B 

Hf:;,. CD(/a - to) + YA[CA(IO - 10) + >'AO] + YdCc(tG - ' 0) + >.col 

(8.57) 

(8.58) 

dHf:; = CD dIG + YACA drG + [CA(IG - (0) + >'Ao1 dYA + YcCc dtG + [Cc(tG - ' 0) + Aco} dYe 

If solute A is a gas at to. hAO is taken as zero. 
(8.59) 

Tnmsfer rates The fluxes of mass and heat shown in Fig. 8.23 are taken as positive in the direction 
gas to liquid, negative in the opposite direction. The relationships developed below are correct for 
any combination of them. Consider the gas phase: solute A and solvent vapor C may transfer, but 
No -0. 

(8.60) 

and (8.61) 

where RA '"' NA/(NA + He>, Re'" Ne/(NA + He). Since the fluxes HA and He may have either 
sign, the R's can be greater or less than 1.0, positive or negative. However RA + Rc = 1.0. The 
heat-transfer rate for the gas is 

(8.62) 
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where hh is the convection coefficient corrected for mass transfer. Similarly for the liquid. 

Mass baIaoce Refer to envelope III. Fig. 8.23. 

Since 

then 

L + dL + G = L + G + dG 
dL:; dG 

G = GB( I + Y A + Ye) 

dL = Ga(dYA + dYe) 

(8.63) 

(8.64) 

(8.65) 

(8.66) 

Enthalpy ba1a.nces The balance for the gas employs envelope I. Fig. 8.23, which extends to, but does 
not include. the interface 

Rate enthalpy in = GBHa 

Rate enthalpy out"" GB(Hf:; + dHa)- GB dYAICA(IG - to) + i\.AO) 

- GB dY d CdJG - (0) + i\.coJ 
The last two terms are the enthalpies of the transferred mass. At steady state, 

Rate enthalpy in - rate enthalpy out = rate of heat transfer 

L +dL 
IL +dlL 
x" +dxA 
Xc +dxc 
Ht +dHt 

Interface 
surface :::t adZ 

I~ 

NA ~---++1t--- NA 

Nc Ne 

qL qa 

L = moles/time 
xA, Xc = mole fractions 
IL = temperature 
Ht '" enthalpy. 

energy/mole solution 

G = moles/(time) (area), total gas 
GB = moles/(time) (area), carrier gas 
y". Yc :: mole fractions 
YA' Yc = moles/mote B 
H~:: enthalpy. energy/mole B 

Figure 8.23 Dilferential section of a packed absorber or stripper. 

(8.61) 

(8.68) 



Substitution of Eqs. (8.62), (8.67), and (8.68), with Eq. (8.59) for Ha, then results in 

- Gn(Ca + YACA + YcCd dIG - haa(tG ,;) dZ (8.69) 

Similarly for the liquid. Envelope II extends to, but does not include. the interface 

Rate enthalpy in == (L + dL)(Hr. + dHL ) + (-""AHA,; + NcHc.i)a dZ (8.70) 

~,I is the partial enthalpy of a component J (= A, C) in solution at temperature 1/1 concentration 
XJ.I' and the last term is the enthalpy of the substance transferred from the gas 

Rate enthalpy out ... LHL (8.71) 
At steady state, 

Rate enthalpy out = rate enthaJpy in + rate of heat transfer 

Substituting Eqs. (8.12), (8,57). (8.60), (8.61), (8.65), (8.66), (8.70). and (8.71) and dropping the 
second-order differential dH dL results in 

L(CLdIL + dl:lHs) = GB{ - [CL(/L - to) + I:lHs](dYA + dYd + HA.,/dYA + Hc,;dYc } 

-hLa(t, - 11.) dZ (8.72) 

Finally. an enthalpy balance using envelope III is 

Rate enthalpy in = GBH!; + (Hr. + dHL)(L + dL) 

Rate enthalpy out == LHL + GB(HG + dH!;) 

At steady state, 

Rate enthalpy in = rate enthalpy out 

Substituting Eqs. (8.12). (8.57), (8.59), (8.66). (8.73), and (8.74) and ignoring dHr. dL produces 

L(CL dtL + dl:lHs) "" Gs { CB diG + YACA diG + (C,,(tG - to) + hAO] dY A 

+ Y cCc dIG + [Cc(tG - 10) + heo1 dYe 

- (dYA + dYdICL(tL - 10) + ~Hsn 

(8.73) 

(8.74) 

(8.75) 

Interface ooadJdoos Equating the right sides of Eqs. (8.72) and (8.75) provides the interface 
temperature 

[ - i --] ddYZc + Hc., - Cd/a - 10) "CO 

diG} - (CD + YACA + YcCd dZ 

The gradients for this expression are provided by Eqs. (8.60), (8.61), and (8.69): 

dY;.. = _ RAFe.AD
ln 

RA - )lA,; 
dZ GD RA - Y .... 

dYe ... _ RcFa.cD
ln Rc - Ye.1 

dZ GD Re - Ye 

dIe hoa( IG - Ii) 
dZ'" - GS(CB + YACA + YcCd 

The interface conditions are obtained from Eqs. (8.60) and (8.63) for A 

YA.i"'RA-(RA-Y~ A ( 
RA - X ) FL.AIFG• A 

RA x .... , 

(8.76) 

(8.77) 

(8.78) 

(8.79) 

(8.80) 
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Similarly r or C 

(
R X )FL'C/FGC 

YC.I"" Rc - (Rc - yC> R C _ x c 
C C.l 

(8.81) 

These afe solved simultaneously with their respective equilibrium-distribution curves, as described in 
Chap. 5 (~e lUustration 5.1), The calculation is by trial: RA is assumed. whence Rc = I - RA, and 
the correct R's are those for which x A.' + Xc. J .. 1.0. . 

The partial cnthalpies of Eq. (8.76) can be obtained in a number of ways, e.g., from 
activity-coefficient data {l2J or from integral heats of solution by the method of tangent intercepts 
(22, 4O). Since, however, the equilibrium partial pressures of components A and C from these 
solutions are required over a range of temperatures in any event, the simplest procedure is that 
described earlier in connection with Fig. 8.2 and Eq. (8.3). For ideal solutions, ilJ• i is the enthalpy of 
pure liquid] at Ii fot all x,./. 

Mass-transfer coefficients must be those associated with the individual liquid and gas phases: 
overall coefficients will not serve. The correlations of Chap. 6 will provide these Cor Bed saddles and 
Raschig rings, and additional data are summarized in Ref. 14. The k-type coefficients are nol 
suitable because in some cases the transfer is opposite the concentration gradient. but k's can be 
converted into F's (fable 3.1). Similarly data in the form of H,'s can be converted into Fa [Eqs. 
(8.24) and (8.31)]. HeaHransfer coefficients can be estimated. if not otherwise available, through the 
heat- mass-transfer analogy. For the gas, the correction for mass transfer [Eq. (3.70)] provides 

II' a _ - Ga(C" dY,JdZ + Cc dYcldZ) 
a 1 - exp[ GB{ C" dY AI dZ + Cc dY cl dZ)j hoA] 

(8.82) 

A corresponding correction for the liquid, which would involve changing t:.Hs with concentration. is 
not available, but hL is usually sufficiently large to make a correction unimportant. Mean diffusivj
ties for three-component gas mixtures are estimated through application of Eq. (2.35), which reduces 
to 

(8.84) 

In the design of a tower, the cross-sectional area and hence the mass velocities of gas and liquid 
are established through pressure-drop considerations (Chap. 6). Assuming that entering flow rates, 
compositions, and temperatures, pressure of absorption. and percentage absorption (or stripping) of 
one component are specified, the packed height is then fixed. The problem is then to estimate the 
packed height and the conditions (temperature, composition) of the outlet streams. Fairly extensive 
trial and error is required. for which the relations outlined above can best be solved with a digital 
computer [15, 36]. Computer calculations can also be adapted to the ptoblem of multicomponent 
mixtures [15). The procedure for the three-component case is outlined in the following example [41]. 

Illustration 8.8 A gas consisting of 41.6% ammonia (A). 58.4% air (B) at 20"C, 1 std atm, 
flowing at the rate 0.0339 kmol/m2 • s (25 Ib mol/tt2 • h), is to be scrubbed COUnlercurrently 
with water (C) entering at 20°C at a rate 0.271 kmol/m2 • 5(200 Ib mol/ft2 • h), to remove 99% 
of the ammonia, The adiabatic absorber is to be packed with 38-mm ceramic Berl saddles. 
Estimate the packed height. 

SOLUTION At 20Ge, CA ... 36 390, eEl lOt 29 100, Cc '" 33960 J/kmol· K . .he - 44.24 x 1()6 
J/kmol. These and other data are obtained Crom 'The Chemical Engineers' Handbook" (31}. 
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Enthalpy base = NH) gas, H20 liquid, air at I std atm, 10 "'" 20"C. hAn"'" 0. Am ... 44.24 X lQ6 
J/kmol. 

Gas in: 

Liquid in: 

Gas out: 

Eq. (8.58): 

GB == 0.0339(0.584) == 0.01980 kmol air/m2
• s 

>'A =,0.416 YA = I ~'~:16 "" 0.7123 kmol NH3/kmol air 

Yc:= Yc == 0 Ht; =0 

L = 0.271 kmol/mI. S xA = 0 Xc = 1.0 

YA "" 0.7123(1 - 0.99) "" 0.001123 kmol NH:lIkmol air 

Assume outlet gas IG = 23.9"'C (to be chocked) 

AssumeYe = 0.0293 (saturation) (to be checked) 

Yc 
Ye = Y

c 
+ 0.007123 + I Yc = O.0304kmol H10/kmolair 

Hl; = 1463 kJ/kmol air 

Liquid out: 

H20 content ... 0.271 - 0.03040(0.01980) "'" 0.2704 kmol/m2 • s 

NH) content ... 0.01980(0.7123 - 0.007 123) .... 0.01396 kmol/m2 • s 

L ... 0.2704 + 0.01396 = 0.2844 kmol/m2 • s 

_ 0.01396 "'" 00491 
xA 0.2844 . Xc:= 0.9509 

At x A "" 0.0491,/0 = 20G C. aHs "'" -1709.6 kl/kmol solution [24] 

CONlitioru lit tltt bottom of lite towe,. Enthalpy balance, entire tower: 

Enthalpy gas in + enthalpy liquid in = enthalpy gas out + enthalpy liquid out 

0+ 0 = 0.01980(1 463000) + 0.2844 [ CdlL - 20) - 1 709 6001 
The value of CL• obtained by trial at (IL + 20)/2, equals 75481 J/kmol . ~ whence IL "" 41.3°C. 

For the gas, MG. av = 24.02, Po ... 0.999 kg/m3, J1G = 1.517 X 10-s kg/m . s, k (thermal 
conductivity) = 0.0261 W 1m . K. Cp == 1336 J /kg . K; DAn"'" 2.297 X 10-5 ml/s, D AC - 3.084 X 
10-5 m2/s, DCB == 2.488 X 10-5 m2/s. PrG .... 0.725. 

For the liquid, ML•av = 17.97, PL'" 953.1 kg/m3
, ILL'" 6.408 X 10-4 kg/m· s, DAJ.'" 

3.317 X 10-9 m2/s, k (thermal conductivity) = 0.4777 W /m . K; ScL .., 202, PrL - 5.72. 
The mass velocities at the bottom are G' = GMG• av = 0.0339(24.02) "" 0.8142 kg/m2 • s, and 

L' - LML,"v .... 0.2844(17.97) .. 5.11 kg/m2 • s. From the data of Chap. 6, ds == 0.0472 m, a'" 57.57 
m2/m3

, CPu '"" 0.054, £ = 0.75. and ELo = 0.696 (Chap. 6 notation). 
Eq. (6.72): kL ... 3.616 X 10-4 kmoljm2 • s . (kmoljm3). Table 3.1: FL .. kLc, C == pd ML ... 

953.1/17.97"'" 53.04 kmol/m3• Therefore FL 0.01918 kmo1jm2 • s. The heat-mass-transfer anal
ogy used with Eq. (6.72) provides 

If d ( d L' )0<45 
~ = 25.1 _$_ ptiS 

k ILL 

whence, with k '"" 0.4777 W /m . K, hL = 8762 W /m2 • K. The heat-transfer analog of Eq. (6.69) is 

h [ d G' ]-0.36 
e GG' Pr;j3." 1.195 (t _ ) 

p ILG fLo 

from which hG ... 62.45 W 1m2. K. 
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To obtain the gas mass-transfer coefficients, the mean diffusivities of A and C, and hence RA 
and Re. must be known. Assume RA = 1.4. whence Re = 1 - 1.4 "" - 0.4. With Y A '"'" 0.416. 
YB - 0.584, Ye = 0, Eqs. (8.83) and (8.84) yield DA ,,,, =- 2.387 x 10- 5 m2/s and Dc, If! - 2.710 x 
lO-s m2/s. Therefore Sca,A = IlG/PCDA.m = 0.636, ScG,e - 0.560. Eq. (6.69): FG• A "'" 2.13 X 

10-3 kmo1/m2 • s. Fc. c = 2.32 X 10-3 kmo1/m2
• s. Eqs. (8.80) and (8.81) then become 

YA.i'" 1.4 (
1.4 - 0.0491 )°.0\1118/ 2.13)(10-

1 

(1,4 - 0.416) I 4 _ 
• XA,i 

( 
_ 0.4 - 0.9509 )OJI191IlJ2.32 x 10-) 

Ye,l = -0.4 - (-0.4 - 0) -0.4 - xc' 
" 

(8.85) 

(8.86) 

These are to be plotted [0 obtain the intersections with their respective distribution curves at 
temperature 1/, Equilibrium data for NH3 and H 20 vapors in contact with solutions are plotted in 
Figs, 8.2 and 8.24, with water as reference substance. 

AIter one tria), assume tj 42.7"C, to be checked. The data oC Figs. 8.2 and 8.24 are used to 
draw the equilibrium curves oC Fig. 8.25, and Eqs. (8.85) and (8.86) are plotted on their respective 
portions. Similarly the counterparts of these equations for RA = 1.3, Re = - 0.7 and RA = 1.5, 
Re ",. - 0.5 are plotted. By interpolation. the intersections of the curves with the equilibrium lines 
satisfy XA. i + xc. j = 1.0 for RA = 1.38, Rc = - 0.38, and xA, i = 0.0786. Y A. j = 0.210, and Xc. j = 
O.~214,yc,; 0.0740. 

Eq. (8.77): dYA/dZ - 1.706 (kmol H20/kmol air)/m. Eq. (8.78): dYe/dZ = 0.4626 (kmol 
H20/kmo! air)/m. Eq. (8.82): hoQ = 4154 W /m)' K. Eq. (8.79): dtG/dZ = 86.5 K/m. 
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Ftgure 8.24 Equal-temperature reference-substance graph for partial pressures of water over aqueous 
ammonia solutions. Reference substance is water. 
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Figure 8.25 Detennination of interface conditions, Illustration 8.8. 

When the cwves of Figs. 8.2 and 8.24 are interpolated for concentrations x A. I and Xc, /. the 
slo~s are rnA,," 0.771 and mc,r" 1.02. At 42.7"C, AHlO = Xc"" 43.33 X 1()6 J/kmol. Then Eq. 
(8.3) for A: 

HA • 1 - 36390(42.7 - 20) + 0 - 0.771(43.33 x 1()6) ... -32.58 x l~ J/kmoJ 

Similarly (or C: He,; ... 0.784 x I()6 J/kmol. Eq. (S.76): Ii'" 42.S"C. which is sufficiently close to 
the 42.7"C assumed earlier. 
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An inte1'f.)Q/ of AY A lip tlte tOM!el' Take a smaU increment in A Y A' For a desk calcuJator, A Y A = 
- 0.05 is suitable (for Ii digital computer, -O.o! would be more appropriate). Then AZ-
AYA/(dYAldZ) II1II - 0.05/(-1.706) = 0.0293 m. At this level, 

Y A. IlUI'" Y A + A Y A = 0.7123 - 0.05 ... 0.6§23 kmol/kmol air 

YC,nm"'" Ye + AYe = Yc + (dYc/dZ) AZ = 0 + 0.4626(0.0293) = 0.01355 kInol H20/kmol air 

'G. nul :c tG + (dIG/ dZ) AZ = 20 + 86.5(0.0293) = 22.53°C 

Lnm == L + Gs(A Y A + A Y d = 0.2837 kmol/m2 
• s 

GD AYA + LxA . 
X A ,Ilut "" L = 0.0457 mole fraction NH3 

next 

H/;. next"" 7.33 X lOS J Ikmol air 

G (H' - H' ) 
H "'" (LH) + B G, next G,top = -4868 X lOS J/km I 

L. "eK\ L top L
ncKt 

• 0 

The previous computations can now be repeated at this level, leading ultimately to a new A Y A' The 
calculations are continued until the specified gas outlet composition is reached, whereupon the 
assumed outlet gas temperature and water concentration can be checked. The latter are adjusted, as 
necessary, and the entire computation repeated until a suitable check is obtained. The packed depth 
required is then the sum of the final AZ's. The computations started above lead to Z = 1.58 m, 
fG ... 23.05°C. The final results are shown in Fig. 8.26 [26]. Water is stripped in the lower part of the 
tower and reabsorbed in the upper part. 

45.------,------~------~------r_----_,------~~ 

25r-~---+------~----~~~--~~~--+_----_+--~ 

0.6 0.8 1.0 1.2 1.3 

Height of packing above bottom, m 

FIgure 8.26 Temperature profiles, Illustration 8.8. 



In the course of such calculations, it may develop that the direction of mass transfer of the 
solvent liquid, especially as a vapor in the gas phase, is against the concentration gradient. This is 
entirely possible (see Cbap_ 2) and is one of the reasons why F·type (rather than k-type) mass-trans
fer coefficients are essential. The bulk-gas temperatUl;e must never be less than the dew point, since 
this will lead to fog formation for which the computations do not allow. A larger liquid rate, with 
consequently lower liquid temperatures, will result in less solvent vaporization and less likelihood of 
fog formation. 

MULTI COMPONENT SYSTEMS 

Except for the consideration of solvent vaporization in the above discussion of 
adiabatic packed towers, it has thus far been assumed that only one component 
of the gas stream has an appreciable solubility. When the gas contains several 
soluble components or the liquid several volatile ones for stripping. some 
modifications are needed. The almost complete lack of solubility data for 
multicomponent systems; except where ideal solutions are formed in the liquid 
phase and the solubilities of the various components are therefore mutually 
independent, unfortunately makes estimates of even the ordinary cases very 
difficult. However, some of the more important industrial applications fall in the 
ideal-solution category; e.g., the absorption of hydrocarbons from gas mixtures 
in nonvolatile hydrocarbon oils as in the recovery of natural gasoline. 

In principle) the problem for tray towers should be capable of solution by 
the same tray-to-tray methods used in Illustration 8.4 for one component 
absorbed, through Eqs. (8.11) to (8.15). These expressions are indeed valid. If, as 
with one component absorbed, computations are to be started at the bottom of 
the tower, the outlet liquid temperature and composition must be known. This, 
as before, requires that the outlet gas temperature be estimated, but in addition, 
in order to complete the enthalpy balance of Eq. (8.11). also requires that the 
complete outlet gas composition with respect to each component be estimated at 
the start. Herein lies the difficulty. 

The quantities which are ordinarily fixed before an absorber design is 
started are the following: 

l. Rate of flow, composition. and temperature of entering gas 
2. Composition and temperature of entering liquid (but not flow rate) 
3. Pressure of operation 
4. Heat gain or loss (even if set at zero, as for adiabatic operation) 

Under these circumstances it can be shown [30] that the principal variables still 
remaining are: 

1. The liquid flow rate (or liquid/gas ratio) 
2. The number of ideal trays 
3. The fractional absorption of anyone component 
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Any two oj these lasl but not all three can be arbitrarily fixed for a given design. 
When two have been specified, the third is automatically fixed, as is the extent 
of absorption of all substances not already specified and the outlet-stream 
temperatures. For example, if the liquid rate and number of equilibrium trays 
are specified, the extent of absorption of each substance of the gas is automati
cally fixed and cannot be arbitrarily chosen. Or if the liquid rate and extent of 
absorption of one substance are specified, the number of equilibrium trays and 
the extent of absorption of all components are automatically fixed and cannot 
be chosen. 

As a result, for the tray-to-tray calculations suggested above, not only must 
the outlet gas temperature be guessed but also the complete outlet gas composi
tion, all to be checked at the end of the calculation. This becomes so hopeless a 
trial-and-error procedure that it cannot be done practically without some gui
dance. This is provided through an approximate procedure. either that offered 
by the Kremser equations, which apply only for constant absorption factor, or 
through some procedure allowing for variation of the absorption factor with tray 
number. To establish the latter. we first need an exact expression for the 
absorber with varying absorption factor. This was first derived by Horton and 
Franklin [21J as outlined below. 

Refer to Fig. 8.27, which shows a multitray absorber or stripper. Since all components can transfer 
between gas and liquid, ther~ may be no substance which passes through at constant rate in the gas, 
for example. It is convenient, therefore. to define all gas compositions in terms of the entering gas 
and similarly all liquid compositions in terms of the entering liquid. Thus, for any component in the 
liquid leaving any tray n, 

X' ... moles component in LII/time := xllLII 

II Lo 1.0 
and for any component in the gas Gil' 

Y' "" moles component in Gn/time ... YnGn 

" G",,+l G",,+1 

where x and Y are the usual mole fractions. 
The equations which follow can all be written separately for each component. Consider the 

tower of Fig. 8.27 to be an absorber. A material balance for any component about equilibrium tray n 
is 

Lo(X~ - X~-l) - G"'~+I()'~+l - )'~) 

The equilibrium relation for the equilibrium tray ist 

YII-m,.x,. 

or, in terms of the new concentrations. 

)" GN~+I _ XI Lo 
/I Gil In,.,. 4. 

(8.87) 

(8.88) 

(8.89) 

t The ratio y / x at equilibrium is usually written as K. but here we use m to distinguish this from 
the mass-transfer coefficients. 
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X;p Figure 8.27 Multicomponent absorber or stripper. 

Similarly, for tray n I, 

(8.90) 

Solving Eqs. (8.89) and (8.90) for the X's, substituting in Eq. (8.87), and rearranging. we have 

(8.91) 

where A" ,. L"/m,.G,, and A,,_I = L,,_I/m,,_IGII _ 1 are the component absorption factors on the 
two trays. 

If the absorber contained only one tray (n "" I). Eq. (8.91) would read 

From Eq. (8.90) 

and 

Y' _ Yi + AoYo 
1- 1 +AI 

Yo = moXa 1..0 --.!!.L == mo-¥6Go 
1-0 GNp + 1 GN,+ I 

AoY6 "" ~ moXoGo = LoJr.'o 
fflOGO GNp + 1 GN, - 1 

Substituting this into Eq. (8.92) provides 

Yi + LoXo/GN, +1 

Y;= I +A\ I' 

If the absorber contained two trays, Eq. (8.91) with n - 2 would become 

Y' ""' Y3 + AIY1 
2 1 + A2 

(8,92) 

(8.93) 

(8.94) 

(8.95) 

(8.96) 
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Substituting Y; from Eq. (8.95) and rearranging gives 

(AI + I) YJ + AIL~o/GN. +1 Y' _ ' 
2 - A IA2 + A2 + ) (8.97) 

Similarly. for a three-tray absorber. 

(AlA:! + Al + I)Y~ + A 1A 2LoXO/GN.+ 1 Y3 T 

A1A2A3 + AlA) + A3 + I 
(8.98) 

and for Np trays. 

(A 1A1AJ •• • AN,-I + AlA)' .. AN,-I + ... +AN,-l + I) 

X YN,+I + A\A2 • •• AN,-ILoXo/GN,.+1 
YN, "'" ------A-:--

1
A-=-2--;A-

J 
-. -. -. A-:--

N
,,-+-A=-2A-:--l -. -. '-A""7N.-,-+~.;"-. -. -+:-"A"7

N
-,-+:--;") ---:;..-----'--

(8.99) 

In order to eliminate YiI". which is inside the absorber, a component material balance about the 
entire absorber, 

(8.100) 

and Eq. (8.89) for n = Np• 

(8.10) 

are soived simultaneously to eliminate XN, the result substituted for YJ., in Eq. (8.101). whence 
rearrangement yields ' , 

Y;",,+I - Yj 

YN,+I 

A 1A 2A)· .. AN, + A l A 3 ' •• AN, + ... +AN, 

A 1A 2A)' .. AN" + A 2A)' .. AN, + ... +AN, + 1 

LoX:' A2A)A4' .. AJV, + A3A .. • .. AJV" + ... +AN, + I 
GN,+IY;",+1 A,A1A3 '" AN, + A 2A)'" AN, + ... +ANI' + I 

(8.102) 

Equation (8.102) is an expression for the fractional absorption or any component. exact because it is 
based only upon material balances and tbe condition of equilibrium which defines an ideal tray. 

A similar expression for strippers is 

Xli - X;", _ SI S2'" SN" + SIS]· .. SNr-l + ... +Sl 

Xo S,S2' .. SN, + SIS2' •. SN,-' + . , . +SI + I 

GN#+IYN,+I SIS2' .. SN,-I + StSl'" SNr-l + ... +SI + I 
(8.103) LoXo SIS2' •• SN" + SISa' •. SN,_t + ... + SI + I 

In order to use Eqs. (8.1 02) or (8.103), the L / G ratio for each tray and the 
tray temperatures (which determine the m's) are required to compute the A's or 
the S's. If the liquids are not ideal. m for any component on any tray 
additionally depends upon the complete liquid composition on the tray. The 
same is true for the gas compositions under conditions for which the gas 
solutions are not ideal. The equations are practically useful, therefore. only for 
ideal solutions. 

As an approximation [21lt the gas rate Gn for tray n of an absorber can be 
estimated on the assumption that the fractional absorption is the same for each 



tray: 

G (G )I/NI' 
Gn :, ~ GNI'~I (8.104) 

or (8.105) 

The liquid rate Ln can then be obtained by material balance to the end of the 
tower. Similarly in strippers~ 

(8.106) 

where Gn is determined by material balance. If the molar latent heats and heat 
capacities are all alike for all components, and if no heat of solution is evolved i 

the temperature rise on absorption is roughly proportional to the amount of 
absorption, so that, approximately, 

GN + I - Gn+ I tN, In , ,-...; ---,-"--
GN + I - G1 ,...... IN - 10 

p , 

(8.107) 

and similarly for stripping, 

(8.108) 

In order further to simplify the computations, Edmister (13] has written the 
Horton-Franklin equations in terms of average or "effective" absorption and 
stripping factors instead of the A's and S's for each tray. Thus, for absorption, 
Eq. (8. I02) becomes 

LoXo ) Afl'+' - AE 

A'GNp +1 Y~!,+I Af,+l - I 

For a two-tray absorber, it develops that 

AN(AI+l) 
A'=-.:...~---

ANI' + 1 

and 

(8.109) 

(8.110) 

(8.111 ) 

These are exact, but it is found that Eqs. (8.104) to (8.1 I I) apply reasonably well 
for any number of trays, provided that unusual temperature profiles (such as a 
maximum temperature on an intermediate tray) do not develop. If Xo = 0, Eq. 
(8.109) is the Kremser equation. It is also convenient to note that (A f,. + 1 -

As)/(A%'+ 1 1) is the Kremser function [Eq. (5.54)1. and the ordinate of Fig. 
5.16 is 1 minus this function. 
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Similarly for stripping, 

x~- ( G Y' ) = 1 _ N ... +I Np+1 (8.112) 
S'LoX~ Sfl'+1 -

with S'= 
S,(SNp + I) 

(8.113) 
SI + 1 

and SE =[ SI(S",p + 1) + O.25 t-S 
0.5 (8.114) 

Equation (8.112) becomes the Kremser equation if Y.v,. + I O. 
Components present only in the entering gas will be absorbed, and those 

present only in the entering liquid will be stripped. If a component is present in 
both streams, the terms in the parentheses of the right-hand sides of Eqs. (8.109) 
and (8.112) are computed and the equation is used which provides the positive 
quantity. 

Equations (8.109) and (8.112) can be used to determine the number of 
equilibrium trays required to absorb or strip a component to a specified extent 
and to estimate the extent of absorption or stripping of all other components. 
This then provides a basis for using the exact equations of Horton and Franklin, 
Eqs. (8.102) and (8.103). These latter can be used only for an integral number of 
equilibrium trays. A change of Lo/ G", + I may be necessary to meet the specifi
cations exactly with such an integra( number; alternatively the nearest larger 
integral number of trays may be accepted. 

lUustratioo 8.9 A gas analyzing 70 mol % CH4• 15% ~H6' 10% n~C:,Ha, and 5% n·C4H]o' at 
25°C, 2 std atm, is to be scrubbed in an" adiabatic tray absorber with a liquid containing 
1 mol % n-C4H10' 99% nonvolatile hydrocarbon oil, at 25"C, using 3.5 molliquid/mol entering 
gas. The pressure is to be 2 std atm, and at least 70% of the C:,Hs of the entering gas is to be 

. absorbed. The solubility of C~ in the liquid will be considered negligible, and the other 
components form ideal solutions. Estimate the number of ideal trays required and the 
composition of the effluent streams. . 

SoLlmON In what follows, CH", C 2H6, ClHs• and C4H10 will be identified as C I, C 21 C 3• and 
C", respectively. Physical properties are: 

Average specific beat at 0-40"C, y. 

kl/kmo}· K Latent beat m .. -:;-t 
of vaporization 

Component Gas Liquid at O"C, k1 Ikmot 2S"C 27.S"C lO"C 

C 1 35.59 
C2 53.22 105.1 10012 13.25 13.6 14.1 
C3 76.04 116.4 16580 4.10 4.33 4.52 
C4 102.4 138.6 22530 1.19 1.28 1.37 
Oil 37.7 

t Values of m from C. L. Depriester, Chem. Eng. Prc;g. Symp. Ser.,49(7), I (1953); "'The Chemical 
Engineers' Handbook:' 5th ed., pp. 13-12 and 13·13. 
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Basis: 1 kmol entering gas; to'" O°C; enthalpies are referred to gaseous C. and other 
components liquid at o°c. Gas in: GN .. + 1 - I kmol, tH,+1 ... 2S·C. 

YN .. + 1 ... Enthalpy, kJ/kmol ... HG,H .. +I 

Component YH .. +I per component HG,H .. +IYH,+ I 

C1 0.70 35.59(25 - 0) ... 889.75 622.8 
C2 0.15 53.22(25 - 0) + 10032 - 16363 1704.5 
Cl 0.10 76.04(25 - 0) + 16580 .. 18480 1848.0 

C4 0.05 102.4(25 - 0) + 22 530 .... 25 090 1254.5 

1.00 5429.8 - HG.H,+I 

Liquid in: Lo ... 3.5 kmol t ... 2S a C 

Enthalpy, kJ /kmol ... H w 
Component XI; "" Xo 4Xo per component Hr.,oLoXo 

C. om 0.035 138.6{25 - 0) - 3465 121.28 

Oil 0.99 3.465 377(25 - 0) - 9425 32658 

1.00 3.50 32780 - HLOLo 

PrclJminary eakuJ.adons The total absorption is estimated to be 0.15 kmol. and an average 
temperature 25"C is assumed. A rough value of L/G at the top is then 3.5/(1 - 0.15) - 4.12, 
and at the bottom (3.5 + 0.15)/1.0 ... 3.65, with an average of 3.90. The number of equilibrium 
trays is fixed by the specified C J absorption. For e 31 m at 2S.,C .... 4.10, rough A "'" 3.90/4.10 
... 0.951. Equation (8.109) with fractional absorption - 0.7 and Xo - 0 gives 

0.7 .. 0.951"",+1 - 0.951 
0.95 Ih', + I - 1 

This can be solved for Np directly. Alternatively, since Fig.. 5.16 has as its ordinate (1 -
Kremser function) .. 0.3, then A ... 0.951 and Np can be read. Either way. Nl' - 2.53. Since the. 
Horton-Franklin equation will be used later, an integral number of trays N, - 3 is chosen. Fig. 
5.16 with N, - 3, A ... 0.951, then shows an ordinate of 0.27. or 0.73 fraction C 3 absorbed. 

YN~+I - Yj ... 0.10 - Yj ... 073 
Y;",+l 0.1 . 

Y; ... 0.027 kmol C3 in G1 

For C l , m - 13.25 at 25°C, rough A ... 3.90/13.25 - 0.294. At !ow A's, Fig. 5.16 shows the 
ordinate to be 1 - A, and the fractional absorption is 0.294. 

y t _ Y' f 

"',+1 1_ 0.15 - Y1 ... 0294 
YN~+I 0.15 . 

Y' ... 0.1059 mol C1 in G1 

Co( is present both in the entering liquid and gas. At 2Soc, m ... 1.19, rough A "" 3.90/1.19 
... 3.28, rough S ... 1/3.28 - 0.30S. Then 

LoX~ 3.5(0.01) 
1 - A'GN +IYk +1'" 1 - 3.28(1.0)(0.05) ... +0.7866 

/I ~ 

G Y' 1 - .... ,+1 N,+I 1 1(0.05) 3684 
$' LoXo .. - 0.305(3,5)(0.01) .... - . 
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The C4 will therefore be absorbed. Eq. (8.109): 

0,05 - Y; = 0 1866 3.284 
- 3.28 

0.05 . 3.284 - I 

Yl ;:;: O.oIl45 kmol C" in G1 

[Alternatively. at Np .... 3. A = 3.28, Fig. 5.16 provides an ordinate of 0.0198. whence (O.OS -
YI)/0.05 ... 0.7866(1 - 0.0198), and Y; ;;; 0.01145.] 

Edmister metlJOd Estimate the top-tray temperature II "'" 26°C (to be cbecked). The results of 
tbe preliminary calculations then give the following approximate results: 

G1 

Component Yj Enthalpy. kJ/kmol = HatI>er component Hal Y, 

C1 0.70 35.59(26 - 0) = 925 647.5 

~ 0.1059 53.22(26 - 0) + 10 032 11 420 1209.4 
C; 0.027 76.04{26 - 0) + 16580"" 18560 501.12 

C" 0.01145 102.4{26 0) + 22530"" 25 190 288.4 

0.8444 = 2646 == HalGI 
G1 

Enthalpy, kJ /kmol 
Component L:JX3. kmol = H L3 per component HL3~x3 

C2 0.15 - 0.1059 = 0.0441 105(t) - 0) 4.64/) 
C) 0.01 - 0.027 = 0.073 116.4(/) - 0) 8.501) 
C4 0.035 + 0.05 - 0.011480: 0.0736 138.6(/) - 0) 10.21) 
Oil 3.465 377(/) - 0) 1306.3/J 

Ll == 3.656 1329t) 

Overall enthalpy balance. Eq. (8.11) with Qr == 0, GN, + I = 1.0. N, ... 3: 

32180 + 5429.8 .", 1329/3 + 2646 

') ... 26.8"C 

Equation (8.109) can now be used to obtain a second approximation of the effluent composi
tion. Eq. (8.105) with n = 2: 

( 
0.8444 )(3+ 1- 2)/) _ 

G2 1.0 1.0 - 0.8934 

Eq. (8.13) with n "" I: 

L, + 1.0 .. 3.656 + 0.8934 

"'" :.~ -4.203 

Eq. (8.105) with n "'" 3: 



m at 26"C == 1.225 
4.203 

A, = 1.225 = 3.43 

mat 26.SoC "" 1.250 3.869 
A) ... 1.250 ,.. 3.095 == AN, 

Eq. (8.1 10): 

AI ... 3.348 

Eq. (8.111): 

AE = 3.236 
Eq. (8.109): 

YI ... 0.01024 kmol C4 in G1 

C4 in L J ... 0.035 + 0.05 - 0.01024 = 0.07476 kmol 0= LlxJ 

In similar fashion the Y,'s for the other components, together with the outlet gas and outlet 
liquid enthaJpies, can be computed: 

Component Yt HG1 Yf.26 G C L3XJ H)L3x) 

C1 0.700 647.5 0 0 
C1 0.1070 1222 0.0430 4.519t3 
Cl 0.0274 508.5 0.0726 8.45!) 
C4 0.01024 288.4 0.07476 10.36t, 
Oil 3.465 1306.3/3 

0.8446 ... G1 2666.4 .,. HGIGI 3.655 lOt L, 1329.6/) ... HLlL) 

Eq. (8.11) shows I) ... 26.7°C, sufficiently close to that of the first estimate (26.8°C) for us to 
proceed with Eq. (8.102). 

Horton-FI'DIfldin method Equations (8. lOS). (8.107). and (8.13). used as above with G, 1m 0.8446. 
now show 

Tray n 

I 
2 
3 

Gil 

0.8446 
0.8935 
0.9453 

L,. 

3.549 
3.600 
3.655 

4.202 
4.029 
3.866 

26.0 
26.1 
26.7 

The temperatures permit tabulation of m's and the L/Il G,/s permit calculation of A for each 
component on each tray. Equation (8.102) then gives YI• and a material balance gives the moles 
of each component in L3: 

Component A, A2 A3 Yi (Eq. (8.102)] L3x3 

C1 0.700 0 
C2 0.314 0.30J 0,286 0.1072 0.0428 
C1 1.002 0.959 0.910 0.0273 0.0727 
C .. 3.430 3.290 3.093 0.01117 0.0738 
Oil 3A65 

0.8457 - G1 3.654 - L3 

An enthalpy balance again shows I, - 26.7"'C. 
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For most purposes, the preceding results will be reasonably satisfactory. But 
they are correct only if the A values for each component on each tray are 
correct. These can be checked by first verifying the L/ G ratios. For the 
components found in both liquid and gas 

A == ~ = Ln (8.115) 
n m"Gn (Yn/xn)Gn 

or (8.116) 

If there are Gs mol/time of nonabsorbed gas, then 

-.;."Lnxn 
G" = Gs + "'A 

n 
(8.117) 

and Eq. (8.13) will provide Lnx". whose sum is Ln' The Llt/ Gn ratios can then be 
compared with those used previously. 

Illustnltioo 8.9, continued For tray 3, Gs "'" 0.7 kmol Ct. For C 2> G3Y3 .... L3X3/ A) -
0.0428/0.286 = 0.1497, and Eq. (8.14) with n = 2 provides L2x,- = 0.0428 + 0.1497 - 0.15 == 
0.0425. Similarly, 

Component G3YJ'" L3X JI AJ ~x2 

C. 0.700 0 
C2 0.1497 0.0425 
C) 0.0799 0.0526 

C" 0.0239 0.0477 
Oil 3.465 

0.9535:: G3 3.6078:: ~ 

Therefore 

~ == ~9~3~ == 3.832 (3.866 used previously) 

Similarly L2/ G2 and LII G1 can be computed and compared with values used previously. 

The procedure then to be followed is to repeat the use of Eq. (8.102) with 
the new L/ G ratios to provide A's, repeating the check of L/ G and use of Eq. 
(8.102) until agreement is reached. This still leaves the temperatures to be 
checked. For an assumed top-tray temperature, an overall tower enthalpy 
balance provides 'N' With the compositions and flow rates for each stream as 
last determined, individual tray enthalpy balances provide the temperature of 
each tray. These are repeated until the assumed 'I agrees with that calculated. 
New m's and A's are then used with Eq. (8.102) and the entire procedure 
repeated until a completely consistent set of L/ G's and temperatures are 
obtained, at which time the problem is solved. The procedure is very tedious, 
and methods for reducing the work, including the use of high-speed computers, 
have been given much study [16, 18. 19, 39]. 



Use of Reflux-Reboiled Absorbers 

Refer again to the preceding illustration. Considering only the three substances 
absorbed, the wet gas contained these roughly in the proportions 
~H6 : C3HS : C4H lO = 50 : 33 : 17. The rich oil leaving the absorber contained 
the same substances in the approximate ratio 21 : 36 : 37. Despite its low 
solubility, the proportion of absorbed gas which is ethane is high, owing to the 
relatively high proportion of this substance in the original wet gas. If it is desired 
to reduce the relative proportions of ethane in the rich oil, the oil just as it leaves 
the tower must be in contact with a gas relatively leaner in ethane and richer in 
propane and butane. Such a gas can be obtained by heating a part of the rich 
oil, which wiIl then evolve a gas of the required low ethane content. This evolved 
gas can then be returned to an extension of the absorber below the inlet of the 
wet gas) where in rising past the oil it will strip out the ethane (and also any 
methane which may have been absorbed as well). The ethane not absorbed will 
now, of course, leave with the lean gas. The heat exchanger where a portion of 
the rich oil is heated is called a reboiler, and the arrangement of Fig. 8.28 can be 
used. Calculation methods for multicomponents are available [20, 25]. 

A stream returned to a cascade of stages, as represented by the trays in the 
absorber, for the purposes of obtaining an enrichment beyond that obtained by 
countercurrent contact with the feed to the cascade, is called reflux. This 
principle is used extensively in distillation, liquid extraction, and adsorption, but 
it is applicable to any countercurrent enrichment operation. 

SrripJ,'>ed 
oil 

Sfeam Figure 8.28 Reboiled absorber. 
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ABSORPTION WITH CHEMICAL REACTION 

Many industrial absorption processes are accompanied by chemical reaction. 
Reaction in the liquid of the absorbed component with a reagent in the 
absorbing liquid is especially conunon. Sometimes the reagent and product of 
reaction are both soluble, as in the absorption of carbon dioxide into an aqueous 
solution of the ethanolamines or other alkaline solutions. In contrast, furnace 
gases containing sulfur dioxide can be contacted with slurries of insoluble 
ground limestone in water, to form insoluble calcium sulfite. There are many 
other important examples. for which Ref. 28 should be consulted. Reaction of 
the absorbed solute and a reagent accomplishes two things favorable to the 
absorption rate: (1) destruction of the absorbed solute as it forms a compound 
reduces the equilibrium partial pressure of the solute, consequently increasing 
the concentration difference between the bulk gas and the interface; and the 
absorption rate is also increased; (2) the liquid-phase mass-transfer coefficient is 
increased in magnitude. which also contributes to increased absorption rates. 
These effects have been given extensive theoretical analysis [I, 10, 38] but 
relatively little experimental verification. 

NOTATION FOR CHAPTER 8 

Any consistent set of units may be used. 

C 

CJ 
CL 

C, 
d, 
D 
Du 
DIM 

DL 
e 
EMGE 

Eo 
FG•J 

FL,J 

Fo 
G 

GJ 
G' 
It 
h' 

specific interface surface, area/packed volume L',/L3 
absorption factor. L/ mG, dimensionless 
effective absorption factor (Eq. (8.110)]. dimensionless 
effective absorption factor (Eq. (8.111)), dimensionless 
components A. B. C 
concentration. moles/volume, moIe/L3 
heat capacity of component J as a gas, FL/mole T 
beat capacity of a liquid, FL/mole T 
heat capacity of a gas at constant pressure, FL/mole T 
equivalent diameter of packing. L 
diffusivity, L2/8 
diffusivity of component I in a binary gas IJ mixture, L2/8 
mean diffusivity of I in a multicomponent mixture, L1/8 
liquid diffusivity. Ll/8 
2.7183 
Murphree gas tray efficiency corrected for entra.in.ment. fractional 
overall tray efficiency, fractional 
gas-phase m.a.ss-transfer coefficient for component J. moIe/L:te 
liquid-phase mass-transfer coefficient for component J. moIe/L2f:) 
overall mass-transfer coefficient, moIe/Ll.8 
total gas rue for tray towers, 1IIOIe/9; for packed towers, superficial molar mass 
vdocity, moIe/L2& 
gas molar mass velocity of component J, moIe/L:te 
gas mass velocity M/L2t't 
beat-transfer coefficient.. FL/L2&'r 
beat-transfer coefficient corrected for mass transfer. FL/L~ 
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HG molar enthalpy of a gas referred to pure substance at temperature to> FL/mole 
Ho molar enthalpy of a gas per mote of carrier gas, referred to pure substance at 

temperature tOt FL/mole 
~, f partial enthalpy of component J in solution at concentration Xl' temperature tl • 

FL/mole 
HL enthalpy of a liquid solution referred to pure substance at temperature lOt FL/mole 
HI height of a transfer unit. L 
HIO height of an overall transfer unit. L 
AHs integral heat of solution per mole of solution, FL/mole 
k thermal conductivity, FL/LTB 
kG gas mass-transfer coefficient. moIe/L2Q{F /Ll) 
kL liquid mass~transrer coefficient, moIe/L:e{moIe/L3) 
k:;c liquid mass-transfer coefficient. moIe/L~moIe frac:tioo) 
ky gas ma.ss--transfer coefficient. moIe/L~moIe fractioa) 
K overall mass-transfer coefficient (units indicated by subscripts, as for k's) 
In natural logarithm 
log conunontogarithm 
L total molar liquid rate, for tray towers, mole/a 
L' total liquid mass rate (tray towers). M/a; total mass rate per unit tower cross section 

(packed towers), M/L~ 
Ls solvent mass rate (tray towers), M/I; total mass rate per unit tower cross section 

(packed towers), M/L~ 
m slope of the equilibrium curve, dye / dx; equilibrium distribution ratio. y. / x. dimen-

sionless 
mi" slope of a logarithmic reference-substance plot at concentration XI' (logP'1)/(log p,) 
M molecular weight, M/mole 
NJ mass-transfer flux of component J, moIe/L~ 
Np number of equilibrium trays 
N, number of transfer units 
N,O number of overall transfer units 
p vapor pressure of a pure substance. F /L2 
i partial pressure, F /Ll 
PI total pressure, F /L2 
Pr Prandtl number, Cpp/ k. dimensionless 
q flux of heat transfer, FL/Ll&; a. COllStant 
QT rate of total beat removal. F1.../a 
r const 
RJ N I /'2.N. dimensionless 
s const 
S stripping factor. mG / L, dimensionless 
$' effective stripping factor {Eq. (8.113)}. dimensionless 
SE effective stripping factor {Eq. (8.114)), dimensionless 
Sc Schmidt number, p/pD. dimensionless 

temperature, T 
x concentration in the liquid, mole fraction, mole/mole 
X concentration in the liquid, mole/mole solvent, mole/mole 
X' concentration in the liquid, molt/mole entering liquid, mole/mole 
y concentration in the gas. mole fraction, mole/mole 
Y concentration in the gas, mole/mole carrier gas. mole/mole 
Y' concentration in the gas, mole/mote entering gas. mole/mole 
Z height of packing, L 
A difference 

volume fraction voids, dry packing, L3/Ll 
e., volume fraction voids. irrigated packing. Ll /L3 

A]() molar latent heat of vaporization of J at temperature to. FL/mole 
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AI',I 

IJ 
P 
'PI 

molar latent heat of vaporization of reference substance at temperature I, FL/mole 
viscosity, MiLe 

Subscripts 

av 
A,B,C,J 
G 

L 
M 

r 
o 

1 
2 

Superscript 

• 

density, M/L3 
(ractional total liquid holdup, volume liquid/volume packed space, L3/Ll 

average 
components A, B, C, J 
gas 
interface 
liquid 
logarithmic mean 
effluent from tray n 
effluent from tray Np 
overall 
reference substance 
liquid entering top tray 
reference temperature for enthalpy 
bottom of a packed tower; effluent from tray 1 (tray tower) 
top of a packed tower; effluent from tray 2 (tray tower) 

in equilibrium with the other phase 
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PROBLEMS 

8.1 The equilibrium partial pressures of carbon dioxide over aqueous solutions of monoethanoJa
mine (30 wt%) [Mason and Dodge, Trans. AIChE, 32,27 (1936)] are: 

Partial pressure CO2• mmHg 

mol CO2 25°C saGc "75"C mol solution 

0.050 65 
0.052 7.5 93.5 
0.054 13.6 142.6 
0.056 25.0 245 
0.058 5.6 47.1 600 
0.060 12.8 96.0 
0.062 29.0 259 
0.064 56.0 
0.066 98.7 
0.068 155 
0.070 232 

A plant manufacturing dry ice will burn coke in air to produce a flue gas which, when cleaned 
and cooled, will contain 15% CO2, 6% O2, 79.0% N:/. The gas will be blown into a sieve-tray-tower 
scrubber at 1.2 std atm, 25°C, to be scrubbed with a 30% ethanolamine solution entering at 25°C. 
The scrubbing liquid, which is recycled from a stripper, will contain 0.058 mol C02/mol solution. 
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The gas leaving the scrubber is to contain 2% CO2, Assume isothermal operation. 
(a) Determine the minimum liquid/gas ratio, mol/mol. 
(b) Determine the number of kilograms of solution to entcr the absorber per cubic meter of 

entering gas, for an L/ G ratio of 1.2 times the minimum. 
ADs.: 18.66. 

(e) Determine the number of theoretical trays for the conditions of part (b). 
ADs.: 2.5. 

(d) The viscosity of the solution is 6.0 cP; sp gr "" 1.012. Estimate the average m and the overall 
tray efficiency to be ex.pected. How many real trays are required? 

8.1 (0) Determine the ideal trays for the absorption of Prob. 8.1. assuming adiabatic operation. Use 
25.6 kg absorbent solution/m3 gas in, which will be about 1.2 times the minimum. The heat of 
solution of CO2 is 1675 kJ evolved/kg CO2 absorbed (720 Btu/lb), referred to gaseous CO2 and 
liquid solution. The specific heat of the solution is 3.433 kl/(kg solution) . K (0.82 Btu/lb· oF). 

Am.: 2.6. 
(b) Suppose the absorber planned for isothermal operation (L/ G and theoretical trays of Prob. 

8.1) were operated adiabatically. What concentration of CO2 in the exit gas coul$1be expected? 
[Note that thls normally requires trial-and-error determination of both the top-traytemperature and 
effluent gas concentration. However. study of the calculations of part (,(7) should indicate that in thls 
case the top-tray temperature need not be determined by trial.} 

Am.: 4.59%. 
83 Derive Eq. (8.16). Hint: Start with the definition of EMGE and locate apseudo-equilihriurn line, 
which would be used together with the operating line for graphically constructing steps representing 
real trays. Then use the Kremser equation (S.S5a) with the pseudo-equilibrium line, by moving the 
origin of the Y. X diagram to the intercept of the pseudo-equilibrium line with the Y axis. 

8.4 Carbon disulfide. cs", used as a solvent in a chemical plant, is evaporated from the product in a 
drier into an inert gas (essentially N~ in order to avoid an explosion hazard. The vapor-N2 mixtore 
is to be scrubbed with an absorbent hydrocarbon oil, which will be subsequently steam-stripped to 
recover the C&.l. The ~-N2 mixture has a partial pressure of ~ equal to 50 mmHg at 24°C 
(7S"F) and is to be blown into the absorber at essentially standard atmospheric pressure at the 
expected rate of 0.40 m3/s (50 000 ft3/h). The vapor content of the gas is to be reduced to 0.5%. The 
absorption oil has av mol wt 180, viscosity 2 cP, and sp gr 0.81 at 24°C. The oil enters the absorber 
essentially stripped of all cs". and solutions of oil and CS2• while not actually ideal, follow Raoult's 
Jaw [see Ewell et al.: Inti. Eng. Chern., 36, 871 (1944)]. The vapor pressure of cs" at 24°C ... 346 
mmHg. Assume isothermal operation. 

(0) Determine the minimum liquid/gas ratio. 
(b) For a liquid/gas ratio of 1.5 times the minimum. determine the kilograms of oil to enter the 

absorber per hour. 
(c) Determine the number of theoretical trays required, both graphically and analytically. 
(d) For a conventional sieve-tray tower, estimate the overall tray efficiency to be expected and 

the number of real trays required. 

8.S Design a suitable sieve tray for the absorber of Prob. 8.4 and compute its hydraulics (which may 
be considered constant for aU the trays) and the number of real trays required.. graphically and 
through Eq. (8.16). Take the surface tension as 30 dyu/cm. 

8.6 Determine the number of equilibrium trays for the absorber of Prob. 8.4, assuming adiabatic 
operation. Use a liquid rate of 2.27 kg/so which is about 1.5 times the minimum. The specific heats 
are: 

Oil 
C$z.liquid 
cs",vapor 

kl/kmol- K 

362.2 
76.2 
46.89 

Btu/lb mol· OF 

86.5 
18.2 
11.2 

The latent heat of vaporization of ~ is 27910 kJ/kmo) at 24"C (12 000 Btu/lb mol). 
ADs.: 3.6. 
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8.7 Starting with Eq. (8.34), replace the y's by the equivalent Y's and derive Eq. (8.36). 

8.8 With the help of the Kremser equation and Eq. (8.50), derive the relation between N, and N,OG 
for constant absorption factor. Establish the conditions when Np = N,OG' 

8.9 Design a tower packed with 50-mm (l-in) ceramic Raschig rings for the carbon disulfide 
scrubber of Prob. 8.4. Assume isothermal operation and use a. liquid/gas ratio of 1.5 times the 
minimum. and a gas~pressure drop not exceeding 327 (N/ml)/m (0.4 inH20/ft) of packing. The 
liquid surface tension ... 30 dyn/cm. A procedure foUows. 

(a) Determine the tower diameter. 
Am.: 0.72S m. 

(b) Using average (top and bottom) flow rates and fluid properties, compute the mass~transfer 
coefficients FaD and FLO and heights of transfer units HIG, H tL, and HIDG• 

(c) Compute N
'G 

and with HIG• the paclcing height. 
Am.: 9.61.4.73 m. 

(d) Compute N,OG through the following methods and the corresponding packing height for 
each: Eq. (8.36). Eq. (8.48). and Fig. 8.20. 

(e) Compare the gas-pressure drop for the full depth of packing with that for all the trays of 
Prob. 8.5. At a power cost of 15 cents per kilowatt-hour and a. blower-motor efficiency of SO%. 
calculate the annual (35~day) difference in power cost for the two towers. 

8.10 For dilute mixtures and cases when Henry's law applies, prove that the number of overall 
transfer units for cocurrent gas absorption in packed towers is given by 

where subscript I indicates the top (where gas and liquid enter) and subscript 2 indicates the bottom 
of'the tower. 

8.11 Benzene vapor in a coke·oven gas is scrubbed from the gas with wash oil in a countercurrent 
packed scrubber. The resulting benzene-wash·oil solution is then heated to 125°C and stripped in a 
tray tower, using steam as the stripping medium. The stripped wash oil is then cooled and recycled 
to the absorber. Some data relative to the operation roHow: 

Absorption: 

Stripping: 

Benzene in entering gas == 1 mol % 

Pressure of absorber ... 800 mmHg 

Oil circulation rate = 2 m3 /1000 m3 gas at STP (15 U.S. gal/lOOO et3) 

Oil sp gr "" 0.88 mol wt == 260 

Henry's-Jaw constant m = y. ror benzene-wash-oil 
x 

N,oa ... 5 overall gas transfer units 

Pressure =: I std atm steam == I std atm, 125°C 

{ 
0.095 
0.130 

Henry's.taw constant for benzene m = y. == 3.08 at 12S"'C 
x 

Number of eqUilibrium stages"" 5 

(0) In the winter, it is possible to cool the recycled stripped oil to 20°C, at which temperature 
the absorber then operates. Under these conditions 72.0 kg steam is used in the stripper per 1000 m3 

gas at STP (4.5 Ib/lOOO rtl ). Calculate the percent benzene recovery from the coke-oven gas in the 
winter. 

ADs.: 92.6%. 
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(b) In the summer it is impossible to cool the recycled wash oil to lower than 21°C with the 
a.vailable cooling water. It has been suggested that the steam rate to the stripper can be increased so 
as to obtain the same percentage benzene recovery as in the winter. Assuming that the absorber then 
operates at 27°C, with the same oil rate, and tha.t N'OG and equilibrium stages remain the same. 
what steam rate in the summer would be required? 

(e) If the oil rate cannot be increased but the steam rale in the summer is increased by 20% 
over the winter value, what summer recovery of benzene can be expected? 

ADs.: 86.2%' 

8.12 It is desired to reduce the ammonia content of 0.0472 mlls (26.7"C. 1 std atm) (6000 ft3/h) of 
an ammonia-air mixture from 5.0 to 0.04% by volume by water scrubbing. There is available a 
0.30S-m (I-H)-diameter lower packed with 2S-mm Berl saddles to a depth of 3.66 m (12 ft). Is the 
tower satisfactory, and if so, what water rate should be used? At 26.7°C. ammonia-water solutions 
follow Henry's law up to S mol% ammonia in the liquid, and m = 1.414. 

8.13 A tower. 0.6 m diameter, packed with 50-mm ceramic Raschig rings to a depth of 1.2 m, is 10 
be used for producing a solution of oxygen in water for certain pollution-control operations. The 
packed space will be pressurized at 5 std atm abs with pure oxygen gas from a gas cylinder. There is 
to be no gas outlet, and gas will enter from the cylinder only to maintain pressure as oxygen is 
dissolved. Water win flow down the packing continuously at LSO kg/so The temperature is to be 
25"C. Assuming that the entering water is oxygen-free, what concentration of oxygen can be 
expected in the water effluent? 

ADs.: 1.108 X 10-4 mole fraction. 
DOlO: at 25"C, the diffusivity of O2 in water = 2.5 x 10- 5 cm2/s, viscosity of water = 0.894 

cP, and the solubility of O2 in H20 fonows Henry's law; p ""' 4.38 X 10"x, where p = equilibrium 
partial pressure, atm, and x = mole fraction O2 in the liquid. Neglect water-vapor content of the gas. 

8.14 A system for recovering methanol from a solid product wet with methanol involves evaporation 
of the methanol into a stream of inert gas, essentially nitrogen. In order to recover the methanol 
from the nitrogen. an absorption scheme involving washing the gas countercurrently with water in a 
packed tower is being considered. The resulting methanol-water solution is then to be distilled to 
recover the methanol. Note: An alternative scheme is to wash the gas with refrigerated methanol. 
whence no distillation is required (see Prob. 7.11). A still different approach is to adsorb the 
methanol onto activated carbon (see Chap. II). 

The absorption tower will be filled with 38·mm (I.5-in) ceramic Raschig rings. Use a gas-pres
sure drop not to exceed 400 N/m2 per meter of packed depth. Tower shells are available in 
25-mm·diameler increments. 

Partial pressures of methanol and water over aqueous solutions of methanol are available in 
uThe Chemical Engineers' Handbook," 5th ed., p. )-68. Plot these in the manner of Fig. 8.2, using 
water as reference substance. 

(a) Assume isothermal operation at 26.7"C (80°F). Gas in: 0.70 ml Is (90 000 ft3/h) at I std 
atm, 26.7°C; partial pressure methanol ... 100 mmHg. SCG "'" 0.783 (MeOH-Ni). Gas out: methanol 
partial pressure ... 15 mmHg. Liquid in: water, methanol-free, 26.7°C, 0.15 kg/s (l190 Ib/h); neglect 
evaporation of water. Calculate the depth of packing required. 

(b) Assume adiabatic opera~on. Gas in: 0.70 mlls at 1 std atm, 26.7"C, partial pressure 
methanol - 100 mmHg, partial pressure water"" 21.4 mrnHg. Gas out: methanol partial pressure .... 
15 mmHg. Liquid in: water, methanol-free, 26.7"C, 1.14 kg/s (9O!.X) Ib/h). Assume that the gas 
leaves at lG - 30c C, with PH10 == 26 mmHg. Do not neglect evaporation of water. Calculate the 
following for the bottom of the tower: fL' tit dtG/dZ, dYAldZ. dYcldZ. For AYA - 0.02, 
compute the next value of Z. YA • Ys, tG' and fL' 

Additional data: heat of solution ["International Critical Tables," vo1. IV, p. 159]: 

X A' mole fraction 
MeOH in liquid 

AHs' integral heat of solution, 

0.5 0.10 0.15 0.20 0.25 0.30 

kl/kmol soIn at 206 C -341.7 -597.8 -767.6 -872.3 -914.1 -916.4 



Use a base temperature to"" 20·e. The latent heat of vaporization of methanol at 20·C ... 1163 
kJ /kg. Heat capacities of liquid solutions: see "Chemical Engineers' Handbook," 5th ed .• p. 3~136. 
Molar heat capacities of gases: N", 29.141; MeOH. 52.337; H20. 33.579 kJ/mot- K. 
IUS A gas containing 88% CH... 4% CzH" 5% n-C l ".. and 3% n-C .. H1o is to be scrubbed 
isothermally at 37.8°C (loo"F), 5 std atm pressure, in a tower containing the equivalent of eight 
equilibrium trays. 80% of the <;H. is to be removed. The lean oil will contain 0.5 mol% of C .. H 10 but 
none of the other gaseous constituents. The rest of the oil is nonvolatile. What quantity of lean oil, 
mol/mol wet gas, should be used, and what will be the composition of rich oil and scrubbed gas? 
The Henry's.law constants mare 

32 6.7 2.4 0.74 

8.16 An absorber of four theoretical trays, to operate adiabatically at 1.034 kN/m2 (150 Ib,/in2), is 
fed with I mol per unit time each of liquid and gas, each entering at 32.2°C (90°F). as follows: 

Component 

CH .. 
C1H6 
n·C)Hs 
n.C .. H IO 

n-CSHI2 
Nonvolatile oil 

Liquid, 
mole fraction 

0.02 
om 
0.97 

Estimate the composition and rate (mol/time) of the exit gas. 

Gas. 
mole fraction 

0.70 
0.12 
0.08 
0.06 
0.04 

Data: Henry's-law constants, enthalpies at 32.rc relative to saturated liquid at -129"C 
(-200°F). and molar heat capacities are given in Table 8.1. 

Table 8.1 Data for Prob. 8.16 

32.2"C (90°F) Cp ' 

BG,t HL• m kJ/Ianol· K 
kJ/Ianol x 10-3 kJ/kmol X 10-3 37.S"C 43"C (Btu/lb mol· oF) 

Component m (Btu/lb mol) (Btu/lb mol) (100"F) (JIO°F) Gas Liquid 

CH" 16,5 12.91 9.77 17.0 17.8 37.7 50,2 
(5510) (4200) (9.0) (12.01) 

C 2H6 3.40 22.56 15.58 3.80 4.03 62.8 83.7 
(9700) (6700) (15.0) (20.0) 

n·C)Hs 1.16 31.05 16.86 1.30 1.44 79.6 129.8 
(13350) (7250) (19.0) (31.0) 

n·C"HIO 0.35 41.05 20.70 0.41 0.47 96.3 159.1 
(17650) (8900) (23.0) (38.0) 

n·C"H1l 0.123 50.94 24.66 0.140 0.165 117.2 184.2 
(214(0) (10 600) (28.0) (44.0) 

Oil 376.8 
(9<>.0) 

t Data from DcPriester, Chern. Eng. Progr. Symp. Sel'., 49(7) 1 (1953); "Chemical Engineers' 
Handbook," 5th ed., pp. 13·12 and 13-13; Maxwell, "Data Book on Hydrocarbons," Van Nostrand, 
Princeton, NJ •• 1950. 
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8.17 In this chapter it was shown that there is an optimum, or most economical. value of the 
absorption factor. There are also optimum values for: 

(0) Outlet gas concentration when there are valuable solutes 
(b) The solute concentration in the liquid entering the absorber where the absorbent liquid is 

recirculated through a stripper or fractionator for solute recovery 
(c) The tray spacing in a tray tower 
(d) The gas pressure drop per unit height in a packed tower 

For each item explain why there is an optimum value. 



CHAPTER 

NINE 
DISTILLATION 

Distillation is a method of separating the components of a solution which 
depends upon the distribution of the substances between a gas and a liquid 
phase} applied to cases where all components are present in both phases. Instead 
of introducing a new substance into the mixture in order to provide the second 
phase, as is done in gas absorption or desorption, the new phase is created from 
the original solution by vaporization or condensation. 

In order to make clear the distinction between distillation and the other 
operations, let us cite a few specific examples. In the separation of a solution of 
common salt and water, the water can be completely vaporized from the 
solution without removal of salt since the latter is for all practical purposes quite 
nonvolatile at the prevailing conditions. This is the operation of evaporation. 
Distillation, on the other hand, is concerned with the separation of solutions 
where aU the components are appreciably volatile. In this category, consider the 
separation of the components of a liquid solution of ammonia and water. By 
contacting the ammonia-water solution with air) which is essentially insoluble in 
the liquid, the ammonia can be stripped or des orbed by processes which 'were 
discussed in Chap. 8, but the ammonia is then mixed with water vapor and air 
and is not obtained in pure form. On the other hand, by application of heat t we 
can partially vaporize the solution and thereby create a gas phase consisting of 
nothing but water and ammonia. And since the gas will be richer in ammonia 
than the residual liquid, a certain amount of separation will have resulted. By 
appropriate manipulation of the phases or by repeated vaporizations and con
densations it is then ordinarily possible to make as complete a separation as may 
be desired, recovering both components of the mixture in as pure a state as we 
wish. 

342 
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The advantages of such a separation method are clear. In distillation the 
new phase differs from the original by its heat content, but heat is readily added 
or removed, although of course the cost of doing trus must inevitably be 
considered. Absorption or desorption operations, on the other hand, which 
depend upon the introduction of a foreign substance, provide us with a new 
solution which in tum may have to be separated by one of the diffusional 
operations unless it happens that the new solution is useful directly. 

There are in turn certain limitations to distillation as a separation process. 
In absorption or similar operations, where it has been agreed to introduce a 

. foreign substance to provide a new phase for distribution purposes, we can 
ordinarily choose from a great variety of solvents in order to provide the greatest 
possible separation effect. For example, since water is ineffectual in absorbing 
hydrocarbon gases from a gas mixture) we choose instead a hydrocarbon oil 
which provides a high solubility. But in distillation there is no such choice. The 
gas which can be created from a liquid by application of heat inevitably consists 
only of the components constituting the liquid. Since the gas is therefore 
chemically very similar to the liquid, the change in composition resulting from 
the distribution of the components between the two phases is ordinarily not very 
great. Indeed, in some cases the change in composition is so small that the 
process becomes impractical; it may even happen that there is no change in 
composition whatsoever. 

Nevertheless the direct separation. which is ordinarily possible by distilla
tion, into pure products requiring no further processing has made this perhaps 
the most important of all the mass-transfer operations. 

V APOR-LIQUlD EQUILIBRIA 

The successful application of distillation methods depends greatly upon an 
understanding of the equilibria existing between the vapor and liquid phases of 
the mixtures encountered. A brief review of these is therefore essentiaL The 
emphasis here will be on binary mixtures. 

Pressure-Temperature-Concentration Phase Diagram 

Let us first consider binary mixtures which we shall term ordinary; by this is 
meant that the liquid components dissolve in all proportions to form homoge
neous solutions which are not necessarily ideal and that no complications of 
maximum or minimum boiling points occur. We shall consider component A of 
the binary mixture A-B as the more volatile, i.e., the vapor pressure of pure A at 
any temperature is higher than the vapor pressure of pure B. The vapor-liquid 
equilibrium for each pure substance of the mixture is of course its vapor-pres* 
sure-temperature relationship, as indicated in Fig . .1.1. For binary mixtures an 
additional variable, concentration, must likewise be considered. Mole fractions 
are the most convenient concentration terms to use. and throughout this discus-
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sion X will be the mole fraction of the more volatile substance A in the liquid 
and y* the corresponding equilibrium mole fraction of A in the vapor. 

Complete graphical representation of the equilibria requires a three-dimen
sional diagram [29, 47], as in Fig. 9. L The curve marked PAis the vapor-pressure 
curve of A, lying entirely in the nearest composition plane at x == 1.0. The curve 
extends from its critical point C A to its triple point T A' but the complications of 
the solid phase which do not enter into distillation operations will not be 
considered. Similarly curve Pn is the vapor pressure of pure B, in the far plane at 
x == O. The liquid and vapor regions at compositions between x = 0 and 1.0 are 
separated by a double surface which extends smoothly from P A to PB' The shape . 
of this double surface is most readily studied by considering sections at constant 
pressure and constant temperature, examples of which are shown in the figure. 

Constant-Pressure Equilibria 

Consider first a typical section at constant pressure (Fig. 9.2a). The intersection 
of the double surface of Fig. 9.1 with the constant-pressure plane produces a 
looped curve without maxima or minima extending from the boiling point of 
pure B to that of pure A at the pressure in question. The upper curve provides 
the temperature-vapor composition (t-y*) relationship, the lower that of the 
temperature-liquid composition (t-x). Liquid and vapor mixtures at eqUilibrium 
are at the same temperature and pressure throughout, so that horizontal tie lines 

Figure 9.1 Binary vapor-liquid equilibria. 
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Figure 9.2 Constant-pressure vapor-liquid equilibria. 

such as line DF join equilibrium mixtures at D and F. There are an infinite 
number of such tie lines for this diagram. A mixture on the lower curvei as at 
point D. is a saturated liquid; a mixture on the upper curve, as at F. is a 
saturated vapor. A mixture at E is a two-phase mixture, consisting of a liquid 
phase of composition at D and a vapor phase of composition at F in such 
proportions that the average composition of the entire mixture is represented by 
E. The relative amounts of the equilibrium phases are related to the segments of 
the tie line, 

Moles of D line EF 
Moles of F line DE 

(9.1) 

Consider a solution at G in a closed container which can be kept at constant 
pressure by moving a piston. The solution is entirely liquid. If it is heated, the 
first bubble of vapor forms at H and has the composition at J, richer in the 
more volatile substance, and hence the lower curve is called the bubble-point
temperature curve. As more of the mixture is vaporized, more of the vapor forms 
at the expense of the liquid, giving rise, for example, to liquid L and its 
eqUilibrium vapor K. although the composition of the entire mass is still the 
original as at G. The last drop of liquid vaporizes at M and has the composition 
at N. Superheating the mixture follows the path MO. The mixture has vaporized 
over a temperature range from H to M, unlike the single vaporization tempera
ture of a pure substance. Thus, the term boiling point for a solution ordinarily 
has no meaning since vaporization occurs over a temperature range, i.e., from 
the bubble point to the dew point. If the mixture at 0 is cooled, all the 
phenomena reappear in reverse order. Condensation, for example, starts at M. 
whence the upper curve is termed the dew-point curve, and continues to H. 



If a solution like that at H is boiled in an open vessel, on the other hand, 
with the vapors escaping into the atmosphere, since the vapor is richer in the 
more volatile substance, the liquid residue must therefore become leaner. The 
temperature and composition of the saturated residual liquid therefore move 
along the lower curve toward N as the distillation proceeds. 

The vapor-liquid equilibrium compositions can also be shown on a distribu
tion diagram (x vs. y*) as in Fig. 9.2h. Point P on the diagram represents the tie 
line DF, for example. Since the vapor is richer in the more volatile substance, 
the curve lies above the 45° diagonal line, which has been drawn in for 
comparison. 

Relative Volatility 

The greater the distance between the equilibrium curve and the diagonal of Fig. 
9.2b, the greater the difference in liquid and vapor compositions and the easier 
the separation by distillation. One numerical measure of this is called the 
separation factor or, particularly in the case of distillation, the relative volatility a. 
This is the ratio of the concentration ratio of A and B in one phase to that in the 
other and is a measure of the separability, 

y* / (l - y*) y*{l - x) 
a = = "---:;-"---:-

xl (1 - x) x{l - y*) 
(9.2) 

The value of a will ordinarily change as x varies from 0 to 1.0. If y* = x (except 
at x = 0 or 1), a = 1.0 and no separation is possible. The larger the value of a 
above unity, the greater the degree of separability. 

Increased Pressures 

At higher pressures the sections at constant pressure will of course intersect the 
double surface of Fig. 9.1 at increased temperatures. The intersections can be 
projected onto a single plane. as in Fig. 9.3a. It should be noted that not only do 
the looped curves occur at higher temperatures, but they also usually become 
narrower. This is readily seen from the corresponding distribution curves of Fig. 
9.3b. The relative volatilities and hence the separability therefore usually be
come less at higher pressures. As the critical pressure of one component is 
exceeded. there is no longer a distinction between vapor and liquid for that 
component, and for mixtures the looped curves are therefore shorter. as at 
pressures above PI)' the critical pressure for A in the figure. Distillation separa
tions can be made only in the region where a looped curve exists. 

For particular systems, the critical pressure of the less volatile substance 
may be reached before that of the more volatile, and it is also possible that the 
double surface of Fig. 9.1 will extend at intermediate compositions to a small 
extent beyond the critical pressures of either substance. 
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Figure 9.3 Vapor-liquid equilibria at increased pressures. 

Constant-Temperature Equilibria 

A typical constant-temperature section of the three-dimensional phase diagram 
is shown in Fig. 9.4. The intersection of the constant-temperature plane with the 
double surface of Fig. 9.1 provides the two curves which extend without maxima 
or minima from the vapor pressure of pure B to that of pure A. As before, there 
are an infinite number of horizontal tie lines, such as TV, which join an 
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F1pre 9,4 Constant-temperature vapor-liquid 
equilibria. 
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equilibrium vapor as at V to its corresponding liquid at T. A solution in a closed 
container at W is entirely a liquid, and if the pressure is reduced at constant 
temperature, the first bubble of vapor forms at U, complete vaporization occurs 
at S, and further reduction in pressure results in a superheated vapor as at R. 

Vapor-liquid equilibrium data, except in the special situations of ideal and 
regular solutions, must be determined experimentally. Descriptions of experi
mental methods [18], extensive bibliographies [67], and lists of data [7, 22] are 
available. 

Ideal Solutions-Raowt's Law 

Before studying the characteristics of mixtures which deviate markedly from 
those just described, let us consider the equilibria for the limiting case of 
mixtures whose vapors and liquids are ideal. The nature of ide4iI solutions and 
the types of mixtures which approach ideality were discussed in Chap. 8. 

For an ideal solution, the equilibrium partial pressure p* of a constituent at 
a fixed temperature equals the product of its vapor pressure P when pure at this 
temperature and its mole fraction in the liquid. This is Raoult's law. 

j: = Pa{l - x) (9.3) 

If the vapor phase is also ideal, 

PI = ji~ + ft: = PAX + Pa( I - x) (9.4) 

and the total as well as the partial pressures are linear in x at a fixed 
temperature. These relationships are shown graphically in Fig. 9.5. The 
eqUilibrium vapof-.-composition can then be computed at this temperature. For 
example, the value of y* at point D on the figure equals the ratio of the 

TEMPERATURE CONSTANT 
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1.0 
(A) FIgure 95 Ideal solutions. 



DISTILLATION 349 

distances FG to EG, -. y. = PA = PAX 
P, P, 

• p; PB(l - x) 
-y =-= 

P, P, 

The relative volatility Ci. is, by substitution in Eq. (9.2), 

PA 
a=-

, PB 

(9.5) 

(9.6) 

(9.7) 

For ideal solutions, it is then possible to compute the entire vapor-liquid 
equilibria from the vapor pressures of the pure substances. For pressures too 
high to apply the ideal-gas law, fugacities are used instead of pressures [29, 42). 
It is also possible to compute the equilibria for the special class of solutions 
known as regular [21). For all other mixtures, however, it is necessary to obtain 
the data experimentally. 

IUllStnltion 9.1 Compute the vapor-liquid equilibria at constant pressure of I std atm for 
mixtures of n-heptane with n-octane. which may be expected to form ideal solutions. 

SOLUTION The boiling points at 1 std atm of the substances are n-heptane (A), 98.4°C and 
n-octane (B), 12S.6°C. ComputatiOns are therefore made between these temperatures. For 
example. at 11 DOC, P A = 10SD mmHg, PB = 484 mmHg, PI = 760 mmHg. Eq. (9.4): 

Eq. (9.S): 

Eq. (9.7): 

PI - PB 760 - 484 0487 If ' h · . li 'd x = P A _ ,PB = IOS0 _ 484 =. mo e ractIon eptane m qUI 

y* = PAX = 1O~487) = 0.674 mole fraction heptane in vapor 
PI 

a = P A = 1050 = 2.17 
PB 484 

In similar fashion, the data of the following table can be computed: 

I,OC PA' mmHg PB' mmHg x y* a 

98.4 760 333 l.0 1.0 2.28 
105 940 417 0.655 0.810 2.25 
110 1050 484 0.487 0.674 2.17 
115 1200 561 0.312 0.492 2.14 
120 1350 650 0.1571 0.279 2.08 
125.6 1540 760 0 0 2.02 

Curves of the type of Fig. 9.2 can now be plotted. Note that although the vapor pressures 
of the pure substances vary considerably with temperature, a for ideal solutions does not. In 
this case, an average of the computed a's is 2.16, and substit~ting this in Eq. (9.2), rearranged, 

• ax 2.l6x 
y - 1 + x(a - I) - 1 + 1.16x 

provides an expression which for many purposes is a satisfactory empirical relation betweeny· 
and x for this system at 1 atm. 
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Positive Deviations from Ideality 

A mixture whose total pressure is greater than that computed for ideality [Eq. 
(9.4)] is said to show positive deviations from Raoult's law. Most mixtures fall 
into this category. In these cases the partial pressures of each component are 
larger than the ideal, as shown in Fig. 9.6.t It should be noted that as the 
concentration for each component approaches unity mole fraction, the partial 
pressures for that substance approach ideality tangentially. Raoulfs law, in 
other words, is nearly applicable to the substance present in very large con
centrations. This is the case for all substances except where association within 
the vapor or electrolytic dissociation within the liquid occurs. 

The distribution diagram (x vs. y*) for systems of this type appears much 
the same as that of Fig. 9.2b. 

Minimum-boiling mixtures-azeotropes When the positive deviations from 
ideality are sufficiently large and the vapor pressures of the two components are 
not too far apart, the total-pressure curves at constant temperature may rise 
through a maximum at some concentration, as in Fig. 9.7 a. Such a mixture is 
said to form an azeotrope, or constant-boiling mixture. The significance of this is 
more readily seen by study of the constant-pressure section (Fig. 9.7 b or c). The 
liquid- and vapor-composition curves are tangent at point L, the point of 

t The ratio of the actual equlHbrium partial pressure of a component p. to the ideal value px is 
the activity coefficient referred to the pure substance: '( ... p. /px: Since y is greater than unity in 
these cases and log y is therefore positive, the deviations are termed positive deviations from ideality. 
A very extensive science of the treatment of nonideal solutions through activity coefficients has been 
developed by which, from a very small number of data, all the vapor-liquid equilibria of a system 
can be predicted [42]. 
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azeotropism at this pressure, which represents the minimum-boiling temperature 
for this system. For all mixtures of composition less than L, such as those at C, 
the equilibrium vapor (E) is richer in the more volatile component than the 
liquid (D). For all mixtures richer than L, however, such as at F, the equilibrium 
vapor (G) is less rich in the more volatile substance than the liquid (H). A 
mixture of composition L gives rise to a vapor of composition identical with the 
liquid, and it consequently boils at constant temperature and without change in 
composition. If solutions either at D or H are boiled in an open vessel with 
continuous escape of the vapors, the temperature and composition of the 
residual liquids in each case move along the lower curve away from point L 
(toward K for a liquid at H, and toward J for one at D). 

Solutions like these cannot be completely separated by ordinary distillation 
methods at this pressure, since at the azeotropic composition y. = x and 
Ci. == LO.t The azeotropic composition as well as its boiling point changes with 
pressure. In some cases, changing the pressure may eliminate azeotropism from 
the system. 

Azeotropic mixtures of this sort are very common, and thousands have been 
recorded [25). One of the most important is the ethanol-water azeotrope which at 
1 atm occurs at 89.4 mole percent ethanol and 78.2°C, Azeotropism disappears 
in this system at pressures below 70 mmHg. 

Partial liquid miscibility Some substances exhibit such large positive deviations 
from ideality that they do not dissolve completely in the liquid state, e.g., 
isobutanol-water (Fig. 9.8). The curves through points C and E represent the 
solubility limits of the constituents at relatively low temperatures. Mixtures of 
composition and temperature represented by points within the central area, such 
as point D, form two liquid phases at equilibrium at C and E, and line CE is a 
liquid tie line. Mixtures in the regions on either side of the solubility limits such 
as at F are homogeneous liquids. The solubility ordinarily increases with 
increased temperature, and the central area consequently decreases in width. If 
the pressure were high enough for vaporization not to occur, the liquid-solubility 
curves would continue along the broken extensions as shown. At the prevailing 
pressure, however, vaporization occurs before this can happen, giving rise to the 
branched vapor-liquid equilibrium curves. For homogeneous liquids such as that 
at F. the vapor-liquid eqUilibrium phenomena are normal. and such a mixture 
boils initially at H to give the first bubble of vapor of composition J. The same 
is true of any solution richer than M, except that here the vapor is leaner in the 
more volatile component. Any two-phase liquid mixture within the composition 
range from K to M will boil at the temperature of the line KM, and all these give 
rise to the same vapor of composition L. A liquid mixture of average composi
tion L, which produces a vapor of the same composition, is sometimes called a 

t For compositions to the right of L (Fig. 9.7) a as usually computed is less than unity. and the 
reciprocal of a is then ordinarily used. 
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heteroazeotrope. The corresponding distribution diagram with the tie line HJ, 
solubility limits at the bubble point K and M, and the azeotropic point L is 
shown in Fig. 9.8b. 

In relatively few instances the azeotropic composition lies outside the limits 
of solubility, as in the systems methyl ethyl ketone-water and phenol-water. In 
others, especially when the components have a very large difference in their 
boiling points, no azeotrope can form, as for ammonia-toluene and carbon 
dioxide-water. 



Insoluble liquids; steam distillation The mutual solubility of some liquids is so 
sman that they can be considered substantially insoluble: points K and M (Fig. 
9.8) are then for all practical purposes on the vertical axes of these diagrams. 
This is the case for a mixture such as a hydrocarbon and water, for example. If 
the liquids are completely insoluble, the vapor pressure of either component 
cannot be influenced by the presence of the other and each exerts its true vapor 
pressure at the prevailing temperature. When the sum of tbe separate vapor 
pressures equals the total pressure, the mixture boils, and the vapor composition 
is readily computed, assuming the applicability of the simple gas Jaw, 

PA + PB = P, 

PA y*=-
PI 

(9.8) 

(9.9) 

So long as two liquid phases are present, the mixture will boil at the same 
temperature and produce a vapor of constant composition. 

Illustration 9.2 A mixture containing 50 g water and 50 g ethylaniline, which can be assumed to 
be essentially insoluble, is boiled at standard atmospheric pressure. Describe the phenomena 
that occur. 

SOLUTJON Since the liquids are insoluble, each exerts its own vapor pressure, and when the sum 
of these equals 760 mmHg, the mixture boils. 

p .... (water), PB( etbylaniline), Pt = PA + PH' 
t,OC mmHg mmHg mmHg 

38.S 51.1 1 52.1 
64.4 199.7 5 205 
80.6 363.9 10 374 
96.0 657.6 20 678 
99.15 737.2 22.8 760 

113.2 1225 40 1265 
204 760 

The mixture boils at 99.lS"C. 

.. PA 737.2 097 I r . y = p; == 760 == . mo e tactIOn water 

I - y" = ~~ = ;~ = 0.03 mole fraction ethylaniline 

The original mixture contained 50/18.02 ... 2.78 g mol water and 50/121.1 ... 0.412 g mol 
ethylaniline. The mixture will continue to boil at 99.1S'>C, with an equilibrium vapor of the 
indicated composition, until all the water has evaporated together with 2.78(0.03/0.97) = 0.086 
g mol of the ethylaniline. The temperature win then rise to 204°C, and the equilibrium vapor 
will be pure ethyJaniline. 

Note tbat by this method of distillation with steam, so long as liquid water is 
present. the high-boiling organic liquid can be made to vaporize at a tempera
ture much lower than its normal boiling point without the necessity of a 
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vacuum-pump equipment operating at 22.8 mmHg. If boiled at 204°C, this 
compound will undergo considerable decomposition. However, the heat require~ 
ments of the steam-distillation process are great since such a large amount of 
water must be evaporated simultaneously. Alternatives would be (I) to operate 
at a different total pressure in the presence of liquid water where the ratio of the 
vapor pressures of the substances may be more favorable and (2) to sparge 
superheated steam (or other insoluble gas) through the mixture in the absence of 
liquid water and to vaporize the ethylaniline by allowing it to saturate the steam. 

Negative Deviations from Ideality 

When the total pressure of a system at equilibrium is less than the ideal value, 
the system is said to deviate negatively from Raoult's law. Such a situation is . 
shown in Fig. 9.9 at constant temperature. Note that in this case, as with positive 
deviations, where neither vapor association nor liquid dissociation occurs, the 
partial pressures of the constituents of the solution approach ideality as their 
concentrations approach 100 percent. The constant-pressure diagram for such a 
case has the same general appearance as the diagrams shown in Fig. 9.2. 

Maximum-boiling mixtures-azeotropes When the difference in vapor pressures 
of the components is not too great and in addition the negative deviations are 
large, the curve for total pressure against composition may pass through a 
minimum, as in Fig. 9. lOa. This condition gives rise to a maximum in the boiling 
temperatures, as at point L (Fig. 9.lOb), and a condition of azeotropism. The 
equilibrium vapor is leaner in the more volatile substance for liquids whose x is 
less than the azeotropic composition and greater if x is larger. Solutions on 
either side of the azeotrope, if boiled in an open vessel with escape of the vapor, 
will ultimately leave a residual liquid of the azeotropic composition in the vessel. 

TEMPERATURE CONSTANT 
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FIgure 9.9 Negative deviations from ideality. 
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Maximum-boiling azeotropes are less common than the minimum type. One 
which is very well known is that of hydrochloric acid-water (l L 1 mole percent 
HC!, 110°C, at 1 std atm), which can be prepared simply by boiling a solution 
of any strength of the acid in an open vessel. This is one method of standardiz
ing hydrochloric acid. 

Enthalpy-Concentration Diagrams 

Binary vapor-liquid equilibria can also be plotted on coordinates of enthalpy vs. 
concentration at constant pressure. Liquid-solution enthalpies include both 
sensible heat and the heat of mixing the components 

HL = CL(IL - to)Mav + D.Hs (9.1O) 

where CL is the heat capacity of the solution, energy I(mol) (degree), and AHs is 
the heat of solution at to and the prevailing concentration referred to the pure 
liquid components, energy Imol solution. For saturated liquids, tL is the bubble 
point corresponding to the liquid concentration at the prevailing pressure. 
Heat-of-solution data vary in form, and some adjustment of the units of 
tabulated data may be necessary. If heat is evolved on mixing, !:::.Hs will be 
negative, and for ideal solutions it is zero. For ideal solutions, the heat capacity 
is the weighted average of those for the pure components. 

For present purposes, saturated-vapor enthalpies can be calculated ade
qua tely by assuming that the unmixed liquids are heated separately as liquids to 
the gas temperature tG (the dew point), each vaporized at this temperature, and 
the vapors mixed 

HG = y[ CL.AMA(tG - to) + AAMA] + (1 y)[ CL.sMB(tG - to) + AsMB] 

(9.11) 

where AA and As are latent heats of vaporization of pure substances at 'G in 
energy per mole and CL, A and CL• B are heat capacities of pure liquids, 
energy I(mole)(degree). 

In the upper part of Fig. 9.11, which represents a typical binary mixture, the 
enthalpies of saturated vapors at their dew points have been plotted vs. y and 
those of the saturated liquids at their bubble points vs. x. The vertical distances 
between the two curves at x = 0 and 1 represent, respectively, the molar latent 
heats of Band A. The heat required for complete vaporization of solution C is 
H D - He energy Imole solution. Equilibrium liquids and vapors may be joined 
by tie lines, of which line EF is typical. The relation between this equilibrium 
phase diagram and the xy plot is shown in the lower part of Fig. 9.11. Here the 
point G represents the tie line EF, located on the lower plot in the manner 
shown. Other tie lines, when projected to the xy plot, produce the complete 
equilibrium-distribution curve. 

Characteristics of the Hxy and xy diagrams [461 Let point M on Fig. 9.11 
represent M mol of a mixture of enthalpy HM and concentration ZMJ and 
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o 1.0 FIgure 9.11 Enthalpy-concentration coordinates. 

similarly N is N mot of a mixture of properties HN • ZN' Adiabatic mixing of M 
and N will produce P mol of a mixture of enthalpy Hp and concentration Zp. A 
total material balance is 

M+N=P 

and a balance for component A is 

MZM + Nz", = PZp 

An enthalpy balance is 

(9.12) 

(9.13) 

MHf,f + NHN = PHp (9.14) 

Elimination of P between Eqs. (9.12) and (9.13) and between (9.12) and (9.14) 
yields 

M z'" - Zp, H", - Hp 
Ii = zp - ZM:= H p' - H'M 

(9.15) 

This is the equation of a straight line on the enthalpy-concentration plot. passing 
through points (HM • ZM)' (HN' z",), and (Hp , zp). Point P is therefore on the 
straight line MN, located so that M / N = line NP /line PM. Similarly if mixture 
N were removed adiabatically from mixture P, the mixture M would result. 

Consider now mixture C(Hc> zd in Fig. 9.12. It will be useful to describe 
such a mixture in terms of saturated vapors and liquids, since distillation is 
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FlgW'e 9.11 Relation between the diagrams. 

mostly concerned with such mixtures. C can be considered the result of 
adiabatically removing saturated liquid D from saturated vapor E(DE is not a 
tie line), and X D and YE can be located on the lower diagram as shown. But C 
can equally well be considered as having been produced by adiabatically 
subtracting F from G, or J from K, or indeed by such a combination of 
saturated liquids and vapors given by any line from C which intersects the 
saturated-enthalpy curves. These, when projected to the lower diagram, form the 
curve shown there. Thus any point C on the Hxy diagram can be represented by 
the difference between saturated vapors and liquids and in tum also by a curve 
on the xy plot. For the combination E-D = C, a material balance shows 

line CE 
line CD 

(9.16) 

This is the equation on the xy diagram of the chord of slope D / E drawn 
between point (YE' x D ) and Y = x = Zc on the 45° line. Similarly, the ratios 
F / G and J / K would be shown by the slopes of chords drawn from these points 
toy = x = ze-



Consideration of the geometry of the diagram will readily show the follow-
ing: 

1. If the HGy and HLx curves are straight parallel lines (which will occur if the 
molar latent heats of A and B are equal, if the heat capacities are constant 
over the prevailing temperature range, and if there is no heat of solution), 
then D / E = F / G = J / K for adiabatic subtraction, since the line-segment 
ratios are then equal, and the curve on xy representing C becomes a straight 
1ine. 

2. If point C is moved upward, the curve on xy becomes steeper, ultimately 
coinciding with the 45 0 line when C is at infinite enthalpy . 

. 3. If point C is on the HGy curve, the curve on xy becomes a horizontal straight 
line; if C is on the H LX curve, the curve on xy becomes a vertical straight 
line. 

These concepts will be useful in understanding the applications of these 
diagrams. 

Multicomponent Systems 

Nonideal systems of three components can be treated graphically, using triangu
lar coordinates to express the compositions in the manner of Chap. 10, but for 
more than three components graphical treatment becomes very complicated. 
Actually our knowledge of nonideal systems of this type is extremely limited, 
and relatively few data have been accumulated. Many of the multicomponent 
systems of industrial importance can be considered nearly ideal in the liquid 
phase for all practical purposes. This is particularly true for hydrocarbon 
mixtures of the same homologous series, e.g., those of the paraffin series or the 
lower-boiling aromatic hydrocarbons.t In such cases Raoult's law, or its equiv
alent in terms of fugacities, can be applied and the equilibria calculated from the 
properties of the pure components. But it is generally unsafe to predict detailed 
behavior of a mUlticomponent system from consideration of the pure compo
nents alone, or even from a knowledge of the simple binary systems that may be 
formed from the components. For example, three-component systems sometimes 
form ternary azeotropes whose equilibrium vapor and liquid have identical 
compositions. But the fact that one, two, or three binary azeotropes exist 
between the components does not make the formation of a ternary azeotrope 
certain, and a ternary azeotrope need not necessarily coincide with the composi
tion of minimum or maximum bubble-point temperature for the system at 
constant pressure. The complexities of the systems make the digital computer 
helpful in dealing with the data [44]. 

t Hydrocarbons of different molecular structure, however, frequently form such nonideal solu~ 
tions that azeotropism occurs, for example, in the binary systems hexane-methyl cyclopentane, 
hexane-benzene, and benzene-cydohexane. 
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For multicomponent systems particularly, it is customary to describe the 
equilibrium data by means of the distribution coefficient m t. For component J, 

(9.17) 

where in general mJ depends upon the temperature, pressure, and composition 
of the mixture. The relative volatility au of component I with respect to J is 

yt IXI mI 
au = yj I X

J 
= m

J 
(9.18) 

For ideal solutions at moderate pressure) mJ is independent of composition and 
depends only upon the temperature (as this affects vapor pressure) and the total 
pressure: 

PJ mJ=-
Pt 

and alJ == 
PJ 

Bubble point For the bubble-point vapof, 

"l:.y;* = 1.0 

or mAxA + mBxe + mexe + ... = 1.0 

With component J as a reference component, 

1.0 

Of 

The equilibrium bubble-point vapor composition is given by 
a· JX' y.==_'_._1 

I "l:.aj.Jxj 

(9.19) 

(9.20) 

(9.21) 

(9.22) 

(9.23) 

(9.24) 

(9.25) 

The liquid composition and total pressure having been fixed, the calculation of 
the temperature is made by trial to satisfy Eq. (9.24). Convergence is rapid since 
a's vary only slowly with changing temperature (see Illustration 9.3). 

Dew point For the dew-point liquid, 

"l:.Xj* 1.0 

YA + Ys + Ye + ... == 1.0 
mA me me 

(9.26) 

(9.27) 

t K rather than m is generally u.sed to denote the distribution coefficient., but here we shall use K 
for the overall mass-transfer coefficient. 
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With component J as a reference componentt 

mJy A mJYB mlYe --+--+--+ 
mA ma me 

YA +~+~+ .. 
aAJ a BJ aCJ 

The dew-point liquid composition is given by 

yjai.J 
x· =-

I "'k(yjai,J) 

Illustration 9.3 demonstrates the method of computation. 

(9,28) 

(9.29) 

(9.30) 

lUustradoo 9.3 A solution of Ilydrocarbons at a total pressure 350 kN/m2 (50.8 Ibr/in
2) has the 

analysis n-C:JH, "" S.O, n-C"H 10 ... 30.0, n-C.sHI2 "" 40.0, n-C6H 14 = 25.0 mol%. Compute the 
bubble point and the dew point. 

SOLtmON Values of m will be taken Crom the DePriester nomograpb [Chem. Eng. Prt>g. Symp. 
Ser.,49(7), t (1953); also "Chemical Engineers' Handbook," 5th cd .• fig. 13-6b]. which assumes 
ideal liquid solutions. 

1JJdJbk poim Column 1 lists the mole·fraction compositions. As a first estimate of the bubble 
point, 60°C is chosen, and column 2 lists the corresponding m's at 606 C, 350 kN/m2. The 
reference component is chosen to be the pentane, and column 3 lists the relative volatilities 
{ac}. C, .. 4.70/0.62 ... 7.58, etc.). ~al, cjx, ... 1.702 (column 4). whence (Eq. (9.23)] me, III. 

1/1.702 - 0.588. The corresponding temperature, from the nomograph, is 56.SoC (13S"F). The 
calculations are repeated for this temperature in columns 5 to 7. ~ ... 1/1.707 - 0.586, 
corresponding to I .... 56.7°C. which checks the 56.S"C assumed. This is the bubble point, and 
the corresponding bubblc4 point vapor composition is given in column 8 (0.391/1.707 ... 0.229, 
etc.). 

mi' mj' 
x, 60°C a;.~ a;.C~X, 56.S DC al.C) a,.e,x, y; 

(1) (2) (3) (4) (S) (6) (7) (8) 

n-C:J 0.05 4.70 7.58 0.379 4.60 7.82 0.391 0.229 
n-C4 0.30 1.70 2.74 0.822 1.60 2.72 0.816 0.478 
n-C; 0.40 0.62 1.00 0.400 0,588 1.00 0.400 0.234 

n-Ct; 0.25 0.25 0.403 0.1008 0.235 0.40 0.100 0.0586 
1.702 1.707 1.000 

mi' mi' 
y, 80°C a"cJ yJ!ai,C$ 8:l.7°C al.~ Yl/a.[,c, XI 

(I) (2) (3) (4) (5) (6) (7) (8) 

naG 0.05 6.30 6.56 0.00762 6.60 6.1) 0.00818 0.0074 
n,C4 0.30 2.50 2.60 0.1154 2.70 2.50 0.120 0.1088 
n·C; 0.40 0.96 1.00 0.400 1.08 1.00 00400 0.3626 
n-Ct; 0.25 0.43 0.448 0.558 0.47 0,435 0.575 0.5213 

1.081 1.103 1.000 
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Dew poinJ The procedure is similar to that for the bubble point. The first estimate is 80°C 
(176°F). whence 'Ly,/al ,c$ = 1.081 (column 4 = IIlc, [Eq. (9.29)1· The corresponding tempera
ture is 83YC (183°F) . Repetition leads to me) = \.103. corresponding to 84.0°C, which is the 
dew point. The correspondiog dew-poiot-Iiquid compositions are listed in column 8 
(0.00818/1.103 = 0.0074. etc.). 

SINGLE-STAGE OPERA nON-FLASH VAPORIZATION 

Flash vaporization, or equilibrium distillation as it is sometimes called, is a 
single-stage operation wherein a liquid mixture is partially vaporized, the vapor 
allowed to come to equilibrium with the residual liquid, and the resulting vapor 
and liquid phases are separated and removed from the apparatus. It may be 
batchwise or continuous. 

A typical flowsheet is shown schematically in Fig. 9.13 for continuous 
operation. Here the liquid feed is heated in a conventional tubular heat ex
changer or by passing it through the heated tubes of a fuel-fired furnace. The 
pressure is then reduced, vapor forms at the expense of the liquid adiabatically, 
and the mixture is introduced into a vapor-liquid separating vessel. The separa
tor shown is of the cyclone type, where the feed is introduced tangentially into a 
covered annular space. The liquid portion of the mixture is thrown by centri
fugal force to the outer wall and leaves at the bottom, while the vapor rises 
through the central chimney and leaves at the top. The vapor may then pass to a 
condenser, not shown in the figure. Particularly for flash vaporization of a 
volatile substance from a relatively nonvolatile one, operation in the separator 
can be carried out under reduced pressure, but not so low that ordinary cooling 
water wi'U not condense the vapor product. 

FEED 
F moles / tIme 

VAPOR 
r----~ 0 moles/ lime 

YO 
HO 

Separator 

lIOUiD 
W moles / lime 
Xw 

Hw 



The product, D mol/time, richer in the more volatile substance, is in this 
case entirely a vapor. The material and enthalpy balances are 

F=D+ W 

FZF = DYD + WXw 

FHF + Q = DHD + WHw 

Solved simultaneously, these yield 

HD - (HF + Q/F) 
Hw (HF + Q/F) 

(9.3l) 

(9.32) 

(9.33) 

(9.34) 

On the Hxy diagram. this represents a straight line through points of 
coordinates (HD.YD) representing D, (Hw• xw) representing W. and (HF + 
Q/ F, zF) representing the feed mixture after it leaves the heat exchanger of Fig. 
9.13. It is shown on the upper part of Fig. 9.14 as the line DW. The two 
left-hand members of Eq. (9.34) represent the usual single-stage operating line 
on distribution coordinates, of negative slope as for all single-stage (cocurrent) 
operations (see Chap. 5), passing through compositions representing the influent 
and effluent streams. points F and M on the lower figure. If the effluent streams 
were in equilibrium, the device would be an eqUilibrium stage and the products 

HO I------~-= 

Y 

Yo I----r---,-'~I_>'" 
1'/, I---.,t-~-+-~ 

1.0 F1gure 9.14 Flash vaporization. 
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D J and W' would be on a tie line in the upper figure and on the equilibrium 
curve at N on the lower figure. The richest vapor, but infinitesimal in amount, is 
that corresponding to P at the bubble point of the feed; and the leanest liquid, 

'but also infinitesimal in amount, is that corresponding to T at the dew point of 
the feed. The compositions of the actual products will be between these limits, 
depending upon the extent of vaporization of the feed and the stage efficiency. 

Partial Condensation 

All the equations apply equally well to the case where the feed is a vapor and Q, 
the heat removed in the heat exchanger to produce incomplete condensation, is 
taken as negative. On the upper part of Fig. 9.14, point F is then either a 
saturated or superheated vapor. 

lUustratloo 9.4 A liquid mixture containing SO mol % n-heptane (A). 50 mol % n-octane (B), at 
30"C, is ta be continuously flash-vaporized at I std atrn pressure to vaporize 60 mal % of the 
feed. What will be the composition of the vapor and liquid and the temperature in the separator 
for an equilibrium stage? 

SOLUTION Basis: F "" 100 mol feed, zF ... 0.50. D "" 60 mol, W ... 40 mol, - W / D = - 40/60 
- - 0.667. . 

The equilibrium data were determined in Illustration 9.1 and are plotted in Fig. 9.15. The 
point representing the feed composition is plotted at P. and the operating line is drawn with a. 
slope - 0.667 to intersect the equilibrium curve at T. where y~ - 0.575 mole fraction heptane 
and Xw = 0.387 mole fraction heptane. The temperature at Tis 1l3De. 

1.o..--::----,----,------r---,..----::III 125 

~ 0.8 r----t-----"'..::---+----+..""L---:¥' 
o c. 
~ 

.S ... 
~ 0.6 r----+--~-j,t~-__;~ ___ -_+_ 
c. 
cu 

.c:; 

c: 
o .;; 
u 
£ 0.4 r------t-r---'7f-----t--"---t-----l95 
OJ 

'0 
E 
II 

.... 
O.2r-:--~~~---_+_-----+---·---4----

°OL----O~2-----0~.L4----0~.6-----0~.8----~1.0 

,1 = mole fraction heptane in liQuid 

F1pre 9.15 Solution to IUustration 9.4. 
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Multicomponent Systems-Ideal solutions 

For mixtures leaving an equilibrium stage containing components A, B. C. etc., 
the eqUilibrium relation for any component J can be written 

(9.35) 

Equation (9.34) also applies for each of the components, and when combined 
with Eq. (9.35) for any component J, for an eqUilibrium stage gives 

W mJxJW-zJF Y!D-ZJ,F 

75= zJ.;-xJ.J~ =ZJ.F ytDlmJ 
(9.36) 

This provides the following expression, useful for equilibrium vaporization, 

and for condensation. 

ZJ AWID + 1) 
Y! D = i + W j DmJ 

~y.6 = 1.0 

zJAWjD+l) x - -.:.'------"--:---
J,W - In

J 
+ WjD 

~xw = 1.0 

(9.37) 

(9.38) 

(9.39) 

(9.40) 

Thus Eq. (9.37) can be used for each of the components with appropriate values 
of m and ZF' and the sum of theYb's so calculated must equal unity if the correct 
conditions of WID, temperature, and pressure have been chosen. A similar 
interpretation is used for Eqs. (9.39) and (9.40). These expressions reduce in the 
limit to the bubble point (WID = (0) and dew point (WI D = 0), Eqs. (9.22) 
and (9.30), respectively. 

Illustration 95 A liquid containing SO mol % benzene (A), 25 mol % toluene (B), and 25 mol % 
a-xylene (C) is flash-vaporized at I std atm pressure and 100°C. Compute the amounts of liquid 
and vapor products and their composition. 

SOLUTION For Raoult's law, y* = pxlp,. so that for each component m - plPl' PI'" 
760 mmHg. In the following table, column 2 lists the vapor pressures P at lOO"C for each 
substance and column 3 the corresponding value of m. The feed composition is listed in column 
4. A value of WID is arbitrarily chosen as 3.0, and Eq. (9.37) used to compute y~'s in column 
5. Since the sum of they~'s is not unity, a new value of WI D is chosen until finally (column 6) 
WID "'" 2.08 is seen to be correct 

Basis: F 100 mol. 

100= W+ D ~ = 2.08 

Therefore D == 32.5 mol W = 61.5 mol 

The composition of the residual liquid can be found by material balance or by equilibrium 
relation, as in column 7. 
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w 
W FZF - Dy1> [j=3.0 [j = 2.08 Xw= W 

p-
ZF(W/ D + 1) =y;' Substance vapor m=L ZF = y1> y;' 

pressure, 760 J + WID". m 

mmHg 
(I) (2) (3) (4) (5) (6) (7) 

A 1370 1.803 0.50 
0.5(3 + 1) _ 
) + 3/1.803 - 0.750 0.715 0.397 

B 550 0.724 0.25 0.1940 0.1983 0.274 
C 200 0.263 0.25 0.0805 0.0865 0.329 

1: = 1.0245 0.9998 1.000 

Successive flash vaporizations can be made on the residual liquids in a series 
of single-stage operations, whereupon the separation will be better than that 
obtained if the same amount of vapor were formed in a single operation. As the 
amount of vapor formed in each stage becomes smaller and the total number of 
vaporizations larger, the operation approaches differential distillation in the 
limit. 

DIFFERENTIAL, OR SIMPLE, DISTILLATION 

If during an infinite number of successive flash vaporizations of a liquid only an 
infinitesimal portion of the liquid were flashed each time, the net result would be 
equivalent to a differential, or simple, distillation. 

In practice this can only be approximated. A batch of liquid is charged to a 
kettle or still fitted with some sort of heating device such as a steam jacket, as in 
Fig. 9.16. The charge is boiled slowly, and the vapors are withdrawn as rapidly 
as they form to a condenser, where they are liquefied. and the condensate 
(distillate) is collected in the receiver. The apparatus is essentially a large-scale 
replica of the ordinary laboratory distillation flask and condenser. The first 
portion of the distillate will be the richest in the more volatile substance, and as 
distillation proceeds. the vaporized product becomes leaner. The distillate can 
therefore be collected in several separate batches. called cuts, to give a series of 
distilled products of various purities. Thus, for example, if a ternary mixture 
contained a small amount of a very volatile substance A, a majority of substance 
B of intermediate volatility, and a small amount of C of low volatility, the first 
cut, which would be small, would contain the majority of A. A large second cut 
would contain the majority of B reasonably pure but nevertheless contaminated 
with A and C, and the residue left in the kettle would be largely C. While all 
three cuts would contain all three substances, nevertheless some separation 
would have been obtained. 
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Steam 

Steam 
condensate 
to trap 

Jacketed still 

F1gure 9.16 Batch still. 

Vopor_ 

Receivers 

Cooling 
water 

For such an operation to approach even approximately the theoretical 
characteristics of a differential distillation, it would have to proceed infinitely 
slowly so that the vapor issuing from the liquid would at all times be in 
equilibrium with the liquid. All entrainment would have to be eliminated, and 
there could be no cooling and condensation of the vapor before it entered the 
condenser. Despite the fact that these conditions are substantially impossible to 
attain, it is nevertheless useful to study the limiting results which a differential 
distillation could produce as a standard for comparison. 

Binary Mixtures 

The vapor issuing from a true differential distillation is at any time in 
equilibrium with the liquid from which it rises but changes continuously in 
composition. The mathematical approach must therefore be differentiaL Assume 
that at any time during the course of the distillation there are L mol of liquid in 
the still of composition x mole fraction A and that an amount dD mol of 
distillate is vaporized, of mole fraction y* in equilibrium with the liquid. Then 



we have the following material balances: 

Moles in 
Moles out 
Moles accumulated 
In-out ... accumulation 

Total material 

o 
dD 
dL 
o dD = dL 

The last two equations become 

Component A 

o 
y·dD 
d(Lx) L.dx + xdL 
0- y·dD "'" L.dx + xdL 

y*dL = Ldx + xdL 

DISTILLATION 369 

(9.41) 

f F dL = In.£. = fXF ~ (9.42) 
w L W Xw y* - x 

where F is the moles of charge of composition xF and W the moles of residual 
liquid of composition Xw' This is known as the Rayleigh equation, after Lord 
Rayleigh, who first derived it. It can be used to determine F, W, XFJ or Xw when 
three of these are known. Integration of the right-hand side of Eq. (9.42), unless 
an algebraic equilibrium relationship between y* and x is available, is done 
graphically by plotting l/(y* x) as ordinate against x as abscissa and 
determining the area under the curve between the indicated limits. The data for 
this are taken from the vapor-liquid equilibrium relationship. The composited 
distillate composition YD,lI.v can be determined by a simple material balance, 

FXF = DYD. av + WXw (9.43) 

Differential Condensation 

This is a similar operation where a vapor feed is slowly condensed under 
equilibrium conditions and the condensate withdrawn as rapidly as it forms. As 
in distillation, the results can only be approximated in practice. A derivation 
similar to that above leads to 

InF =fYD~ 
D Yr y x* 

(9.44) 

where F is the moles of feed vapor of composition Y F and D the vaporous 
residue of compositionYD' 

Constant Relative Volatility 

If Eq. (9.2) can describe the equilibrium relation at constant pressure by use of 
some average relative volatility a over the concentration range involved, this can 
be substituted in Eq. (9.42) to yield 

I F I 1 xF(l xw) 1 1 - Xw n-=--n + n--- (945) 
W a-I xw(I - xF ) 1 - xF • 
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and graphical integration can be avoided. This can be rearranged to another 
useful form 

FXF F(l - XF ) 
log-w = a log W( I) (9.46) 

Xw - Xw 

which relates the number of moles of A remaining in the residue, WXw, to that 
of B remaining, W(l xw). These expressions are most likely to be valid for 
ideal mixtures, for which a is most nearly constant. 

lIIustnltion 9.6 Suppose the liquid of Illustration 9.4 (50 mol % n-heptane (A), 50 mol % 
n·octane (B)] were subjected to a differential distillation at atmospheric pressure, with 60 mol % 
of the liquid distilled. Compute the composition of the composited distillate and the residue. 

SOLUTION Basis: F = 100 mol. xF = 0.50, D = 60 mol, W == 40 mol. Eq. (9.42): 

In 100 = 0.916 := fo. 50 ~ 
40 xIP y. - x 

The equilibrium data are given in Illustrations 9.1 and 9.4. From these, the following are 
calcula ted: 

x 0.50 0.46 0.42 0.38 0.34 0.32 

y* 0.689 0.648 0.608 0.567 0.523 0.497 

I/(y· - x) 5.29 5.32 5.32 5.35 5.50 5.65 

x as abscissa is plotted against 1/(y· - x) as ordinate, and the area under the curve obtained 
beginning at XF == 0.50. When the area equals 0.916, integration is stopped; this occurs at 
xII' = 0.33 mole fraction heptane in the residue. The composited distillate composition is 
obtained through Eq. (9.43), 

100(0.50) = 6OYD,llv + 40(0.33) 

YD,av = 0.614 mole fraction heptane 

Note that, for the same percentage vaporization, the separation in this case is better than that 
obtained by flash vaporization; i.e., each product is purer in its majority component. 

Alternatively. since for this system the average a == 2.16 at I atm (Illustration 9.1), Eq. 
(9.46): 

I 100(0.5) = 2 16 I 100(1 - 0.5) 
og 40xw . og 40(1 - xII') 

from which by trial and error XII' = 0.33. 

Multicomponent Systems-Ideal Solutions 

For multicomponent systems forming ideal liquid solutions, Eq. (9.46) can be 
written for any two components. Ordinarily one component is chosen on which 
to base the relative volatilities, whereupon Eq. (9.46) is written once for each of 
the others. For example, for substance J, with relative volatility based on 
substance B, 

FXJ F Fx 
log--' - = aJB log~ 

WxJ• w WXn. w 
(9.47) 
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and 1.0 (9.48) 

where Xl, F is the mole fraction of J in the feed and Xl, w that in the residue . 
. 

lUustration 9.7 A liquid containing 50 mol % benzene (A), 2S mol % toluene (B), and 25 mol % 
t>.xylene (C) is differentially distilled at I atm, with vaporization of 32.5 mol % of the charge. 
Raoult's law applies. Compute the distillate and residue compositions. Note that this is the 
same degree of vaporization as in Illustration 9.5. 

SoumON The average temperature will be somewhat higher than the bubble point of the feed 
(9S"C, see Illustration 9.3) but is unknown. It will be taken as lOO"C. Corrections can later be 
made by computing the bubble point of the residue and repeating the work at the average 
temperature, but a's vary little with moderate changes in temperature. The vapor pressures at 
lOO"C are tabulated and a's calculated relative to toluene, as follows: 

p = vapor 
pressure, 

Substance 100°C, mmHg a xF 

A 1370 1370/550 = 2.49 0.50 
B 550 1.0 0.25 
C 200 0.364 0.25 

Basil: F"", 100 mol. D = 32.5 mol, W 67.5 mol. Eq. (9.47): 

F A I 100(0.50) 2491 100(0.25) 
or : og 67.5xA, w"" og 61.5XB, W 

Fore: I 100(0.25) 03641 l00(O.2S} og---= og---
61.5xc, W· 61.5xB. W 

Eq. (9.48): 

XA, W + xB, W + xc. w = 1.0 

Solving simultaneously by assuming values of xB. w. computing XA, w and Xc. w. and checking 
their sum until it equals unity gives xA, W = 0.385, xB. w == 0.285, Xc. w = 0.33S. The sum is 
1.005, which is taken as satisfactory. 

The composited distillate composition is computed by material balances. For A, 

100(0.50) 32.5y A, D. av + 67.5(0.385) y A, D. Il'" == 0.742 

Similarly, YD, D. I.V = 0.178 and y C, D. av "" 0.075 

Note the improved separation over that obtained by nash vaporization (IUustration 9.5). 

CONTINUOUS RECflFICATION-BINARY SYSTEMS 

Continuous rectification, or fractionation, is a multistage countercurrent distilla
tion operation. For a binary solution, with certain exceptions it is ordinarily 
possible by this method to separate the solution into its components, recovering 
each in any state of purity desired. 

Rectification is probably the most frequently used separation method we 
have, although it is relatively new. While simple distillation was known in the 
first century, and perhaps earlier, it was not until about 1830 that Aeneas Coffey 



of Dublin invented the multistage, countercurrent rectifier for distilling ethanol 
from fennented grain mash [56]. His still was fitted with trays and down-spouts, 
and produced a distillate containing up ~ to 95 percent ethanol, the azeotrope 
composition: We cannot do better today except by special techniques. 

The Fractionation Operation 

In order to understand how such an operation is carried out, recall the discus
sion of reboiled absorbers in Chap. 8 and Fig. 8.28. There, because the liquid 
leaving the bottom of an absorber is at best in equilibrium with the feed and 
may therefore contain substantial concentrations of volatile component, trays 
installed below the feed point were provided with vapor generated by a reboiler 
to strip out the volatile component from the liquid. This component then 
entered the vapor and left the tower at the top. The upper section of the tower 
served to wash the gas free of less volatile component, which entered the liquid 
to leave at the bottom. 

So, too, with distillation. Refer to Fig. 9.17. Here the feed is introduced 
more or less centrally into a vertical cascade of stages. Vapor rising in the 
section above the feed (caned the absorption) enriching, or rectifying section) is 
washed with liquid to remove or absorb the less volatile component. Since no 
extraneous material is added, as in the case of absorption, the washing liquid in 
this case is provided by condensing the vapor issuing from the top, which is rich 
in more volatile component. The liquid returned to the top of the tower is caned 
reflux, and the material permanently removed is the distillate, which may be a 
vapor or a liquid, rich in more volatile component. In the section below the feed 
(stripping or exhausting section), the liquid is stripped of volatile component by 
vapor produced at the bottom by partial vaporization of the bottom liquid in the 
reboiler. The liquid removed, rich in less volatile component, is the residue, or 
bottoms. Inside the tower. the liquids and vapors are always at their bubble 
points and dew points, respectively, so that the highest temperatures are at the 
bottom, the lowest at the top. The entire device is called aJractionator. 

The purities obtained for the two withdrawn products will depend upon the 
liquid/gas ratios used and the number of ideal stages provided in the two 
sections of the tower, and the interrelation of these must now be established. 
The cross-sectional area of the tower, however, is governed entirely by the 
quantities of materials handled, in accordance with the principles of Chap. 6. 

Overall Enthalpy Balances 

In Fig. 9.17, the theoretical trays are numbered from the top down, and 
subscripts generally indicate the tray from which a stream originates: for 
example, Ln is mol liquid/time falling from the nth tray. A bar over the quantity 
indicates that it applies to the section of the column below the point of 
introdpction of the feed. The distillate product may be liquid, vapor, or a 
mixture. The reflux, however, must be liquid. The molar ratio of reflux to 
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Figure 9.17 Material and enthalpy balances of a fraction.ator. 

withdrawn distillate is the reflux ratio, sometimes called the external reflux ratio, 

R = ~ (9.49) 

which is specified in accordance with principles to be established later.t 
Consider the condenser, envelope I (Fig. 9.17). A total material balance is 

G1 = D + Lo (9.50 ) 

t The ratio L/ G is sometimes called the internal reflux ratio; L/ F is also ~ for certain reflux 
correlations. 



or G1 = D + RD = D(R + I) (9.51) 

For substance A 

(9.52) 

Equations (9.50) to (9.52) establish the concentrations and quantities at the top 
of the tower. An enthalpy balance, envelope I. 

G1HGI = Qc + LoHLO + DHD 

Qc = D[(R + l)HGl - RHLO - HD ] 

(9.53) 

(9.54) 

provides the heat load of the condenser. The reb oiler heat is then obtained by a 
co.mf,lete enthalpy balance about the entire apparatus, envelope II, 

\~ ~\.- l"\.R[\I.c.r \o'",~ , F (9.55) , QB = DHD + WHw + Qc + QL - 'HF 

where QL is the sum of all the heat losses. Heat economy is frequently obtained 
by heat exchange between the residue product, which issues from the column at 
its bubble point) and the feed for purposes of preheating the feed. Equation 
(9.55) still applies provided that any such exchanger is included inside envelope 
II. 

Two methods will be used to develop the relationship between numbers of 
trays, liquid/vapor ratios, and product compositions. The first of these, the 
method of Ponchon and Savarit f41. 46, 50] is rigorous and can handle all 
situations, but it requires detailed enthalpy data for its application. The second, 
the method of McCabe and Thiele [36J, a simplification requiring only con· 
centration equilibria, is less rigorous yet adequate for many purposes.t 

MULTISTAGE (TRAY) TOWERS-THE METHOD OF 
PONCHON AND SAVARIT 

The method will first be developed for the case of negligible heat losses. 

The Enriching Section ,j 1 . 

Consider the enriching section through tray n, envelope III, Fig. 9.17. Tray n is 
any tray in this section. Material balances for the section are, for total material, 

(9.56) 

and for component A, 

Gn+1Yn+1 = Lnx" + Dzp (9.57) 

G,.,+ lYn+ t:; - Ll1 x" = (VzD j lJ~t?~vK (9.58) 
The left-hand side of Eq. (9.58) represents the difference in rate of flow of 

t The treatment of each method is complete in itself. independent or the other. For instructional 
purposes, they may be considered in either order. or one may be omitted entirely. 
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component A, up - down, or the net flow upward. Since for a given distillation 
the right-hand side is constant, it follows that the difference, or net rate of flow 
of A upward, is constant, independent of tray number in this section of the 
tower, and equal to that permanently withdrawn at the top. 

An enthalpy balance, envelope III, with heat loss neg!i~ ~O 

un) Gn+rHGn .. , = LnHLn + c + DHD ~tl (9.59) 

Let Q' be the heat removed in the condenser and the permanently removed 
distillate, per mole of distillate. Then 

Q' = Qc + DHD = Qc + HD (9.60) 
D D 

and Gn+1HG~+1 - LnHL" = ~ C::OYl~~ (9.61) 

The left-hand side of Eq. (9.61) represents the difference in rate of flow of heat, 
up - down, or the net flow upward. Since for a given set of circumstances the 
right-hand side is constant, the difference, or net rate of flow upward, is 
constant, independent of tray number in this section of the tower, and equal to 
that permanently taken out at the t<?p with the distilla-te and at the condenser. 

Elimination of D between Eqs. (9.56) and (9.57) and between Eqs. (9.56) 
and (9.61) yields p 0~S.) V7 ~ -t\')V\A ~ 

Ln lD - Yn+1 

Gn + 1 = lD - xn 
(9.62) 

Ln I Gn + I is called the internal reflux ratio. 
On the Hxy diagram, Eq. (9.62) is the equation of a straight line through 

(HG ,Yn+l) at Gn + 1, (Hu' xn) at Ln, and (Q', zD) at flD. The last is called a 
diff;;~nce point, since its coordinates represent differences in rates of flow: 

J 
Q' = difference in heat flow, up - down = net heat out 

net moles total substance out net moles out 
D. 

D l z = difference in flow of component A, up - down = net moles A out 
D net moles total substance out net moles out 

D.D then represents a fictitious stream, in amount equal to the net flow outward 
(in this case D) and of properties (Q', zD) such that 

Gn + I - Ln = D.D (9.63) 

On the xy diagram, Eq. (9.62) is the equation of a straight line of slope Lnl Gn + I, 

through (Yn+ I. xn) and Y = x = lD' These are plotted on Fig. 9.18, where both 
diagrams are shown. 

Figure 9.18 is drawn for a total condenser. The distillate D and reflux La 
then have identical coordinates and are plotted at point D. The location shown 
indicates that they are below the bubble point. If they were at the bubble point, 
D would be on the saturated-liquid curve. The saturated vapor G1 from the top 
tray, when totally condensed, has the same composition as D and Lo. Liquid Ll 
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F1gure 9.18 Enriching section, total condenser. reflux below the bubble point. 

leaving ideal tray 1 is in equilibrium with G1 and is located at the end of tie 
line 1. Since Eq. (9.62) applies to all trays in this section, G2 .~ap. be located on 
the saturated-vapor curve by a line drawn from L, to 8.D ; tie line 2 througll G2 
locates L z; etc. Thus; alternate tie lines (each representing the effluents from an 
ideal tray) and construction lines through 8.D provide the stepwise changes in 
concentration occurring in the enriching section. Intersections of the lines 
radiating from 8.D with the saturated-enthalpy curves, such as points G3 and L2; 
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when projected to the lower diagram, produce points such as P. These in tum 
produce the operating curve CPt which passes through y = x = ZD' The tie 
lines, when projected downward, produce the equilibrium-distribution curve, 
and the stepwise nature of the concentration changes with tray number then 
becomes obvious. The difference point I1D is used in this manner for all trays in 
the enriching section, working downward until the feed tray is reached. 

Enriching trays can thus be located on the Hxy diagram alone by alternat
ing construction lines to I1D and tie lines, each tie line representing an ideal tray. 
As an alternative, random lines radiating from I1D can be drawn, their intersec
tions with the HaY and HLx curves plotted on the xy diagram to produce the 
operating curve, and the trays determined by the step construction typical of 
such diagrams. 

At any tray n (compare Fig. 9.12) the L,.J Gn + I ratio is given by the ratio of 
line lengths 8DGn+l/8DLn on the upper diagram of Fig. 9.18 or by the slope of 
the chord as shown on the lower diagram. Elimination of Gn + I between Eqs. 
(9.56) and (9.62) provides 

Ln Q' - Ha,,+, ZD - Yn+1 
D = Hr!,,+, - HI Y - X v, .." n+1 n 

(9.64) 

Applying this to the top tray provides the external reflux ratio, which is usually 
the one specified: 

line ADG1 

line G1Lo 

line ADG1 

line G,D 
(9.65) 

For a given reflux ratio, the line-length ratio of Eq. (9.65) can be used to locate 
6.D vertically on Fig. 9.18, and the ordinate Q' can then be used to compute the 
condenser heat load. 

In some cases a partial condenser is used, as in Fig. 9.19. Here a saturated 
vapor distillate D is withdrawn, and the condensate provides the reflux. This is 
frequently done when the pressure required for complete condensation of the 
vapor G" at reasonable condenser temperatures, would be too large. The AD is 
plotted at an abscissa YD corresponding to the composition of the withdrawn 
distillate. Assuming that an equilibrium condensation is realized. reflux Lo is at 
the end of the tie line C. G1 is located by the construction line £0 !lD' etc. In the 
lower diagram, the line MN solves the equilibrium-condensation problem (com
pare Fig. 9.14). The reflux ratio R = £OlD = line 8 D G1/line GILo. byapplica
tion of Eq. (9.65). It is seen that the equilibrium partial condenser provides one 
equilibrium tray's worth of rectification. However, it is safest not to rely on such 
complete enrichment by the condenser but instead to provide trays in the tower 
equivalent to all the stages required. 
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Flgu.re 9.19 Partial condenser. 

The Stripping Section 

Consider the envelope IV, Fig. 9.17, where tray m is any tray in the stripping 
section. A balance for total material is 

and, for component A, 

Lmxm = Gm+IYm+1 + WXw 

Lmxm - Gm+ I Ym+l = WXw 

(9.66) 

(9.67) 

(9.68) 

The left-hand side of Eq. (9.68) represents the difference in rate of flow of 
component A, down - UP. or the net flow downward. Since the right-hand side 
is a constant for a given distillation, the difference is independent of tray 
number in this section of the tower and equal to the rate of permanent removal 
of A out the bottom. An enthalpy balance is 

(9.69) 

Define Q 1/ as the net flow of heat outward at the bottom, per mole of residue 

Q" = WHwW W!.6= Hw - ~ • (9.70) 
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LmH, - ~+IHG = WQ" 
........", m+1 

(9.71 ) whence 

The left-hand side of Eq. (9.71) is the difference in rate of flow of heat, 
down - up, which then equals the constant net rate of heat flow out the bottom 
for all trays in this section. 

Elimination of W between Eqs. (9.66) and (9.67) and between Egs. (9.66) 
and (9.71) provides , 

~{%JV7~ II 

[m Ym+1 - Xw _ Gm ., Q 

G Xm - Xw - H, - Q II 
m+1 ""'" 

(9.72) 

On the Hxy diagram, Eq. (9.72) is a straight line through (HG ,Ym+ I) at 
Gm+ l , (HL",' xm) at Im, and (Q", xw) at Llw. Llw is a difference p~int, whose 
coordina tes mean 

net moles of total substance out net moles out 

1 

Q" = difference in heat flow, down - up = net heat out 

Llw x = difference in flow of component A, down - up = moles A out 
W net moles of total substance out net moles out 

Thus, Llw is a fictitious stream, in amount equal to the net flow outward (in this 
case W), of properties (Q", x w), 

(9.73) 

On the xy diagram, Eg. (9.72) is a straight line of slope Lm/Gm+)1 through 
(Ym+ I' xm ) andy = x = xw. These straight lines are plotted in Fig. 9.20 for both 
diagrams. 

Since Eq. (9.72) applies to all trays of the stripping section, the line on the 
Hxy plot of Fig. 9.20 from GN + I (vapor leaving the reboiler and ent~nng the 
bot.!.,om tray Np of the tower) toPLl w intersects the s~urated-liquid-enthalpy curve 
at LN , the liquid leaving the bottom tray. Vapor GN leaving the bottom tray is 
in equilibrium with liquid IN and is located on

P 

the tie line Np ' Tie lines 
projected to the xy diagram produce points on the equilibrium curve, and lines 
through Llw provide points such as T on the operating curve. Substitution of Eq. 
(9.66) into Eq. (9.72) provides • 

Lm H cm • l - Q" Ym+l - Xw 

W = H G_ .. , - H, Y - x ... ...,., m+1 m 

(9.74) 

The diagrams have been drawn for the type of reboiler shown in Fig. 9.17, where 
the vapor leaving the reboiler is in equilibrium with the residue, the reboiler 
thus providing an equilibrium stage of enrichment (tie line B, Fig. 9.20). Other 
methods of applying heat at the bottom of the still are considered later. 

Stripping~section trays can thus be determined entirely on the Hxy diagram 
by alternating construction lines to Llw and tie lines, each tie line accounting for 
an equilibrium stage. Alternatively, random lines radiating from Llw can be 
drawn, their intersections with curves Hr;)' and HLx plotted on the xy diagram 
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F1gu.re 9.20 Stripping section. 

to produce the operating curve, and the stages determined by the usual step 
construction. 

The Complete Fractionator 

Envelope II of Fig. 9.17 can be used for material balances over the entire device 

F= D + W (9.75) 
FZF = DZD + WXw (9.76) 

Equation (9.55) is a complete enthalpy balance. If, in the absence of heat losses 
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(QL = 0), the definitions of Q I and Q 1/ are substituted into Eq. (9.55), it 
becomes 

FHF = DQ' + WQ" (9.77) 

If F is eliminated from Eqs. (9.75) to (9.77), there results 

D HF - Q" 
W = ZD - ZF Q' - HF 

(9.78) 

This is the equation of a straight line on the Hxy diagram, through (Q', ZD) at 
~D' (HF' ZF) at F, and (Q", xw) at ~w. as plotted in Fig. 9.21. In other words, 

F = aD + ~w (9.79) 

~ R=--
610 

¥. Y 101.0 

y 

Figure 9.21 The entire fractionator. Feed below the bubble point and a total condenser. 



The location of F, representing the feed, on Fig. 9.21 shows the feed in this case 
to be a liquid below the bubble point. In other situations, F may be on the 
saturated-liquid or vapor curve, between them, or above the saturated-vapor 
curve. In any event. the two II points and F must lie on a single straight line. 

The construction for trays is now clear. After locating F and the concentra
tion abscissas ZD and Xw corresponding to the products on the Hxy diagram, llD 

is located vertically on line x = zD by computation of Q' or by the line-length 
ratio of Eq. (9.65) using the specified reflux ratio R. The line flDF extended to 
x == Xw locates llwt whose ordinate can be used to compute QB' Random lines 
such as b.DJ are drawn from b.D to locate the enriching-section operating curve 
on the xy diagram, and random lines such as b.w V are used to locate the 
stripping-section operating curve on the lower diagram. The operating curves 
intersect at M, related to the line llDF .6.w in the manner shown. They intersect 
the equilibrium curve at 0 and b, corresponding to the tie lines on the Hxy 
diagram which. when extended. pass through b.D and .6.w• respectively, as shown. 
Steps are drawn on the xy diagram between operating curves and equilibrium 
curve, beginning usually at x = y = ZD (or at x = y = Xw if desired), each step 
representing an equilibrium stage or tray. A change is made from the enriching 
to the stripping operating curve at the Iray on which the feed is introduced; in the 
case shown the feed is to be introduced on the tray whose step straddles point 
M. The step construction is then continued to x = Y = XW' 

Liquid and vapor flow rates can be computed throughout the fractionator 
from the line-length ratios [Eqs. (9.62), (9.64), (9.72), and (9.74)] on the Hxy 
diagram. 

Feed-Tray Location 

The material and enthalpy balances from which the operating curves are derived 
dictate that the stepwise construction of Fig. 9.21 must change operating lines at 
the tray where the feed is to be introduced. Refer to Fig. 9.22, where the 
equilibrium and operating curves of Fig. 9.21 are reproduced. In stepping down 
from the top of the fractionator. it is clear that, as shown in Fig. 9.220, the 
enriching curve could have been used to a position as close to point a as desired. 
As point a is approached, however, the change in composition produced by each 
tray diminishes, and at a a pinch develops. As shown, tray f is the feed tray. 
Alternatively, the stripping operating curve could have been used at the first 
opportunity after passing point b, to provide the feed tray f of Fig. 9.22b (had 
the construction begun at Xw. introduction of feed might have been delayed to 
as near point b as desired, whereupon a pinch would develop at b). 

In the design of a new fractionator, the smallest number of trays for the 
circumstances at hand is desired. This requires that the distance between 
operating and equilibrium curves always be kept as large as possible, which will 
occur if the feed tray is taken as that which straddles the operating-curve 
intersection at M. as in Fig. 9.21. The total number of trays for either Fig. 9.220 
or b is of necessity larger. Delayed or early feed entry. as shown in these figures, 
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Ib\ FIgure 9.22 Delayed and early leed entries. 

is used only where a separation is being adapted to an existing tower equipped 
with a feed-tray entry nozzle on a particular tray, which must then be used. 

Consider again the feed tray of Fig. 9.21. It is understood that if the feed is 
al1liquid, it is introduced above the tray in such a manner that it enters the tray 
along with the liquid from the tray above. Conversely, if the feed is all vapor, it 
is introduced underneath the feed tray. Should the feed be mixed liquid and 
vapor, in principle it should be separated outside the column and the liquid 
portion introduced above, the vapor portion below, the feed tray. This is rarely 



done, and the mixed feed is usually introduced into the column without prior 
separation for reasons of economy. This will have only a small influence on the 
number of trays required [6]. 

Increased Reflux Ratio 

As the reflux ratio R ;:: La/ D is increased, the IlD difference point on Fig. 9.21 
must be located at higher values of Qt. Since AD' F, and Ilw are always on the 
same line, increasing the reflux ratio lowers the location of Aw. These changes 
result in larger values of L,JGn+ 1 and smaller values of Lm/Gm+1J and the 
operating curves on the.xy diagram move closer to the 45° diagonal. Fewer trays 
are then required, but Qe, Qw. L, L, G, and G all increase; condenser and 
reboiler surfaces and tower cross section must be increased to accommodate the 
larger loads. 

Total Reflux 

Ultimately, when R == co, Ln/Gn+ 1 = LltJGm+ 1 = 1, the operating curves both 
coincide with the 45° line on the xy plot, the Il points are at infinity on the Hxy 
plot, and the number of trays required is the minimum value, Nm • This is shown 
in Fig. 9.23. The condition can be realized practically by returning all the 
distillate to the top tray as reflux and reboiling all the residue, whereupon the 
feed to the tower must be stopped. 

Constant Relathe Volatility 

A useful analytical expression for the minimum number of theoretical stages can be obtained for 
cases where the relative volatility is reasonably constant {ll, 63}. Applying Eq. (9.2) to the residue 
product gives 

(9.80) 

where aw is the relative volatility at the reboUer. At total reflux the operating line coincides with the 
45° diagonal so thatyw ... XN,..- Therefore 

XN", Xw 

I - xN ... ... aw 1 - Xw 
(9.81) 

Similarly for the tast tray of the column, where aN", pertains, 

(9.82) 

This procedure can be continued up the column until ultimately 

Y, xD Xw 
I - YI "" 1 - XD .... «,a2 • - • aN",aW 1 - Xw (9.83) 

If some average relative volatility a.v can be used, 

~=aN .. +1 Xw 
1 - xD av I - Xw 

(9.84) 
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FIgure 9.23 Total reflux and minimum stages. 

XD 1- Xw 
log-----

1- xD Xw 
Nm + I = ---,-----

log a llv 

(9.85) 

which is known as Fenske's equation. The total minimum number of theoreticaJ stages to produce 
products XD and Xw is Nm + I. which then includes the reOOiler. For small variations in at all" can 
be taken as the geometric average of the values for the overhead and bottom products, v' al aw . The 
expression can be used only with nearly ideal mixtures. for which a: is nearly constant. 

Minimum Reflux Ratio 

The minimum reflux ratio Rm is the maximum ratio which will require an 
infinite number of trays for the separation desired, and it corresponds to the 
minimum reb oiler heat load and condenser cooling load for the separation. 

Refer to Fig. 9.24a, where the lightly drawn lines are tie lines which have 
been extended to intersect lines x = zD and x = XW' It is clear that if I1D were 
located at point K, alternate tie lines and construction lines to I1D -at the tie line 
k would coincide, and an infinite number of stages would be required to reach 
tie line k from the top of the tower. The same is 'true if Llw is located at point J. 
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Figure 9.24 Minimum renux ratio. 
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Since as AD is moved upward and Llw downward the reflux ratio increases, the 
definition of minimum reflux ratio requires LlD and An-: for the minimum reflux 
ratio to be located as shown, with LlD .. at the highest tie·iine intersection and Aw.., 
at the lowest tie~line intersection. In this case, it is the tie line which, when 
extended, passes through F. the feed, that determines both, and this is always 
the case when the xy equilibrium distribution curve is everywhere concave 
downward. 

For some positively deviating mixtures with a tendency to form an azeo
trope and for all systems near the critical condition of the more volatile 
component [66], an enriching-section tie line m in Fig. 9.24b gives the highest 
intersection with x = ZD, not that which passes through F. Similarly, as in Fig. 
9.24c for some negatively deviating mixtures, a stripping-section tie line p gives 
the lowest intersection with x = Xw- These then govern the location of LlD as 
shown. For the minimum reflux ratio, either AD is located at the highest 
intersection of an enriching-section tie line with x :::; ZD' or Aw is at the lowest 
intersection of a stripping-section tie line with x = X W1 consistent with the 
requirements that AD , Aw , and F all be on the same straight line and AD be at 
the highest position resulti'ng in a pinch. Special considerations are necessary for 
fractionation with multiple feeds and sidestreams [52]. 

Once Q,." is determined, the minimum reflux ratio can be computed through 
Eq. (9.65). Some 1arger reflux ratio must obviously be used for practical cases, 
whereupon LlD is located above AD",' 

Optimum Reflux Ratio 

Any reflux ratio between the minimum and infinity will provide the desired 
separation, with the corresponding number of theoretical trays required varying 
from infinity to the minimum number, as in Fig. 9.25a. Determination of the 

.... 
J:) 

E 

~Nmr---r-----------~~ 
~ 

R= reflux ratio 

{a} 

Ftawe 9.lS Reflux-ratio-stage relation. 

1.0 

Nm j----r------=-+-
Nm+1 

R/(R+\) 
(hl 



number of trays at several values of R, together with the limiting values of N m 

and Rm, will usually permit plotting the entire curve with sufficient accuracy for 
most purposes. The coordinate system of Fig. 9.25b [17] will pennit locating the 
ends of the curve readily by avoiding the awkward asymptotes. There have been 
several attempts at empirically generalizing the curves of Fig. 9.25 [5, 10, 12, 17, 
35], but the resulting charts yield only approximate results. An exact relationship 
for binary distillations, which can also be applied to multicomponent mixtures, 
is available [59]. 

The reflux ratio to be used for a new design should be the optimum, or the 
most economical, reflux ratio, for which the cost will be the least. Refer to Fig. 
9.26. At the minimum reflux ratio the column requires an infinite number of 
trays, and consequently the fixed cost is infinite, but the operating costs (heat for 
the reb oiler, condenser cooling water, power for reflux pump) are least. As R 
increases, the number of trays rapidly decreases, but the column diameter 
increases owing to the larger quantities of recycled liquid and vapor per unit 
quantity of feed. The condenser, reflux pump, and reboiler must 'also be larger. 
The fixed costs therefore fall through a minimum and rise to infinity again at 
total reflux. The heating and cooling requirements increase almost directly with 
reflux ratio, as shown. The total cost, which is the sum of operating and fixed 
costs, must therefore pass through a minimum at the optimum reflux ratio. This 
will frequently but not always occur at a reflux ratio near the minimum value 
(1.2~ to 1.5Rm ), on the average probably near the lower limit. A less empirical 
method for estimating the optimum is available {34]. 

DlustradoD 9.8 A methanol (A)-water (B) solution containing 50 wt % methanol at 26.74 C is to 
be continuously rectified at I std atm pressure at a rate of 5000 kg/h to provide a distillate 
containing 95% methanol and a residue containing 1.0 % methanol (by weight). The feed is to 
be preheated by heat exchange with the residue, which will leave the system at 37.8°C. The 
distillate is to be totally condensed to a liquid and the reflux. returned at the bubble point. 
The withdrawn distillate wiU be separately cooled before storage. A reflux. ratio of 1.5 times the 
minimum will be used. Determine (a) quantity of the products, (b) enthalpy of feed and of 

Optimum R 

R'" reflux rotio FIgure 9.26 Most economical (optimum) reflux ratio. 
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products, (c) minimum reflux ratio, (d) minimum number of theoretical trays, (e) condenser 
and reboiler heat loads for specified reflux ratio. (J) number of theoretical trays for specified 
reflux ratio, and liquid and vapor quantities inside the tower. 

SOLUTION (Q) Mol wt methanol = 32.{)4, mol wt water = 18.02. Basis: I b. Define quantities in 
terms of kmolJh. 

F = 5~~~O) + 5~~;0) ... 78.0 + 138.8 == 216.8 kmolJh 

ZF .. 2::.8 "'" 0.360 mole fraction methanol 
5000 

Mav forfeed ... 216.8 "" 23.1 kg/kInol 

95/32.()4 2.94 0915 I r' th 1 
XD ... 95/32.04 + 5/18.02 .... 3.217...· mo e ractIon me ano 

MI." for distillate .. 3~:::7 ... 31.1 kg/lanai 

1/32.04 0.0312 000565 If' th 1 
Xw'" 1/32.04 + 99/18.02 "" 533 "". mo e raction me ano 

Mav for residue - ~.C;; IS 18.08 kg/kmol 

Eq. (9.75): 
216.8'" D + W 

Eq. (9.76): 
216.8(0.360) ... D(O.915) + W(0.OO565) 

Solving simultaneously gives 

D - 84.4 kInolJh 

W .. 132.4 kmol/h 

84.4(31.1) ... 2620 kg/h 

132.4(18.08) - 2380 kg/h 

(b) The vapor-liquid equilibrium at I std atm pressure is given by Cornell and Montana. 
Ind. Ellg. Chem., 25, 1331 (1933). and by "The Chemical Engineers' Handbook," 4th cd., 
p. 13-5. Heat capacities of liquid solutions are in the "Handbook," 5th ed., p. 3-136, and latent 
heats of vaporization of methanol on p. 3-116. Heats of solution are available in "International 
Critical Tables," vol. V, p. 159. at 19.69°C, which will be used as 10• the base temperature for 
computing enthalpies. 

To compute enthalpies of saturated liquids. consider the case of x - OJ mole fraction 
methanol. MI." .... 22.2. The bubble point ... 78.3"C, heat capacity - 3852 J/kg' K, and the 
heat of solution ... 3055 kJ evolved/lemol methanol. 

dHs - - 3055(0.3) ... - 916.5 kJ/kInoi solution. Therefore, Eq. (9.10): 

HL - 3.852(78.3 - 19.69}22.2 - 916.5 ... 409S kJ/kmol 

To compute the enthalpy of saturated vapors, consider the case of y - 0.665 mole fraction 
methanol. The dew point is 18.3°C. At this temperature the latent heal of methanol is 
1046,7 kJ /kg. that of water is 2314 kJ /1cg. The heat capacity of methanol is 2583, of water 2323 
J/kS . K. Eq. (9.11): 

HG m O.665[2.583(32.04}(78.3 - 19.69) + 1046.7(32.04)1 

+ (I - 0.665)[2.323(18.02)(78.3 - 19.69) + 2314(18.02)1 

- 40 318 kJ/kmol 

The enthalpy data of Fig. 9.27 were computed in this manner. 
From the vapor·liquid equilibria, the bubble point of the residue is 99°C. Heat capacity of 

the residue is 4179, of the feed 3852 J/kg . K. Enthalpy balance of the feed prebeat exchanger: 

5000(3852)(tF - 26.7) - 2380(4119)(99 - 37.8) 

IF'" 58.3°C, temp at which feed enters tower 



390 MASS-TRANSFER OPERATIONS 

40000 

"0 
E 

~ 
~ 20000 >. 
~ 
c. 
C 
tJJ 

0 

-40000~~--~--~---+---+---+---+---+--~--~ 

o 0.2 0.4 0.6 0.8 1.0 

X.J· = mole fraction methanol 

Figure 9.27 Enthalpy-concentration diagram for Illustration 9.8. 

(Note: The bubble point of the feed is 76.0°C. Had IF as computed above exceeded the bubble 
point. the above enthalpy balance would have been discarded and made in accordance with 
flash-vaporization methods.) For the feed, AHs = - 902.5 kJ /kmol. Enthalpy of feed at 
58YC is 

HF = 3.852(58.3 - 19.69)(23.1} - 902.5 ... 2533 kJ/kmoi 

From Fig. 9.27. HD == HUl == 3640, Hw = 600) kJ/kmol. 
(c) Since the xy diagram (Fig. 9.28) is everywhere concave downward, the minimum reflux 

ratio is established by the tie line in Fig. 9.27 (x;:: 0.37. y - 0.71) which. when extended, 
passes through F, the feed. At AD",. Qm = 62570 kJ/kmol. HGI ... 38 610 kJ/kmol. Eq. (9.65): 

R ... 62 570 - 38 610 = 0685 
m 38 610 3640 . 
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Figure 9.28 X')' diagram for Illustration 9.&. 

(d) The minimum number of trays was determined on the X')' diagram in the manner of 
the lower part of Fig. 9.23, and 4.9 theoretical stages, including the reboiler, were obtained. 
N"" 4.9 - I = 3.9. 

(e) For R "" 1.5(0.685) == 1.029, Eq. (9.65) becomes 

_ Q' 38610 
1.029 - 38 610 - 3640 

Q' = 74 595 = HD + Qc = 3640 +.lk Qc = 5 990 000 kJjh := 1664kW 
D 84.4 

Eq. (9.77): 216.8(2533) = 84.4(74 595) + 132.4Q" 

Q " = -43403 H Qs 6000 Qs w --W = - 132.4 

QB == 6 541000 kJ/h reboiler heat load = 1817 kW 

(fJ In Fig. 9.27, aD at (XD "'" 0.915, Q' = 74 595) and Aw at (xIV == 0.00565, Q" ... 
-43 403) are plotted. Random lines from the A points, as shown, intersect the saturated·vapor 
and saturated-liquid curves at values of y and x, respectively, corresponding to points on the 
operating curve (note that for accurate results a large-scale graph and a sharp pencil are 
needed). These are plotted on Fig. 9.28 to provide the operating curves. which are nearly. but 



not exactly, straight. A total of nine theoretical stages including the reboiler, or eight theoretical 
trays in the tower, are required when the feed tray is the optimum (no. 5) as shown. 

At the top of the tower 

G1 = D(R + 1) .... 8404(1.029 + 1) = 171.3 kmol/h 

1.0 ... DR - 8404(1.029) ... 86.7 kmoljh 

At the teed tray, x" ... 00415,ys ... 0.676. xs ... 0.318. Y6 == 0.554 (Fig. 9.28). Eq. (9.64): 

Eq. (9.62): 

Eq. (9.74): 

Eq. (9.72): 

L4 L" 0.915 - 0.676 
Ii IE 84.4 ;;: 0.676 - 00415 

L" 77,2 0.915 - 0.676 
Gs "" G; ... 0.915 - 0.415 

Ls Ls 0.554 - 0.00565 
W - 132.4'" 0.554 - 0.318 

Es 308 0.554 - 0.00565 
Go ... 0, "" 0.318 - 0.00565 

and L4 mil 77.2 kmoljb 

and Gs = 161.5 kmoljh 

and Ls - 308 kmoljh 

and G6 = .75.7 kmoljh 

At the bottom of the tower, Eq. (9.66): 

LN, ... Ow + W L8 "" Gw + 132.4 

Further,yw - 0.035, x, ... 0.02 (Fig. 9.28); Eq. (9.72): 

L8 0.035 - 0.00565 
G

w 
.. 0.02 - 0.00565 

Solving simultaneously gives Gw ... 127.6, La "" 260 Ianal/h. 

Reboilers 

The hea t-exchanger arrangements to provide the necessary heat and vapor 
return at the bottom of the fractionator may take several foons. Small fractiona
tors used for pilot-plant work may merely require a jacketed kettle, as shown 
schematically in Fig. 9.29a, but the heat-transfer surface and the corresponding 
vapor capacity will necessarily be small. The tubular heat exchanger built into 
the bottom of the tower (Fig. 9.29b) is a variation which provides larger surface. 
but cleaning requires a shut-down of the distillation operation. This type can 
also be built with an internal floating head. Both these provide a vapor entering 
the bottom tray essentially in eqUilibrium with the residue product, so that the 
last stage of the previous computations represents the enrichment due to the 
reboiler. 

External reboilers of several varieties are commonly used for large installa
tions, and they can be arranged with spares for cleaning. The kettle reb oiler 
(Fig. 9.29c), with heating medium inside the tubes, provides a vapor to the tower 
essentially in equilibrium with the residue product and then behaves like a 
theoretical stage. The vertical therrnosiphon reboiler of Fig. 9.29d, with the 
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heating medium outside the tubes, can be operated so as to vaporize all the 
liquid entering it to produce a vapor of the same composition as the residue 
product, in ~hich case no enrichment is provided. However, because of fouling 
of the tubes, which may occur with this type of operation, it is more customary 
to provide for only partial vaporization, the mixture 'issuing from the reboiler 
comprising both liquid and vapor. The reboiler of Fig. 9.2ge receives liquid from 
the trapout of the bottom tray, which it partially vaporizes. Horizontal reboilers 
are also known [8]. Piping arrangements [27], a review [37], and detailed design 
methods [14, 49] are available. It is safest not to assume that a theoretical stage's 
worth of fractionation will occur with thermosiphon reboilers but instead to 
provide the necessary stages in the tower itself. In Fig. 9.29, the reservoir at the 
foot of the tower customarily holds a 5- to 10-min flow of liquid to provide for 
reasonably steady operation of the reboiler. 

Reboilers may be heated by steam, heat-transfer oil, or other hot fluids. For 
some high-boiling liquids, the reboiler may be a fuel-fired furnace. 

Use of Open Steam 

When a water solution in which the nonaqueous component is the more volatile 
is fractionated, so that the water is removed as the residue product, the heat 
required can be provided by admission of steam directly to the bottom of the 
tower. The reboiler is then dispensed with. For a given reflux ratio and distillate 
composition, more trays will usually be required in the tower, but they are 
usually cheaper than the replaced reboiler and its cleaning costs. 

Refer to Fig. 9.30. While the enriching section of the tower is unaffected by 
the use of open steam and is not shown, nevertheless the overall material and 
enthalpy balances are influenced. Thus, in the absence of important heat loss, 

F + GN. + I = D + W 
p 

FZF = DZD + WXw 

FHF + GNp+1HG,Np+1 = WHw + DHD + Qc 

(9.86) 

(9.87) 

(9.88) 

where GN + I is the molar rate of introducing steam. On the Hxy diagram, the A.D 

difference point is located in the usual manner. For the stripping section, d w has 
its usual meaning, a fictitious stream of size equal to the net flow outward 

of coordinates 

tJ. w 

A. w = 4n - GnI + 1 = W - GN. + I 
p 

net moles A out 
x AW = net moles out = 

W - ON +1 
r 

Q" = net heat out = WHw - GNp+IHG,Np+1 

net moles out -W - ON +1 p 

(9.89) 
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~p +1 (steam) 
y = 0 Figure 9.30 Use of open steam. 

where HG' NI'+t is the enthalpy of the steam. The point is shown on Fig. 9.31. 
Thus, 

and 

Lmxm - Gm+IYm+1 == ~wxw 

LmHt - Gm+IHa = ~wQ" 
~ m.! 

Ym+l ~ X AW 

G
m

+
1 

Xm - X AW 

(9.90) 

(9.91) 

(9.92) 

The construction is shown in Fig. 9.31. Equation (9.92) is the slope of a chord 
(not shown) between points P and T. Here, the steam introduced is shown 
slightl,t. superheated (HG, Np + I > saturated enthalpy); had saturated steam been 
used, GN + 1 would be located at point M. Note that the operating curve on the 
X,Y diagram passes through the 45 0 diagonal at T (x = xAW) and through the 
point (xw.y = 0) corresponding to the fluids passing each other at the bottom 
of the tower. 

mt.tStration 9.9 Open steam, initially saturated at 69 kN/ml (10 Ibr/in2) gauge pressure, will be 
used for the methanol fractionator of IUustration 9.8, with the same distillate rate and 
composition and the same reflux ratio. Assuming that the feed enters the tower at the same 
enthalpy as in lIlustration 9.8, determine the steam rate, bottoms composition. and the number 
of theoretical trays. 

SoLunON From Illustration 9.8, F = 216.8 kmoljh, ZF = 0.360, HF 2533 kJ/kmol, D == 
84.4, ZD .. 0.915, HD == 3640 and Qc = 5 990 (XX) kJ/h. From the steam tables, the enthalpy of. 
saturated steam at 69 kN/m2 "" 2699 kJ/kg referred to liquid water at o"e. On expanding 
adiabatically through a control valve to the tower pressure, it will be superheated at the same 
enthalpy. The enthalpy of liquid water at t9.7°e (to for Illustration 9.8) "'" 82.7 kJ/kg referred 
to oGe. Therefore HG,N,+I == (2699 - 82.7)(18.02) = 47 146 kJ/kmol. 

Eq. (9.86): 

216.8 + GN,+I .... 84.4 + W 

Eq. (9.81): 
216.8(O.360} ... 84.4(0.915) + WXw 
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x.Y 

)( FIgure 9.31 Use of open steam. 

Eq. (9.88): 
216.8(2533) + 47 146GN,+ J = WHw + 84.4(3640) + 5990000 

Since the bottoms will be essentially pure water, Hw is tentatively estimated as the enthalpy of 
saturated water (Fig. 9.27), 6094 kJ jkmol. Solving the equations simultaneously with this value 
for Hw provides the steam rate as ON, +1 = 159.7 and W= 292.1 kmoljh, with Xw = 0.00281. 
The enthalpy of this solution at its bttbble point is 6048, sufficiently close to the 6094 assumed 
earlier to be acceptable. (Note that had the same interchange of heat between bottoms and feed 
been used as in Illustration 9.8, with bottoms discharged at 31.8°C, the feed enthalpy would 
have been changed.) For d w• 

xAW"" WXw = 292.1(0.00281) = 00062 
W - G 292.1 - 159.7 . 

N,+I 

WHw QH= ______ ~ __ ~_ 
W - GN,+I 

:; 292.1(~~~1- 1~;9:~41146) :z -43 520kJjkmoi 
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The Hxy and xy diagrams for the enrichlng section are the same as in Illustration 9.8. For the 
stripping section, they resemble Fig. 9.31. The number of theoretical stages is Np .. 9.5, and 
they must aU be included in the tower. 

Condensers and Reflux Accumulators 

Reflux may flow by gravity to the tower, in which case the condenser and reflux 
drum (accumulator) must be elevated above the level of top tray of the tower. 
Alternatively, especially in order to obviate the need for elevated platforms and 
supports required for withdrawing the condenser tube bundle for cleaning. the 
assemblage may be placed at ground level and the reflux liquid pumped up to 
the top tray. Kern [28] describes the arrangements. 

Reflux accumulators are ordinarily horizontal drums, length/diameter = 4 
to 5, with a liquid holding time of the order of 5 min. From entrainment 
considerations, the allowable vapor velocity through the vertical cross section of 
the space above the liquid can be specified as [55]t 

V == O.04( PL ~ Pa f.s (9.93) 

Multiple Feeds 

There are occasions when two or more feeds composed of the same substances 
but of different concentrations require distillation to give the same distillate and 
residue products. A single fractionator will then suffice for all. 

Consider the two-feed fractionator of Fig. 9.32. The construction on the 
Hxy diagram for the sections of the column above FI and below F2 is the same 
as for a single-feed column, with the AD and Aw points located in the usual 
manner. For the middle section between the feeds, the difference point 11M can 
be located by consideration of material and enthalpy balances either toward the 
top, as indicated by the envelope shown on Fig. 9.32, or toward the bottom; the 
net result will be the same. Consider the envelope shown in the figure, with AM 
representing a fictitious stream of quantity equal to the net flow upward and out 

G:+ 1 - L; = D - F t = AM (9.94) 

whose coordinates are 

1 

net moles A out DZD - FtzFt 
x -------~----

liM - net moles out D - Fl 
AM 

net heat out Qc + DHD - F\HFI 
QM = net moles out = D - FI 

AM may be either a positive or negative quantity. 

t V in Eq. (9.93) is expressed as m/s. For V in ftjs, the coefficient is 0.13. 
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FIgure ~31 Fractionator with two feeds. 

Equation (9.94) can be used as a basis for component-A and enthalpy 
balances 

G:+1Yr+1 - L:xr = ~MX/lM (9.95) 

G f H 1'+1 Or+1 L,H4 = ~MQM (9.96) 

L' HOr+1 - QM 
whence 

, 
(9.97) 

G:+ 1 = xI' - x/lM H4 - QM 

Since FI + F2 = D + W = llD + ~w (9.98) 

then llM F2 - W (9.99) 

The construction (both feeds liquid) is shown on Fig. 9.33) where aM lies on 
the line llDFI {Eq. (9.94)] and on the line ilWF2 [Eq. (9.99)]. A solution 
representing the composited feed, with 

z = F1ZF, + F2zF2 

F.av FI + F2 



o :tw 
r 

Ffgw'e 9.33 Construction for two feeds. 
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must lie on the line ~D~W [Eq. (9.98)]. It is also possible for ~M to lie below and 
to the left of ~w. The operating curve for the middle section on the xy diagram 
is located by lines such as ~MK, as shown. Trays are best drawn in the usual 
step fashion on the xy diagram, and for optimum location the feed trays straddle 
the intersections of the operating curves, as shown. 

Side Streams 

Side streams are products of intermediate composition withdrawn from the 
intermediate trays of the column. They are used frequently in the distillation of 
petroleum products, where intermediate properties not obtainable merely by 
mixing distillate or bottoms with feed are desired. They are used only infre
quently in the case of binary mixtures, and are not treated here (see Prob. 9.17). 

Heat Losses 

Most fractionators operate above ambient temperature, and heat losses along 
the column are inevitable since insulating materials have a finite thermal 
conductivity. The importance of the heat losses and their influence on fraction a
tors will now be considered. 

Consider the fractionator of Fig. 9.17. A heat balance for the top n trays of 
the enriching section (envelope III) which includes the heat loss is [9] 

Gn+IHGHI = Qc + DHD + LnH4, + Q4, 

where QL~ is the heat loss for trays 1 through n. Defining 

Qc + DHD + QL,. QI.,. 
Q{= = Q' +-D D 

we have 

(9.100) 

(9.101) 

Gn+IHGn .. , - LnHL" DQ{ (9.102) 

Q{ is a variable since it depends upon how many trays are included in the heat 
balance. If only the top tray (n = 1) is included, the heat loss is small and Q{ is 
nearly equal to Qt. As more trays are included, QL,. and Q{ increase, ultimately 
reaching their largest values when all enriching-section trays are included. 
Separate difference points are therefore needed for each tray. 

For the stripping section up to tray m (envelope IV, Fig. 9.17), 

(9.103) 
Letting 

WH 
Q"_ w 

L -
QB + QL... = Q" + Ql,., 
W W (9.104) 

results in 
[mHL,.. - Gm+ IHG

m
+ , = WQL (9.105) 

If the heat balance includes only the bottom tray, the heat loss is small and Q{ 
nearly equals Q ". As more trays are included, QL,., and therefore QL increase, 
reaching their largest values when the balance is made over the entire stripping 
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section. Separate difference points are needed for each tray. An enthalpy 
balance for the entire tower is 

FH = D(H + Qc + QL) + W(H _ QB + QL) 
F DDD www (9.106) 

where QL and QL are the total heat losses for the enriching and stripping 
sections, respectively. When Eq. (9.106) is solved with the material balances. 
Eqs. (9.75) and (9.76), the result is 

D ZF - Xw HF - (Hw - QB/W + QL/W) 
W = ZD - ZF == (HD + Qc/ D + QL/ D) - HF (9.107) 

This is the equation of the line BFT on Fig. 9.34. 

H 

T
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O'l.(m ={+ 1) 
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stripping 
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FIgure 9.34 Heat losses. 
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The procedure for design is one of trial and error. For example, as a first 
trial, heat losses might be neglected and trays calculated with fixed difference 
points, and after the size of the resulting column has been determined, the first 
estimate of heat losses for the two column sections can be made by the usual 
methods of heat-transfer calculations. The heat losses can then be apportioned 
among the trays and the number of trays redetennined with the appropriate 
difference points. This leads to a second approximation of the heat loss, and so 
forth. 

As Fig. 9.34 shows, heat losses increase the internal-reflux ratio, and for a 
given condenser heat load, fewer trays for a given separation are required (recall 
that the higher the enriching·section difference point and the lower the strip
ping-section difference point, the fewer the trays). However, the reboiler must 
provide not only the heat removed in the condenser but also the heat losses. 
Consequently, for the same reboiler heat load as shown on Fig. 9.34 but with 
complete insulation against heat loss, all the heat would be removed in the 
condenser, all the stripping trays would use point J, and all the enriching trays 
would use point K as their respective difference points. It therefore follows that, 
for a given reboiler heat load or heat expenditure, fewer trays are required for a 
given separation if heat losses are eliminated. For this reason, fractionators are 
usually well insulated. 

High-Purity Products and Tray Efficiencies 

Methods of dealing with these problems are considered following the McCabe
Thiele method and are equally applicable to Ponchon-Savarit calculations. 

MULTISTAGE TRAY TOWERS-METHOD OF McCABE AND 
THIELE 

This method, although less rigorous than that of Poncbon and Savarit, is 
nevertheless most useful since it does not require detailed enthalpy data. If such 
data must be approximated from fragmentary information, much of the exact
ness of the Ponchon-Savarit method is lost in any case. Except where heat losses 
or heats of solution are unusually large, the McCabe-Thiele method will be 
found adequate for most purposes. It hinges upon the fact that, as an approxi
mation, the operating lines on the xy diagram can be considered straight for 
each section of a fractionator between points of addition or withdrawal of 
streams. 

EquimolaJ Overflow and Vaporization 

Consider the enriching section of the fractionator of Fig. 9.17. In the absence of heat losses. which 
can be (and usually are) made very smaU by thermal insulation for reasons of economy if for no 
other. Eq. (9.61) can be written 

(9.108) 
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where Q' includes the condenser heat load and the enthalpy of the distillate, per mole of distillate. 
The liquid enthalpy HL., is ordinarily small in comparison with QJ since the condenser heat load 
must include the latent heat of condensation of at least the reflux liquid, If then Bc,,+, - HL., is 
substantially constant, 4.1 G/1+ I will be constant also for a. given fractionation [48]. From Eq. (9.11) 

Bu. < 1 = [y,,+ ICL , AMA + (I - Y,,+I)CL.BMB}(t,,+1 - 10) + YIt+IAAMA + (1 - YIt+I)AsMB 

(9.109) 

where tit + I is the temperature of the vapor from tray n + I and the A'S are the latent heats of 
vaporization at this temperature. If the deviation from ideality of liquid solutions is not great, the 
first term in brackets of Eq. (9.109) is '" 

From Eq. (9.10), 

and 

(9.110) 

(9.11 I) 

(9.112) 

For all but unusual cases. the only important terms of Eq. (9.112) are those containing the latent 
heats. The temperature change between adjacent trays is usually small, so that the sensible·heat term 
is insignificant. The heat of solution can in most cases be measured in terms of hundreds of k1 /kmol 
of solution, whereas the latent heats at ordinary pressures are usually in 1()4 kJ/kmol. Therefore. for 
all practical purposes, 

(9.113) 

where the last term is the weighted average of the molal latent heats. For many pairs of substances, 
the molal latent heats are nearly identical, so that averaging is unnecessary. If their inequality is the 
only barrier to application of these simplifying assumptions. it is possible to assign a fictitious 
molecular weight to one of the components so tbat the molal latent heats are then forced to be the 
same (if this is done, the entire computation must be made with the fictitious molecular weight, 
including operating lines and equilibrium data). This is, however, rarely necessary.t 

If it is sufficiently important, therefore. one can be persuaded that, for all but exceptional cases, 
the ratio L/ G in the enriching section of the fractionator is essentially constant. The same reasoning 
can be applied to any section of a fractionator between points of addition or withdrawal of streams, 
although each section will have its own ratio. 

Consider next two adjacent trays nand r. between which neither addition nor withdrawal of 
material from the tower occurs. A material balance provides 

(9.114) 

Since 1..,.-I/Gr ... 4./G,,+I' it follows that L/1 "" Lr _ 1 and G,,+I = Gr. which is the principle of 
equimola/ O1>erJlow and vaporization. The rate of liquid flow from each tray in a section of the tower is 
constant on a molar basis, but since the average molecular weight changes with tray number, the 
weight rates of now are different. 

It should be noted that. as shown in the discussion of Fig. 9.12, if the HaY and HLx lines on 
the H:xy diagram are straight and parallel, then in the absence of heat loss the L/ G ratio for a given 
tower section will be constant regardless of the relative size of H4. and Q' in Eq. (9.108), 

The general assumptions involved in the foregoing are customarily called the usual simplifying 

QSsumptiOIJS • 

t If the only enthalpy data available are the latent heats of vaporization of the pure components, 
an approximate Savarit-Poncbon diagram using these and straight HL VS x and Hu vsy lines will be 
better than assuming equal latent beats. 



Enriching Section; Total Condenser-Reflux at the Bubble Point 

Consider a section of the fractionator entirely above the point of introduction of 
feed, shown schematically in Fig. 9.35a. The condenser removes all the latent 
heat from the overhead vapor but does not cool the resulting liquid further. The 
reflux and distillate product are therefore liquids at the bubble point, and 
YI = xD = xo' Since the liquid, L mol/h, falling from each tray and the vapor, 
G mol/h, rising from each tray are each constant if the usual simplifying 
asssumptions pertain, SUbscripts are not needed to identify the source of these 
streams. The compositions, however, change. The trays shown are theoretical 
trays, so that the compositionYn of the vapor from the nth tray is in equilibrium 
with the liquid of composition Xn leaving the same tray. The point (x"' Yn)' on 
x, Y coordinates, therefore falls on the equilibrium curve. 

A total material balance for the envelope in the figure. is 

G = L + D = D(R + 1) (9.115) 
For component A, 

Gyn + I = LXn + DXD 

from which the enriching-section operating line is 

L D 
Yn + I = G Xn + G X D 

R XD 
Yn+1 = R + 1 xn + R + 1 

(9.1 16) 

(9:117) 

(9.118) 

This is the equation of a straight line on x, Y coordinates (Fig. 9.35b) of slope 
L/ G = R/(R + 1), and with a Y intercept of xD/(R + 1). Setting Xn = X D 

L G 
Xn tn+ I 

In 11 ;(0",10 

.( = mole fraction .4 111 liquid 
(0) (0) 

FIgure 9.35 Enriching section. 
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shows Yn+ I := X D , so that the line passes through the point y = x = xD on the 
45° diagonal. This point and the Y intercept permit easy construction of the line. 
The concentration of liquids and vapors for each tray is shown in accordance 
with the principles of Chap. 5, and the usual staircase construction between 
operating line ;J,nd equilibrium curve is seen to provide the theoretical tray
concentration variation. The construction obviously cannot be carried farther 
than point P. 

In plotting the eqUilibrium curve of the figure, it is generally assumed that 
the pressure is constant throughout the tower. If necessary, the variation in 
pressure from tray to tray can be allowed for after determining the number of 
real trays, but this will require a trial-and-error procedure. It is ordinarily 
unnecessary except for operation under very low pressures. 

Exhausting Section; Reboiled Vapor in Equilibrium with Residue 

Consider next a section of the fractionator below the point of introducing the 
feed, shown schematically in Fig. 9.36a. The trays are again theoretical trays. 
The rates of flow Land G are each constant from tray to tray, but not 
necessarily equal to the values for the enriching section. A total material balance 
is 

and, for component A, 

(0) 

Figure 9.36 Exhausting section. 

'-
& 
~ 
c 
~ ym+ll------:~-f 

c 
o Wt; 

.t 
OJ 

~ YNp I---+...,.-¥ 
II 

'" 
Yw 

Xw XNp 1m 

X = mole fraction A in liquid 

(b) 

(9.119) 

(9.120) 
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These provide the equation of the exhausting-section operating line, 

L W 
Ym+1 = -=xm - -=xw 

_G G 
(9.121) 

L W 
Ym+1 = --=--==xm - -_--Xw (9.122) 

L-W L-W 
_ _ (t111~) 

This is a straight line of slope L/ G L(L - W), and since when xm == xw, 
Ym+! = Xw, it passes through x = Y = Xw on the 45 0 diagonal (Fig. 9.36b). If 
the reboiled vapor Yw is in eqUilibrium with the residue xw, the first step of the 
staircase construction represents the reboiler. The steps can be carried no farther 
than point T. 

Introduction of Feed 

It is convenient before proceeding further to establish how the introduction of 
the feed influences the change in slope of the operating lines as we pass from the 
enriching to the exhausting sections of the fractionator. 

Consider the section of the column at the tray where the feed is introduced 
(Fig. 9.37). The quantities of the liquid and vapor streams change abruptly at 
this tray, since the feed may consist of liquid, vapor, or a mixture of both. If, for 
example, the feed is a saturated liquid, L will exceed L by the amount of the 
added feed liquid. To establish the general relationship, an overall material 
balance about this section is 

F+L+G=G+L (9.123) 
and an enthalpy balance, 

FHF + LHL + GHG = GHG + LH,. 
1-1 ,/+1 'J -:T 

(9.124) 

The vapors and liquids inside the tower are all saturated, and the molal 
enthalpies of all saturated vapors at this section are essentially identical since the 
temperature and composition changes over one tray are small. The same is true 
of the molal enthalpies of the saturated liquids, so that HG = Ho and 

'1 '/+' 



H LJ-. = HLJ" Equation (9.124) then becomes 

([ - L)HL = (G - G)HG + FHF 

Combining this with Eq. (9.123) gives 

[-L He - HF 
-F- =(}IG - fQ = q 
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(9.125) 

(9.126) 

tvto.o.v I~ v~ 
The quantity q is thus seen to be the heat required to convert 1 mol of feed 

from its condition H;- to a saturated vapor, divided by the ~olal latent heat 
HG - HL . The feed may be introduced under any of a variety of thermal 
conditions ranging from a liquid well below its bubble point to a superheated 
vapor, for each of which the value of q will be different. Typical circumstances 
are listed in Table 9.1, with the corresponding range of values of q. Combining 
Eqs. (9.123) and (9.126), we get 

G - G = F(q - 1) (9.127) 

which provides a convenient method for determining G. 
The point of intersection of the two operating lines will help locate the 

exhausting-section operating line. This can be established as follows. Rewriting 
Eqs. (9.117) and (9.121) without the tray subscripts, we have 

Subtracting gives 

yG = Lx + DXD 

yG = Lx - WXw 

(G -G)y = (L -L)x - (Wxw + DxD ) 

Further, by an overall material balance, 

Substituting this and Eqs. (9.126) and (9.127) in (9.130) gives 

q ZF .i 
y = -- x - -- I /lt/rs.;~\'" q-l q-l ~\S'; 

(9.128) 

(9.129) 

(9.130) 

(9.76) 

(9.131) 

This, the locus of intersection of operating lines (the q line), is a straight line of 
slope q /(q - 1), and since y = ZF when x = ZF> it passes through the point 
x = y = ZF on the 45° diagonal. The range of the values of the slope q/(q - 1) 
is listed in Table 9.1, and the graphical interpretation for typical cases is shown 
in Fig. 9.38. Here the operating-line intersection is shown for a particular case of 
feed as a mixture of liquid and vapor. I t is clear that, for a given feed condition, 
fixing the reflux ratio at the top of the column automatically establishes the 
liquid/vapor ratio in the exhausting section and the reboiler heat load as well. 



i 

Table 9.1 1lIennaJ conditions for the feed 

Feed GF• LF• HaF, HLP' HF • Ha HF -----L q-
ccndition mol/(area)(time) mol/ (area)(time) energy/mol energy/mol energy /mol Ha-HL q - 1 

Liquid below 
bubble point 0 F HF HF<HL > 1.0 > 1.(; 

Saturated 
liquid 0 F Hp Ht. 1.0 00 

Mixture of LF 

liquid and GF F 
vaport F- GF + LF LF Ho Ht. Ha >HF >HL 1.0> q > 0 

LF 
L F - F 

Saturated 
vapor F 0 HF Ha 0 0 

Superheated 

vapor F 0 HF HF>Ha <0 l.O>~>O q-

t In this case the intersection of the q line with the equilibrium curve gives the ccmpositions of the equilibrium liquid and vapor which 
constitute the feed. The q line is the flash-vaporization operating line ror the feed. 
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Figure 9.38 Location of q line for 
typical feed conditions. 

The q line is useful in simplifying the graphical location of the exhausting line, 
but the point of intersection of the two operating lines does not necessarily 
establish the demarcation between the enriching and exhausting sections of the 
tower. Rather it is the introduction of feed which governs the change from one 
operating line to the other and establishes the demarcation, and at least in the 
design of a new column some latitude in the introduction of the feed is 
available. 

Consider the separation shown partially in Fig. 9.39. for example. For a 
given feed, ZF and the q line are fixed. For particular overhead and residue 
products, xD and Xw are fixed. If the reflux ratio is specified, the location of the 
enriching line DG is fixed, and the exhausting line KC must pass through the q 
line at E. If the feed is introduced upon the seventh tray from the top (Fig. 
9.39a), line DG is used for trays 1 through 6, and, beginning with the seventh 
tray. the line KC must be used. If, on the other hand, the feed is introduced 
upon the fourth from the top (Fig. 939b), line KC is used for all trays below the 
fourth. Clearly a transition from one operating line to the other must be made 
somewhere between points C and D, but anywhere within these limits will serve. 
The least total number of trays will result if the steps on the diagram are kept as 
large as possible or if the transition is made at the first opportunity after passing 
the operating-line intersection, as shown in Fig. 9.39c. In the design of a new 
column, this is the practice to be followed. 

In the adaptation of an existing column to a new separation, the point of 
introducing the feed is limited to the location of existing nozzles in the column 



(0) (c) (optimum) 

:t:; mole Iroc tion A in liQu.d 

Figure 9.39 Location of feed tray. 

wall. The slope of the operating lines (or reflux ratio) and the product composi
tions to be realized must then be determined by trial and error, in order to 
obtain numbers of theoretical trays in the two sections of the column consistent 
with the number of real trays in each section and the expected tray efficiency. 

Total Reflux, or Infinite Reflux Ratio 

As the reflux ratio R = L/ D is increased, the ratio L/ G increases, until 
ultimately, when R = 00, L/ G = I and the operating lines of both sections of 
the column coincide with the 45° diagonal as in Fig. 9.40. In practice this can be 

C 
Q. 

g 
c: 

'" (5 
E 

IF 

.1'= mole fraction A in liquid Figure 9.<46 Total reflux and minimum trays. 
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realized by returning all the overhead product back to the column as reflux 
(total reflux) and reboiling all the residue product, whereupon the forward flow 
of fresh feed must be reduced to zero. Alternatively such a condition can be 
interpreted as requiring infinite reboiler heat and condenser cooling capacity for 
a given rate of feed. 

As the operating lines move farther away from the equilibrium curve with 
increased reflux ratio, the number of theoretical trays required to produce a 
given separation becomes less, until at total reflux the number of trays is the 
minimum Nm . 

If the relative volatility is constant or nearly so, the analytical expression of 
Fenske, Eq. (9.85), can be used. 

Minimum Reflux Ratio 

The minimum reflux ratio Rm is the maximum ratio which will require an 
infinite number of trays for the separation desired, and it corresponds to the 
minimum reboiler heat and condenser cooling capacity for the separation. Refer 
to Fig. 9.4la. As the reflux ratio is decreased, the slope of the enriching 

(b) 

Ce) 
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operating line becomes less, and the number of trays required increases. Operat~ 
ing line MN, which passes through the point of intersection of the q line and the 
equilibrium curve, corresponds to the minimum reflux ratio, and an infinite 
number of trays would be required to reach point N from either end of the 
tower. In some cases, as in Fig. 9Al b, the minimum-reflux operating line will be 
tangent to the equilibrium curve in the enriching section, as at point P, while a 
line through K would clearly represent too small a reflux ratio. It has been 
pointed out that all systems show concave-upward xy diagrams near the critical 
condition of the more volatile component [66]. Because of the interdependence 
of the liquid/vapor ratios in the two sections of the column, a tangent operating 
line in the exhausting section may also set the minimum reflux ratio, as in Fig. 
9.41c. 

When the equilibrium curve is aJways concave downward, the minimum reflux ratio can con
veniently be calculated analytically [63J. The required relationship can be developed by solving Eqs. 
(9.118) and (9.131) simultaneously 10 obtain the coordinates (x",Ya) of the point of intersection of 
the enriching operating line and the q line. When the tray-number designation in Eq. (9.118) is 
dropped, these are 

(9.132) 

At the minimum reflux ratio Rm. these coordinates are equilibrium values since they occur on the 
equilibrium curve. Substituting them into the definition of a. Eq. (9.2), gives 

R",zF + qXD a[xD(q -- I) + zr{Rm + 1)] 
Rm{l -- zF) + q{l -- XD) (Rm + 1)(1 -- ZF) + (q 1)(1 -- XD) 

(9.133) 

This conveniently can be solved for R,., for any value of q. Thus, for example: 

1
-1 [ XD -- a(l -- xD) ] 
a -- I xF 1 -- x F 

R", "" 
_1 ( Q.XD __ ~) __ I 
a -- I YF 1 - YF 

q == 1 (feed liquid at the bubble point) (9.134) 

q = 0 (feed vapor at the dew point) (9.135) 

In each case, the a is that prevailing at the intersection of the q line and the equilibrium curve. 

Optimum Reflux Ratio 

The discussion given under the Ponchon-Savarit method applies. 

lUustration 9.10 Redesign the methanol-water fractionator of Illustration 9.8, using the sim· 
plifying assumptions of the McCabe-Thiele method. The circumstances are: 

Feed 5000 kg/h, 216.8 kmoljh, zF:; 0.360 mole fraction methanol, av mol wt = 23.1, 
temperature entering the fractionator = 58.3"C 

Dis/illale. 2620 kg/h, 84.4 kmol/h, xD = 0.915 mole fraction methanol, liquid at the bubble 
point 

Residue. 2380 kg/h, 132.4 kmol/h, Xw = 0.00565 mole fraction methanol 
Reflux ratio :: 1.5 times the minimum 

SOLUTION Refer to Fig. 9.42. From the Ixy diagram, the bubhle point of the feed at 0.360 mole 
fraction methanol is 76.0°C, and its dew point is 89.7"C. The latent heats of vaporization at 
76.0"C are AA == 1046.1 kJ /kg for methanol and }.B :: 2284 kJ /kg for water. Specific heat of 
liquid methanol",. 2721, of liquid water'" 4187, of feed solution = 3852 J/kg K. If heats of 
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Figure 9.42 Solution to Illustration 
0.2 zF 0.4 0.6 0.8 xD 1.0 9.10. Minimum reflux ratio and 

x =mole fraction methanol in liquid minimum trays. 

solution are ignored. as is customary with the McCabe·Thiele method, the enthalpy of the feed 
at 76.0oe (the bubble point) referred to 58.3°e (the feed temperature) is 

3.852(23.1)(76.0 58.3) = 1575 kJ/kmol 

The enthalpy of the saturated vapor at 89.7°e referred to liquids at 58.3°e is 

0.36[2.721(32.04)(89.7 - 58.3) + 1046.7(32.04)1 

+ (1 - 0.36)[4.187(18.02)(89.7 - 58.3) + 2284(l8.02}) 

40915 kJ Ikmol 

z: heat to convert to saturated vapor = 40 915 - 0 ... 104 
q heat of vaporization 40 915 - 1575 . 

(EssentiaJ!y the same value is obtained if the heat of solution is considered.) 

=~=26 
q - 1.04 - I 
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In Fig. 9.42, XD' Xw. and ZF are located on the 45° diagonal, and the q line is drawn with 
slope = 26. The operating line for minimum reflux ratio in this case passes through the 
intersection of the q line and equilibrium curve, as shown. 

~=~=057 
Rm + I Rm + I . 

Rm = 0.605 mole reflux/mole distillate 

The minimum number of theoretical trays is determined using !.he 45° diagonal as 
operating line (Fig. 9.42). Theoretical stages to the number of 4.9, including the reboiler, are 
determined . 

For R = 1.5R", = 1.5(0.605) = 0.908 mol reflux/mol distillate, and for equLmolat over~ 
flow and vaporization: 

Eq. (9.49) : 

L = Lo = RD = 0.908(84.4) = 76.5 kmoljh 

Eq. (9.115): 

G = D(R + 1) = 85.4(0.908 + I) = 160.9 kmol/h 

Eq. (9. 126): 

[ = qF + L = 1.04(216.8) + 76.5 = 302.5 kmol/h 

Eq. (9.127): 

G = F(q - I) + G = 216.8(1.04 - I) + 160.9 = 169.7 kmoljh 

xD 0.915 
R + 1 = 0.908 + I = 0.480 

Refer to Fig. 9.43. The y intercept 0.480 and enriching and exhausting operating lines are 
plotted . Steps are drawn to determine the number of theoretical trays, as shown. The 
exhausting operating line is used immediately after crossing the operating-tine intersection. and 
tbe feed is therefore to be introduced on the fifth theoretical tray from the top. A total of 8.8 
theoretical trays, including the reboiler, is required. and the lower must therefore contain 7.8 
theoretical trays. An integral number can be obtained by very slight adjustment of the reflux 
ratio, but since a tray efficiency must still be applied to obtain the number of real trays, this 
need not be done. 

When the residue composition is very small, it will be necessary to enlarge the scale of the 
lower left-hand part of the diagram in order to obtain the number of trays . [n some cases the 
graphical determination may stiU be diHicdt because of the closeness of the exhausting line 
and the equilibrium curve. Logarith.mic coordinates can then be used to maintain a satisfactory 
separation of the lines, as in the insert of Fig. 9.43 . On such a graph, for very low values of x, 
the equilibrium curve will be substantiaJly given by y. = ax, which is a straight line of unit 
slope. The exhausting operating line will, however, be curved and must be plotted from its 
equation. In this example, the equation is [Eq. (9.12\») 

302.5 132.4 
Y = \69 .7 x - 169.70.00565 = J.785x - 0.0044 

The steps representing the theoretical stages are made in the usual manner on these coordi
nates, continued down from the last made on the arithmetic coordinates (see also page 422). 

The diameter of the tower and the tray design are establisbed through the methods of 
Cbap. 6. Note the substantially different liquid loads in the enriching and exhausting sections. 

A column of constant diameter for all sections is usually desired for simplicity in construction 
and lower cost. If the discrepancy between liquid or vapor quantities in the two sections is 
considerable. however, and particularly if expensive alloy or nonferrous metal is used, different 
diameters for the two sections may be warranted. 
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F1gure 9.43 Solution to Illustration 9.10. R "'" 0.908 mol reflux/mol distillate product. 

Computations for other reflux ratios are easily and quickly made once the diagram and 
equations have been set up for one value of R. These provide data for determining the most 
economical R. The following table lists the important quantities for this separation at various 
values of R: 

R L G L iJ No. theoretical stages 

Rm - 0.605 51.0 135.4 277 144.1 00 

0.70 59.0 143.4 285 152.1 11.5 
0.80 67.5 151.9 294 16Q.6 10 
0.908 76.5 160.9 303 169.7 8.8 
1.029 86.7 171.3 313 180 8.3 
2.0 168.8 253 395 262 6.5 
4.0 338 422 564 431 5.5 

00 00 00 00 00 4_9 = Nm + 1 

Included in the table are the data for the McCabe-Thiele method at R == 1.029, the reflux. ratio 
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used in Illustration 9.8 for the exact Ponchon·Savarit calculation. Illustration 9.8 showed nine 
theoretical stages. It is noteworthy that for either method each at 1.5 times its respective value 
of Rm , the number of stages is essentially the same, and the maximum flow rates which would 
be used to set the mechanical design of the tower are sufficiently similar for the same final 
design to result. 

Use of Open Steam 

Ordinarily, heat is applied at the base of the tower by means of a heat exchanger 
(see Fig. 9.29), but when a water solution is fractionated to give the nonaqueous 
solute as the distillate and the water is removed as the residue product, the heat 
required may be provided by the use of open steam at the bottom of the tower. 
The reboiler is then dispensed with. For a given reflux ratio and overhead 
composition, however, more trays will be required in the tower. 

Refer to Fig. 9.44. Overall material balances for both components and for 
the more volatile substance are 

F+G=D+W (9.136) 

FZF = DXD + WXw (9.137) 

where Gis mol/h of steam used, assumed saturated at the tower pressure. The 
enriching operating line is located as usual, and the slope of the exhausting line 
[/ G is related to L/ G and the feed conditions in the same manner as before. A 
material balance for the more volatile substance below tray m in the exhausting 
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Figure 9.44 Use of open steam. 
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section is 

LXm + G(O) = GYm + I + WXw 
and since L = W in this case, 

L Ym+1 
G xm - Xw 
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(9.138) 

(9.139) 

The exhausting line therefore passes through the point (y = 0, x = xw) as 
shown in Fig, 9,44b, The graphical tray construction must therefore be con
tinued to the x axis of the diagram, 

If the steam entering the tower. GN + I' is superheated, it will vaporize liquid 
on tray Np to the extent necessary toPbring it to saturation. GNp+I(HG,Np+l
HG.sl.Il)/'AM, where HG.sI.I 1 is the enthalpy of saturated steam and 'AM the molar 
latent heat at the tower pressure, 

--G- ( HG,Np+I-HG,sl.It) 
G - Np +! I + AM (9.140) 

and L=G-GN+I+L" , , (9.141) 

from which the internal II G ratio can be computed. 

Condensers 

Condensers are usually conventional tubular heat exchangers, generally 
arranged horizontally with the coolant inside the tubes, but also vertically with 
the coolant on either side of the tubes [27]. The condenser may be placed above 
the tower for gravity flow of the condensed reflux to the top tray, but it is 
usually more convenient for purposes of construction and cleaning to place the 
condenser nearer the ground and to return the reflux from an accumulator drum 
[55] to the top tray by pumping. This procedure also provides more pressure 
drop for operation of control valves on the reflux line. 

The condenser coolant is most frequently water. The pressure of the distilla
tion must then be high enough for the available cooling water to condense the 
overhead vapor with an adequate temperature difference to provide reasonably 
rapid heat-transfer rates. The cost of the fractionator, however, will increase 
with increased pressure of operation, and in the case of very volatile distillates 
some low-temperature refrigerant may be used as a coolant. 

If the condensate is cooled only to the bubble point, the withdrawn distillate 
is then usually further cooled in a separate heat exchanger to avoid vaporization 
loss on storage. 

Partial Condensers 

It is occasionally desired to withdraw a distillate product in the vapor state, 
especially if its boiling point is low enough to make complete condensation 
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difficult. In this case the overhead vapor is cooled sufficiently to condense the 
necessary liquid reflux and the residual vapor provides the product, as in Fig. 
9.45. 

A partial condenser may produce any of several resuIts: (I) If time of 
contact between vapor product and liquid reflux is sufficient, the two will be in 
equilibrium with each other and the condenser provides an equilibrium con
densation. (2) If the condensate is removed as rapidly as it forms, a differential 
condensation may occur. (3) If cooling is very rapid, little mass transfer between 
vapor and condensate results, and the two will have essentially the same 
composition. 

When the first pertains, the condenser acts as one theoretical stage for the 
separation. The compositions YD and Xo can be computed by the methods of 
equilibrium condensation, as shown in Fig. 9.45b. The enriching operating line 
is then given as usual by material balances. 

Envelope I: G=L+D (9.142) 

GYn+1 = LXn + DYD (9.143) 

Envelope II: GYn+ I + Lxo = Gy] + LXn (9.144) 

In the design of new equipment it is safer to ignore the enrichment which 
may be obtained by a partial condenser and to include the additional theoretical 
tray in the column, since it is difficult to ensure that equilibrium condensation 
,vill Occur. 
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Cold Reflux 

If the overhead vapor is condensed and cooled below its bubble point so that the 
reflux liquid is cold, vapor G1 rising from the top tray will be less in quantity 
than that for the rest of the enriching section since some will be required to 
condense and heat the reflux to its Dubble point. External reflux Lo wiII require 
heat to the extent of LoCLOMav(tbP. R - tR), where 'bp. Rand tR are the reflux 
bubble point and actual temperatures, respectively. An amount of vapor, 
LOCLOM,,(lbp. R - IR)/(AM)," will condense to provide the heat, and the con
densed vapor adds to Lo to provide L, the liquid flow rate below the top tray. 
Therefore 

_ LOCLOM,.(lbP.R - IR) _ [ CLOM,.(lbp.R - IR) 1 
L - Lo + (AM),. - RD I + (AM),. 

(9.145) 
where R is the usual external reflux ratio, Lo/ D. Defining an apparent reflux 
ratio R' by 

R
• L L 
=D=G-L (9.146) 

gives 

R' = R I + LO av bp. R R 
[ 

C M (I - 1 ) 1 
(AM),. 

(9.147) 

The enriching operating line becomes 

_ R' XD 
YIl'+l - R' + 1 xII' + R' + 1 (9.148) 

and it is plotted through y = x = XD' with a y intercept at xD/(R' + I) and a 
slope R'/(R' + 1). 

Rectification of Azeotropic Mixtures 

Minimum- and maximum-boiling azeotropic mixtures of the type shown in Figs. 
9.7 and 9.10 can be treated by the methods already described, except that it will 
be impossible to obtain two products of compositions which fall on opposite 
sides of the azeotropic composition. In the rectification of a minimum-boiling 
azeotrope (Fig. 9.7), for example, the distillate product may be as close to the 
azeotropic composition as desired. But the residue product will be either rich in 
A or rich in B depending upon whether the feed is richer or leaner in A than the 
azeotropic mixture. With maximum-boiling mixtures (Fig. 9.10) the residue 
product will always approach the azeotropic composition. These mixtures can 
sometimes be separated completely by addition of a third substance, as de
scribed later. 

Insoluble mixtures which fonn two-liquid-phase azeotropes, however, can 
readily be separated completely provided two fractionators are used. This 
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depends upon the fact that the condensed distillate forms two liquid solutions on 
opposite sides of the azeotropic composition. Consider the separation of the 
mixture whose vapor-liquid equilibrium diagram is shown in Fig. 9.46, where the 
feed has the composition ZF and the solubility limits are XR. I and xR.1I at the 
boiling point. If the feed is introduced into fractionator I of Fig. 9.47, it is 
evident that the residue product of composition xw, I can be as nearly pure B as 
desired. The enriching section may contain sufficient trays to produce an 
overhead vapor approaching the azeotropic composition M, such as vapor YD.l' 

This vapor, when totally condensed to mixture K at its boiling point, will form 
two insoluble liquids of composition xR, I and xR, II' which can be decanted as 
shown. The layer which is richer in B is returned to the top tray of column I as 
reflux. The enriching operating line for column I then passes through the point 
(y = YD." X = xR.,), as shown in Fig. 9.46, and its slope will be the liquid/ 
vapor ratio in the enriching section. 

The A-rich layer from the decanter (Fig. 9.47) is sent to the top tray of 
fractionator II, which contains only a stripping or exhausting section. It is clear 
from Fig. 9.46 that the residue product composition x w, II can be as nearly pure 
A as desired (tum the figure upside down to give it its usual appearance). The 
overhead vapor from tower.II will be of compositionYD, II' which, when totally 
condensed as mixture N, produces the same two insoluble liquids as the first 
distillate. Consequently a common condenser can be used for both towers. 

8-
g Tower I 

o 
o 
't YOII---If---,f~---,(' 
J! 
~ 
" 

,(Rl K MN ,(Rn 
Mole fraction A in liquid 

FIgure 9..46 Fractionation of partially miscible mixtures. 
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Figure 9.47 Two-tower system for partially 

miscible mixtures. 

In practice it will be desirable to cool the distillate below its bubble point to 
prevent excessive loss of vapor from the vent of the decanter. This changes the 
compositions xR• I and xR , II slightly and provides somewhat larger internal reflux 
ratios. If the feed itself consists of two insoluble liquids, it can be fed to the 
decanter, whereupon both fractionators then consist of exhausting sections only. 
When it is desired to remove the last traces of water from a substance such as a 
hydrocarbon, it is common practice to use only one tower from which the dry 
hydrocarbon is removed as the residue product. The hydrocarbon-rich layer 
from the decanter is returned as reflux, but the water layer, which contains very 
little hydrocarbon, is normally discarded. 

The Ponchon-Savarit method can also be used but the necessary enthalpy 
data are rarely available for these systems. 

Multiple Feeds 

If two solutions of different concentrations are to be fractionated to give the 
same products, both can be handled in the same fractionator. The McCabe
Thiele diagram for a two-feed column will resemble the lower part of Fig. 9.33, 
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with operating lines straight. Each feed is considered separately (as if neither 
"knew" of the other's presence). The upper operating line is located as usual. 
The intermediate operating line, for the section of the column between feeds, 
intersects the enriching line at the q line for the richer feed and has a slope given 
by the Land G quantities computed through Eqs. (9.126) and (9.127). The 
lowermost operating line intersects the intermediate one at the q line for the less 
rich feed. For the least number of stages at a given reflux ratio, the feeds are 
each introduced at the stage whose construction on the diagram straddles their 
respective q line. 

High-Purity Products 

In Illustration 9.10 it was shown that for very low concentrations of more 
volatile substance in the residue, the graphical c::onstruction for stripping-section 
trays can be completed on logarithmic coordinates. This is readily done, since at 
very low concentrations the equilibrium curve is essentially linear, given by 
y* = ax. This plots as a straight 45 0 line on logarithmic coordinates, and a is 
taken for very low concentrations. The operating line is curved on such a graph, 
however, and must be plotted from its equation, (9.121). For very pure distillates 
a similar logarithmic graph can be constructed by turning the graph paper 
upside down and re-marking the coordinates as (I-printed marking) [26J. Thus, 
the printed 0.0001 is marked as 0.9999, etc. On such a graph the equilibrium 
curve is also straight at 45 0 for high concentrations, but the operating line is 
curved and must be plotted from its equation, (9.111). 

As an alternative to these methods, calculations can be made analytically 
using the Kremser equations (5.50) to (5.57) or Fig. 5.16, since even for systems 
where the McCabe-Thiele assumptions are not generally applicable, the operat
ing lines are straight at the extreme concentrations now under consideration. 
The exhausting section is considered as a stripper for the more volatile compo
nent, whence, for a kettle-type reboiler, 

IOg[ xm - XW//'" (I - A) + A] 
xw - Xw a 

N - m + I = --'------------'-
p 10g(I/A) 

(9.149) 

where xm is the composition of the li~id l~avi~ tray m, the last equilibrium 
tray obtained by graphical work, and A = L/ ",G. For a thermosiphon reboiler 
which totally vaporizes the liquid, the left-hand side of Eq. (9.149) is Np - m. 
For open steam the left-hand side is Np - m, and xw/a is omitted (YNI' + I = 0). 
The enriching section is considered as an absorber for the less volatile component 

IOg[ (1- y") - (1- XO)/"'(I_~) +~l 
(I-y,)-(I-xo)/'" A A 

n-I 
log A 

(9.150) 

where YII is the vapor leaving tray n, the last equilibrium tray obtained by 
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graphical construction upward from the feed, Xo is the reflux composition, and 
A ~ aL/G. 

For many ideal liquids, where a is nearly constant for all concentrations, the 
analytical ~alculation of Smoker [58J applies to the entire fractionator. 

Tray Efficiencies 

Methods for estimating tray efficiencies are discussed in Chap. 6. Murphree 
vapor efficiencies are most simply used graphically on the xy diagram, whether 
this is derived from the exact Ponchon-Savarit calculation or with the simplify
ing assumptions, as shown in Illustration 9.11. Overall efficiencies Eo strictly 
have meaning only when the Murphree efficiency of all trays is the same and 
when the equilibrium and operating lines are both straight over the concentra
tions considered. The latter requirement can be met only over limited concentra
tion ranges in distillation, but nevertheless the empirical correlation of Fig. 6.25 
is useful for rough estimates, if not for final designs, with the exception that 
values of Eo for aqueous solutions are usually higher than the correlation shows. 

Illustration 9.11 In the development of a new process, it will be necessary to fractionate 
910 kg/h of an ethanol·water solution containing 0.3 mole fraction ethanol, available at the 
bubble point. It is desired to produce a distillate containing 0.80 mole fraction ethanol, with a 
substantially negligible loss of ethanol in the residue. 

There is available a tower containing 20 identical cross·flow sieve trays, 760 nun diameter, 
with provision for introducing the feed only on the thirteenth tray from the top. The tower is 
suitable for use at 1 std atm pressure. The tray spacing is 450 mmHg, the weir on each tray is 
530 mm long, extending 60 mm above the tray floor, and the area of the perforations is 
0.0462 m2/tray. 

Determine a suitable reflux ratio for use with this tower, and estimate the corresponding 
ethanol loss, assuming that open steam at 69 kN/m2 (10 Ib,jin2) gauge will be used for heating 
and that adequate condenser capacity will be supplied. 

SOLUTION The McCabe·Thiele method will be used. Mol wt ethanol = 46.05. of water = 18.02. 
ZF = 0.30. 

Basis: I h. The feed composition corresponds to 52.27 wt % ethanol. The feed contains 
910(0.5227)/46.05 = 10.33 kmol ethanol and 910(1 - 0.5227)/18.02 = 24.10 kmol water, total 
= 34.43 kmol. If essentially all the ethanol is removed from the residue, the distillate 
D = 10.33/0.80 = 12.91 kmoIjh = 522.2 kg/h. Vapor·liquid equilibrium data are available in 
"The Chemical Engineers' Handbook," 4th ed., p. 13·5, and in Carey and Lewis, lnd. Eng. 
Chern., 24, 882 (1932). 

Preliminary calculations indicate that the capacity of the tower is governed by the top 
vapor rate. At tray I, av mol wI vapor = 0.8(46.05) + 0.2(18.02) = 40.5 kg/mol. temp = 
78.2°C, In Chap. 6 notation. 

_ 40.5 273 _ 3 
PG - 22.41 273 + 78.2 - 10405 kg/m PL = 744.9 kg/m3 

11 = 0.021 N/m (est) 

Table 6.2: for t = 0.450 ro, a = 0.0452. fJ - 0.0287. The tower cross·sectional area - Al -
w(0.760f/4 -= 0.4536 m2, and for W ... (530/760)T'" 0.70T (fable 6.1), the downspout area 
Ad ... 0.0808(0.4536) = 0.0367 m2• The active area A" - 0.4536 - 2(0.0367) - 0.380 m2• With 
A" - 0.0462 ro2, and if we tentatively take (L'/G'XPG/PL)o.S _ 0.1, Eq. (6.30) provides 
CF == 0.0746. and Eq. (6.29) shows VF ... 1.72 ro/s as the flooding gas velocity based on 
All == Al - Ad == 0.4169 m2• 
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CalcuJatiom will be !nade for a reflux ratio corresponding to G - D(R + I) _ 
12.91(3 + 1) = 51.64 kmolfh vapor at the top, or 

51.64(22.41) 273 + 78.2 _ 0414 'j 
3600 273 . m s 

The vapor velocity is then 0.414/0.4169 = 0.993 mis, or 58 percent of the flooding velocity 
(amply safe). L = 3(12.91) = 38.73 kmoJjh or 1567 kg/h. Therefore, 

L'(PG)O.5 1567 (1.405)'" 
G' PL - 0.414(3600)(1.405) 744.9 - 0.0325 

Since for values of tbis quantity less than 0.1, Eq. (6.29) nevertheless uses 0.1, the calculated 
value of CF is correct. 

Since the feed is at the bubble point, q = I, and Eq. (9.126): 

L ... L + qF == 38.73 + 1(34.43) - 73.2 kmoljh 

Eq. (9.127), G- G + F(q - I) - G - 51.64kmolfh 

The enthalpy of saturated steam, referred to O°C, at 69 kN/m2 is 2699 kN . m/kg, and 
this will be its enthalpy as it enters the tower if expanded adiabatically to the tower pressure. 
The enthalpy of saturated steam at I std atm (neglecting tower pressure drop) is 2676 
kN . m/kg, and the latent heat is 2257 kN . m/kg. Eq. (9.140): 

5164- G [I + (26.99 - 26.76)(18.02) 1 
. N,+ [ 2257(18.02) 

GN,+I = 51.1 kmol steam/h 

Ec (9.141): 

73.2 = 51.64 - 51.1 + LN
f 

LN, = W = 72.7 kmol residue/h 

, 
1ntyej)iciencies Consider the situation at x = 0.5, y+C = 0.652, t = 79.8°C, which is in the 
enriching section. Here (Chap. 6 notation) PL = 791. PG = 1.253 kg/m3, m (from equilibrium 
data) = 0.42 .• md by the methods of Chap. 2, SCG = 0.930, DL = 2Jl65 X 10-9 m2/s. For 
L = 3F.73 kmol/h. q = 4.36 X 10-4 m3/s, and for G = 51.64 kmo1/h. ~ .. " = 1.046 m/s. From 
the tray dimensions. z = 0.647 m, Z = 0.542 m, and hw = 0.060 m. 

Un-~"" EN" ,J_;; .....•. 
~1' -~~tI 

Eq. (6.61): NIL = 0.89 

Eq. (6.<>4), 8L - 30.3, 

Eq. (6.52)' N10G = 0.871 

Eq, (6.63): DE = 1.265 X 10-3 ml/s 

Eq. (6.38), he. - 0.0380 m 

Eq. (6.62), N'L - 22.8 

Eq. (6.51), EOG - 0.581 

Eq. (6.59), Pe - 7.66 

Entrainment is n('~Jigible. Similarly, 

___ x __ ~ ___ 0 __ +-__ 0._I __ +-_0_.3 __ 4-_05~ 
EMG 0.48 0.543 0.74 0.12 I 0.72 

Tray caJada:':oos The operating-line intercept ~ xn/I.q + I) = 0.8/(3 + 1) = 0.2, q/(q - I) 
,.~ co The oper.:.>tmg line for the enriching sectiOi an1lhe q line are located as usual (Fig. 9.48). 
Th~ exlJau:-ting~s(:('tion operating line, on this sea" 0f plot, for all practical purposes passes 
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Figure 9.48 Solution to Illustration 9.11. 

through the origin. The broken curve is located so that. at each concentw.tion, vertical distances 
corresponding to lines BC and AC are in the ratio EUG' This curve IS used instead of the 
equilibrium curve to locale reallrays, as shown. The feed tray is the thirtcf.nth. 

Below tray 14, calculations can be ll}ade on logarithmic coordinates:.ls in Illustration 9.10, 
but that would require trial-and-error location of the operating line sbce Xw is unknown. It is 
easier to proceed as follows. 

From Fig. 9.48, X l4 = 0.0150, and from this C<lncentration down the equilibrium curve is 
essentially straight (a = m = 8.95), EMG "'" 0.48 ... C<lnst. A - 1./ aG ... 73.2/8.95(51.64) IZIII 

0.1584. Equation (8.16) then provides the overall tray efficiency for the six bottom trays: 

E _ 10g(I + 0.48(1/0.1584 - I)] _ 0688 
o log(I/0.1584) . 

The 6 real trays correspond to 6(0.688) = 4.13 real trays to the bottom of the tower, whence Eq. 
(9.149) provides, for open steam, 

4.13 _ 10g[(0.015/x.)(1 - 0.1584) + 0.1584] 
log(I/0.1584) 

x", = 6.25 X 10- (; mole fraction ethanol in the residue 

This corresponds to an ethanollo~-s of 0.5 kg/day. Larger reflux ratios would reduce this, but 
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the cost of additional steam will probably make them not worthwhile. Note that this is a matter 
of economic considerations and that an optimum reflux ratio exists. Smaller values of R, with 
corresponding reduced steam cost and larger ethanol loss, should be considered, but care must 

. be taken to ensure vapor velocities above the weeping velocity, Eq. (6.46). 

CONTINUOUS-CONTACT EQUIPMENT (PACKED TOWERS) 

Towers filled with the various types of packings described in Chap. 6 are 
frequently competitive in cost with trays, and they are particularly useful in 
cases where pressure drop must be low, as in low-pressure distillations, and 
where liquid holdup must be small, as in distillation of heat-sensitive materials 
whose exposure to high temperatures must be minimized. There are also availa
ble extremely effective packings for use in bench-scale work, capable of produc
ing the equivalent of many stages in packed heights of only a few feet [40). 

The Transfer Unit 

As in the case of packed absorbers, the changes in concentration with height 
produced by these towers are continuous rather than stepwise as for tray towers, 
and the computation procedure must take this into consideration. Figure 9.490 
shows a schematic drawing of a packed-tower fractionator. Like tray towers, it 
must be provided with a reboiler at the bottom (or open steam may be used if an 
aqueous residue is produced), a condenser, means of returning reflux and 
reboiled vapor, as well as means for introducing feed. The last can be accom
plished by providing a short unpacked section at the feed entry, with adequate 
distribution of liquid over the top of the exhausting section (see Chap. 6). 

The operating diagram, Fig. 9.49b, is determined exactly as for tray towers, 
using either the Ponchon-Savarit method or, where applicable, the McCabe
Thiele simplifying assumptions. Equations for operating lines and enthalpy 
balances previously derived for trays are all directly applicable, except that 
tray-number subscripts can be omitted. The operating lines are then simply the 
relation between x and y , the bulk liquid and gas compositions, prevailing at 
each horizontal section of the tower. As before, the change from enriching- to 
exhausting-section operating lines is made at the point where the feed is actually 
introduced, and for new designs a shorter column results, for a given reflux 
ratio, if this is done at the intersection of the operating lines. In what follows, 
this practice is assumed. 

For packed towers, rates of flow are based on unit tower cross-sectional 
area, mol/(area)(time). As for absorbers, in the differential volume dZ, Fig. 
9.49a , the interface surface is a dZ, where a is the 0A of Chap. 6. The quantity of 
substance A in the vapor passing through the differential section is Gy 
mol/(area)(time), and the rate of mass transfer is d(Gy) mol A/(differential 
volume)(time). Similarly, the rate of mass transfer is d(Lx). Even where the 
usual simplifying assumptions are not strictly applicable, within a section of the 
column G and L are both sufficiently constant for equimolar counterdiffusion 
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Figure 9.49 Fractionation in a packed tower. 

between phases to be practically true: NA = - NB. Consequently (see Table 
3.1), FG = '<.' FL = k;, and the mass-transfer flux is . VV'O).'"v y' 

c!QttJ.-iV1~ VA>(V'J e'Vj::}.+:Nr,I\AI,\1 
c(1 (j)\',~\.' 

NA = ~.c::l =C'0'j - y) = ~;1 ={5Yx - x,) (9.151) 

wpt;5 U(,~t,f 
(A>tP'~'-" 

Therefore Z =lz'·dZ =l(CY)' d(Gy) =l(L')' d(Lx) (9.152) 
• 0 (Cy)" k;a(y, - y) (Lx)" k;a(x - x,) 

A similar expression, with appropriate integration limits, applies to the stripping 
section. 

For any point (x,y) on the operating line, the corresponding point (xj,y;) 
on the equilibrium curve is obtained at the intersection with a line of slope 
-k;/k; = - k;a/k;a drawn from (x,y), as shown in Fig. 9.49b. For k; > k;, 
so that the principal mass-transfer resistance lies within the vapor'Yi - Y is more 
accurately read than x - Xj' The middle integral of Eq. (9.152) is then best used, 
evaluated graphically as the area under a curve of l/k;a(Yi - y) as ordinate, Gy 
as abscissa, within the appropriate limits. For k; < k;. it is better to use the last 



428 MASS~TRANSFER OPERATIONS 

integral. In this manner, variations in G, L, the coefficients, and the interfacial 
area with location on the operating lines are readily dealt with. 

For cases where the usual simplifying assumptions apply, G and L within 
any section of the tower are both constant, and the heights of transfer units 

(9.153) 

are sometimes sufficiently constant (or else average values for the section can be 
used), so that Eq. (9.152) can be written 

(9.154) 

(9.155) 

with similar expressions for Z5' The numbers of transfer units N fG and NfL are 
given by the integrals of Eqs. (9.154) and (9.155). It should be kept in mind, 
however, that the interfacial area a and the mass-transfer coefficients depend 
upon the mass rates of flow, which, because of changing average molecular 
weights with concentration, may vary considerably even if the molar rates of 
flow are constant. The constancy of Bfa and BfL should therefore not be 
assumed without check. 

Ordinarily the equilibrium curve for any section of the tower varies in slope 
sufficiently to prevent overall mass-transfer coefficients and heights of transfer 
units from being used. If the curve is essentially straight, however, we can write 

(9.156) 

(9.157) 

where (9.158) 

Here, y* - y is an overall driving jorce in terms of vapor compositions, and 
x-x' is a similar one for the liquid (see Fig. 9,49b). For such cases, Eqs. 
(8,48), (8.50), and (8.51) can be used to determine the number of overall transfer 
units without graphical integration. As shown in Chap. 5, with F's equal to the 
corresponding k"s, 

I I m 
K' = k' + 71 

y y x 

I 1 I 
K; = mk; + k~ 

mG 
HfOG = H rG + yHrL 

L 
H IOL = HrL + -G H,G m 

(9.159) 

(9.160) 

(9.161) 

(9.162) 
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where, in Eqs. (5.27) and (5.28), m = m' = m" = slope of a straight equilibrium 
;,..:;rve. 

Although practically all the meaningful ja'.a on mass-transfer coefficients in 
packings were obtained at relatively low tt-moeratures, the limited evidence is 
that they can be used for distillation <'.:.s Vt.!lI, where the temperatures are 
normally relatively high. As mentiOlll.!d in Chap. 6, departure has been noted 
where surface-tension changes with concentration occur. In the case of surface
tension-positive systems, where the more volatile component has the lower 
surface tension, the surface tension increases down the packing, the film of 
liquid in the packing becomes more <;table, and mass-transfer rates become 
larger. For surface-tension-negative systems, where the opposite surface-tension 
change occurs, results are as yet unpredictable. Research in this area is badly 
needed. 

lIiustnltion 9.12 Determine suitable dimensions of packed sections of a tower for the 
methanol-water separation of Illustration 9.8, using 38-mm (I.5-in) Raschig rings. 

SOLUTION Vapor and liquid quantities throughout the tower, calculated in the manner of 
Illustration 9.8, with Eqs. (9.62), (9.64).(9.72), and (9.74),'are: 

Vapor Liquid 

x fL,oC y fG' "C kmol/h I kg/h kmol/h I kg/h 

Enriching section 

0.915 66 0.915 68.2 171.3 5303 86.7 2723 
0.600 71 0.762 74.3 164.0 <J<;84 79.6 2104 
0.370 76 0.656 78.7 160.9 4378 76.5 1779 

Stripping section 

0.370 76 0.656 78.7 168.6 4585 301 7000 
0.200 82 0.360 89.7 161.6 3721 294 6138 
0.100 87 0.178 94.7 160.6 3296 293 5690 
0.02 96.3 0.032 99.3 127.6 2360 260 4767 

The x andy values are those on the operating line (Fig. 9.28). The temperatures are bubble and 
dew points for the liquids and vapors, respectively. The operating lines intersect at x - 0.370, 
the dividing point between enriching and stripping sections. 

The tower diameter will be set by the conditions at the top of the stripping section because 
of the large liquid flow at this point. Here (Chap. 8 notation), 

4585 273 3 3 
PG - 168.6(22.41) 273 + 78.7 ... 0.942 kg/m PL - 905 kg/m 

.!:'.. ( PG )'., _ 7000 ( 0.942 )0.' _ 
G' PL 4185 905 0.054 

In Fig. 6.34, choose a gas-pressure drop of 450 (N/m2)/m, whence the ordinate is 0.0825. 
Table 6.3: 'CJ = 95. ilL = 4.5 X 10- 4 kg/m . s, J = I, gc = I. 

G' ~ [0.0825(0.942)(905 - 0.942) jO' ~ 1.264 kg/m'. s 
95(4.5 x 10 4)0.1 
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The tower cross-sectional area = 4185/3600(1.264) = 0.92 m2, corresponding to a diameter of 
1.1 m'. L' ~ 7000/3600(0.92) ~ 1.94 kg/m'· s. 

Mass-transfer coefficients will be computed for the same location. Table 6.4: m = 36.5, 
n = - 4.69 X 10-3• P = 0.274. aAW = 42.36 m2/m3• Table 6.5: ds = 0.0530 m, /3 = 0.499, 
!PisH' = 0.0086. !Puw = 0.0279. CPLo W = 0.0193, CPLs = 0.00362 (with ilL = OJX)045 kg/m' s, 
a = 0.029 N/m), H = 0.91.!PLo = 0.0175, WLI = 0.0211. 

Eq. (6.73): aA = 38.0 m2/m3 = o. Table 6.3: £ = 0.71; Eq. (6.71): EO = 0.71 - 0.02II = 

0.689. By the methods of Chap. 2, SCa = J.O. G = 0.0466 kmoljm2. s. JI.a = 2.96 X 10- 5 

kg/m • s, and by Eq. (6.70), Fa = "=;. = 1.64 X 10-3 kmoljm2 . s . (mole fraction). 

DL == 4.80 X 10-9 m2/s 

Eq. (6.72): kL = 2.66 X 10-4 kmoljm2 • s' (kmoIjm3). Since the molar density of water 
at 76°C is 53.83 kmoljm3, FL = k~ = 53.82(2.66 X 10-4) = 0.0143 kmoIjm2 • s . (mole frac
tion). 

Similarly values at other concentrations are: 

x G a k{, X 10' k~ 

0.915 0.0474 20.18 1.525 0.01055 
0.600 0.0454 21.56 1.542 0.00865 
0.370 0.0444 21.92 1.545 0.00776 

0.370 0.0466 38.00 1.640 0.0143 
0.200 0.0447 32.82 1.692 0.0149 
0.100 0.0443 31.99 1.766 0.0146 
0.02 0.0352 22.25 1.586 0.0150 

Figure 9.50 shows the equilibrium curve and operating curves as detennined in Il1ustration 
9.8. At (x = 0.2, Y = 0.36) on the operating line, line AB was drawn with slope ... - k~/ k;, "" 
0.0149/(1.692 X 10-3) == - 8.8. Point B then provides the value of Yi for Y ... 0.36. Similarly 
the lines were erected at each of the x values of the table. Points such as C and D are joined by 
the curve CD. Then. at any point Af, the correspondingYi at N is easily located. The enlarged 
inset of the figure showsYI for the vapor entering the packed section to be in equilibrium with 
the reboiler liquid Xw. Since k~ > k{,. the middle integral of Eq. (9.152) will be used. The 
following values of Yi were determined in the manner described, with values of G, 'S. and a 
obtained from a plot of these againsty. 

I 
Gy Y y, 

k{,a(y, y) 

12 = 0.915 0.960 634.0 0.0433 ~ (Gy), 
0.85 0.906 532.8 0.0394 
0.80 0.862 481.1 0.0366 
0.70 0.760 499.1 0.0314 

y. ~ 0.656 0.702 786.9 0.0292 ~ (Gy). 

y" = 0.656 0.707 314.7 0.0306 ~ (Gy). 
0.50 0.639 124.6 0.0225 
0.40 0.580 99.6 0.01787 
0.30 0.500 89.0 0.01340 
0.20 0.390 92.6 0.00888 
0.10 0.230 154.5 0.00416 

YI = 0.032 0.091 481.0 0.001124 ~ (Gy), 

Graphical integration (not shown) according to Eq. (9.152) provides Zt = 7.53 m for the 
enriching section. Zs = 4.54 m for the stripping section. 
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Figure 9.50 Solution to Illustration 9.12. 

Berl saddles of the same size, because they provide substantially larger interfacial area, led 
to packed depths equal to roughly six-tenths of these values, with approximately a 30 percent 
reduction in gas-pressure drop per meter, at the same mass velocities (although in this instance 
pressure drop is unimportant). A choice between such packings as these, Pall rings, Inta10x 
saddles, and the like then revolves about their relative cost, not per cubic meter but for the 
complete tower, 

In the above example, H,a for the stripping section varies from 0.0466/(1.640 X 
W- l X38.0) = 0.748 m at the top to 0.997 m at the bottom. Equation (9.154) with an average 
H'G == 0.873 yields Zs = 4.66 m rather than 4.54, as first ca1culated. The equilibrium-curve 
slope varies so greatly that the use of H,OG or overall mass-transfer coefficients is not 
recommended. 

MULTICOMPONENT SYSTEMS 

Many of the distillations of industry involve more than two components. While 
the principles established for binary solutions generally apply to such distilla
tions. new problems of design are introduced which require special considera
tion. 
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Consider the continuous separation of a ternary solution conslstmg of 
components A, B, and C whose relative volatilities are in that order (A most 
volatile). In order to obtain the three substances in substantially pure form, 
either of the schemes of Fig. 9.51 can be used. According to scheme (a), the first 
column is used to separate C as a residue from the rest of the solution. The 
residue is necessarily contaminated with a small amount of B and with an even 
smaller amount of A, although if relative volatilities are reasonably large, the 
amount of the latter may be exceedingly small. The distilfate, which is neces
sarily contaminated with at least a small amount of C, is then fractionated in a 

A·8 
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2 
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A+8+C 
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A+8 .. C 
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Figure 9.5l Separation of a ternary system. 
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second column to provide nearly pure A and B. According to scheme (b), the 
first tower provides nearly pure A directly, and the residue is separated in the 
second. Still a third scheme is shown in (e). Which of the schemes is used is a 
matter of cost, and that may depend upon the relative difficulties of the 
separations [38J. Generally, scheme (b) will be more economical than scheme (a) 
since it requires only one vaporization of substance A. Scheme (c) will generally 
be more economical than either of the others [60J. 

An important principle to be emphasized is that a single fractionator cannot 
separate more than one component in reasonably pure form from a multicompo
nent solution and that a total of n - 1 fractionators will be required for 
complete separation of a system of n components. It might at first be thought, 
for example, that the component of intermediate volatility B would tend to 
concentrate in reasonably pure form in the central parts of the first tower, from 
which it might be withdrawn as a side stream, thus allowing pure A and pure C 
to be withdrawn as distillate and residue, respectively. But this cannot occur. 
The feed tray of column I, scheme (a), for example, will necessarily contain all 
three components in proportions not far from those prevailing in the feed itself. 
Trays immediately above the feed will therefore also contain appreciable quanti
ties of all three substances, with the proportion of C gradually diminishing as we 
go higher in the enriching section. Similarly, trays immediately below the feed 
necessarily contain large proportions of all substances, with decreasing amounts 
of A and B as we penetrate more deeply into the exhausting section. While side 
streams are indeed sometimes withdrawn from fractionating towers, these 
streams must be further processed if they are to provide pure products. 

The general principles of design of multicomponent fractionators are the 
same in many respects as those for binary systems, but the dearth of adequate 
vapor-liquid equilibrium data imposes severe restrictions on their application. 
These are especially needed for liquids which are not ideal, and the danger of 
attempting new designs without adequate equilibrium data or pilot-plant study 
for such solutions cannot be overemphasized. Inadequate methods of dealing 
with tray efficiencies for multicomponents represent another serious problem 
still to be solved. 

Since the design calculations involve extensive trial and error, high-speed 
computers are frequently used [1, 24). Except in extraordinary cases, it is not 
impossible to carry them out by hand, however, and this may be necessary when 
only a few designs are to be made. In what follows, hand calculations are 
assumed and will in any case provide an introduction to the computer methods. 
The most reliable design procedure is that of Thiele and Geddes [62J. The 
method assumes that, for a given feed, the number of trays, position of the feed 
tray, and the liquid/vapor ratio and temperature for each tray are all known at 
the start, and it proceeds to compute the resulting distillate and residue prod
ucts. In most cases, of course, at the beginning of a computation the necessary 
quantities are ordinarily unknown. The scheme outlined here begins by develop
ing, with a minimum of trials, information necessary to use the Thiele-Geddes 
method, which then provides the final design. High-speed computer techniques 
have been developed by grouping equations by equilibrium stages and solving 
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iteratively state to stage, based on the methods of Lewis and Matheson and of 
Thiele and Geddes. More recently, especially for cases of multiple feeds, a 

. scheme of grouping the equations for each component has been developed. 

Specification Limitations 

It will be assumed at the beginning that at least the following are established: 

l. Temperature, pressure, composition, and rate of flow of the feed 
2. Pressure of the distillation (frequently fixed by the temperature of the 

available cooling water, which must be able to condense the distillate vapor 
to provide reflux) 

3. Feed to be introduced on that tray which will result in the least total number 
of trays (optimum feed-tray location) 

4. Heat losses (even if assumed to be zero) 

Under these circumstances it has been shown that there are left to the 
designer only three additional items to be specified. Having chosen the three, all 
other characteristics of the fractionator are fixed. The designer can only calcu
late what they will be, and can arbitrarily assign values to them only temporarily 
for purposes of trial calculations and later verification. The three can be chosen 
from the following list, each item counting one: 

I. Total number of trays 
2. Reflux ratio 
3. Reboil ratio, i.e., ratio of vapor produced by the reboiler to residue 

withdrawn 
4. Concentration of one component in one product (a maximum of two may be 

chosen) 
5. Ratio of flow of one component in the distillate to the flow of the same 

component in the residue, or split of the component (a maximum of two may 
be chosen) 

6. Ratio of total distillate to total residue 

In what follows, it will be assumed that the reflux ratio and splits of two 
components are specified. Modifications of the procedures are readily made for 

. other cases. It is clear that, with more than two components in the feed, neither 
the complete compositions nor the rates of flow of either product are then 
known. 

Key Components 

It is convenient first to list the feed components in order of their relative 
volatility. The more volatile components are called light, the less volatile are 
heavy. There will frequently be one component, the light key component, which is 
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present in the residue in important amounts while components lighter than the 
light key are present in only very small amounts. If all components are present 
in the residue at important concentrations, then the most volatile is the light key. 
Similarly there will usually be one component, the heavy key component, present 
in the distillate in important amounts while components heavier than the heavy 
key are present only in small amounts. If all components are found in the 
distillate at important concentrations, then the least volatile is the heavy key. 

The difficulty of the separation, as measured by the number of trays 
required for a given reflux ratio, is fixed by the key-component concentrations 
in the products. It is therefore important to establish which are the keys, and 
they mayor may not be those whose splits have been specified. 

Relative volatilities will be computed always with respect to the heavy key 

(9.163) 

where J represents any component and hk the heavy key. Thus, ahk = I, a's for 
components lighter than the heavy key are greater than I and for heavier 
components are less than I. 

Minimum Reflux Ratio 

This is the largest reflux ratio requiring an infinite number of trays to separate 
the key components. 

With an infinite number of trays, it is possible to exclude from the distillate 
all component heavier than the heavy key. Since all components are present at 
the feed tray, and since it requires several enriching trays to reduce these heavy 
components to negligible concentrations, the pinch for these components, above 
which their concentration is zero, lies somewhere above the feed tray. Similarly 
an infinite number of trays permits exclusion from the residue of all components 
lighter than the light key, and there is a pinch for these several trays below the 
feed tray. The situation is therefore different from that for binary distillation, 
where at minimum reflux ratio there is only one pinch, usually at the feed tray. 

Because of the possibility of excluding components from the products, 
computations at minimum reflux ratio help decide which are the key compo
nents. Components between the keys in volatility are found importantly in both 
products, and they are said to distribute. Shiras et aI. [54] show that at minimum 
reflux ratio, approximately 

a1k - a J XhkDD 

alk 1 ZhkFF 
(9.164) 

For xJ,DD/zJ,FF less than -0.01 or greater than l.O!, component J will 
probably not distribute. For x,. DD / zJ, FF between 0,01 and 0,99, component J 
will undoubtedly distribute. The computations are made with first estimates of 
what the keys -are, to be corrected as necessary. 
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Many methods of estimating the ffilillmum reflux ratio Rm have been 
proposed, most of which are tedious to use and not necessarily very accurate. 
Since the only purpose of obtaining Rm is to estimate the product compositions 
at Rm and to ensure that the specified R is reasonable, an exact value is not 
required. Underwood's method [64J, which uses constant average a's and 
assumes constant L/ G, is not exact but provides reasonable values without great 
effort; it is recommended (refer to the original papers for a derivation, which is 
lengthy). Two equations must be solved: 

(9.165) 

and (9.166) 

The first of these is written for all J components of the feed and solved for the 
necessary values of cpo These are the values which lie between the a's of the 
distributed components. We thus require one more value of cp than there are 
components between the keys, and these will lie between a'k and aJrk = 1. 
Equation (9.166) is then written once for each value of <t> so obtained, including 
the heavy key and all lighter components in the summations. These are solved 
simultaneously for Rm and the unknown Xl.DD's. If Xl.DD computes to be 
negative or greater than zJ. FF, component J will not distribute and the keys 
have been incorrectly chosen. 

The a's are all computed at the average of the distillate dew point and the 
residue bubble point, which may require a few trial estimates. The method has 
been extended to columns with multiple feeds [2J. 

lUustradoo 9.13 The following feed, at 82"C (180"F), 1035 kN/m2 (ISO Ibr/in2), is to be 
fractionated at that pressure so that the vapor distillate contains 98% of the ~H8 but only 1% 
of the CsHI2: 

Component 

ZF' mole fraction I 0.03 0.07 0.15 0.33 0.30 0.12 

Estimate the minimum reflux ratio and the corresponding products. 

SoLUTION The components will be identified as Cl'~' etc. Subscript numerals on m's, a's, 
etc., are Celsius temperatures if larger than 25; otherwise they represent tray numbers. Liquid 
solutions are assumed to be ideal. Values of m are taken from Depriester, Chern. Eng. Prog. 
Symp. Ser., 49(7), I (1953). Values of H, all as kl/kmol referred to the saturated liquid at 
-I29"C (-200°F), are taken from Maxwell, "Data Book on Hydrocarbons," D. Van 
Nostrand Company, Inc., Princeton, N.J., 1950. For HG for temperatures below the dew point, 
tbe enthalpy is that of the saturated vapor. For HL for temperatures above the critical, the 
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enthalpy is that of the gas in solution. Values of m are conveniently plotted as log m vs. tOC for 
interpolation. Enthalpy can be plotted vs. t on arithmetic coordinates. 

30°C 6O'C 9O'C 120°C 

C1: 

m 16.1 19.3 21.8 24.0 
HG 12790 13910 15000 16240 
HL 9770 11160 12790 14370 

C2 : 

m 3.45 4.90 6.25 8.15 
HG 22440 24300 26240 28140 
HL 16280 18140 19890 21630 

C3: 
m 1.10 2.00 2.90 4.00 
HG 31 170 33000 35800 39000 
HL 16510 20590 25600 30900 

C .. : 
m 0.35 0.70 1.16 1.78 
HG 41200 43850 46500 50400 

HL 20350 25120 30000 35400 

Cs: 
m 0.085 0.26 0.50 0.84 
HG 50500 54000 57800 61200 
HL 24200 32450 35600 41400 

C6: 

m 0.030 0.130 0.239 0.448 
HG 58800 63500 68150 72700 
HL 27700 34200 40900 48 150 

Basis: 1 kmol feed throughout. 
Flash vaporization of tlte fud Use Eq. (9.37). Mter several trials, assume GFi F = 0.333, 
LF/ GF - 0.667/0.333 - 2.0. 

Component 'F m" 
,,.(2 + 1) 

Y=1+2/m 

C, 0.Q3 21.0 0.0829 
C, 0.Q7 5.90 0.1578 
C, 0.15 2.56 0.2530 
C, 0.33 1.00 0.3300 
C, 0.30 0.42 0.1559 
C, 0.12 0.19 0.0312 

1.00 1.0108 
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kY is sufficiently close to 1.0. Therefore q = LFi F = 0.67. Tentatively assume CJ = light key, 
Cs = heavy key. Therefore specifications require xlwD = 0.98(0.15) = 0.1470 kmol, XhkDD = 

0.01(0.30) = 0.0030 kmol. Estimate the average temperature to be 80°C (to be checked). 

Component 'FF m" "" 
C, 0.03 21.0 53.2 ~ 21.0/0.395 
C, 0.07 5.90 14.94 

Ik C, 0.15 2.49 6.30 
C, 0.33 0.95 2.405 

hk Cs 0.30 0.395 1.0 
C, 0.12 0.180 0.456 

Equation (9.164) is to be used for CI • C;. and C6 ; the others distribute at Rm' UseYJ,D 
instead of xJ, D since distillate is a vapor. 

C
I
: yDD = 53,2 - I 0.1470 + 6.30 - 53.2 0,{X130 = 9761 

zFF 6,30 - I 0.15 6.30 I 0.30 ' 

Similarly, for C; and C6 the values are 2,744 and -0,0892, respectively, None of these 
components will distribute at ~. and the chosen keys are correct. The distillate contains 0.03 
kmol CI , 0.07 kmol C;, and no C6 • The distribution of only C4 to the products is unknown, 
Equation (9.165): 

5;322(0.0~ + 1~9:';0.0~ + ~33~0.li + 2i:P.3~ + li~O~i + ~~56JO.li 1(1-0.67) 

This is to be solved for the two values of .p lying between «c) and «4' and a4 and ac~. 
Therefore, q, = 4.7760 and 1.4177. Equation (6.166) is then written for each value of q, and for 
components C1 through Cs. For q, = 4,776, 

53.2(0.03) + 14.94(0.07) + 6.30(0.1470) + 2.405(Yc,DD) + 1.0(0.0030) 
53.2 4.776 14.94 - 4,776 6.30 4.776 2.405 4.776 l.0 4.776 D(R. + I) 

This is repeated with q, = 1.4177, and the two solved simultaneousIY,Yc.DD = 0.1306 kmol C4 

in the distillate, D(Rm + I) = 0.6099. For the distillate, try a dew point = 46°C. 

Component yDD YD m" 
YD 

"" " .. 
C, 0.03 0.0789 18.0 100 0.000789 
C, 0.07 0.1840 4.2 23.3 0.00789 

Ik C, 0.1470 0.3861 1.50 8.34 0.0463 
C, 0.1306 0.3431 0.500 2.78 0.1234 

hk Cs 0.0030 0.0079 0.180 1.0 0.0079 

D ~ 0.3806 1.0000 0.1863 

m"" = mc! = 0.1863 at 46.6°C, and the assumed 46°C is satisfactory, For the residue, try a 
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bubble point = 113°e. The amount of residue is obtained from xJ. wW = zJ, FF - YJ, DD: 

Component xw W Xw mil) allJ cxllJXW 

Ik e 3 0.0030 0.00484 3.65 5.00 0.0242 
C, 0.1994 0.3219 1.60 2.19 0.7050 

hk Cs 0.2970 0.4795 0.730 1.00 0.4800 

C. 0.1200 0.1937 0.380 0.521 0.1010 

W = 0.6194 1.0000 1.3102 

milk = me) = 1/1.3102 = 0.763 at 114°C, and the assumed 113°C was close enough. 
Average temperature = (114 + 46.6)/2 = 80.3°e (assumed 800 e is close enough). There

fore, 
D(E<". + 1) - 0.3806(Rm + 1) - 0.6099 

R", = 0.58 mol reflux/mol distillate 

Total Reflux 

The product compositions change with reflux ratio, and computations at total 
reflux will help decide the ultimate compositions. 

Fenske's equation (9,85) is not limited to binary mixtures and can be 
applied to the key components to determine the minimum number of trays, 

log[ (X/kOD / xhwD )(XhkWW / X/kWW) 1 
N + 1 = (9.167) 

m log a1k.:tv 

where Nm + I is the total number of theoretical stages including the reboiIer 
(and a partial condenser if credit is taken for its fractionating ability). The 
equation can then be applied to detennine the distribution of other components 
at total reflux, 

X J DD N xhkDD _.- = IX •• ,-- (9.168) 
x J, wW J,av xhkWW 

The average a is the geometric mean of the values at the distillate dew point and 
residue bubble point, which may require a few trials to estimate. Winn [68] 
suggests a method to reduce the number of trials required. 

Having obtained Nm and Rm , reference can be made to any of the several 
empirical correlations mentioned earlier [5, 10, II, 17, 35] for an estimate of the 
number of trays at reflux ratio R. These can be unreliable, however, particularly 
if the majority of the trays are in the exhausting section of the tower. A 
relationship which is exact for binary mixtures and can be applied to multicom
ponents yields better results for that case [59]. The result of such an estimate can 
be a reasonable basis for proceeding directly to the method of Thiele and 
Geddes. 
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mustratioo 9.13 continued Compute the number of theoretical trays at local reflux. and the 
corresponding products. 

SOLUTION Tentatively assume the same distillate and residue temperatures as obtained for the 
minimum reflux. ratio. 

Component a46.6 a ll4 aav = (a-46.6alI4)o.s 

C, 100 31.9 56.4 
C, 23.3 10.43 15.6 

Ik C) 8.34 5.00 6.45 
C, 2.78 2.19 2.465 

hk Cs 1.0 1.0 1.0 
C, 0.415 0.521 0.465 

Eq. (9.167), 

N + 1 ~ log[(0.147(0.003)(0.297(0.003») ~ 4.55 
m log 6.45 

Eq. (9.168) fo' C" 

y4D D = (2.465t·ss 0.003 = 0.611 
Xc,wW 0.297 

A C4 balance: Yc..nD + Xc,wW - zc.FF - 0.33 

Solving simultaneously gives 

Yc.oD = 0.1255 kmol X4w W -= 0.2045 kmol 

Xc,wW;:::,,:O YC!DD - 0.03 

xc2wW;:::,,: 0 YC2DD - 0.07 

Yc..oD = 0.00003 (negligible; assume 0) Xc.wW - 0.12 

Therefore, at total reflux.. 
~-----------------
Component 

C, 
C, 
c, 
C, 
C, 
C, 

0.Q3 
om 
0.1470 
0.1255 
0.0030 
Nil 

0.3755 ~ D 

Nil 
Nil 
0.0030 
02045 
0.2970 
0.12 

0.6245 ~ W 

The distillate dew point computes to be 46.3"C and the residUe bubble point I I30 C. The 
assumed 46 and 114"C are close enough. 

Product Compositions 

For components between the keys, a reasonable estimate of their distribution at 
reflux ratio R can be obtained by linear interpolation of xJ. DD between Rm and 
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total reflux according to R/(R + I). For components lighter than the light key 
and heavier than the heavy key, unless there is clear indication of important 
distribution at total reflux and unless R is to be very large, it is best at this time 
to assume they do not distribute. Even very small amounts of light components 
in the residue or of heavy components in the distillate enormously disturb the 
computations to follow. 

IIIustratioo 9.13 contioued A reflux ratio R = 0.8 will be used. Estimate the product composi
tions at this reflux ratio. 

SOLUTION Since C1 and ~ do not enter the residue (nor C6 the distillate) appreciably at either 
total reflux or minimum reflux ratio, it is assumed that they will not at R = 0.8. C3 and Cs 
distributions are fixed by the specifications. Only that of C4 remains to be estimated. 

R 
R 

Yc.D D 
R + 1 

'" 1.0 0.1255 
0.8 0.445 
0.58 0.367 0.1306 

Using a linear interpolation, we get 

1 - 0.445 
YC.DD = 1 0.367 (0.1306 - 0.1255) + 0.1255 - 0.1300 

Therefore, for the distillate, 

Component ~ YD/a. 
yDD YD 

a.-OO.6 Xo "" "z'YD/a. 

C, 0.03 0.0789 0.00079 0.00425 

C, 0.07 0.1842 0.0079 0.0425 

lk C, 0.1470 0.3870 0.0464 0.2495 

C, 0.1300 0.3420 0.1230 0.6612 

hk C5 0.0030 0.0079 0.0079 0.0425 

D - 0.3800 1.0000 0.1860 1.0000 

I7lcs "" 0.1860; J == 46.6"C distillate dew point. The last column of the table shows the liquid 
reflux in equilibrium with the distillate vapor [Eq. (9.30)J. For the residue, 

Component xw W Xw a. 114 XW 
axw 

YN,+I "" L,Ct:Xw 

lk C3 0.003 0.00484 0.0242 0.01855 
C, 0.200 0.3226 0.7060 0.5411 

hk Cs 0.2970 0.4790 0.4790 0.3671 
C, 0.1200 0.1935 0.0955 0.0732 

W - 0.6200 1.0000 1.3047 1.0000 

Inc! "" 1/1.3047 = 0.767; I == 114"C, residue bubble point. The last column shows the reboiler 
vapor in equilibrium with the residue [Eq. (9.25)J. 
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Feed-Tray Location 

Just as with binary mixtures, the change from enriching to exhausting section 
should be made as soon as greater enrichment is thereby produced. This 
ultimately can be determined only by trial in the Thiele-Geddes calculation, but 
in the meantime some guidance is required. The following assumes constant 
L/ G, neglects interference of components other than the keys, and assumes that 
the optimum feed tray occurs at the intersection of operating lines of the key 
components [48]. 

Equation (9.116), the operating line for the enriching section, omitting the 
tray-number designations, can be written for each key component 

G D 
X1k = Ylk L - TXlkD (9.169) 

G D 
Xhk = Yhk L - T xhkD (9.170) 

Elimination of L provides 

X'k ( D ) D 
Ylk = Xhk Yhk - G XhkD + G XlkD (9.171) 

Similarly, Eq. (9.120) for the exhausting section yields 

X'k ( W ) W Ylk = - Yhk + -=XhkW - -=X1kW 
Xhk G G 

(9.172) 

At the operating-line intersection, Y'k is the same from Eqs. (9.171) and (9.172) 
as areYhk and X1k / Xhk . Equating the right-hand sides of the two expressions then 
produces 

( 
X'k ) WY'kwl Ci + DX'kDl G 

Xhk intersection WxhkW/ G + DxhkD / G 
(9.173) 

Combining Eqs. (9.76) and (9.127) for the light key produces 

W D GFZ'kF - DF(! - q)X'kD 
CiX'kW + GX'kD ~ [G - F(I- q)]G 

(9.174) 

and a similar result is obtained for the heavy key. Putting these into Eq. (9.173) 
then yields, with G I D ~ R + I, 

( X'k) 
Xhk intersection 

Z'kF - X'kD(! - q)1 (R + I) 
ZhkF - XhkD(! - q)1 (R + I) 

(9.175) 

Recall from the treatment of binaries that the feed tray f is the uppermost step 
on the exhausting-section operating line and that it rarely happens that the feed 
step exactly coincides with the operating-line intersection. The feed-tray location 
is then given by 

(9.176) 
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A method of choosing the feed tray based on minimizing the resulting irrevers
ibility (or increasing the entropy) has been proposed [53]. Ultimately, the best 
feed-tray location is obtained through the Thiele-Geddes calculation. 

Lewis and Matheson Calculation [31] 

This establishes the first (and usually the final) estimate of the number of trays 
required. Although it is possible to allow for variations in the L/ G ratio with 
tray number by tray-to-tray enthalpy balances at the same time, since the 
products are not yet firmly established, it is best to omit this refinement. 

With constant L/G, the McCabe-Thiele operating lines, which are merely 
material balances, are applicable to each component. Thus, for the enriching 
section, Eq. (9.116) is 

(9.177) 

This is used alternately with dew-point (equilibrium) calculations to compute 
tray by tray for each component from the top down to the feed tray. For 
components heavier than the heavy key, there will be no ZJ.D available, and 
these components cannot be included. 

For the exhausting section, it is convenient to solve Eq. (9.120) for x: 

G W 
xJ m = Yl m+l-= + -=-xJ W . . L L . (9.178) 

This is used alternately with bubble-point (equilibrium) calculations to compute 
tray by tray for each component from the bottom up to the feed tray. There are 
no values of xJ• w for components lighter than the light key, and they cannot be 
included. 

If, in the first estimate of product compositions, it is found that one product 
contains all components Uk = most volatile of hk = least volatile component of 
the feed), the computation can be started with this product and continued past 
the feed tray to the other end of the column. The operating-line equations 
appropriate to each section must of course be used. This will avoid the 
composition corrections discussed later. 

Illustration 9.13 continued Determine the number of theoretical trays and the location of the 
feed tray fOT R = 0.8. 

SOLUTION For locating the feed tray, Eq. (9.175): 

( X'') ~ 0.15 - 0.3870(1 - 0.67)/1.8 ~ 0.264 
Xu inl~rseClion 0.30 0.OO79( 1 - 0.67) / 1.8 

Enriching section: 

D ~ 0.3800 L ~ RD ~ 0.8(0.3800) ~ 0.3040 

.!:. _ 0.3040 ~ 0445 
G 0.6840 . 

G ~ L + D ~ 0.3040 + 0.3800 ~ 0.684Q 

!!. ~ 0.3800 _ 0 555 
G ,0.684Q . 

Y .. + I == 0.445x" + 0.555(0.0789) "" 0.455x" + 0.0438 
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Similarly, 

c,: 
C3 : 

C4: 

Cs: 

Estimate t I = S7°e. 

Component 

C, 0.00425 
C, 0.0425 

Ik C, 0.2495 
C, 0.6612 

hk Cs 0.0425 

1.0000 

y,,+ I = O.4SSx" + 0.1022 

Y,,+I = 0.445x" + 0.2148 

Y,,+I = O.44Sx" + 0.1898 

Yn+l = 0.445x" + 0.0044 

y, [Eq. (9.177), n - OJ 

0.0457 79.1 
0.1211 19.6 
0.3259 7.50 
0.4840 2.66 
0.0233 1.00 

1.0000 

!:! YI/a 

" XI = Y.YI/a 

0.00058 0.00226 
0.00618 0.0241 
0.0435 0.1698 
0.1820 0.7104 
0.0239 0.0933 

02562 1.0000 

Inc, = 0.2562, t] = 58.4°e. Liquid Xl's in equilibrium withy]. (XI,Jx"")1 = 0.1698/0.0933 = 

1.82. Tray 1 is not the feed tray, Estimate '2 = 63°e. 

Component 12 [Eq. (9.177), n - IJ !:! Y2/ a 

"" " 
X2 = Y.Y2/ a 

C, 0.0448 68.9 0.00065 0.00221 
C, 0.1129 17.85 0.00632 0.0214 

Ik C, 0.2904 6.95 0.0418 0.1419 
C, 0.5060 2.53 0.02000 0.6787 

hk Cs 0.0459 1.00 0.0459 0.1557 

1.0000 0.2947 1.0000 

fflc, = 0.2947, '2 = 65°e. (X'k/xhkh = 0.1419/0.1557 = 0.910. The tray calculations are con
tinued downward in this manner. The results for trays 5 and 6 are: 

Component x, x, 
C, 0.00210 0.00204 
C, 0.0195 0.0187 

Ik C) 0.1125 0.1045 
C, 0.4800 0.4247 

hk Cs 0.3859 0.4500 

I, °C 75.4 79.2 
X,dXhk. 0.292 0.232 

Applying Eq. (9.176), it is seen that tray 6 is the feed tray. Exhausting section: 

L - L + qF - 0.3040 + 0.67(1) - 0.9740 

!i _ 0.3540 _ 0.364 
L 0.9740 

G - L - W - 0.9740 - 0.6200 - 0.3540 

W _ 0.6200 _ 0.636 
L 0.9740 
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Eq. (9.178): 

Co: Xm = 0.364Ym+ I + 0.636(0.00484) = 0.364Ym+ I + 0.00308 

Similarly, 

C4 : 

Cs: 

C6: 

Xm == 0.364Ym+ I + 0.2052 

xm = 0.364Ym+ I + 0.3046 

Xm = 0.364Ym+l + 0.1231 

Estimate IN, = I JOoC. 

x N, [Eq, (9.178), 

Component YN,+1 m == NpJ 

lk C3 O.oJ855 0.00983 
C, 0.5411 0.4023 

hk Cs 0.3671 0.4382 
C, 0.0732 0.1497 

1.0000 1.0000 

ax, 
al1D ax" YN, "" ~ax' 

" 
5.00 0.0492 0.0340 
2.20 0.885 0.6118 
1.0 0.4382 0.3028 
0.501 0.0750 0.0514 

1.4474 1.0000 

Inc
j 

= 1/1.447 = 0,691, tN, = J07.9 g C. YN, in equilibrium with XN,· (Xlk/XhlJN, = 

0.00983/0.4382 = 0,0224. Np is not the feed tray. In like fashion, XN,_l is obtained fromYN, 
with Eq. (9,178), and the computations continued up the tower. The results for trays Np - 7 to 
Np - 9 are: 

Component XN,_7 xN,_a xN,_9 

0.0790 0.0915 0.1032 
0.3994 0.3897 0.3812 
0.3850 0.3826 0.3801 
0.1366 0.1362 0.1355 

95.2 94.1 93.6 
0.205 0.239 0272 

Application of Eq. (9,176) shows tray Np - 8 as the feed tray. The data for Np - 9 are 
discarded, Then Np - 8 = 6, and Np "" 14 trays. 

Composition Corrections 

The previous computations provide two feed-tray liquids, computed from oppo
site directions, which do not agree. In most cases, the number of trays will be 
satisfactory nevertheless, and for purposes of subsequent calculations (Thiele~ 
Geddes), temperatures and L/ G ratios need only be roughly estimated if 
computer methods are used. If better estimates near the feed tray particularly 
are desired, the following, due to Underwood [63J, is reasonably satisfactory. 

Starting with the feed-tray liquid as computed from the enriching section, 
which shows no heavy components, the mole fractions are all reduced pro
portionately so that their sum, plus the mole fractions of the missing compo
nents (as shown in the feed~tray composition as computed from the exhausting 
section) is unity. The bubble point is then recalculated. The justification for this 
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somewhat arbitrary procedure is that the relative concentrations of the light 
components in the vapor will remain about the same so long as their relative 
concentrations in the liquid are unchanged. 

The concentrations of the missing heavy components on trays above the 
feed tray are next estimated. For these, ZJ D should be very small, and Eq. 
(9.177) shows . 

Since 

then 

YJ n+1 LXJ nl G + DZJ DIG Xl n 

Yh~.n+1 = Lx~.nIG + DZ~DIG ~ X~n 
YJ.n+1 = mJ,n+IXJ,n+1 = aJ,n+1 X J,n+1 

Yhk,n+1 mhk,n+IXhk,n+1 

x _ U J,n+1 X J,n+I X hkn 

J,n - Xhk,n+1 

(9.179) 

(9.180) 

(9.181) 

The liquid mole fractions on tray n as previously determined are then reduced 
proportionately to accommodate those of the heavy components, and a new 
bubble point is calculated. This is continued upward until the concentrations on 
upper trays as previously computed are no longer changed importantly. 

Missing light components are added to trays below the feed in much the 
same manner. Thus, Eq. (9.178) for these provides 

YJ,m+1 __ xJ,m - WxJ• wi L xJ.m 
--"-'-'----"-"-'__==" "" - (9.182) 

Ylk, m+ 1 X1km - WX1kwi L Xlkm 

where advantage is taken of 
components. As before, 

the fact that xJ. w must be small for these 

YJ.m+1 = mJ,m+lxJ.m+1 UJ,m+1 X J.m+l::::;: uJmxJ,m+1 (9.183) 
Ylk,m+1 m'k,m+lx'k,m+1 ulk,m+lx,k.m+1 a/kmx/k,m+1 

The last approximation results from assuming that the ratio of a's stays reason
ably constant with small temperature changes. Then 

X J mUlkmXlk m+ I 
X J• m + 1 =" (9.184) 

aj,mxlkm 

The mole fractions of the components on the lower tray are then proportionately 
reduced to accommodate the light components, and the bubble point is recalcu
lated. 

Illustration 9.13 continued Compositions at the feed tray as previously detennined are listed in 
the first two columns. The old x6's are reduced to accommodate the C6 from Np - 8, and the 
new X6'S are detennined. The new bubble point is 86.4"C. 

Component xN~_8 Oldx6 x6(I - 0.1362) Newx6 a86.4 

C, 0.00204 0.00176 OJX)176 %:5 
c, 0.0187 0.0162 0.0162 13.5 

Ik C, 0.0915 0.1045 0.0903 0.0903 5.87 
C, 0.3897 0.4247 0.3668 03668 239 

hk C, 0.3826 0.4500 0.3887 0.3887 1.00 
C, 0.1362 0.1362 0.%7 

1.0000 1.0000 0,8638 1.0000 



For tray 5, XC6 is estimated, through Eq. (9.181), 

0.467(0.1362)(0.3859) 
xc.. s = 0.3887 
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0.0631 

where 0.3859 is the concentration of the heavy key on tray 5 as previously calculated. The old 
xs's are all reduced by multiplying them by I - 0.0631, whence their new sum plus 0.0631 for 
C6 = 1. The new tray 5 has a bubble point of 80°C, and its equilibrium vapor can be obtained 
from the bubble-point calculation. as usual. In similar fashion, the calculations are continued 
upward. Results for the top trays and the distillate are: 

Component x, y, x, y, Xo YD 

C, 0.00221 0.0444 0.00226 0.0451 0.00425 0.0789 

C, 0.0214 0.1111 0.0241 0.1209 0.0425 0.1842 

C, 0.1418 0.2885 0.1697 0.3259 0.2495 0.3870 

C, 0.6786 0.5099 0.7100 0.4840 0.6611 0.3420 

C, 0.1553 0.0458 0.0932 0.0239 0.0425 0.0079 

C, 0.00262 0.00034 0.00079 0.00009 0.00015 0.00001 

l,oC 66 58.5 46.6 

To correct tray Np - 7 = tray 7, use Eq. (9.184) to detennine the concentrations of C 1 

and C2 on tray 7. xlk.m+1 is taken from the old Np -7. 

_ 0.00176(5.87)(0.0790) 0.000 194 _ 0.0162(5.87)(0.0790) - 000615 
XC!. 7 - 46.5(0.0903) XCz.7 - 13.5(0.0903) -. 

The old x" -7 must be reduced by multiplying by I - 0.000 194 - 0.00615. The adjusted 
values together with those above constitute the new x,'s. The new bubble point is 94°C. 

The calculations are continued downward in the same fashion. The new tray 6 has 
xc! = 0.000 023, XCl = 0.00236. It is clear that concentrations for these components are 
reducing so rapidly that there is no need to go further. 

Liquid/Vapor Ratios 

With the corrected temperatures and compositions, it is now possible to estimate 
the L/G ratios on the trays reasonably well. 

For the enriching section, Eq. (9.59) can be solved simultaneously with Eg. 
(9.56) to provide 

Qc + D(HD - H,J 
Gn + 1 = H H 

Gn +! L" 
(9.185) 

Equation (9.56) then provides L,,; G" is computed through another application 
of Eq. (9.185), and hence L"/G,, is obtained. Similarly for the exhausting 
section, Eqs. (9.66) and (9.69) provide 

Q. + W(Hl.", Hw) 
~z + 1 = -==-H-;;----'---'''H-;;-l.",--''-"-

G,"+! 

(9.186) 

and Eg. (9.66) gives the liquid rate. Usually it is necessary to compute only a few 
such ratios in each section and interpolate the- rest from a plot of L/ G vs. tray 
number. 

It must be remembered that if the enthalpies are computed from tempera
tures and concentrations taken from the Lewis-Matheson data, even though 
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corrected in the manner previously shown, the L/ G ratios will still be estimates 
only, since the data upon which they are based assume constant L/ G in each 
section. 

illustration 9.13 continued Compute the condenser and reboiler heat loads and the LI G ratios. 

SOLUTION The condenser heat load is given by Eq. (9.54). Values of Xo. YD. and YI are taken 
from the corrected concentrations previously obtained. 

HD• vapor, HL~ HGI , 

Component 46.6QC YDHD 46.6°C XoHLO 58.8°C ylHciI 

C, 13490 1065 10470 44.4 13960 629 
C, 23380 4305 17210 732 24190 2926 
C, 32100 12420 18610 4643 37260 10840 
C, 42330 14470 22790 15100 43500 21050 
C, 52570 415 27100 1151 53900 1291 

C. 61480 0.7 31050 4.7 63500 9.5 

32 680 21675 36745 
-HD =HLO =HGI 

Eq. (9.54); 

Qc - 0.3800{(0.8 + 1)(36745) - 0.8(21 675) - 32 680J 

== 6130 kJ/kmol feed 

In similar fasbion, Hw = 39 220, HF = 34 260. and QB (Eq. (9.55)} = 8606 kJ/kmol feed. 
For tray n == I, GI = 4J + D ... D(R + 1) = 0.3800(1.8) = 0.684 kInol. With XI and Y2 

from corrected compositions: 

HG2, HLI• 
Component 66"C HG212 58.5°C HLixl 

C, 14070 624.5 II 160 25.4 
C, 24610 2740 17910 432 
C, 33800 9770 20470 3473 
C, 44100 22470 24900 17680 
C, 54780 2510 29500 2750 
C, 64430 21.9 33840 26.7 

38 136 24380 
=HG2 -HLI 

Eq. (9.185); 

G = 6130 + 038(32 680 - 24380) = 0675 km I 
2 38 136 24380 . 0 

1-, - G, - D - 0.675 - 0.380 - 0.295 kmol 

L, _ 0.295 = 0437 
G2 0.675 . 
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Similarly, the calculations can be made for other trays in the enriching section. For tray 
Np = 14: 

------------------------

Component 

C, 
C, 
C, 
C, 
C, 
C, 

Similarly, 

Eq. (9.186), 

Ha,15' 

II3.3'C 

38260 
49310 
60240 
71640 

Nil 
Nil 

7(f') 

26700 
22100 
5245 

54750 
-HG• IS 

HL• 13 = 36 790 and 

29310 
31870 
37680 
43500 

Ha. [-4 = 52610 

G ~ 8606 + 0.62(36 058 - 39 220) _ 0 358 
IS 54 750 39 220 . 

LI-4 = W + GIS = 0.620 + 0,358 =: 0,978 

G _ 8606 + 0.62(36 790 - 39 220) ~ 0448 
[-4 52610 36790 ' 

LI-4 = 0.978 "" 2,18 
G" 0.448 

Nil 
Nil 
287.7 

12790 
16510 
6470 

36058 
=HL• I-4 

and similarly for other exhausting-section trays. Thus: 

Tray no. L L 
I, "C Tray no. le. t,OC - or-

G G G 

Condenser 0.80 46.6 8 3.25 %.3 
I 0.432 58.4 9 2.88 97.7 
2 0.437 66 10 2.58 99 
3 0.369 70.4 11 2.48 100 
4 0.305 74 12 2.47 102.9 
5 0.310 80.3 13 2.42 104.6 
6 1.53 86.4 14 2.18 107.9 
7 4.05 94.1 Reboiler 1.73 113.5 

These values are not final. They scatter erratically because they are based on the tempera
tures and concentrations computed with the assumption of constant L/ G, . 

Method of Thiele and Geddes 

With number of trays, position of the feed tray, temperatures, and L/ G ratios, 
the Thiele-Geddes method allows one to compute the products which will result, 
thus ultimately permitting a check of all previous calculations. The following is 
Edmister's [II J variation of the original [62J. 
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All the equations which follow apply separately for each component, and component designations 
are omitted. For the enriching section, consider first the condenser. 

GIYI = Loxo + Dzo 

GIYI = Loxo + I 
Dzo Dzo 

For a total condenser, Xo = Zo = xo, and Lvi D = R. Therefore 

GIYl 
-- = R + 1 = Ao + I 
DZD 

(9.187) 

(9.188) 

(9.189) 

For a partial condenser behaving like a theoretical stage, Zo "" Yo, zol Xo DO Yol Xo - nIQ, and 

GIYI R 
-- - - + I - Ao + I (9.190) 
DZD rno 

Ao is therefore either R or Rima, depending upon the type of condenser. For tray 1, 

Llxl Ll 
GIYl == Glm l = Al 

where Al is the absorption factor for tray 1. Then 

Llxl = AIGIYI 
For tray 2, 

G2Y2 = Llxl + DZD 

G2Y2 = L 1x\ + 1 = A\GIYl + I = AICAo + 1) + 1 == AoA 1 + Al + 1 
Dzo Dzo Dzo 

Generally, for any tray, 

(9.191) 

(9.192), 

(9.193) 

(9.194) 

+ I = AOAjA2' .. A n_ 1 + A IA2' .• A n_ l + ... +An_ 1 + 1 

(9.195) 
and for the feed tray, 

GIYI 
-D = AoAIA2'" AI _ I + A 1A 2 '" AI _ I +. 

'D 

Consider next the exhausting section. For a kettie-type reboiler, 

GN,+ I YN,+ I 

WXw 

where Sw is the reOOiler stripping factor. Since 

then 

[N~XN~ = O'N~+IYN,+I + WXw 

ON,+IYN,+I S 
W +1= w+ 

Xw 

For a thennosiphon reOOiler, YN,+ 1 = Xw. and 

Sw= 0'7;1 

+Aj _ 1 + 1 (9.196) 

(9.197) 

(9.198) 

(9.199) 

(9.200) 

Sw is therefore defined by either Eq. (9.197) or (9.200). depending upon the type of reboiler. For the 
bottom tray, 

ON~YN, = GN,rn", = Sv 

[~x~ ~, " 

GN~YNp = SN,LN~XN~ 

(9.201) 

(9.202) 
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Then (9.203) 

and 
SN, Lw XN, ';v' P + I = S", (Sw + I) + I = S", Sw + S", + 1 

Xw p " 

In general, for any tray, 

+Sm+l'" SNp_l + ... +Sm+1 + I 

and at the feed tray, 

~x/ 
WXw == S/+!· .. S"',Sw + S/+I' .. S"" + ' , . +S/+I + 1 

(9.204) 

(9.205) 

(9.206) 

Edmister [II] provides shortcut methods involving "effective" A's and S's for use in Eqs. (9.196) and 
(9.206), much as for gas absorptior.. 

and 

Since Fzo =- WXw + Dzo 

Dz = FZF 
o WXw/Dzo + I 

(9.207) 

(9.208) 

(9.209) 

(9.210) 

For each component, Eqs. (9.196) and (9.206) are then used to compute the numerator and 
denominator, respectively, of the term in parenth("-ses of Eq. (9.208), whence WXw/ Dzo. or the split 
of the component, is found. Equation (9.210) then provides Dzo, and Eq. (9.209) provides WXw' 

The products thus computed are completely consistent with the number of 
trays, feed-tray position, and reflux ratio used, provided the A's and S's (or 
L/ G's and temperatures) are correct. For checking these, it is necessary to use 
the general equations (9.195) and (9.205) for each tray in the appropriate section 
of the tower. To check tray n in the enriching section, 

(9.211) 

and this can be obtained from the data already accumulated. If ~YJ.n = I, the 
temperature is satisfactory. If not, a new temperature is obtained by adjusting 
the y's proportionately until they add to unity and computing the corresponding 
dew point. To check a tray in the exhausting section, 

(9.212) 

which is obtainable from the data, If 2:xJ, m = 1, the temperature is correct. If 
not, the x's are adjusted to add to unity and the bubble point computed. The 
new temperatures and compositions permit new enthalpy balances to obtain 
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corrected L/G's for each tray, and the Thiele-Geddes calculation can be 
redone. Problems of convergence of this trial-and-error procedure are consid
ered by Holland [24J, Lyster et al. [33J, and Smith [57J. 

The true optimum feed-tray location is obtained by trial, altering the 
location and observing which location produces the smallest number of trays for 
the desired products. 

DJustratJoo 9,13 concluded Reestimate the products through th:e Thiele-Geddes method. 

SOLUTION The temperature and L/ G profiles as previously estimated will be used. Computa
tions will be shown for only one component, C4 ; all other components are treated in the same 
manner. 

Using the tray temperatures to obtain m, A = L/ mG for the enriching trays and 
S = mG / L for the exhausting trays are computed. Since a partial condenser is used, Ao = 
R/~. For the kettle-type reboiler, Sw = GISmw/W. Then, for C4 : 

Tray Condenser 

m 
A 

Tray 

m 
S 

0.50 
1.600 

7-/+1 

1.22 
0.301 

With these data 

Eq. (9.196), 

Eq. (9.206): 

Eq. (9.208), • 

Eq. (9.210), 

Eq. (9.209), 

2 3 4 5 

0.66 0.75 0.81 0.86 0.95 1.07 
0.655 0.584 0.455 0.355 0.326 1.431 

8 

1.27 
0.390 

9 

1.29 
0.447 

10 It 

1.30 1.32 
0.503 0.532 

':51 
- 1.5778 

'D 

I;Xf = 1.5306 
WXw 

12 

lAO 
0.566 

WXw = 1.431 1.5778 = 1.475 
DZD 1.5306 

WXw - 0.33 - 0.1335 - 0.1965 

13 

1.45 
0.599 

14 Reboiler 

1.51 1.65 
0.693 0.954 
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Similarly: 

Component 
GfYf Lfxf WXw 

DyD WXw 
DZD WXw DyD 

C, 1.0150 254x 10' 288 X 10- 10 0.03 Nil 
C, 1.0567 8750 298x 10- 5 0.07 Nil 
C, 1.1440 17.241 0.0376 0.144 7 0.0053 
C, 1.5778 1.5306 1.475 0.1335 0.1%5 
C, 15.580 1.1595 45.7 0.006 43 0.29357 
C, 1080 1.0687 7230 0.0000166 0.11998 

0.3846 - D 0.6154 - W 

These show that 0.1447(100)/0.15 = 96.3% of the CJ and 2.14% of the Cs are in the distillate. 
These do not quite meet the original specifications. The temperatures and L/ G's must still be 
corrected, however. Thus for tray 2 and component C", Eq. (9.195) yields G2Y2/ DZD = 2.705. 
From the enthalpy balances, G2 = 0.675. Therefore, by Eq. (9.211), 

2.705(0.1335) 0.5349 
Y2 = 0.675 

Similarly: 

Component G2Y2 
DZD 12 AdjustedY2 

C, 1.0235 0.0454 0.0419 
C, 1.1062 0.1147 0.1059 
C, 1.351 0.2896 0.2675 
C, 2.705 0.5349 0.4939 
C, 10.18 0.0970 0.0896 
C, 46.9 0.00115 0.00106 

1.0828 1.0000 

Since IY2 does not equal I, the original temperature is incorrect. After adjusting they's to add 
to unity as shown, the dew point = 71 cc instead of the 66cC used. Similarly all tray 
compositions and temperatures must be corrected, new L/ G's obtained by enthalpy balances 
with the new compositions, temperatures, and L/ G's, and the Thiele·Geddes calculations 
repeated. 

Multicomponent fractionation finds its most complex applications in the 
field of petroleum refining. Petroleum products such as gasoline, naphthas, 
kerosenes, gas oils, fuel oils, and lubricating oils are each mixtures of hundreds 
of hydrocarbons, so many that their identity and actual number cannot readily 
be established. Fortunately, it is not usually specific substances that are desired 
in these products but properties, so that specifications can be made as to boiling 
range, specific gravity, viscosity, and the like. Fractionators for these products 
cannot be designed by the detailed methods just described but must be based 
upon laboratory studies in small-scale equipment. As an example which 
illustrates the complex nature of some of these separations, consider the sche
matic diagram of a topping plant for the initial distillation of a crude oil (Fig. 
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Figure 9.52 Schematic arrangement, petroleum topping plant. 

9.52). The crude oil, after preliminary heat exchange with several of the products 
from the plant, is passed through the tubes of a gas-fired furnace, the tube-still 
heater. Here a portion of the oil is vaporized, somewhat larger in amount than 
that ultimately to be taken as vaporized products. The mixture of liquid and 
vapor then enters the large tray tower. Open steam is introduced at the bottom 
to strip the last traces of volatile substances from the residue product, and this 
steam passes up the column, where it lowers the effective pressure and hence the 
temperature of the distilIation. The steam and most volatile substances (crude 
gasoline) leaving the top tray are condensed, the water separated, and the 
gasoline sent to storage. Reflux in the scheme shown here is provided by 
withdrawing a portion of the liquid from the top tray and returning it after it has 
been cooled. The cold liquid condenses some of the rising vapors to provide 
internal reflux. Several trays down from the top of the tower, a side stream may 
be withdrawn which will contain the hydrocarbons characteristic of a desired 
naphtha product. Since the components of the more volatile gasoline are also 
present at this point, the liquid is steam-stripped in a short auxiliary tray tower, 
the steam and vaporized gasoline being sent back to the main fractionator. The 
stripped naphtha is then withdrawn to storage. In similar fashion kerosene and 
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gas oil cuts may be withdrawn, but each must be separately steam-stripped. The 
individual steam strippers are frequently built into a single shell, as shown, for 
economy, so that from the outside the multipurpose nature of the smaller tower 
is not readily evident. The withdrawn products must ordinarily be further 
processed before they are considered finished. 

The design, method of operation, and number of products from topping 
units of this sort may vary considerably from refinery to refinery. Indeed, any 
individual unit will be built for maximum flexibility of operation, with, for 
example, multiple nozzles for introducing the feed at various trays and multiple 
side-stream withdrawal nozzles, to allow for variations in the nature of the feed 
and in the products to be made. 

Azeotropic Distillation 

This is a special case of multicomponent distillation [23] used for separation of 
binary mixtures which are either difficult or impossible to separate by ordinary 
fractionation. If the relative volatility of a binary mixture is very low, the 
continuous rectification of the mixture to give nearly pure products will require 
high reflux ratios and correspondingly high heat requirements, as well as towers 
of large cross section and numbers of trays. In other cases the formation of a 
binary azeotrope may make it impossible io produce nearly pure products by 
ordinary fractionation. Under these circumstances a third component, some
times called an entrainer, may be added to the binary mixture to form a new 
low-boiling azeotrope with one of the original constituents, whose volatility is 
such that it can easily be separated from the other original constituent. 

As an example of such an operation, consider the flowsheet of Fig. 9.53 for 
the azeotropic separation of acetic acid-water solutions, using butyl acetate as 
entrainer [39]. Acetic acid can be separated from water by ordinary methods, 
but only at great expense because of the low relative volatility of the constituents 
despite their fairly large difference in boiling points at atmospheric pressure 
(nbp acetic acid ~ 118.l o C, nbp water ~ 100°C). Butyl acetate is only slightly 
soluble in water and consequently forms a heteroazeotrope with it (bp = 

90.2°C). Therefore if at least sufficient butyl acetate is added to the top of the 
distillation column (1) to form the azeotrope with all the water in the binary 
feed, the azeotrope can readily be distilled from the high-boiling acetic acid, 
which leaves as a residue product. The heteroazeotrope on condensation forms 
two insoluble liquid layers, one nearly pure water but saturated with ester, the 
other nearly pure ester saturated with water. The latter is returned to the top of 
the column as reflux and is the source of the entrainer in the column. The 
former can be stripped of its small entrainer content in a second small column 
(2). The separation of the heteroazeotrope from acetic acid is readily done, so 
that relatively few trays are required in the principal tower. On the other hand, 
heat must be supplied, not only to vaporize the water in the overhead distillate, 
but to vaporize the entrainer as well. The operation can also be done batch wise, 
in which case sufficient entrainer is charged to the still kettle, together with the 
feed, to azeotrope the water. The azeotrope is then distilled overhead. 
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Figure 9.53 Azeotropic distillation of acetic acid-water with butyl acetate. 

Sometimes the new azeotrope which is formed contains all three con
stituents. The dehydration of ethanol-water mixture with benzene as added 
substance is an example. Dilute ethanol-water solutions can be continuously 
rectified to give at best mixtures containing 89.4 mole percent ethanol at 
atmospheric pressure, since this is the composition of the minimum-boiling 
azeotrope in the binary system. By introducing benzene into the top of a column 
fed with an ethanol-water mixture, the ternary azeotrope containing benzene 
(53.9 mol %), water (23.3 mol %), ethanol (22.8 mol %), hniling at 64.9"C, is 
readily separated from the ethanol (hp = 78.4 "C), which leaves as a residue 
product. In this case also the azeotropic overhead product separates into two 
liquid layers, one rich in benzene which is returned to the top of the column as 
reflux, the other rich in water which is withdrawn. Since the latter contains 
appreciable quantities of both benzene and ethanol, it must be rectified sep
arately. The ternary azeotrope contains nearly equal molar proportions of 
ethanol and water, and consequently dilute ethanol-water solutions must be 
given a preliminary rectification to produce substantially the alcohol-rich binary 
azeotrope which is used as a feed. 

In still other cases the new azeotrope which is fanned does not separate into 
two insoluble liquids, and special means for separating it, such as liquid 
extraction, must be provided, but this is less desirable. 

It is clear that the choice of entrainer is a most important consideration. The 
added substance should preferably form a low-boiling azeotrope with only one 
of the constituents of the binary mixture it is desired to separate, preferably the 
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constituent present in the minority so as to reduce the heat requirements of the 
process. The new azeotrope must be of sufficient volatility to make it readily 
separable from the remaining constituent and so that inappreciable amounts of 
en trainer will appear in the residue product. It should preferably be lean in 
en trainer content, to reduce the amount of vaporization necessary in the 
distillation. It should preferably be of the heterogeneous-liquid type, which then 
simplifies greatly the recovery of the entrainer. In addition, a satisfactory 
entrainer must be (1) cheap and readily available, (2) chemically stable and 
inactive toward the solution to be separated, (3) noncorrosive toward common 
construction materials, (4) nontoxic, (5) of low latent heat of vaporization, (6) of 
low freezing point to facilitate storage and outdoor handling, and (7) of low 
viscosity to provide high tray efficiencies. 

The general methods of design for multicomponent distillation apply, the 
principal difficulty being the paucity of vapor-liquid equilibrium data for these 
highly nonideal mixtures [23J. Computer programs are available [4J. 

Extractive Distillation 

This is a multicomponent-rectification method similar in purpose to azeotropic 
distillation. To a binary mixture which is difficult or impossible to separate by 
ordinary means a third component, termed a solcent, is added which alters the 
relative volatility of the original constituents, thus permitting the separation. The 
added solvent is, however, of low volatility and is itself not appreciably 
vaporized in the fractionator. 

Mole froc.tion isooctone in liQUid 
(Phenol-free basis) 

I.) 
Phenol + toluene 

(0) 

Flgure 9.54 Extractive distillation of toluene-isooctan~ with phenol [Vapor-liquid equilibria from 
Ddcicamer, Brown, and While, Trans. AIChE 41, 555 (1945).] 
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As an example of such an operation, consider the process of Fig. 9.54. The 
separation of toluene (bp = llO.8°C) from paraffin hydrocarbons of approxi
mately the same molecular weight is either very difficult or impossible, due to 
low relative volatility or azeotropism, yet such a separation is necessary in the 
recovery of toluene from certain petroleum hydrocarbon mixtures. Using isooc
tane (bp = 99.3°C) as an example of a paraffin hydrocarbon, Fig. 9.54a shows 
that isooctane in this mixture is the more volatile, but the separation is obviously 
difficult. In the presence of phenol (bp = 181.4°C), however, the isooctane 
relative volatility increases, so that, with as much as 83 mole percent phenol in 
the liquid, the separation from toluene is relatively easy. A flowsheet for 
accomplishing this is shown in Fig. 9.54b, where the binary mixture is in
troduced more or less centrally into the extractive distillation tower (1), and 
phenol as the solvent is introduced near the top so as to be present in high 
concentration upon most of the trays in the tower. Under these conditions 
isooctane is readily distilled as an overhead product, while toluene and phenol 
are removed as a residue. Although phenol is relatively high-boiling, its vapor 
pressure is nevertheless sufficient for its appearance in the overhead product to 
be prevented. The solvent-recovery section of the tower, which may be relatively 
short, serves to separate the phenol from the isooctane. The residue from the 
tower must be rectified in the auxiliary tower (2) to separate toluene from the 
phenol, which is recycled, but this is a relatively easy separation. In practice, the 
paraffin hydrocarbon is a mixture rather than the pure substance isooctane, but 
the principle of the operation remains the same. 

Such a process depends upon the difference in departure from ideality 
between the solvent and the components of the binary mixture to be separated. 
In the example given, both toluene and isooctane separately form nonideal 
liquid solutions with phenol, but the extent of the nonideality with isooctane is 
greater than that with toluene. When all three substances are present, therefore, 
the toluene and isooctane themselves behave as a nonideal mixture and their 
relative volatility becomes high. Considerations of this sort form the basis for the 
choice of an extractive-distillation solvent. If, for example, a mixture of acetone 
(bp = 56.4°C) and methanol (bp = 64.7°C), which form a binary azeotrope, 
were to be separated by extractive distillation, a suitable solvent could probably 
be chosen from the group of aliphatic alcohols. Butanol (bp = 117.8°C), since it 
is a member of the same homologous series but not far removed, forms 
substantially ideal solutions with methanol, which are themselves readily sep
arated. It will form solutions of positive deviation from ideality with acetone, 
however. and the acetone-methanol vapor-liquid equilibria will therefore be 
substantially altered in ternary mixtures. If butanol forms no azeotrope with 
acetone, and if it alters the vapor-liquid equilibrium of acetone-methanol 
sufficiently to destroy the azeotrope in this system, it will serve as an extractive
distillation solvent. When both substances of the binary mixture to be separated 
are themselves chemically very similar, a solvent of an entirely different chemi
cal nature will be necessary. Acetone and furfural, for example, are useful as 
extractive-distillation solvents for separating the hydrocarbons butene-2 and 
n-butane. 
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Generally the requirements of a satisfactory extractive-distillation solvent 
are [16, 51, 61]: 

I. High selectivity, or ability to alter the vapor-liquid equilibria of the original 
mixture sufficiently to permit its easy separation, with, however, use of only 
small quantities of solvent. 

2. High capacity, or ability to dissolve the components in the mixture to be 
separated. It frequently happens that substances which are incompletely 
miscible with the mixture are very selective; yet if sufficiently high concentra
tions of solvent cannot be obtained in the liquid phase, the separation ability 
cannot be fully developed. 

3. Low volatility in order to prevent vaporization of the solvent with the 
overhead product and to maintain high concentration in the liquid phase. 
Nonvolatile salts can be especially useful [15]. 

4. Separability; the solvent must be readily separated from the mixture to which 
it is added, and particularly it must form no azeotropes with the original 
substances. 

5. The same considerations of cost, toxicity, corrosive character, chemical 
stability, freezing point, and viscosity apply as for entrainers for azeotropic 
distillation. 

The general methods of design for multicomponent distillation apply. Since 
in most cases all the components of the feed streams are found in the bottoms, 
the method of Lewis and Matheson can be used, starting at the bottom and 
computing to the top. There will be an optimum solvent-circulation rate: small 
solvent rates require many trays, but the column diameters are small; large 
ratios require fewer trays but larger column diameters and greater solvent-circu
lation costs. 

Comparison of Azeotropic and Extractive Distillation 

It is generally true that adding an extraneous substance such as an entrainer or 
solvent to a process is undesirable. Since it can never be completely removed, it 
adds an unexpected impurity to the products. There are inevitable losses 
(ordinarily of the order of 0.1 percent of the solvent-circulation rate), and they 
may be large since solvent/feed ratios must frequently be greater than 3 or 4 to 
be effective. An inventory and source of supply must be maintained. Solvent 
recovery costs can be large, and new problems in choices of materials of 
construction are introduced. It follows that these processes can be considered 
only if, despite these drawbacks, the resulting process is less costly than 
conventional distillation. 

Extractive distillation is generally considered to be more desirable than 
azeotropic distillation since (1) there is a greater choice of added component 
because the process does not depend upon the accident of azeotrope formation 
and (2) generally smaller quantities of solvent must be volatilized. ij"owever, the 
latter advantage can disappear if the volatilized impurity is a minor constituent 
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of the feed and the azeotrope composltIOn is favorable, i.e., low in solvent 
composition. Thus, in the dehydration of ethanol from an 85.6 mole percent 
ethanol-water solution, azeotroping the water with n-pentane as entrainer is 
more economical than using ethylene glycol as an extractive distillation solvent 
[3J. The reverse might be true for a more dilute alcohol feed. 

LOW-PRESSURE DISTILLATION 

Many organic substances cannot be heated to temperatures which even ap
proach their normal boiling points without chemical decomposition. If such 
substances are to be separated by distillation, the pressure and the correspond
ing temperature must be kept low. The time of exposure of the substances to the 
distillation temperature must also be kept to a minimum, since the extent of 
thermal decomposition will thereby be reduced. For distillation under absolute 
pressures of the order of 7 to 35 kN/m' (I to 5 Ib,/in'), packed towers can be 
used, bubble-cap and sieve trays can be designed with pressure drops approach
ing 350 N/m' (0.05 Ib,/in', or 2.6 mmHg), and other simpler designs, such as 
the shower tray of Fig. 6.18, for which the pressure drops are of the order of 
103 N/m' (0.015 Ibr/in', or 0.75 mmHg), are possible. Mechanically stirred 
spray and wetted-wall columns provide even smaller pressure drops [45J. 

In the distillation of many natural products, such as the separation of 
vitamins from animal and fish oils, as well as the separation of many synthetic 
industrial products such as plasticizers, the temperature may not exceed perhaps 
200 to 300°C, where the vapor pressures of the substances may be a fraction of a 
millimeter of mercury. The conventional equipment is, of course, wholly unsuit
able for such separations, not only because the pressure drop would result in 
high temperatures at the bottom of columns but also because of the long 
exposure time to the prevailing temperatures resulting from high holdup. 

Molecular Distillation 

This is a form of distillation at very low pressure conducted industrially at 
absolute pressures of the order of 0.3 to 3 N/m' (0'()()3 to 0.03 mmHg), suitable 
for the heat-sensitive substances described above. 

The rate at which evaporation takes place from a liquid surface is given by 
the Langmuir equation 

NA ~ 1()()6ftA(2"'M~R'Trs (9.213) 

where R' is the gas constant. At ordinary pressures the net rate of evaporation 
is, however, very much less than this, because the evaporated molecules are 
reflect~d back to the liquid after collisions occurring in the vapor. By reducing 
the absolute pressure to values used in molecular distillation, the mean free path 
of the molecules becomes very large, of the order of I cm. If the condensing 
surface is then placed at a distance from the vaporizing liquid surface not 
exceeding a few centimeters, very few molecules will return to the liquid, and the 
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net rate of evaporation of each substance of a binary mixture will approach that 
given by Eq. (9.213). The vapor composition. or the composition of the distillate, 
will now be different from that given by ordinary equilibrium vaporization, and 
the ratio of the constituents in the distillate will approach 

N moles of A f IM°.5 
~ = A A (9.214) 
NB moles of B fBI MZ·5 

If this ratio is to be maintained, however, the surface of the liquid must be 
rapidly renewed, since otherwise the ratio of constituents in the surface will 
change as evaporation proceeds. The vigorous agitation or boiling present 
during ordinary distillations is absent under conditions of molecular distillation, 
and in most devices the liquid is caused to flow in a thin film over a solid 
surface, thus continually renewing the surface but at the same time maintaining 
low holdup of liquid. 

Figure 9.55 shows a device which is used industrially for accomplishing a 
molecular distillation [19, 65]. The degassed liquid to be distilled is introduced 
continuously at the bottom of the inner surface of the rotor, a rotating conical
shaped surface. The rotor may be as large as 1.5 m in diameter at the top and 
may revolve at speeds of 400 to 500 r/min. A thin layer of liquid to be distilled, 
0.05 to 0.1 mm thick, then spreads over the inner surface and travels rapidly to 
the upper periphery under the action of centrifugal force. Heat is supplied to the 
liquid through the rotor by radiant electrical heaters, and the vaporized material 
is condensed upon the water-cooled louver-shaped condenser. This is main
tained at temperatures sufficiently low to prevent reevaporation or reflection of 
the vaporized molecules. The residue liquid is caught in the collection gutter at 
the top of the rotor, and the distillate is drained from the collection troughs on 
the condenser. Each product is pumped from the still body, which is evacuated 
to the low pressures necessary for molecular distillation, and the time of 

To ~ 
vacuum 
pumpS 

Distillote out 
Cooling 
water 

~'T--r'-....L 

l 
Residue 

Condenser 

Gutter 

rodiant 
heater 

Thermol 
insulotion 

Beoring 

Rotor shaft 

Figure 9.55 Schematic section, centrifugal molecular still of Hickman [19]. 
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residence of the substances in the still may be as low as 1 s or less. Such a device 
is capable of handling 5 X 10-' to 25 X IO-'m' /s (50 to 250 gal/h) of liquid to 
be distilled and gives a separation 80 to 95 percent of that indicated by Eq. 
(9.214). Multiple distillations are necessary for multistage separation effects [20. 
32J. 

Falling-film stills are constructed of two vertical concentric tubes. The inner 
tube is heated internally. and the liquid to be distilled flows down the outer wall 
of the inner tube in a thin film. The outer tube is the condenser, and the annular 
space is under vacuum. Some thin-film arrangements involve continuous wiping 
of the film by a rotating blade. 

NOTATION FOR CHAPTER 9 

Any consistent set of units may be used. 

a specific interfacial area, L2/Ll 
A more volatile component of a binary mixture absorption factor == L/mG, dimension-

less 
B less volatile component of a binary mixture 
C molar heat capacity at constant pressure, FL/mole T 
d differential operator 
D distillate rate, moIe/9 for tray towers, moIe/L:ze for packed towers 
Eo overall tray efficiency, fractional 
EUG Murphree vapor tray efficiency, fractional 
F feed rate, mole/S for tray towers, mole/L:ze for packed towers 

quantity of feed, batch distillation, mole 
(with SUbscript G or L) mass-transfer coefficient, moIe/L:ze 

8c conversion factor, l\tIL/FS2 
G vapor rate, enriching section, moIe/9 for tray towers, moIe/LZS for packed towers 
G vapOr rate, stripping section. moIe/9 for tray towers, moIe/LlS for packed towers 
H molar enthalpy, FL/rnole 
B rG height of a gas transfer unit, L 
B'L height of a liquid transfer unit, L 
B ,OG height of an overall gas transfer unit, L 
B,OL height of an overall liquid transfer unit, L 
AHs integral heat of solution per mole of solution, FL/moJe 
I, J components I, J 
k~ liquid mass-transfer coefficient, mole/Lte(moIe fraction) 
IS gas mass-transfer coefficient, mole/LZS(moIe fraction) 
K; overall liquid mass-transfer coefficient, moIe/L~mole fnu:tloo) 
;;;. overall gas mass-transfer coefficient, moIe/LZS(moIe fractloo) 
L liquid rate, enriching section, mole/a for tray towers, moIe/LlS for packed towers 
L liquid rate, eiliausting section, moIe/9 for tray towers, mole/LZS for packed towers 
~ external reflux rate, mole/9 for tray towers, moIe/LlS for packed towers 
m equilibrium distribution coefficient, y. / x, y / x·, dimensionless 
M molecular weight, M/mole 
N mass-transfer flux, mole/LZS 
Nm minimum number of trays 
Np number of theoretical trays 
N,G number of gas transfer units 
N,L number of liquid transfer units 
N,OG number of overall gas transfer units 
N,OL numbcr of overall liquid transfer units 



vapor pressure, FILl. 
partial pressure, FILl. 
quantity defined by Eq. (9.127) 
net rate of beating, FL/9 
quantity defined by Eq. (9.60), FLJmole" 
quantity defined by Eq. (9.70), FL/mole 
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p 
j 
q 

Q 
Q' 
Q" 

Q. 
Qc 
QL 
R 
R' 

Rm 
S 
I 

heat added at the reboiler, FL/e for tray towers, FL/Ll8 for packed towers 

T 
V 
W 
x 
x' 
y 
y' , 
Z 

Subscripts 

heat removed at the condenser, FLj9 for tray towers, FLjLlQ fOf packed towers 
heat loss, FLj9 for tray towers, FL/LZS for packed towers 
external reflux ratio. mole reflux/mole distillate, mole/mole 
gas constant, FL/mole T 
minimum reflux ratio, moles reflux/mole distillate, mole/mole 
stripping factor, mOIL, dimensionless 
temperature, T 
absolute temperature, T 
allowable vapor velocity, Lie 
residue rate, molej9 for tray towers, mole/LZS for packed towers 
concentration (of A in binaries) in the liquid. mole fraction 
x in equilibrium withy, mole fraction 
concentration (of A in binaries) in the gas, mole fraction 
y in equilibrium with x, mole fraction 
average concentration in a solution or multiphase mixture, mole fraction 
height of packing, L 
relative volatility, defined by Eq. (9.2), dimensionless 
relative volatility of component J with respect to component C, dimensionless 
activity coefficient, dimensionless 
difference point, representing a fictitious stream, moIej9 for tray towers, moIejLlQ 
for packed towers 
molar latent heat of vaporization, FLjmole 
density, MjLl 
summation 
root of Eq. (9.165) 

a operating~line intersection 
av average 
A, B components A, B 
bp bubble point 
D distillate 
e enriching section 
f feed tray 
F feed 
G gas 
hk heavy key component 

interface; any component 
/k light key component 
L liquid 
m tray m; minimum 
n tray n 
r tray r 
s stripping section 
o reflux stream; base condition for enthalpy 
W residue 
I bottom of packed tower; tray I 
2 top of tray tower, tray 2 
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PROBLEMS 

9.1 Solutions of methanol and ethanol are substantially ideal. 
(a) Compute the vapor-liquid equilibria for this system at I and at 5 aIm abs pressure, and plot 

X)' and IX)' diagrams at each pressure. 
(b) For each pressure compute relative volatilities, and determine an average value. 
(c) Using Eq. (9.2) with the average volatilities, compare the values of y' at each value of x so 

obtained with those computed directly from the vapor pressures. 

9.2 A IOoo-kg batch of nitrobenzene is to be steam~distilled from a very small amount of a 
nonvolatile inpurity, insufficient to influence the vapor pressure of the nitrobenzene. The operation 
is to be carried out in a jacketed kettle fitted with a condenser and distillate receiver. Saturated 
steam at 35 kN/m2 (5.1 Ibr/in2) gauge is introduced into the kettle jacket for heating. The 
nitrobenzene is charged to the kettle at 25°C, and it is substantially insoluble in water. 

Liquid water at 25°C is continuously introduced into the nitrobenzene in the kettle. to maintain 
a liquid water level. The mixture is distilled at atmospheric pressure. (a) At what temperature does 
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the distillation proceed? (b) How much water is vaporized? (c) How much steam must be condensed 
in the kettle jacket? Neglect the heat required to bring the still up to operating temperature. The heat 
capacity of nitrobenzene is 1382 Jjkg' K, and its latent heat of vaporization can be detennined by 
the methods of Chap. 7. 

9.3 A solution has the following composition, expressed as mole fraction: ethane, 0.0025; propane, 
0.25; isobutane, 0.185; n-butane, 0.560; isopentane, 0.0025. In the following, the pressure is 10 bars 
(145 Ibr/in

2) abs. Use equilibrium distribution coefficients from the Depriester nomograph (see 
Illustration 9.3). 

(a) Calculate the bubble point. 
(b) Calculate the dew point. 
(c) The solution is flash-vaporized to vaporize 40 mol % of the feed. Calculate the composition 

of the products. 
(d) The solution is differentially distilled to produce a residue containing 0.80 mole fraction 

n-butane. Calculate the complete composition of the residue and the percentage of the feed which is 
vaporized. 
9.4 Vapor-liquid equilibrium data at I std atm abs, heats of solution, heat capacities, and latent 
heats of vaporization for the system acetone-water are as follows: 

Equivalent mole 
Mole fraction Integral heat fraction Vapor-liquid Heat capacity at 
acetone in of solution at 15°C, acetone in temperature, 17.2°C, 
liquid, x kJ jkmol soln vapor,y· ·C kJ/(kgsoln)· ·C 

0.001 0 0.00 100.0 4.187 
0.01 0.253 91.7 4.179 
0.02 -188.4 0.425 86.6 4.162 
0.05 -447.3 0.624 75.7 4.124 
0.10 -668.7 0.755 66.6 4.020 
0.15 -770 0.798 63.4 3.894 
0.20 -786 0.815 62.2 3.810 
0.30 -719 0.830 61.0 3.559 
0040 -509 0.839 60.4 3.350 
0.50 -350.1 0.849 60.0 3.140 
0.60 -252.6 0.859 59.5 2.931 
0.70 0.874 58.9 2.763 
0.80 0.898 58.2 2.554 
0.90 0.935 57.5 2.387 
0.95 0.963 57.0 2.303 
1.00 1.00 56.5 

t,OC 20 37.8 65.6 93.3 100 

Heat capacity 2.22 2.26 2.34 2.43 
acetone, kJ /kg . °C 

Latent heat of vaporization, 1Ol3 976 917 863 850 
kJ/kg 

Compute the enthalpies of saturated liquids and vapors relative to pure acetone and water at 15°C 
and plot the enthalpy-concentration diagram, for I std atm abs. Retain for use in Probs. 9.5, 9.6, and 
9.10. 

9.5 A liquid mixture containing 60 mol % acetone, 40 mol % water, at 26.7°C (gooF), is to be 
continuously flash-vaporized at 1 std atm pressure, to vaporize,30 mol % of the feed. 
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(a) What will the composition of the products and the temperature in the separator be if 
equilibrium is established? 

(b) How much heat, kljmol of feed, is required? 
Ans.: 13 590. 

(c) If the products are each cooled to 26.rC, how much heat, kl jmol of feed, must be removed 
from each? 

9.6 A saturated vapor at I std atm pressure, containing 50 mol % acetone and 50 mol % water, is 
subject to equilibrium condensation to yield 50 mol % of the feed as liquid. Compute the equilibrium 
vapor and liquid compositions, the equilibrium temperature, and the heat to be removed, Jjkmol of 
feed. 

9.7 The liquid solution of Prob. 9.5 is differentially distilled at I atm pressure to vaporize 30 mol % 
of the feed. Compute the composition of the composited distillate and the residue. Compare with the 
results of Prob. 9.5. 

ADs.: YD = 0.857. 

9.8 Ajacketerl"kettle is originally charged with 30 mol of a mixture containing 40 mol % benzene, 60 
mol % toluene. The vapors from the kettle pass directly to a total condenser, and the condensate is 
withdrawn. Liquid of the same composition as the charge is continuously added to the kettle at the 
rate of 15 mol/h. Heat to the kettle is regulated to generate \1apor at 15 mol/h, so that the total 
molar content of the kettle remains constant. The mixture is ideal, and the average relative volatility 
is 2.51. The distillation is essentially differential. 

(a) How long will the still have to be operated before vapor containing 50 mol % benzene is 
produced, and what is the composition of the composited distillate? 

ADs.: 1.466 h, 0.555 mole fraction benzene. 
(b) If the rate at which heat is supplied to the kettle is incorrectly regulated so that IS mo1jh of 

vapor is generated, how long will it take until vapor containing 50 mol % benzene is produced? 
Ans.: I.OS h. 

9.9 An open kettle contains 50 lanai of a dilute aqueous solution of methanol, mole fraction 
methanol = 0.02, at the bubble point, into which steam is continuously sparged. The entering steam 
agitates the kettle contents so that they are always of unifom composition, and the vapor produced, 
always in equilibrium with the liquid, is led away. Operation is adiabatic. For the concentrations 
encountered it may be assumed that the enthalpy of the steam and evolved vapor are the same, the 
enthalpy of the liquid in the kettle is essentially constant, and the relative volatility is constant at 7.6. 
Compute the quantity of steam to be introduced in order to reduce the concentration of methanol in 
the kettle contents to 0.001 mole fraction. 

Ans.: 20.5 kmoL 

Continuous fractionation: Savarlt-Ponchon method 

9.10 An acetone-water solution containing 25 wt % acetone is to be fractionated at a rate of 10 000 
kgjh at I std atm pressure, and it is planned to recover 99.5% of the acetone in the distillate at a 
concentration of 99 wt %. The feed will be available at 26.7°C (80°F) and will be preheated by heat 
exchange with the residue product from the fractionator, which will in tum be cooled to SI.7°C 
(I2S°F). The distilled vapors will be condensed and cooled to 37.SoC (125°F) by cooling water 
entering at 26.7°C and leaving at 4O.6°C. Reflux will be returned at 37.SoC, at a reflux ratio 
Loj D - I.S. Open steam, available at 70 kNjm2, will be used at the base of the tower. The tower 
will be insulated to reduce heat losses to negligible values. Physical property data. are given in Prob. 
9.4. Detennine: 

(a) The hourly rate and composition of distillate and reflux. 
(b) The hourly condenser heat load and cooling water rate. 
(c) The hourly rate of steam and residue and the composition of the residue. 
(d) The enthalpy of the feed as it enters the tower and its condition (express quantitatively). 
(e) The number of theoretical trays required if the feed is introduced at the optimum location. 

Use large-size graph paper and a sharp pencil. 
ADs.: 13.1. 
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(f) The rates of flow. kg/h. of liquid and vapor at the top. at x - 0.6, OJ, oms, and at the 
bottom tray. For a tower of uniform 'diameter, the conditions on which tray control the diameter, if 
the criterion is a 75% approach to flooding? 

9.11 In a certain binary distillation. the overhead vapor condenser must be run at a temperature 
requiring mild refrigeration, and the available refrigeration capacity is very limited. The reboiler 
temperature is very high, and the available high-temperature heat supply is also limited. Conse
quently the scheme shown in Fig. 9.56 is adopted., where the intermediate condenser E and reboiler 
S operate at moderate temperatures. Condensers C and E are total condensers, delivering liquids at 
their bubble points. Reboiler S is a total vaporizer, delivering saturated vapor. Heat losses are 
negligible, D - W, the external reflux ratio R - £0/ D - 1.0, and other conditions are shown on 
the figure. The system is one which follows the McCabe-Thiele assumptions (HLx and Hc;Y curves 
are straight and parallel). Feed is liquid at the bubble point. 

(a) Per mole of feed, compute the rates of flow of all streams, the relative size of the two 
condenser heat loads, and the relative size of the two vaporizer heat loads. 

(b) Establish the coordinates of all difference points. Sketch the Hxy diagram~and locate the 
difference points, showing how they are related to the feed. Show the construction for trays. 

(e) Sketch the xy diagram, show aU operating lines, and locate their intersections with the 450 

diagonal. Show the construction for trays. 

F 

L, G 
2 I------L~~ 

31-----r1 
4 1---.,--,-;-__1 

L: G' 
51----__1 

6 [: if' 
71-'::":":'----1 
Bc-----[L_ 
9 I--~.,,___I 

[,if 
101------1 

FIgure 9.56 Arrangement for Prob. 9.11. 

9.12 A distillation column is operated at a temperature below that of the surroundings (as in the 
distillation of air). Imperfect insulation causes the entire enriching section to be subject to a heat 
leak inward of Q£ l/s, while the entire stripping section is subject to a heat leak inward of Qs l/s. 
Aside from the heat leaks, the system has all the characteristics which satisfy the McCabe-Thiele 
requirements. 

(a) Sketch the HX)' and the xy diagrams. labeling the coordinates of all significant points. Are 
the operating curves on the xy diagram concave upward or downward? 
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(b) For a given condenser heat load. explain which is better: to design a new column with the 
inward heat leak minimized, or to take any possible advantage of a heat leak. Consider the reboiler 
heat load free. available from the surroundings. 

(c) Suppose the column with the inward heat leak is operated at full reboiler heat load, limited 
by the available heat-transfer surface. The column is then insulated thoroughly, essentially eliminat
ing the heat leak. but without provision to alter the heat load of the reboiler or otherwise to alter the 
operation. Explain whether the separation obtained will be better than, worse than, or the same as, 
before the insulation was installed. 

9.13 A distillation tower for a binary solution was designed with a partial condenser. using 
4J/ D = 1.0, as in Fig. 9.57a. When built, the piping was installed incorrectly, as in Fig. 9.57b. It 
was then argued that the error was actually a fortunate one, since the richer reflux would provide a 
withdrawn distillate richer than planned. The mixture to be distilled has all the characteristics of one 
obeying McCabe-Thiele assumptions. For a reflux ratio"'" 1.0, reflux at the bubble point, and the 

G, 

G , 

(0' 

L 

D'.xl> 

(b, 

Tota] 
condenser 

Total 
condenSl'r 

L' 
R=-~=1.0 

D' 

Flgure 9.57 Arrangements for Prob. 
9.13. 
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arrangement of Fig. 9.57b: 
(a) Sketch the Ponchon-Savarit and X)' diagrams for the parts of the columns indicated in the 

figure. Label the indicated vapor and liquid concentrations. 
(b) Establish whether or not the distillate will be richer than originally planned. 

9.14 Figure 9.58a shows a few of the top trays of a conventionally arranged fractionator. It has been 
suggested that a richer distillate might be obtained by the scheme shown in Fig. 9.58b, because of 
the richer reflux to tray I. All trays are theoretical. The condenser is a total condenser, delivering 
liquid at the bubble point in both cases. For both arrangements, 1..0/ D == 41 LR, == J.O. 

(a) For a binary mixture which in every respect follows the McCabe-Thiele simplifying 
assumptions, sketch fully labeled Hxy and X)' diagrams for the scheme of Fig. 9.58b. Mark on the 
Hxy diagram the location of every stream on Fig. 9.58b and the required difference points. Show 
construction lines and tie lines. 

(b) Prove that for all otherwise similar circumstances the scheme of Fig. 9.58b in fact delivers a 
leaner distillate than that of Fig. 9.58a. 

0 1, 
LR A 

Lo 
G, 

1 
LA 

I 
G, B 

Qc 

~ ______ ~Lo D I 
Ie L'I D 

, 
2 

~ 

(0) (b) 

FIgure 9.58 Arrangements for Prob. 9.14. 

Continuous fractionation: McCabe-Thiele method 

9.15 A solution of carbon tetrachloride and carbon disulfide containing 50 wt% each is to be 
continuously fractionated at standard atmospheric pressure at the rate 4000 kg/h. The distillate 
product is to contain 95 wt % carbon disulfide, the residue 0.5%. The feed will be 30 mol % vaporized 
before it enters the tower. A total condenser will be used, and reflux will be returned at the bubble 
point. Equilibrium data ("The Chemical Engineers' Handbook," 4th ed., p. 13-5), x, y = mole 
fraction CS2 : 

I, "C X y' 1,"C x y' 

76.7 0 0 59.3 0.3908 0.6340 
74.9 0.0296 0.0823 55.3 0.5318 0.7470 
73.1 0.0615 0.1555 52.3 0.6630 0.8290 
70.3 0.1l06 0.2660 50.4 0.7574 0.8780 
68.6 0.1435 0.3325 48.5 0.8604 0.9320 
63.8 0.2585 0.4950 46.3 1.000 1.000 



(0) Determine the product rates, kg/h. 
(b) Determine the minimum reflux ratio. 
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(c) Determine the minimum number of theoretical trays, graphically and by means of Eq. 
(9.85). 

(d) Determine the number of theoretical trays required at a reflux ratio equal to twice the 
minimum and the position of the feed tray. 

Ans.: 12.5 theoretical trays. 
(e) Estimate the overall tray efficiency of a sieve-tray tower of conventional design and the 

number of real trays. 
(!) Using the 'distillate temperature as the base temperature, determine the enthalpy of the feed, 

the products, and the vapor entering the condenser. Determine the heat loads of the condenser and 
reboiler. Latent and specific heats are available in "The Chemical Engineers' Handbook," 5th ed., 
pp. 3-116 and 3-129. 

9.16 A solution of carbon tetrachloride and carbon disulfide containing 50 wt % of each is to be 
continuously fractionated to give a distillate and residue analyzing 99.5 and 0.5 wt % carbon 
disulfide, respectively. Feed will be available at the bubble point, and reflux will be returned at the 
bubble point. 

There is available a sieve-tray tower of conventional design, suitable for use at I std atm 
pressure abs. The diameter is 0.75 m (30 in), and it contains 26 identical cross-now trays at a spacing 
of 0.50 m (20 in). A feed nozzle is available only for the tenth tray from the top. Each tray contains a 
straight weir, 0.46 m (18 in) long, extending 65 mm (2.5 in) from the tray floor. The perforated area 
is 12% of the active area of the perforated sheet. Adequate condenser and reboiler will be supplied. 
Equilibrium data are listed in Prob. 9.15. 

The listed products represent the minimum purities acceptable. and higher purities at the 
expense of additional heat load or reduced capacity are not warranted. Estimate the largest feed rate 
which the column can reasonably be expected to handle. 

9.17 Rerer to Fig. 9.46, the McCabe-Thiele diagram for separating partially miscible mixtures. 
Determine the coordinates of the point of intersection of the enriching-section operating line of 
tower I and the 45° diagonal of the diagram. 

9.18 An aqueous solution of furfural contains 4 mol % furfural. It is to be continuously fractionated 
at I std atm pressure to provide solutions containing 0.1 and 99.5 mol % furfural. respectively. Feed 
is liquid at the bubble point. Equilibrium data ("The Chemical Engineers' Handbook," 4th ed .• p. 
13-5), x, y = mole fraction furfural: 

t,OC x y' t,OC X y' 

100. 0 0 100.6 0.80 0.11 
98.56 0.01 0.055 109.5 0.90 0.19 
98.07 0.02 0.080 122.5 0.92 0.32 
97.90 0.04 0.092 146.0 0.94 0.64 
97.90 0.092 0.092 154.8 0.96 0.81 
97.90 0.50 0.092 158.8 0.98 0.90 
98.7 0.70 0.095 161.7 1.00 1.00 

(0) Arrange a scheme for the separation using kettle-type reboilers, and determine the number 
of theoretical trays required for a vapor boilup rate of 1.25 times the minimum for an infinite 
number of trays. 

(b) Repeat part (0) but use open steam at essentially atmospheric pressure for the tower 
delivering the water-rich product. with 1.25 times the minimum steam and vapor boUup rates. 

(c) Which scheme incurs the greater furfural loss to the water-rich product'? 

9.19 An aniline-water solution containing 7 wt % aniline, at the bubble point. is to be steam-stripped 
at a rate of 1000 kg/h in a tower packed with 38-mm (i.5-in) Berl saddles with open steam to 
remove 99% of the aniline. The condensed overhead vapor will be decanted at 98.5°C, and the 
water-rich layer returned to the column. The aniline-rich layer will be withdrawn as distillate 
product. The steam rate will be 1.3 times the minimum. Design the tower for a pressure drop of 400 
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{N/m2)/m at the top, Note: For concentrations where the equilibrium curve is nearly straight, it 
should be possible to use overall numbers and heights of transfer units, 

ADs.: 6.5 m of packing. 
Data: at 98,5°C, the solubility of aniline in water is 7.02 and 89.90 wt % aniline. The 

vapor-liquid equilibria at 745 mmHg. at which pressure the tower will be operated, are [Griswold et 
al.,Ind Eng. Chern., 32,878 (l94O)}: 

x = mole 0.002 0.004 0,006 0.008 0.Ql0 0.012 
fraction 
aniline 

y. = mole 0.01025 0,0185 0.0263 0.0338 0.03575 0.03585 
fraction 
aniline 

9.20 A distillation column is to be fed with the following solution: 

n-C;Hs = 0.1)6 mole fraction 
j·C4H 10 = 0,65 

n-C4H 10 = 0.26 

n-C
S
H

I2 
= 0.03 

1.00 

Two 
liquid 
phases, 98.5°C 

0.0360 

The distillate is to contain no more than 0.05 mole fraction n·C4H IO and essentially no CsHn' The 
bottoms will contain no more than 0.05 mole fraction j.C4H IO and essentially no C3Hg. The 
overhead vapor will be completely condensed at its bubble point, 37.8°C (100°F), with reflux to 
the top tray at the rate 2 kmol reflux/kmol distillate withdrawn. Compute the column pressure to be 
used, 

9.21 The following feed at the bubble point at 827 kN/m2 (120 Ibr/in2) abs, is to be fractionated at 
that pressure to provide no more than 7.45% of the n-CSH I2 in the distillate and no more than 7.6% 
of the n·C4H IO in the bottoms, with a total condenser and reflux returned at the bubble point: 

Component x, WC 90°C 120°C 

n·C)Hs 0.05 
m 2.39 3.59 5.13 
HG 33730 36290 39080 
HL 20350 25800 31050 

i-C4H10 0.15 
m 1.21 1.84 2.87 
HG 4l) 470 43960 47690 

HL 24050 28800 34560 

n·C4H10 0.25 
m 0.80 1.43 2A3 
HG 43730 46 750 50360 

HL 24960 30010 35220 

j,CSHI2 0.20 
m 0.39 0.72 1.29 
HG 51870 55270 59430 

HL 29080 34610 4l) 470 

n-CSH I2 0.35 
m 0.20 0.615 1.13 
HG 54310 57680 61130 

HL 29560 35590 41710 
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The table provides Henry's-law constants and enthalpies expressed as kJ /mol, from the same 
sources and using the same base as the data of Illustration 9.13. 

Compute the minimum reflux ratio. the minimum number of theoretical trays, and for a reflux 
ratio R - 2.58 estimate the product analyses, condenser and reboiler heat loads, vapor and liquid 
rates per mole of feed throughout, and the number of theoretical trays. 

ADs.: 8 theoretical trays + reboUer. 
9.22 The following feed at 6Q°C (140°F), 2070 kN/m2 (300 lbr/in~ abs, is to be fractionated at that 
pressure so that the vapor distillate product contains 0.913 percent of the isopentane and the 
bottoms 0.284 percent of the isobutane: 

CH" ... O.SO mole fraction 

C,H, - 0.Q3 

i-C"H\o - 0.10 

n-C"HIO ... 0.15 

i-CsHll = 0.07 

n-CSH 11 = 0.05 

n-C6H 1",.,. 0.10 

1.00 

Compute: (a) The mmnnum reflux ratio and (b) the minimum number of trays. At a reflux 
ratio - 2.0, estimate (c) the product analyses and (d) the number of theoretical trays by the 
correlations of Gilliland [171, Erbar and Maddox (121. Brown and Martin [5], and Strangio and 
Treybal [59]. 
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PART 

THREE 
LIQUID-LIQUID OPERATIONS 

Liquid extraction, the only operation in this category, is basically very similar to 
the operations of gas-liquid contact described in the previous part. The creation 
of a new insoluble liquid phase by addition of a solvent to a mixture accom
plishes in many respects the same result as the creation of a new phase by the 
addition of heat in distillation operations, for example, or by addition of gas in 
desorption operations. The separations produced by single stages, the use of 
countercurrent cascades and reflux to enhance the extent of separation-all 
have their liquid-extraction counterparts. The similarity between them will be 
exploited in explaining what liquid extraction can accomplish. 

Certain differences in the operations nevertheless make it expedient to 
provide a separate treatment for liquid extraction. The considerably greater 
change in mutual solubility of the contacted liquid phases which may occur 
during passage through a cascade of stages requires somewhat different tech
niques of computation than are necessary for gas absorption or stripping. The 
considerably smaller differences in density of the contacted phases and their 
relatively low interfacial tension, compared with the corresponding gas-liquid 
systems, require consideration in the design of apparatus. The larger number of 
variables which apparently influence the rate of mass transfer in countercurrent 
equipment makes the correlation of design data much more difficult. For these 
reasons separate treatment is desirable, at least for the present. 

Despite the increasingly extensive application of liquid extraction, thanks to 
its great versatility, and the extensive amount of research that has been done, it 
is nevertheless a relatively immature unit operation. It is characteristic of such 
operations that equipment types change rapidly, new designs being proposed 
frequently and lasting through a few applications, only to be replaced by others. 
Design principles for such equipment are never fully developed, and a reliance 
must often be put on pilot-plant testing for new installations. 





CHAPTER 

TEN 
LIQUID EXTRACTION 

Liquid extraction, sometimes called solvent extraction, is the separation of the 
constituents of a liquid solution by contact with another insoluble liquid. If the 
substances constituting the original solution distribute themselves differently 
between the two liquid phases, a certain degree of separation will result, and this 
can be enhanced by use of multiple contacts or their equivalent in the malU1er of 
gas absorption and distillation. 

A simple example will indicate the scope of the operation and some of its 
characteristics. If a solution of acetic acid in water is agitated with a liquid such 
as ethyl acetate, some of the acid but relatively little water will enter the ester 
phase. Since at equilibrium the densities of the aqueous and ester layers are 
different, they will settle when agitation stops and can be decanted from each 
other. Since now the ratio of acid to water in the ester layer is different from 
that in the original solution and also different from that in the residual water 
solution, a certain degree of separation will have occurred. This is an example of 
stagewise contact, and it can be carried out either in batch or in continuous 
fashion. The residual water can be repeatedly extracted with more ester to 
reduce the acid content still further, Or we can arrange a countercurrent cascade 
of stages. Another possibiltty is to use some sort of countercurrent continuous
contact device, where discrete stages are not involved. The use of reflux, as in 
distillation, may enhance the ultimate separation still further. 

In all such operations, the solution which is to be extracted is called the feed, 
and the liquid with which the feed is contacted is the solvenl. The solvent-rich 
product of the operation is called the extract, and the residual liquid from which 
solute has been removed is the raffinale. 

More complicated processes may use two solvents to separate the compo
nents of a feed. For example, a mixture of p- and o-nitrobenzoic acids can be 
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separated by distributing them between the insoluble liquids chloroform and 
water. The chloroform preferentially dissolves the para isomer and the water the 
ortho isomer. This is called double-solvent, or fractional, extraction. 

Fields of Usefulness 

Applications of liquid extraction faU into several categories: those where extrac
tion is in direct competition with other separation methods and those where it 
seems uniquely qualified. 

In competition with other mass~transfer operations Here relative costs are im
portant. Distillation and evaporation are direct separation methods. the products 
of which are composed of essentially pure substances. Liquid extraction, on the 
other hand, produces new solutions which must in tum be separated, often by 
distillation or evaporation. Thus, for example. acetic acid can be separated from 
dilute solution with water, with difficulty by distillation or with relative ease by 
extraction into a suitable solvent followed by distillation of the extract. For the 
more dilute solutions particularly, where water must be vaporized in distillation, 
extraction is more economical, especially since the heat of vaporization of most 
organic solvents is substantially less than that of water. Extraction may also be 
attractive as an alternative to distillation under high vacuum at very low 
temperatures to avoid thennal decomposition. For example. long-chain fatty 
acids can be separated from vegetable oils by high-vacuum distillation but more 
economically by extraction with liquid propane. Tantalum and niobium can be 
separated by very tedious fractional crystallization of the double fluorides with 
potassium but with relative ease by liquid extr~ction of the hydrofluoric acid 
solutions with methyl isobutyl ketone. 

As a substitute for chemical methods Chemical methods consume reagents and 
frequently lead to expensive disposal problems for chemical by-products. Liquid 
extraction, which incurs no chemical consumption or by-product production, 
can be less costly. Metal separations such as uranium-vanadium. hafnium
zirconium, and tungsten-molybdenum and the fission products of atomic-energy 
processes are more economical by liquid extraction. Even lower-cost metals such 
as copper and inorganic chemicals such as phosphoric acid, boric acid, and the 
like are economically purified by liquid extraction, despite the fact that the cost 
of solvent recovery must be included in the final reckoning. 

For separations not DOW possible by other methods In distillation, where the 
vapor phase is created from the liquid by addition of heat, the vapor and liquid 
are necessarily composed of the same substances and are therefore chemically 
very similar. The separations produced then depend upon the vapor pressures of 
the substances. In liquid extraction, in contrast, the major constituents of the 
two phases are chemically very different, and this makes separations according 
to chemical type possible. For example, aromatic and paraffinic hydrocarbons 
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of nearly the same molecular weight are impossible to separate by distillation 
because their vapor pressures are nearly the same, but they can readily be 
separated by extraction with any of a number of solvents, e.g., liquid sulfur 
dioxide, diethylene glycol, or sulfolane. (Extractive distillation is also useful for 
such operations, but it is merely extraction of the vapor phase with a solvent, 
whereas liquid extraction is extraction of the liquid phase. Frequently the same 
solvents are useful for both, as might be expected.) Many pharmaceutical 
products, e.g., penicillin, are proquced in mixtures so complex that only liquid 
extraction is a feasible separation device. 

LIQUID EQUILIBRIA 

Extraction involves the use of systems composed of at least three substances, 
and although for the most part the insoluble phases are chemically very 
different, generally all three components appear at least to some extent in both 
phases. The following notation scheme will be used to describe the concentra
tions and amounts of these ternary mixtures, for purposes of discussing both 
equilibria and material balances. 

Notation Scheme 

I. A and B are pure, substantially insoluble liquids, and C is the distributed 
solute. Mixtures to be separated by extraction are composed of A and C, and 
B is the extracting solvent. 

2. The same letter will be used to indicate the quantity of a solution or mixture 
and the location of the mixture on a phase diagram. Quantities are measured 
by mass for batch operations, mass/time for continuous operation. Thus, 

E = mass/time of solution E, an extract, shown on a phase diagram by 
point E 

R = mass/time of solution R. a raffinate, shown on a phase diagram by 
point R 

B = mass/time of solvent B 

Solvent-free (B-free) quantities are indicated by primed letters. Thus, 

E' = mass B-free solution/time, shown on a phase diagram by point E 
E = E'(l + NE ) 

3. x = weight fraction C in the solvent-lean (A-rich), or raffinate, liquids 
y = weight fraction C in the solvent-rich (B-rich), or extract, liquids 
x' = x/(l - x) = mass C/mass non-C in the raffinate liquids 
y' = y /(1 - y) = mass C/mass non-C in the extract liquids 
X = weight fraction C in the raffinate liquids on a B-free basis, mass 

C/(mass A + mass C) 
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Y ~ weight fraction C in the extract liquids on a B-free basis, mass C/(mass 
A + mass C) 

N ~ weight fraction B on a B-free basis, mass B/(mass A + mass C) 
Subscripts identify the solution or mixture to which the concentration terms 
refer. Stages are identified by number. Thus, X3 = wt fraction C in the 
raffinate from stage 3, Y, ~ wt fraction C (B-free basis) in the extract from 
stage 3, etc. For other solutions identified by a letter on a phase diagram, the 
same letter is used as an identifying subscript. Thus, X M = wt fraction C in 
the mixture M. An asterisk specifically identifies equilibrium concentrations 
where the condition of equilibrium is emphasized. Thus, Yt = wt fraction C 
in the equilibrium solution E. 

4. Throughout the discussion of equilibria, material balances, and stagewise 
calculations, mole fractions, mole ratios, and kilomoles may be consistently 
substituted for weight fractions, weight ratios, and kilograms, respectively. 

Equilateral-Triangular Coordinates 

These are used extensively in the chemical literature to describe graphically the 
concentrations in ternary systems. It is the property of an equilateral triangle 
that the sum of the perpendicular distances from any point within the triangle to 
the three sides equals the altitude of the triangle. We can therefore let the 
altitude represent 100 percent composition and the distances to the three sides 
the percentages or fractions of the three components. Refer to Fig. to.1. Each 
apex of the triangle represents one of the pure components, as marked. The 
perpendicular distance from any point such as K to the base AB represents the 
percentage of C in the mixture at K, the distance to the base AC the percentage 
of B, and that to the base CB the percentage of A. Thus xK ~ 0.4. Any point on 
a side of the triangle represents a binary mixture. Point D, for example, is a 
binary containing 80 percent A, 20 percent B. All points on the line DC 
represent mixtures containing the same ratio of A to B and can be considered as 

c 

Aof---~20~--~4~0~~6~0~~B~0~~ 
%8 

100 BO 60 40 20 o 
%A 

o 

F1gure 10.1 Equilateral-triangular coordinates. 
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mixtures originally at D to which C has been added. If R kg of a mixture at 
point R is added to E kg of a mixture at E, the new mixture is shown on the 
straight line RE at point M, such that 

R line ME 
E = lineRM (10.1) 

Alternatively the composition corresponding to point M can be computed by 
material balances, as will be shown later. Similarly, if a mixture at M has 
removed from it a mixture of composition E, the new mixture is on the straight 
line EM extended in the direction away from E and located at R so that Eq. 
(10.1) applies. 

Equation (10.1) is readily established. Refer to Fig. 10.2, which again shows R kg of mixture at R 
added to E kg of mixture at E. Let M represent the kilograms of new mixture as well as the 
composition on the figure . Line RL - weight fraction C in R - xR' line MO - weight fraction C in 
M - XM' and line ET - weight fraction CinE - xE• A total material balance, 

A balance for component C. 

Eliminating M, we get 

R+E-M 

R(lin. RL) + E(lin. ET) - M(lin. MO) 

hR + EXE - MXM 

R line ET - line MO _ XE - XM 
E - line MO line RL XM - xR 

But line ET - line MO - line EP, and line MO - line RL - line MK - line PS. Therefore 

R line EP line ME 
E - line PS - line RM 

The following discussion is limited to those types of systems which most 
frequently occur in liquid-extraction operations. For a complete consideration of 
the many types of systems which may be encountered, the student is referred to 
one of the more comprehensive texts on the phase rule [51]. 

c 

£ 

A·L---L~---:O!;----~---~8 FIpre 10.1 The mixture rule. 



482 MASS-TRANSFER OPERATIONS 

Systems of TItree Liquids-One Pair Partially Soluble 

This is the most common type of system in extraction, and typical examples are 
water (A)-chloroform (B)- acetone (C) and benzene (A)-water (B)-acetic acid 
(C). The triangular coordinates are used as isotherms, or diagrams at constant 
temperature. Refer to Fig. IOJa. Liquid C dissolves completely in A and B, but 
A and B dissolve only to a limited extent in each other to give rise to the 
saturated liquid solutions at L (A-rich) and at K (B-rich). The more insoluble the 
liquids A and B, the nearer the apexes of the triangle will points Land ·K be 
located. A binary mixture J, anywhere between Land K, will separate into two 
insoluble liquid phases of compositions at Land K, the relative amounts of the 
phases depending upon the position of f , according to the principle of Eq. 
(10.1). 

Curve LRPEK is the binodal solubility curve, indicating the change in 
solubility of the A- and B-rich phases upon addition of C. Any mixture outside 
this curve will be a homogeneous solution of one liquid phase. Any ternary 
mixture underneath the curve, such as M , will form two insoluble, saturated 
liquid phases of equilibrium compositions indicated by R (A-rich) and E 
(B-rich). The line RE joining these equilibrium compositions is a tie line, which 
must necessarily pass through point M representing the mixture as a whole. 
There are an infinite number of tie lines in the two-phase region, and only a few 
are shown. They are rarely parallel and usually change their slope slowly in one 
direction as shown. In a relatively few systems the direction of the tie-line slope 
changes, and one tie line will be horizontal. Such systems are said to be 
solutropic. Point P, the plait point. the last of the tie lines and the point where the 
A-rich and B-rich solubility curves merge, is ordinarily not at the maximum 
value of C on the solubility curve. 

The percentage of C in solution E is clearly greater than that in R, and it is 
said that in this case the distribution of C favors the B-rich phase. This is 

c 

""~ wI"'"f """,~. L 
" " - ,; t 1V\oJ>"' 

\ , 
~(i, 

i~ A L J K 8 ° 0 XR 

""",. ;£'oW'P- G ivv:t 101 ~"'>~Iolt, ... ,,"''"'" Ihl 
~ V,1-OIu, ~~ se~ 

FIpre 10.3 System of three liquids., A and B partiaUy miscible. 

, 
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conveniently shoWl\ on the distribution diagram (Fig. lO.3b), where the point 
(E, R) lies above the diagonaly = x. The ratioy*/x, the distribution coefficient, 
is in this case greater than unity. The concentrations of C at the ends of the tie 
lines, when plotted against each other, give rise to the distribution curve shown. 
Should the tie lines on Fig. lO.3a slope in the opposite direction, with C favoring 
A at equilibrium, the distribution curve will lie below the diagonal. The distribu
tion curve may be used for interpolating between tie'lines when only a few have 
been experimentally determined. Other methods of interpolation are also availa
ble [72]. 

Effect of temperature To show the effect of temperature in detail requires a 
three~dimensional figure, as in Fig. lOAa, where temperature is plotted vertically 
and the isothermal triangles are seen to be sections through the prism. For most 
systems of this type, the mutual solubility of A and B increases with increasing 
temperature, and above some temperature t4, the 'critical solution temperature, 
they dissolve completely. The increased solubility at higher temperatures in
fluences the ternary equilibria considerably, and this is best shown by projection 
of the isotherms onto the base triangle, as in Fig. lO.4h. Not only does the area 
of heterogeneity decrease at higher temperatures, but the slopes of the tie lines 
may also change. Liquid-extraction operations, which depend upon the forma
tion of insoluble liquid phases, must be carried on at temperatures below t4 • 

Other, less common, temperature effects are also known [51, 721. 

c 
c 

A~--------~----~B 

A 8 

t'~~ 
A 8 

101 Ibl 

FIgure 10.4 Effect of temperature on ternary equilibria. 
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Effect of pressure Except at very high pressures, the influence of pressure on the 
liquid equilibrium is so small that it can generally be ignored. All the diagrams 
shown are therefore to be considered as having been plotted at sufficiently high 
pressure to maintain a completely condensed system, Le., above the vapor 
pressures of the solutions. However, should the pressure be sufficiently reduced 
to become less than the vflpor pressure of the solutions, a vapor phase will 
appear and the liquid equilibrium will be interrupted. Such an effect on a binary 
solubility curve of the type APR of Fig. lO.4a is shown in Fig. 9.8. 

Systems of Thee Liquids-Two Pairs Partially Soluble 

This type is exemplified by the system chlorobenzene (A)-water (B)-methyl 
ethyl ketone (C), where A and C are completely soluble, while the pairs A-B 
and B-C show only limited solubility. Refer to Fig. lO.5a, a typical isotherm. At 
the prevailing temperature, points K and J represent the mutual solubilities of A 
and B and points H and L those of Band C. Curves KRH (A-rich) and JEL 
(B-rich) are the ternary solubility curves, and mixtures outside the band between 
these curves form homogeneous single-phase liquid solutions. Mixtures such as 
M, inside the heterogeneous area, form two liquid phases at equilibrium at E 
and R, joined on the diagram by a tie line. The corresponding distribution curve 
is shown in Fig. lO.5b. 

Effect of temperature Increased temperature usually increases the mutual solu
bilities and at the same time influences the slope of the tie lines. Figure 10.6 is 
typical of the effect that can be expected. Above the critical solution tempera
ture of the binary B-C at (" the system is similar to the first type discussed. 
Other temperature effects are also possible [51, 72]. 

c 
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F1gure 10.5 System of three liquids. A-B and B-C partially miscible. 
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c 
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Ftgure 10.6 Effect of temperature on ternary equilibria. 

Systems of Two Partially Soluble Liquids aud Oue Solid 

When the solid does not form compounds such as hydrates with the liquids, the 
system will frequently have the characteristics of the isotherm of Fig. 10.7, an 
example of which is the system naphthalene (C)-aniline (A)-isooctane (B). Solid 
C dissolves in liquid A to form a saturated solution at K and in liquid B to give 
the saturated solution at L. A and B are soluble only to the extent shown at H 

c 

Figure 10.7 System of two partially soluble liquids A and B and one solid C. 
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c 

K 
p 

A 

Ftgure 10.8 System of two partially soluble liquids A 
8 and B and one solid C. 

and J. Mixtures in the regions AKDH and BLGJ are homogeneous liquid 
solutions. The curves KD and GL show the effect of adding A and B upon the 
solubilities of the solid. In the region HDGJ two liquid phases form: if C is 
added to the insoluble liquids Hand J to give a mixture M, the equilibrium 
liquid phases will be Rand E, joined by a tie line. All mixtures in the region 
CDG consist of three phases, solid C, and saturated liquid solutions at D and G. 
Liquid-extraction operations are usually confined to the region of the two liquid 
phases, which is that corresponding to the distribution curve shown. 

Increased temperature frequently changes these systems to the configuration 
shown in Fig. 10.8. 

Other Coordinates 

Because the equilibrium relationship can rarely be expressed algebraically with 
any convenience, extraction computations must usually be made graphically on 
a phase diagram. The coordinate scales of equilateral triangles are necessarily 

1.0c" ________________ ,,c 

o L 
AO 

WI traction 8 

101 

FIgure 10.9 Rectangular coordinates. 
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always the same, ~nd in order to be able to expand one concentration scale 
relative to the other, rectangular coordinates can be used. One of these is formed 
by plotting concentrations of B as abscissa against concentrations of C (x andy) 
as ordinate, as in Fig. 1O.9a. Unequal scales can be used in order to expand the 
plot as desired. Equation (10.1) applies for mixtures on Fig. 1O.9a, regardless of 
any inequality of the scales. 

Another rectangular coordinate system involves plotting as abscissa the 
weight fraction C on a B-free basis, X and Y in the A- and B-rich phases, 
respectively, against N, the B-concentration on a B-free basis, as ordinate, as 
shown in the upper part of Fig. 10.10. 11ris has been plotted for a system of two 
partly miscible pairs, such as that of Fig. 10.5. 

The similarity of such diagrams to the enthalpy-concentration diagrams of 
Chap. 9 is clear. In extraction, the two phases are produced by addition of 
solvent, in distillation by addition of heat, and solvent becomes the analog 
of heat. This is emphasized by the ordinate of the upper part of Fig. 10.10. Tie 
lines such as QS can be projected to X, Y coordinates, as shown in the lower 
figure, to produce a solvent-free distribution graph similar to those of distilla
tion. The mixture rule on these coordinates (see the upper part of Fig. 10.10) is 

M' YN - Yp = XN - Xp = lineNP 1,.MVl1.'t i?~(102) 
""ii' = Yp YM Xp - XM line PM j l,Olve.""l- '. 

where M' and N' are the B-free weights of these mixtures. 
f{:2J2 6\vt"'OlAV'-,,\ 

t 
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B-rich. 
N vs. Y 

'-t---++--'-"+-F--+---' 
x, Y = kgClkg(A+C) 

X, A -rich solutions 
Figure 10.10 Rectangular coordinates, solvent·free ba
sis, for a system of two partly miscible liquid pairs. 
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MuIticomponent Systems 

The simplest system of four components occurs when two solutes distribute 
between two solvents, e.g., the distribution of formic and acetic acids between 
the partly soluble solvents water and carbon tetrachloride. Complete display of 
such equilibria requires a three-dimensional graph [72J, which is difficult to work 
with, but frequently we can simplify this to the distribution (")') curves, one for 
each solute, such as that for a single solute in Fig. lO.3b. More than four 
components cannot be conveniently dealt with graphically. 

Choice of Solvent 

There is usually a wide choice of liquids to be used as solvents for extraction 
operations. It is unlikely that any particular liquid will exhibit all the properties 
considered desirable for extraction, and some compromise is usually necessary. 
The following are the quantities to be given consideration in making a choice: 

1. Selectivity. The effectiveness of solvent B for separating a solution of A and 
C into its components is measured by comparing the ratio of C to A in the 
B-rich phase to that in the A-rich phase at equilibrium. The ratio of the 
ratios, the separation factor, or selectivity, fJ is analogous to the relative 
volatility of distillation. If E and R are the equilibrium phases, 

f3 = (wt fraction C in E)I (wt fraction A in E) = y1(wt fraction A in R) 
(wt fraction C in R)I (wt-fraction A in R) xR(wt fraction A in E) 

(10.3) 

For all useful extraction operations the selectivity must exceed unity, the 
more so the better. If the selectivity is unity, no separation is possible. 

Selectivity usually varies considerably with solute concentration, and in 
systems of the type shown in Fig. 10.3 it will be unity at the plait point. In 
some systems it passes from large values through unity to fractional values, 
and these are analogous to azeotropic systems of distillation. 

2. Distribution coefficient. This is the ratioy*/x at equilibrium. While it is not 
necessary that the distribution coefficient be larger than 1, large values are 
very desirable since less solvent will then be required for the extraction. 

3. Insolubility of solvelli. Refer to Fig. 1O.l!. For both systems shown, only 
those A-C mixtures between D and A can be separated by use of the solvents 
B or B', since mixtures richer in C will not form two liquid phases with the 
solvents. Clearly the solvent in Fig. 10.1 la, which is the more insoluble of the 
two, will be the more useful. In systems of the type shown in Figs. 1O.5a and 
1O.7a, if the solubility of C in B is small (point L near the B apex), the 
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FIgure 10.11 Influence of solvent solubility on extraction. 

capacity of solvent B to extract C is small and large amounts of solvent are 
then required. 

4. Recoverability. It is always necessary to recover the solvent for reuse, and 
this must ordinarily be done by another of the mass-transfer operations, most 
frequently distillation, If distillation is to be used, the solvent should form no 
azeotrope with the extracted solute and mixtures should show high relative 
volatility for low-cost recovery. That substance in the extract, either solvent 
or solute, which is present as the lesser quantity should be the more volatile in 
order to reduce heat costs. If the solvent must be volatilized, its latent heat of 
vaporization should be small~ 

5. Density. A difference in densities of the saturated liquid phases is necessary, 
both for stagewise and continuous-contact equipment operation. The larger 
this difference the better, In systems of the type shown in Fig, lO.3, the 
density difference for equilibrium phases will become less as C concentrations 
increase and wi1l be zero at the plait point. It may reverse in sign before 
reaching the plait point, in which case continuous-contact equipment cannot 
be specified to operate at the concentrations at which the density difference 
passes through zero. 

6. Interfacial tension. The larger the interfacial tension, the more readily 
coalescence of emulsions will occur but the more difficult the dispersion of 
one liquid in the other will be. Coalescence is usually of greater importance, 
and interfacial tension should therefore be high. Interfacial tension between 
equilibrium phases in systems of the type shown in Fig, lO.3 falls to zero at 
the plait point. 

7, Chemical reactivity. The solvent should be stable chemically and inert 
toward the other components of the system and toward the common materi
als of construction. 

8. Viscosity, vapor pressure, and freezing point. These should be low for ease in 
handling and storage. 

9. The solvent should be nontoxic, nonflammable, and of low cost. 
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EQUIPMENT AND FLOWSHEETS 

As with the gas-liquid operations, liquid extraction processes are carried out in 
stagewise equipment which can be arranged in multistage cascades and also in 
differential-contact apparatus. We sball consider the methods of calculation and 
the nature of the equipment and its characteristics separately for each type. 

STAGEWISE CONTACT 

Extraction in equipment of the stage type can be carried on according to a 
variety of flowsheets, depending upon the nature of the system and the extent of 
separation desired. In the discussion which follows it is to be understood that 
each state is a theoretical or equilibrium stage, such that the effluent extract and 
raffinate solutions are in equilibrium with each other. Each stage must include 
facilities for contacting the insoluble liquids and separating the product streams. 
A combination of a mixer and a settler may therefore constitute a stage, and in 
multistage operation these may be arranged in cascades as desired. In counter
current multistage operation it is also possible to use towers of the multistage 
type, as described earlier. 

Single-Stage Extraction 

This may be a batch or a continuous opera\ion. Refer to Fig. 10.12. The 
flowsheet shows the extraction stage. Feed of mass F (if batch) or F mass/time 
(if continuous) contains substances A and C at XF weight fraction C. This is 
contacted with mass SJ (or mass/time) of a solvent, principally B, containingys 
weight fraction C, to give the equilibrium extract EI and raffinate R I , each 
measured in mass or mass/time. Solvent recovery then involves separate re
moval of solvent B from each product stream (not shown). 

The operation can be followed in either of the phase diagrams as shown. If 
the solvent is pure B (Ys = 0), it will be plotted at the B apex, but sometimes it 
has been recovered from a previous extraction and therefore contains a little A 
and C as well, as shown by the location of S. Adding S to F produces in the 
extraction stage a mixture M J which, on settling, forms the equilibrium phases 
E, and R, joined by the tie line through M,. A total material balance is 

F + S, = M, = E, + R, (lOA) 

and point M, can be located on line FS by the mixture rule, Eq. (10.1), but it is 
usually more satisfactory to locate M J by computing its C concentration. Thus, a 
C balance provides 

(10.5) 

from which xM I can be computed. Alternatively, the amount of solvent to 
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Feed~Raffmate RI 
XF Stage XI , 

Solvent SI Extract E\ 
Ys Y\ 

A'~~============~~~8 A~============~K~: 
:;ON~Vk Weight fraction B 

F1gure 10.12 Single-stage extraction. 

provide a given location for Ml on the line FS can be computed: 

Sl xF - XMI 

P= XM1-YS 
(10.6) 

The quantities of extract and raffinate can be computed by the mixture rule, Eq. 
(10.1), or by the material balance for C: 

(10.7) 

(10.8) 

and R, can be determined through Eq. (10.4). 
Since two insoluble phases must form for an extraction operation, point Ml 

must lie within the heterogeneous liquid area, as shown. The minimum amount 
of solvent is thus found by locating M, at D, which would then provide an 
infinitesimal amount of extract at 0, and the maximum amount of solvent is 
found by locating M, at K, which provides an infinitesimal amount of raffinate 
at L. Point L also represents the raffinate with the lowest possible C concentra
tion, and if a lower value were required, the recovered solvent S would have to 
have a lower C concentration. 

Computations for systems of two insoluble liquid pairs, or with a distributed 
solute which is a solid, are made in exactly the same manner, and Eqs. (10.4) to 
(10.8) all apply. 

All the computations can also be made on a solvent-free basis, as in the 
upper part of Fig. 10.13, if the nature of this diagram makes it convenient. If 
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N 

R, 

F X,Y 

X, XM1 

Figure 10.13 Single-stage extraction, solvent-free coordi-
x nates. 

C'W(Llo'I""<t 
solvent S is pure B, its N value is infinite and the line FS is then vertical. 
Products EI and RI lie on a tie line through MI representing the entire mixture 
in the extractor. Material balances for use with this diagram must be made on a 
B~free basis. Thus, 

F + S' = M; = E; + R; (10,9) 

where the primes indicate B-Iree weight (the leed is normally B-Iree, and 
F = F), A balance lor C is 

FXF + S'Ys = M;XMI = E;YI + R;XI (10.10) 

andlorB F'NF+X'Ns=M;NMI=E;NEi+R;NRI (10.11) 

(ordinarily, NF = 0 sin~e the feed contains no B). The coordinates of M{ can be 
computed, point MI located on line FS, the ti~ line located, and the B-Iree 
weights, E; and R;, computed: 

E' - M;(XMI - XI) (10.12) 
1- Y

1 
XI 

and R; is obtained through Eq. (10.9). The total weights 01 the saturated extract 
and raffinate are then 

(10.13) 
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If the solvent is pure B, whence N s = 00, these equations still apply, with the 
simplification that S' = 0, Ys = 0, S' Ns = E, and F' = M{. Minimum and 
maximum amounts of solvent correspond to putting M, at D and K on the 
figure, as before. 

Equations (10.9) and (10.10) lead to 
R; = Y, - XM1 

E{ X MI XI 
(10.14) 

When the equilibrium extract and raffinate are located on the lower diagram of 
Fig. 10.13, Eq. (10.14) is seen to be that of the operating line shown, of slope 
- R{/ E{. The single stage is seen to be analogous to the flash vaporization of 
distillation, with solvent replacing heat. If pure B is used as solvent, the 
operating line on the lower figure passes through the 45° line at XF, which 
completes the analogy (see Fig. 9.14). 

Multistage Crosscurrent Extraction 

This is an extension of single-stage extraction, wherein the raffinate is succes
sively contacted with fresh solvent, and may be done continuously or in batch. 
Refer to Fig. 10.14, which shows the flow sheet for a three-stage extraction. A 

c 
N 

FIgure 10.14 Crosscurrent extraction. 

Composiled 
extract 

5 
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single final raffinate results, and the extracts can be combined to provide the 
composited extract, as shown. As many stages as desired can be used. 

Computations are shown on triangular and on solvent~free coordinates. All 
the material balances for a single stage of course now apply to the first stage. 
Subsequent stages are dealt with in the same manner, except of course that the 
feed to any stage is the raffinate from the preceding stage. Thus, for any stage n: 

Total balance: 

C balance: Rn_1xn_ 1 + SnYs = MnxMn = EnYn + Rnxn 

For the solvent-free coordinates, 

A + C balance: R~_I + S~ = M~ = E~ + R~ 
C balance: 

(10.15) 

(10.16) 

(10.17) 

(10.18) 

B balance: R;,_,NR,,_, + S~Ns = M~NM. = E~NE. + R;,NR" (10.19) 

from which the quantities can be calculated for either type of graph. 
Unequal amounts of solvent can be used in the various stages, and even 

different temperatures, in which case each stage must be computed with the help 
of a phase diagram at the appropriate temperature. For a given final raffinate 
concentration, the greater the number of stages the less total solvent will be used. 

lUustradoo 10.1 If 100 kg of a solution of acetic acid (C) and water (A) containing 30% acid is 
to be extracted three times with isopropyl ether (B) at 20aC, using 4(} kg of solvent in each 
stage, determine the quantities and compositions of the various streams. How much solvent 

I/> would be required if the same final raffinate concentration were to be obtained with one stage: 

SoLUTION The equilibrium data at 20Ge are listed below [Trans. AIChE, 36, 628 (1940). with 
permission}. The horizontal rows give the concentrations in equilibrium solutions. The system is 
of the type shown in Fig. 10.9, except that the tie lines slope downward toward the B apex.. The 
rectangular coordinates of Fig. 1O.9a will be used, but only for acid concentrations up to 
x - 0.30. These are plotted in Fig. 10.15. 

Water layer Isopropyl ether layer 

Wt % acetic acid. Isopropyl Acetic acid. Isopropyl 
IOOx Water ether lOOy· Water ether 

0.69 98.1 1.2 0.18 0.5 99.3 
1.41 97.1 1.5 0.37 0.7 98.9 
2.89 95.5 1.6 0.79 0.8 98.4 
6.42 91.7 1.9 1.93 1.0 97.1 

13.30 84.4 2.3 4.82 1.9 93.3 
25.50 71.1 3.4 11.40 3.9 84.7 
36.70 589 4.4 21.60 6.9 71.5 
44.30 45.1 10.6 31.10 10.8 58.1 
46.40 37.1 16.5 36.20 15.1 48.7 
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FIgure 10.15 Solution to Illustration 10.1. 

Stage 1 F ... 100 kg, XF = 0.30, Ys ... 0, SI = Bl ... 40 kg. Eq. (10.4): 

MI = 100+40= l40kg 

Eq. (10.5): 

100(0.30) + 40(0) = 14Ox;\11 XM1 .... 0.214 

Point MI is located on line FB. With the help of a distribution curve, the tie line passing 
through Ml is located as shown. and xI == 0.258'YI = 0.117 wt fraction acetic acid. Eq. (10.8): 

E, 1~~i;14 ~.~52i8) - 43.6 kg 

Eq. (10.4): 

R, - 140 - 43.6 - 96.4 kg 

Stage 2 S, - B, - 40 kg. Eq. (10.15): 

M2 = Rl + B2 = %.4 + 40 = 136.4 kg 

Eq.'(l0.16): 

96.4(0.258) + 4O(0) = 136.4xM2 XM2 = 0.1822 

Point M2 is located on line RIB and the tie line R2E2 through M2. x2 = 0.227'Y2 = 0.095. Eq. 
(10.8) becomes 

136.4(0.1822 - 0:227) _ 46 3 kg 
0.095 0.227 . 
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Eq. (10.15): 

R2 = M2 - E2 = 136.4 - 46.3 = 90.1 kg 

Stage 3 In a similar manner, B3 = 40, M3 = 130.1, xM ) = 0.1572, x) = 0.20, y) = 0.078, 
E3 "" 45.7, and R3 "'" 84.4. The acid content of the final raffinate is 0.20(84.4) = 16.88 kg. 

The composited extract is E, + E2 + E) = 43.6 + 46.3 + 45.7 "'" 135.6 kg, and its acid 
content ... ElY, + E2Y2 + E313 = 13.12 kg. 

If an extraction to give the same final raffinate concentration, x "" 0.20, were to be done 
in one stage, the point M would be at the intersection of tie line R3E3 and line BF of Fig. 10.15, 
or at Xu"'" 0.12. The solvent required would then be, by Eq. (10.6). S, = 100(0.30-
0.12)/(0.12 - 0) "'" 150 kg. instead of the total of 120 required in the three-stage extraction. 

Insoluble liquids When the extraction solvent and feed solution are insoluble 
and remain so at all concentrations of the distributed solute occurring in the 
operation, the computations can be simplified. For this purpose, the eqUilibrium 
concentrations are plotted as in Fig. 10.16, x' = x/(l - x) againsty' = y/(I -
y). Since the liquids A and B are insoluble, there are A kg of this substance in all 
raffinates. Similarly, the extract from each stage contains all the solvent B fed to 
that stage. A solute-C balance about any stage /I is then 

AX~_1 + BnYs = BI/Y~ + Ax~ (10.20) 

(10.21) 
A Ys - y~ 
Bn X~_l - x~ 

This is the operating-line equation for stage n, of slope - A / Bn. passing through 
points (x~_"Ys) and (x~.y~). The construction for a three-stage extraction is 
shown in Fig. 10.16, where for each stage a line is drawn of slope appropriate to 
that stage. Each operating line intersects the equilibrium curve at the raffinate 
and extract compositions. No raffinate of concentration smaller than that in 
equilibrium with the entering solvent is possible. 

Solute concentrations for these cases are sometimes also conveniently ex
pressed as mass/volume. Equations (10.20) and (10.21) then apply with x' andy' 
expressed as mass solute/volume, and A and B as volume/time (or volumes for 
batch operations). 

'" ~Y;"----- Operoting 
line slope "" 
-AIBI 

" 

x~ x; x; .r~ 
RofflnOle composition. kg C/kg A 

Figure 10.16 Crosscurrent extraction with an in
soluble solvent. 
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Figure 10.17 Solution to Illustration 10.2, 

Illustration 10.2 Nicotine (C) in a water (A) solution containing 1% nicotine is to be extracted 
with kerosene (B) at 20°C. Water and kerosene are essentially insoluble. (a) Determine the 
percentage extraction of nicotine if 100 kg of feed solution is extracted once with 150 kg 
solvent. (b) Repeat for three theoretical extractions using 50 kg solvent each. 

SOLUTION Equilibrium data are provided by Claffey et ai., Ind. Eng. Chern., 42, 166 (1950), and 
expressed as kg nicotine/kg liquid, they are as follows: 

x' = kg nicotine 0 0.0010li 0.00246 0,00502 0,00751 0,(X1998 0.0204 
kg water 

'. kg nicotine 
Y = kg kerosene o 0.000 807 0.001%1 0.00456 0.00686 0.00913 0.01870 

(a) XF = om wt fraction nicotine, x;" = 0.01/(1 - 0.01) = 0.0101 kg nicotine/kg water. 
F ... 100 kg. A "'" 100(1 - 0.01) "'" 99 kg water. A/ B =: 99/150 = 0.66, 

Refer to Fig. 10,17, which shows the eqUilibrium data and the point F representing the 
composition of the feed. From F, line FD is drawn of slope -0.66, intersecting the equilibrium 
curve at D, where xI = 0,00425 andy'! = 0.00380 kg nicotine/kg liquid. The nicotine removed 
from the water is therefore 99(0.0101 - 0.00425) =: 0.580 kg. or 58% of that in the feed, 

(b) For each stage, A/ B = 99/50 = 1.98, The construction is started at F. with operating 
lines of slope - 1.98. The final raffinate composition is x) = 0,0034, and the nicotine extracted 
is 99{0.01OJ - 0.0034) = 0,663 kg, or 66.3% of that in the feed. 

Continuous Countercurrent Multistage Extraction 

The flowsheet for this type of operation is shown in Fig. 10.18. Extract and 
raffinate streams flow from stage to stage in countercurrent and provide two 
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FIpre 10.18 Countercurrent multistage extraction. 

final products, raffinate RN and extract E,. For a given degree of separation, 
this type of operation requires fewer stages for a given amount of solvent, or less 
solvent for a fixed number of stages, than the crosscurrent methods described 
above. 

The graphical treatment is developed in Fig. 10.19 on rectangular coordi
nates. Construction on the equilateral triangle is identical with this. A total 
material balance about the entire plant is 

IF+ S - E"'lc--+~R-N J@' (1O.22} 

Point M can be located on line FS through a balance for substance C, 

FXF + SYs = ElY ' + RN,XN, = MXM 

FXF + SYs 
xM = F+ S 

(10.23) 

(10.24) 

Equation (10.22) indicates that M must lie on line RN £" as shown. Rearrange-
ment of Eq. (10.22) provides I. ' ;; !;1v<ti&rt 

1&,: - S ~ ~ I liVl~ (1O.2~ 
where D.R , a difference point, is the net flow outward at the last stage Nr 

c 



LIQUID EXTRACTION 499 

According to Eq. (10.25), the extended lines ElF and SR" must intersect at IJ.R , 

as shown in Fig. 10.19. This intersection may in some cases be located at the 
right of the triangle. A material balance for stages s through Np is 

(10.26) 

or " RN, - S = R,_I - E, = IJ.R (10.27) 

so that the difference in flow rates at a location between any two adjacent stages 
is constant, AR • Line E.s~-I extended must therefore pass through AR • as on the 
figure. 

The graphical construction is then as follows. After location of points F. S, 
M, E I, RN" and AR , a tie line from EI provides RJ since extract and raffinate 
from the first theoretical stage are in equilibrium. A line from D..R through RI 
when extended provides E2• a tie line from E2 provides R2, etc. The lowest 
possible value of XN. is that given by the A-rich end of a tie line which, when 
extended, passes through S. 

As the amount of solvent is increased, point M representing the overall 
plant balance moves toward S on Fig. 10.19 and point /j.R moves farther to the 
left. At an amount of solvent such that lines ElF and SR" are parallel, point IJ.R 
will be at an infinite distance. Greater amounts of solvent will cause these lines 
to intersect on the right-hand side of the diagram rather than as shown, with 
point /j.R nearer B for increasing solvent quantities. The interpretation of the 
difference point is, however. still the same: a line from fj"R intersects the two 
branches of the solubility curve at points representing extract and raffinate from 
adjacent stages. 

If a line from point D..R should coincide with a tie line, an infirtite number of 
stages will be required to reach this condition. The maximum amount of solvent 
for which this occurs corresponds to the minimum solvent/feed ratio which can 
be used for the specified products. The procedure for determining the minimum 
amount of solvent is indicated in Fig. 10.20. All tie lines below that marked J K 

(2-) . 
P i"'l\Vl 

c 

Ftgure 10.20 Minimum solvent for countercurrent extraction. 
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are extended to line SRN , to give intersections with line SRN, as shown. The 
intersection farthest from S (if on the left-hand side of the diag(am) or nearest S 
(if on the right) represents the difference point for minimum solvent, as at point 
!J.R (Fig. 10.20). The actual position of !J.R must be farther from S (if on the left) 
or "'nearer to S (if on the right) for a finite number of stages. The larger the 
amount of solvent, the fewer the number of stages. Usually, but not in the 
instance shown, the tie line which when extended passes through F, that is, tie 
line JK, will locate !!J.R", for minimum solvent. 

When the number of stages is very large, the construction indicated in Fig. 
10.21 may be more convenient. A few lines are drawn at random from point 6.R 
to intersect the two branches of the solubility curve as shown, where the 
intersections do not now necessarily indicate streams between two actual adja
cent stages. The C concentrations Xs and Ys+ I corresponding to these are plotted 
on x, Y coordinates as shown to provide an operating curve. Tie-line data 
provide the equilibrium curve y* vs. x, and the theoretical stages are stepped off 
in the manner used for gas absorption and distillation. 

Figure 10.22 shows the construction for solvent-free coordinates. The B-free 
material balance for the entire plant is 

F' + S' = E; + RJv
p 

= M' (10.28) 

where ordinarily F = F' since the feed is usually B-free. M' is therefore on the 
line FS at XM calculated by a C balance 

(10.29) 

If pure B is used as solvent, S' = 0, Sf Ys = 0, F' = M', XM = Xp , and point M 
is vertically above F. 

Line E,R" must pass through M. Then , 
R~ - Sf = Ff - Ej = ll~ , 

c 
y 

x,y 

E, 
y, 

x, F 

YS~I 
x 

RN, 

" Ys .... .4 
B xN, 

Figure 10.21 Transfer of coordinates to distribution diagram. 

Equilibrium 
curve 

x, x, 

(10.30) 

X 
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The balance for stages s through Np is 

LIQUID EXTRACTION SOl 

"'\1'), ·f<"" ,,"'/0,'* f/O'/""-' 
i'&\+-U 

Figure 10.22 Countercurrent extrac
tion on solvent-free coordinates. 

R/v - S'= R;-l - E; =6.~ , (10.31) 

where 6.~ is the difference in solvent-free flow, out minus in, at stage Np • and the 
constant difference in solvent-free flows of the streams between any two adja
cent stages. Line EsRs_1 extended, where s is any stage, must therefore pass 
through I!. R on the graph. 
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The graphical construction is then as follows. After locating points F, S, M, 
E" R", and tJ.R' a tie line from E, provides R" line tJ.RR, extended locates E" 
etc. If 'the solvent is pure B (Ns = 00), line R" tJ.R is vertical. 

A C balance, stages s through Np ' followiDg Eq. (10.30) is 

A B balance is 

R:_IN~_1 - E;NE~ = Il~Nl!R 

Elimination of tJ.~ between Eqs. (10.30) to (10.32) provides 

R;_I Ys - Xl!R NEz - N!J.R 
E; = Xs_1 Xl!R = NR.._, NAR 

(10.32) 

(10.33) 

(10.34) 

Thus, the ratio of flows R;-,/ E; can be obtained from the ratio of line lengths 
E, tJ.R/ R,_, tJ.R on the upper part of Fig. 10.22, or as the slope of the cord from 
(X,_" Y,) to X.R on the 45° diagonal of the lower diagram, as shown. The 
difference-point coordinates are 

OR - net flow out, B-free 

1 

difference in B flow, out - in, at stage Np 
N - ------.,~--'--:-;:--;-----=---". 

tJ.' 
R difference in C flow, out - in, at stage Np 

X ------~~---.,~--'--~~ 
OR - net flow out, B-free 

and tJ.~ is analogous to the tJ. w of distillation (see Chap. 9). 
As the solvent/feed ratio is increased, tJ.R on Fig. 10.22 moves lower, and 

the minimum solvent is determined by the lowest point of intersection of all 
extended tie lines with the line SRN • A practical tJ.R must be located below this, 
corresponding to larger amounts of solvent. 

Solvent recovery by extraction While most processes use distillation or evapora
tion to recover the solvent from the product solutions of liquid extraction, it is 
not uncommon to recover solvent by liquid extraction. A typical example is the 
recovery of penicillin from the acidified fermentation broth in which it occurs by 
extraction with amyl acetate as solvent, followed by stripping of the penicillin 
from the solvent by extracting it into an aqueous buffer solution. The amyl 
acetate is then returned to the first extraction. The calculations of such solvent
recovery operations are made in the same manner as those for the first 
extraction. 

mustratkm 10.3 If 8000 kg/h of an acetic acid (q-water (A) solution, containing 30% acid, is 
to be countercurrently extracted with isopropyl ether (B) to reduce the acid concentration to 2% 
in the solvent-free raffinate product, determine (a) the minimum amount of solvent which can 
be used and (b) the number of theoretical stages if 20 (XX) kg/h of solvent is used. 

SOLUTION The equilibrium data of Illustration 10.1 are plotted on triangular coordinates in 
Fig. 10.23. The tie lines have been omitted for clarity. 
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· c 

(a) F ... S(xx) kg/h; XF = 0.30 wt fraction acetic acid, corresponding to point F on the 
figure. Rk is located on the AC base at 2% acid, and line BRk intersects the water-rich 
solubility ~urve at RN" as shown. In this case the tie line J, whlch when extended passes 
through F, provides the conditions for minimum solvent, and this intersects line RN, B on the 
right of the figure nearer B than any other lower tie line. Tie line J provides the ~um E, as 
shown aty, ... 0.143. Line E'mRN, intersects line FB at Mm, for which xM = 0.114. Eq. (10.24), 
withys"",OandS=B: ' 

Fxp 8000(0.30) . 
Bm .., x: - F = Oi 14 - S(xx) = 13 040 kg/h, mm solvent rate 

(b) For B == 20 (XX) kg solventfh [Eq. (10.24) withys = ° and S == B], 

Fxp 8000(0.30) 
xM ... F + B = SOOO + 20 (XX) 0.0857 

and point M is located as shown on line FB. Line RN, M extended provides E, at y, = 0.10. 
Line FE, is extended to intersect line RN, B at I1R • Raftdom lines such as OKL are drawn to 
providey,+, at K and x, at L, as follows( 

o om 0.02 0.04 0.06 0.08 0.10"" y, 

x, 0.02 0.055 0.090 0.150 0.205 0.250 0.30 "'" XF 

These are plotted on Fig. 10.24 as the operating curve, along with the tie-line data as the 
equilibrium curve. There are required 7.6 theoretical stages. The weight of extract can be 
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Ftcure 10.24 Solution to Illustration 10.3. 
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obtained by an acid balance, 

M(XM - xN) 
EI = y\ == XN, , 

28 000(0.0857 - 0.02) 
0.10 0.02 
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23000 kgjh 

and RN, == M - EI = 28 000 - 23 000 = 5000 kgjh 

Insoluble liquids When the liquids A and B are insoluble over the range of 
solute concentrations encountered, the stage computation is made more simply 
on x',y' coordinates. For this case. the solvent content of all extracts and the A 
content of all raffinates are constant. An overall plant balance for substance C is 

or 

Bys + Ax~ = Ax" + By; (10.35) , 
A_Y)-Ys 
B-x

F
' x' 

N, 

(10.36) 

which is the equation of a straight line, the operating line, of slope A I B, through 
points (Y;, XF). (ys. X'H)· For stages 1 through s. similarly, 

A yi - Y;+I 
B= x;:-x; (10.37) 

and Fig. 10.25 shows the construction for stages. x' and y' can also be expressed 
as mass/volume. with A and B as volume/time. 

For the special case where the equilibrium curve is of constant slope 
m' = y" I x', Eq. (5.50) applies, 

x' - x' F N, 

y;: ys/m' 
(m'BIA)N,+. - m'BIA 

(m'BIA)N,+. - I 
(10.38) 

where m' B / A is the extraction factor. This can be used in conjunction with Fig. 
5.16, with (x;" - Yslm')/(x~ - yS/m') as ordinate and m'BIA as parameter. 

Equation '(8.16) for overall efficiency Eo can be used for extraction under 
the following conditions: 

I. Replace EMGE with EME, and I I A with m' B I A 
2. Replace EMGR with EMR and A with A 1m' B 

y' 

Operating line 
Slape = A/B 

x' 
FIgure 10.25 Countercurrent extraction. insoluble 
solvents. 
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x': kg nicotine/kg water 

FIgure 10.26 Solution to Illustration 10.6. 

IUustratlon 10.4 If 1000 kg/h of a nicotine (q-water (A) solution containing 1% nicotine is to 
be countercurrently extracted with kerosene at 2QoC to reduce the nicotine content to Q.I~ 
determine (a) the minimum kerosene rate and (b) the number of theoretical stages required if 
llSO kg of kerosene is used per hour. 

SoLUTION The equilibrium data of Illustration 10.2 are plotted in Fig. 10.26. 
(a) F ... 1000 kg/h, xF ... om, A == 1000(1 - 0.01) "'" 990 kg water/h, Ys .... O. 

x;"'" I ~·~~Ol "'" 0.0101 kg nicotine/kg water 

xli, ... 1 O'~~l - 0.001 001 kg nicotine/kg water 

The operating line starts at point L (y' ... O. x' "'" 0.001 001) and for infinite stages passes 
through K on the equilibrium curve at x;". Since YK ... 0.0093. 

A 0.0093 - 0 
Bm ... 0.0101 o.em 001 - 1.021 

and Bm == A/l.021 ... 990/1.021 == 969 kg kerosene/h. 
(b) B - 1150 kg/b, A/ B - 990/1150 - 0.860. Eq. (10.36): 

y' --'--xF - XN, 0.0101 

y' 
h.ool 001 - 0.860 

Y; .- 0.00782 kg nicotine/kg kerosene 

The operating line is drawn through (yj. XF), and 8.3 theoretical stages are determined 
graphically. 
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Alternatively, at the dilute end of the system, m' == t:{y'. / dx' ... 0.798. and 

m' B = 0.798(1150) _ 0928 
A 990 . 

At the concentrated end. m' = 0.953, and m' B/A "" 0.953(1l50)/990 "'" l.1l0. The average is 
[O.928(I.lIO)ts .... 1.01. x;'; / xl=- = 0.001 001/0.0101 "" 0.099. and Fig. 5.16 indicates 8.4 theore· 
tical. stages. ' 

Continuous Couutercurrent Extraction with Reflux 

Whereas in ordinary countercurrent operation the richest possible extract prod
uct leaving the plant is at best only in equilibrium with the feed solution, the use 
of reflux at the extract end of the plant can provide a product even richer, as in 
the case of the rectifying section of a distillation column. Reflux is not needed at 
the raffinate end of the cascade since, unlike distillation, where heat must be 
carried in from the reboller by a vapor reflux, in extraction the solvent (the 
analog of heat) can enter without a carrier stream. 

An arrangement for this is shown in Fig. 10.27. The feed to be separated 
into its components is introduced at an appropriate place into the cascade, 
through which extract and raffinate liquids are passing countercurrently. The 
concentration of solute C is increased in the extract-enriching section by 
countercurrent contact with a raffinate liquid rich in C. This is provided by 
removing the solvent from extract E1 to produce the solvent-free stream E', part 
of which is removed as extract product p~ and part returned as reflux Ro. The 
raffinate-stripping section of the cascade is the same as the countercurrent 
extractor of Fig. 10.18, and C is stripped from the raffinate by countercurrent 
contact with solvent. 

Graphical determination of stages required for such operations is usually 
inconvenient to carry out on triangular coordinates [72] because of crowding, 
and only the USe of N, X, Y coordinates will be described. For the stages in the 
raffinate stripping section (Fig. 10.27) the developments for simple countercur
rent extraction, Eqs. (10.31) to (10.34) apply, and this section of the plant needs 
no further consideration. 

In the extract-enriching section, an A + C balance about the solvent separa
tor is 

E: = E' = p~ + RO 

Edract enriching 
section 

Feed F 

FIpre 11).27 Countercurrent extraction with reflux. 

Rattinate stripping 
section 

1,0\0('0\ t~"" b(),A4. 

(10.39) 
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Let [j.E represent the net rate of flow outward from this section. Then, for its 
A + C content 

and for its C content 

while for its B content 

At; = Pe 

X.E = XPE '" 
~ aM' 

c.)-l ,1£_1/1 t ' 

(10.40) 

(10.41) 

-<.' ; 

BE =('b.~N'E (10.42) 
The point [j.E is plotted on Fig. 10.28, ~ch is drawn for a system of two partly 
miscible component pairs. For all stages through e, an A + C balance is 

or 

A C balance is 

and a B balance is 

E:+ 1 = Pe + R: = At; + R; 

AE = E:+ 1 - R: 
(1Q.43) 

(10.44) 

(10.45) 

(10.46) 

Since e is any stage in this section, lines radiating from point AE cut the 
solubility curves of Fig. 10.28 at points representing extract and raffinate 
flowing between any two adjacent stages. [j.E is therefore a difference point, 
constant for aU stages in this section, whose coordinates mean 

1 

N = difference in B flow, out - in 
AE net flow out, B-free 

[j.' 
E X = difference in C flow, out - in 

AE net flow out, B-free 

Bout 
(A + C) out 

Cout 
(A + C) out 

Alternating tie lines and lines from dE then establish the stages, starting with 
stage I and continuing to the feed stage. Figure 10.28 also shows the raffinate
stripping stages, developed as before for countercurrent extraction. 

Solving Eq. (10.43) with (10.45) and (10.46) produces the internal reflux 
ratio at any stage, 

_R_:_ = NAE - NE~+l 
E:+I NAE NR~ 

(10.47) 

This can be computed from line lengths on the upper diagram of Fig. 10.28 or 
from the slope of a chord on the lower diagram, as shown. The external reflux 
ratio is 

Ro Ro NAE - NEI 
PE = Pe = NEI .... -HI~_,\J (10.48) 

which can be used to locate AE for any specified reflux ratio. 
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s 

" Nt 
) 

( I 

) 
E, 

N" 

x 

FIpre 10.28 Countercurrent extraction with reflux, 

Material balances may also be made over the entire plant. For A + C 

F' + S' = PE + R" (10.49) , 
If Eqs. (10.30) and (10.40) are used, this becomes 

P = AI. + A'e (10.50) 
where normally F = P. Point F must therefore lie on a line joining the two 
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difference points, and the optimum location of the feed stage is represented by 
the tie line which crosses line d.F dE' as shown. The similarity of Fig. 10.28 to 
the enthalpy-concentration diagram of distillation is clear, and the two become 
completely analogous when solvent S is pure B. 

The higher the location of dE (and the lower d.), the larger the reflux ratio 
and the smaller the number of stages. When Rol PE is infinite (infinite reflux 
ratio or total reflux), N IJ.E = 00 and the minimum number of stages results. The 
capacity of the plant falls to zero, feed must be stopped, and solvent BE is 
recirculated to become S. The configuration is shown in Fig. 10.29 on N, X, Y 
coordinates. The corresponding XY diagram uses the 45 0 diagonal as operating 
lines for both sections of the cascade. 

An infinity of stages is required if a line radiating from either AE or AR 
coincides with a tie line. and the greatest reflux ratio for which this occurs is the 
minimum reflux ratio. This may be detennined as in Fig. 10.30. Tie lines to the 
left of J are extended to intersect line SRN + II and those to the right of J are 
extended to line P~EI' Points Ae,., and A~ for the minimum reflux ratio are 
established by selecting the intersections farthest from N = 0, consistent with 
the requirement that AR • AE • and F must always lie on the same straight line. 
Frequently tie line J, which when extended passes through F, will establish the 
minimum reflux ratio, and always if the XY eqUilibrium distribution curve is 
everywhere concave downward. 

lUustration 105 A solution containing SO% ethylbenzene (A) and 50% styrene (q is to be 
separated at 25°C at a rate of 1000 kgjh into products containing 10% and 90% styrene, 
respectively. with diethylene glycol (8) as solvent. Determine (a) the minimum number of 
theoretical stages, (b) the minimum extract reflux ratio, and (c) the number of theoretical stages 
and the important flow quantities at an extract reflux ratio of I.S times the minimum value. 

SOLUTION Equilibrium data of Boobar et aI., Inti. Eng. Chern., 43, 2922 (1951), have been 
converted to a solvent-free basis and are tabulated below. 

Hydrocarbon-rich 
solutions 

X, 
kg styrene 

kg hydrocarbon 

o 
0.0870 
0.1883 
0.288 
0.384 
0.458 
0.464 
0.561 
0.573 
0.781 
1.00 

N, 
kg glycol 

kg hydrocarbon 

0.00675 
0.00817 
0.00938 
0.01010 
0.01101 
0.01215 
0.01215 
0.01410 
0.01405 
0.01833 
0.0256 

y. 
kg styrene 

Solvent-rich 
solutions 

N, 
kg glycol 

kg hydrocarbon kg hydrocarbon 

o 
0.1429 
0.273 
0386 
0.480 
0.557 
0.565 
0.655 
0.674 
0.833 
1.00 

8.62 
7.71 
6.81 
6.04 
5.44 
5.02 
4.95 
4.40 
4.37 
3.47 
2.69 
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F x, y £' 
F1gure 10.29 Total reflux. 

These are plotted on the solvent~frce coordinate system of Fig. 10.31. The tie lines 
corresponding to these points are not drawn in, for clarity. F"", 1000 kg/h, XF "'" 0.5 wt 
fraction styrene, XP'E = 0.9, XR,N, == 0.1, all on a solvent~frce basis. Point E. is located as 
shown. NE • ... 3.10. 

(a) Minimum theoretical stages are determined by drawing a tic line from E., a vertical 
line from R., a tie line from E2, etc., until the raffinate product is reached, as shown. The 
minimum number of stages, corresponding to the constructed tie lines, is 9.5. 

(b) The tie line which when extended pasSes through F provides the minimum reflux 
ratios. since it provides intersections dE.,.. and dR,. farthest from the line N == O. From the plot, 

s 

F1pre 10.30 Determination of minimum reflux ratio. 
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FIgure 10.31 Solution to Illustration 10.5. Minimum theoretical stages at total reflux and location of 
difference points. 
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N dE. - 20.76. Eq. (10.48), 

( RO) 20.76 - 3.1 
PE '" =< 3.1 "" 5.70 kg reflux/kg extract product 

(c) For Ro/ PE =< 1.5(5.70) "'" 8.55 lb reflux/kg" extract product [Eq. (10.48)), 

855- N!J.£-3.1 
. 3.1 

and N!J.£ .... 29.6. Point 6,£ is plotted as shown. A straight line from 6,£ through F intersects line 
X .... 0.10 at 6,R' N!J.R = - 29.6. Random lines are drawn from 6,£ for concentrations to the 
right of E. and from!:J.R for those to the left. and intersections of these with the solubility curves 
provide the coordinates of the operating curve (Fig. 10.32). The tie-line data plotted directly 
provide the equilibrium curve. The number of theoretical stages is seen to be 15.5. and the feed 
is to be introduced into the seventh from the extract-product end of the cascade. 

From Fig. 10.31. XR, N, = 0.10, NR,N, = 0,0082. On the basis of 1 h. an overall plant 
balance is 

E- 1000 = PE + RIf, 
A C balance is 

FXF - 500 - P,,(0.9) + R,,/O.I) 

1.0r-----.---------,----~---~------= 

Y, 

O.Bf------+-----+----j---

" \!. 
~O.6r_--------_1----------_+--_c~~--~----------}_·---}_--~ 

" .8 

" e 
'<. 
~ 

!l -;:; O.4i----------ji----7'q,tJ,L-,f'----+----+----------+-----+-----1 
c .. 
" !l 

" >. 

0.2 0.4 0.6 O.B 
x = kg Slyrene/kg hydrocarbon, hydrocarbon-rich solutions 

FIpre 10.32 Solution to IUwtration 10.5. 

Xp'E 1.0 
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Solving simultaneously, we get PE "'" R;'p == 500 kg/h 

Eq. (10.39): 

R" - Rf, - 8.55P, - 8.55(500) - 4275 kg/h 

E; "" Ro + PE == 4275 + 500 "" 4775 kg/h 

BE - E;NEI - 4775(3.10) - 14800 kg/h 

E, - BE + E; - 14800 + 4175 - 19575 kg/h 

RN, - RN,(I + NR.N,) - 500(1,0082) - 504kg/h 

S - BE + RN,NR• N, - 14800 + 500(0.0082) - 14804 kg/h 

Economic Balances 

Several types of economic balance can be made for the various flowsheets just 
described [71, 72]. For example, the amount of solute extracted for a fixed 
solvent/feed ratio increases with increased number of stages, and therefore the 
value of the unextracted solute can be balanced against the cost of the extrac
tion equipment required to recover it. The amount of solvent per unit of feed, or 
reflux ratio in the case of the last flowsheet described, is also subject to 
economic balance. For a fixed extent of extraction, the number of stages 
required decreases as solvent rate or reflux ratio increases. Since the capacity of 
the equipment for handling the larger liquid flow must at the same time increase, 
the cost of equipment must then pass through a minimum. The extract solutions 
become more dilute as solvent rate is increased, and consequently the cost of 
solvent removal increases. The total cost, which is the sum of investment and 
operating costs, must pass through a minimum at the optimum solvent rate or 
reflux ratio. In all such economic balances, the cost of solvent recovery will 
always be a major item and usually must include consideration of recovery from 
the saturated raffinate product as well as the extract. 

Fractional Extraction-Separation of Two Solutes 

If a solution contains two extractable solutes, both can be removed from the 
solution by countercurrent extraction with a suitable solvent, but it is impossible 
to produce any great degree of separation of the solutes by this method unless 
the ratio of their distribution coefficients is very large. 

Separation to any extent, however, can be achieved, so long as their 
distribution coefficients are different, by the techniques of fractional extraction. 
The simplest f10wsheet for this is shown in Fig. 10.33. Here solutes B and C, 
which constitute the. feed, are introduced into a countercurrent cascade where 
partly miscible solvents A and D flow countercurrently. At the feed stage, both 
solutes distribute between the solvents, with solute B favoring solvent A, solute 
C favoring solvent D. In the section to the left of the feed stage, solvent A 
preferentially extracts the B from D, and D leaves this section with a solute 
content rich in C. In the section to the right of the feed stage, solvent D 
preferentially extracts the C from A, and A leaves with a solute content rich in 
B. 
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FIgure 10.33 Fractional extraction. 

This operation will be considered only in its simplest fonn, where the 
solvents A and D are essentially immiscible and enter free of solutes and where 
solutes Band C distribute independently; i.e., the distribution of each is 
uninfluenced by the presence of the other. A and D will represent the weight 
rates of flow of these solvents, mass/time, and concentrations will be expressed 
as 

y' = mass solute/mass A (Y~ for solute B,Ye for solute C) 

x' = mass solute/mass D (xs for solute B, Xc for solute C) 

Consider the stages I' through m'. For either solute, a solute material 
balance is 

or 

Dx:r,,+ I = Ay:n, + Dxi· 
D y:n,-O 

A X:n'+l - xI' 

(10.51) 

(10.52) 

and we need only add the subscripts B or C to the concentrations to apply these 
to particular solutes. Similarly, for stages I through m, for either solute, the 
balance is 

Ay:n+l = Dx:n + AYi 
D y;"+l-yi 
A x:n 0 

(10.53) 

(10.54) 

Equations (10.52) and (10.54) represent the operating lines for each solute, one 
for each section of the cascade, of slope D / A. Figure 10.34 shows the distribu
tion diagrams for the solutes, each of which distributes independently of the 
other. The operating lines are also drawn on the figure, and the stages stepped 
off in the usual manner, beginning at stages 1 and 1'. 

To detennine the number of stages required in each section of the cascade, a 
match of concentrations and stage numbers at the point of feed introduction 
must be made. At the feed stage (which is numbered! and!') for either solute,! 
must be the same, l' must be the same, and the concentration must be the same 
when computed from each end of the cascade. The match can be established by 
plotting the concentrations of both Band C in one of the solvents against stage 
number, as in Fig. 10.35. The requirements listed above are then met where the 
rectangle HJKL can be drawn in the manner shown. 

It can be seen from Fig. 10.35 that the concentrations of both solutes is 
greatest at the feed stage, least at stages 1 and 1'. Sufficient rates of solvent flow 
must be used to ensure that solute solubilities are not exceeded at the feed stage. 
Changing the solvent ratio changes the total number of stages and the relative 
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B 

, 
.rBI' 

Equilibrium 
curve c 

FIgure 10.34 Fractional extraction, operating lines and stages. 

Equilibrium 
curve 

position of the feed stage, and there is always a solvent ratio for which the total 
number of stages is the least. 

The number of stages can be reduced by use of solute reflux at either or 
both ends of the cascade. Computation of this effect, treatment of cases where 
solute distributions are interdependent or solvent miscibility varies, and other 
special flowsheets are beyond the scope of this book but have been thoroughly 
worked out [56, 72J, 

I1Iustratioa 10.6 A mixture containing 40% p-chloronitrobenzene (B) and 60% o-cbloronitro
benzene (C) is to be separated at the rate of 100 kg/h into products containing 80 and IS%, 
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Ftpre 10.35 Feed-stage matching. 
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respectively, of the para isomer after removal of solvents. The insoluble solvents to be used are 
2400 kg/h heptane (A) and 2760 kg/h aqueous methanol (0). The distribution coefficients are 
constant and independent, YEN Xs "" 1.35 and Yc 1 Xc - 0.835. Determine the number of 
theoretical stages required and the position of the feed stage. 

SOLUTION The para isomer (B) favors the heptane (A), and the ortho (C) favors the methanol 
(D). Basis: 1 h. Feed "" 100 kg = 40 kg B, 60 kg C. Let w"" kg A-rich product, Z "" kg D-rich 
product, after solvent removal. Then B and C balances are, respectively, 

a.80W + 0.152 - 40 0.20W + 0.852 - 60 
from which W - 38.5 kg (30.8 kg B, 7.7 kg C), and 2 - 61.5 kg (9.23 kg B, 52.27 kg q. 

XIU "" ~7~ = 0.00334 xCi .. ;;.~ ,.,. 0.01895 

YIU ... ;: = 0.01283 yb "'" 2~ "" 0.00321 

D / A ... 2760/2400 "" 1.15. The stages are constructed on Fig. 10.36, and the feed-stage match 
is shown on Fig. 10.37. From the latter, the feed stage is f' "'" 6.6 and f "" 4.6. Therefore the 
total number of ideal stages is 6.6 + 4.6 - 1 = 10.2 and the feed stage is the 4.6th from the 
solvent-D inlet. 

Multicomponent Systems 

For most systems containing more than four components, the display of 
equilibrium data and the computation of stages is very difficult Some of our 
most important separations involve hundreds of components whose identity is 
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not even firmly established, as in the extraction of petroleum lubricating oils. In 
such cases, the stage requirements are best obtained in the laboratory, without 
detailed study of the equilibria. There are available small-scale mixer-settler 
extractors of essentially 100 percent stage efficiency which can be used to study 
extraction processes [72], but they must be run continuously to steady state. 
Countercurrent flowsheets, which are necessarily for continuous operation, can 
be simulated with small batches of feed and solvent in separatory funnels, 
however, and this is frequently most convenient and least costly. 

Suppose, for example, it is desired to determine what products will be 
obtained from a five-stage countercurrent extraction of a complex feed flowing 
at F kg/h with a solvent flowing at S kg/h. Refer to Fig. 10.38. Here each circle 
represents a separatory funnel which, when adequately shaken and the liquids 
allowed to settle, will represent one theoretical stage. Into funnel a are placed 
suitable amounts of feed and solvent in the ratio F / S, the mixture is shaken, 

F 

E' 
F 

E" 
F 

E-
F 

F 

F 

F 

S 

a 
S 

S 

S 

R' 

Figure 10.38 Batch simulation 
of a countercurrent cascade. 
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settled, and the two phases separated. Extract layer E' is removed and raffinate 
R, is contacted in funnel b With precisely the same amount of solvent S as used 
in funnel a. Raffinates and extracts, feeds and solvents, are moved and con
tacted in the manner indicated in the figure, care being taken each time to use 
precisely the same amount of feed and solvent at streams marked F and S as in 
funnel a. 

Clearly extract E' and raffinate R' will not be the same as those produced 
by a continuous countercurrent extraction. Subsequent raffinates R", R"', and 
extracts E", EIII, etc., will approach the desired result, however. One can follow 
the approach to steady state by observing any conveniently measured property 
of the raffinates and extracts (density, refractive index, etc.). The properties of 
R', R If

, etc., will approach a constant value, as will those of E', Elf, etc. If this 
has occurred by the time extract Eland raffinate R, in the upper part of Fig. 
10.38 is reached, funnels I through 5 represent in every detail the stages of the 
continuous cascade just below. Thus, for example, raffinate R, from funnel 3 
will have all the properties and relative volume of raffinate R, of the continuous 
plant. 

In a similar manner, flowsheets involving reflux and fractional extraction 
can also be studied [72J. 

Stage Efficiency 

As in gas-liquid contact, the performance of individual extraction stages can be 
described in terms of the approach to equilibrium actually realized by the 
effluent extract and raffinate streams. The Murphree stage efficiency can be 
expressed in terms of extract compositions as EME or in terms of raffinate 
compositions as EM.' Applying Eq. (5.39) to stage m of the countercurrent 
cascade of Fig. 10.39, for example, gives 

E - Ym - Ym+1 
ME -

Y~ - Ym+1 

~ 
Equilibrium 
curve 

.~ Y~I-------;( 
e 'm L....---,f-+--..,,f'\<- . 
:::0 " ,- Operallnq 
]! line 
5 += fm+, r----f-rl---,r 
~ 

x;;, Xm Xm_1 
X"' ..... r fraction solute In Roffinofe FIgure 10.39 Murphree stage efficiency. 

(10.55) 
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where Xm and Ym represent the actual average effluent compositions and Ym+1 

and xm _! those of the streams entering the stage. Any other consistent set of 
concentration units can equally well be used. The overall stage efficiency Eo of 
a cascade is defined simply as the ratio of the number of theoretical stages to the 
number of real stages required to bring about a given concentration change. 

STAGE-TYPE EXTRACTORS 

Stage-type equipment of two major types is used: (I) single-stage mixer-settlers 
and multistage cascades constructed from them and (2) sieve~tray, multistage 
towers. 

A mjxer~settler is a single-stage device, ordinarily consisting of two parts, a 
mixer for contacting the two liquid phases to bring about mass transfer and a 
settler for their mechanical separation. Operation may be continuous or batch
wise. 

Mixers are of two types: flow mixers and mixing vessels. Flow mixers, or line 
mixers, are devices of very small volume placed in a pipeline, such as a series of 
orifices or mixing nozzles [72, 76J through which the two liquids to be contacted 
are pumped cocurrently. The loss in mechanical energy corresponding to the 
pressure drop is in part used to disperse the liquids in each other. The resulting 
dispersion then passes to the settler. These devices are useful only for continuous 
operation and are limited in application: the degree of dispersion produced by a 
given device depends upon the flow rate, and since the specific interfacial area 
decays rapidly downstream from the mixer [40, 59J while the holding time is very 
short, mass transfer can be expected to be poor. 

Agitated Vessels 

These are of the type shown in the right-hand portion of Fig. 6.4b and in Fig. 
6.4c. If there is a gas-liquid surface, they should be baffled to prevent formation 
of a vortex. They may be covered, operated full, in which case they may be 
baffled or not. For continuous operation, the liquids to be contacted may enter 
at the bottom and leave at the top; in some cascade arrangements the light and 
heavy liquids enter through the side wall near the top and bottom of the vessel, 
respectively, and leave through a port in the wall opposite the impeller. For 
batch operation, the mixing vessel itself may act as the settler after agitation is 
stopped. 

Impellers are usually of the flat-blade turbine type, Fig. 6.3b and c, either 
centrally located in the vessel or nearer the bottom entry of the liquids. The 
impeller-tank-diameter ratio <1;/ T is ordinarily in the range 0.25 to 0.33. 

Dispersions The mixture of liquids produced consists of droplets of one liquid 
dispersed in a continuum of the other. Drop diameters are usually in the range 
0.1 to I mm diameter. If they are too small, difficulty in subsequent settling will 
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result. Ordinarily the liquid flowing at the smaller volume rate will be dispersed 
in the other, but some control can be exercised. For continuous operation the 
vessel should first be filled with the liquid to be continuous, and with agitation 
in progress the two liquids can then be introduced in the desired ratio. For batch 
operation, the liquid in which the impeller is immersed when at rest is usually 
continuous. It is ordinarily difficult to maintain tPD' the volume fraction disper
sed phase, at values much above 0.6 to 0.7, and attempts to increase it beyond 
this will frequently result in inversion of the dispersion (continuous phase 
becomes dispersed) [37, 49, 83]. 

Power for agitation Power for agitation of two-liquid-phase mixtures by disk flat-blade turbines is 
given by curves c (baffles) and g (unbaffled, full, no vortex) of Fig. 6.5, provided suitable average 
density PM and viscosity P-M are used [35]: 

PM := Pc9c + PD$D (10.56) 

Baffled vessels: _ I'c (I + 1.5PD;'D) 
P-M.pC I'-c + JLD 

(10.57) 

Unbaffled vessels, no gas-liquid interface, no vortex: 

9,. > 0.4 (10.58) 

?w < 0.4 (10.59) 

where the subscripts 0 and w refer to organic and aqueous liquids, respectively [the difference for 
Eqs. (10.58) and (10.59) may very well be related to which liquid is dispersed1. The viscosity of a 
mixture can exceed that of either constituent. For other types of turbines, see Ref. 46. 

Dispersed-phase holdup At agitator-power levels which are relatively low, the holdup $D of the 
dispersed phase in the vessel will be less than its fraction of the feed mixture, .pDF'" qDF/ qCF + 
qDF)' The value of <PD will approach that of .pDF as agitator power increases. For tPD/tpDF in the 
range 0.5 to 0.95, the following provide estimates for the indicated circumstances [81]. Exact 
prediction cannot be expected because the range of the studies thus far completed is relatively 
limited. For continuous flow: 

Baffled vessels, impeller power/vessel volume> 105 W /m3 = 2.2 ft Ibr/ft3. s: 

:!lL ... 0764 qDJLC • ~ Pc' a Pc8C P-D • (P 2 )0.""( , )0."'( )00741(' ,)0.2"( )0.136 
tPDF • VL a3gc qDP~o8c dp Ilt:g J.1c 

(10.60) 

Unbaffled vessels, full, no gas-liquid surface, no vortex; 

k"", 3 39( PQDP-l:)0.247(--L)M27( Pc )0.430( "Jpcg; )O.40I( PD )0.0987 
.pDF • tlL,,3gc qDP~ogc Ap ~g I'-c 

(10.61) 

The quantities in parentheses are dimensionless. If fPD/fPDF computes to exceed 1.0, it should be 
taken as 1.0. Some anomalies can be expected for water dispersed in hydrocarbons. 

Specllk interfacial area and drop size Interfacial area in extraction vessels has been measured most 
generally by a light-transmittance technique [10]. It varies considerably with location in the vessel 
[58, 81]. Intense turbulence at the impeller tip results in small drop sizes there, and a is consequently 
large. The drops coalesce as they flow to the more quiescent regions removed from the impeller, and 
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the specific area becomes smaller. Average specific area and drop size are related by 

a = &pp 
dp 

(6,9) 

There have been many studies in baffled vessels but relatively few in unbaffled ones. The 
measurements have been made in the absence of mass transfer, which will probably have an 
influence through coalescence rates of the drops, and usually with an organic liquid dispersed in an 
aqueous phase. The following are recommended: for baffled vessels [6] 

dd~ ... I + 1.189P( o2gI)( ~! 3)°·62(",,)0.05 (10.62) 
p tt;pcg tlp a g" Pc 

where tt; is given by 

_,", __ C_ = 29 vLPcllcg a P,,& A.'p2 g (' 2 ,)0,"(, ,)0.1' 
P-E p3g; ~g 

(10,63) 

The groups in parentheses are dimensionless. For unbaffled vessels, full, no gas-liquid surface, no 
vortex [Silt 

( ,,_)0.0<7J( p. )-0.204( og )0.27' 4 = 1O-2.066+o.73~D !:!:i. -~- -'-
Pc VLPM Pc 

(10,64) 

Mass-transfer coefficlents There have been relatively few measurements of overall mass-transfer 
coefficients for liquid-liquid systems in agitated vessels [72, 76] and still fewer studies of kc for the 
continuous pbase [33, 42, 58J, far too few for useful generalizations. On the other hand there have 
been fairly extensive studies of mass transfer from solid particles. For small solid particles, most 
closely related in size at least to the droplets in a well-agitated vessel, the recommended relation is 
[361 

Shc ""'--=2+0.47 t1;.4/3 - - - --kLCdp [( Pg< )1 /3 Pc 2/3]o.62( d, )0.17( I'c )0," 
Dc vL Ilc T PcDc 

(10,65) 

The group in square brackets is a form of particle Reynolds number, as shown in Chap. II. Values 
of kLC for liquid particles are known to be larger than those for solids [42, 58], and it is suspected 
that drop coalescence and breakup may be responsible. In any event, Eq. (10.65) can be expected to 
provide conservative values. 

For small circulating drops, of the sort encountered bere, the dispersed-phase coefficient is 
given by [IS] 

(10,66) 

where (J is the residence time in the vessel. Bit and>.,. are eigenvalues given by Table 10.1. Then, in 
the absence of any cbemical reaction or interfacial resistance (see Chap. 5) 

_1 ___ 1_ + __ 1_ 

KL» kLD fflCDkLC 

where "'cD is the distribution coefficient, dec/ dCD' 

(10,67) 

t The coefficient in Eq. (10.64) is for SI units. For units of feet, pounds force. pounds mass, and 
seconds the coefficient is IO-I.812+0.732+D. 
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Table 10.1 Eigenvalues for circulating drops t 

kc~/Dc A, A, A, H, 

3.20 0.262 0.424 1.49 
5.33 0.386 
8.00 0.534 

10.7 0.680 4.92 1.49 
16.0 0.860 5.26 1.48 
21.3 0.982 5.63 1.47 
26.7 1.082 5.90 15.7 1.49 
53.3 1.324 7.04 17.5 1.43 

107 1.484 7.88 19.5 1.39 
213 1.560 8.50 20.8 1.31 
320 1.60 8.62 21.3 1.31 

"" 1.656 9.08 22.2 1.29 

H, 

0.107 

0.300 
0.382 
0.428 
0.495 
0.603 
0.603 
0.588 
0.583 
0.596 

H, 

0.205 
0.298 
0.384 
0.396 
0.391 
0.386 

t From E. L. Elzinga and J. T. Banchero: Chern. Eng. Prog. Symp. Ser., 
55(29), 149 (1959), with permission. 

Stage effldeDcy In view of the uncertainties in the mass transfer data, it is reasonable to use a 
simplified version of the number of transfer units [compare Eq. (8.43)). For the dispersed phase, 

(10.68) 

where the dispersed-phase concentration changes from CID to C20 and cb is the dispersed-phase 
concentration in equilibrium with that in the continuous phase. It has been established that the 
liquids in a well-agitated vessel are thoroughly back-mixed, so that everywhere the concentrations 
are constant at the effluent values [58]. Then 

(10.69) 

and (10.70) 

The Murphree dispersed-phase efficiency EMO is given by Eq. (5.39) adapted to the present 
situation: 

(C ID - c20)/ (c2D - c2l,) 
(c iO c2D)/ (c2D c2l,) + I (10.71) 

In the absence of slow chemical reactions, such as may occur during extraction of metals from 
ore-leach liquors, and in the absence of interfacial resistance. stage efficiencies of well-agitated 
vessels can be expected to be high, and relatively short (60 s) holding times are ordinarily ample. The 
preceding equations, in any event, can be expected to provide rough estimates only, and experimen
tal studies with new systems are essential before designs are completed. 

Recycllng Especially when the ratio of liquid flows is small, the interfacial area, with the minority 
liquid dispersed, may be small. Recycling some of the settled liquid back to the mixer may then 
improve the stage efficiency. Recycling that liquid favored by the solute distribution (frequently the 
minority liquid) increases the stage efficiency, whereas recycling the other or recycling both reduces 
it [751. 
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Illustration 10.7 A covered, baffled vessel, 0.5 m (19.7 in) diameter, 0.5 m deep is to be used for 
continuous extraction or benzoic acid from water (3 X 10- 3 m3 Is =: 6.36 re lmin) into toluene 
(3 X 10- 4 m) Is) as solvent. Liquids are to how cocurrently upward and will fill the vessel; 
there will be no gas~liquid interface and hence no vortex. A six-blade, flat-blade disk turbine, 
0.15 m (6 in) diameter is to be located axially and centrally, turning at 13.3 rls (800 r/min). 
The liquid properties are: . 

Density P 
Viscosity p. 
Diffusivity D 

Water solution 

998 kg/m' 
0.95 X 10- 3 kg/m . s 
2.2 X 10-9 m2 Is 

Interfacial tension, a'" 0.022 N/m 
Distribution coefficient ... ctoloser.el cwaler "" 20.8 

Estimate the stage efficiency to be expected. 

Toluene solution 

865 kg/m3 

0.59 x 10- 3 kg/m . s 
1.5 X 10-9 m2 Is 

SoLUTION In view of the flow ratio, the toluene will be dispersed. Vessel volume
.(0.5)'(0.5)/4 - 0.09817 m'. 

4>DF - 3 X 10- 4/(3 X 10-3 + 3 X 10-4) - 0.0909 vol fraction toluene in the feed mix
ture. qD - 3 X 10- 4 m3 Is toluene. 

14 (0.95 X 10-3)3 "'" 1.304 X 10-10 
qDP~ag, - (3 X 10 ')(998)'(0.022)(1) 

Pc "" 998 
~, 998 _ 865 - 7.504 

a'Pe81 _ (O.022)'(99S){I) _ 1.330 x 10' 
I't:. (0.95 x 10-')'(9.807) 

PD _ 0.59 X 10- 3 
_ 0.621 

Pc 0.95 x 10-3 

Tentatively take <l>DNDF - 0.9; 9D - 0.9(0.0909) - O.08IS. Eq. (10.56): 

PM - 99S(1 - O.08IS) + 865(0.08IS) - 987 kg/m' 

Eq. (10.58): 

_ (0.95 x 10-') [I + 6(0.59 X 10-')(0.0818) j_ 1067 X 10-' k / . 
PM 1 0.0818 0.59 X 10 3 + 0.95 X 10 3' g ttl S 

Impeller Reynolds number ... dlNA., ... (0.15)2(13.3)(987) _ 277 000 
lAM 1.067 X to 3 

Fig. 6.5, curve g: 

Po ... 0.72 

P Po PMN'd;' 0.72(987)(13.3)'(0.15)' 127 W· II 
lID ge - I ... unpe er power output 

PqD~ 127(3 X 10-')(0.95 X 10-')' 
--- -0.0329 
"La''; 0.09817(0.022)'(1) 
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Eq. (10.61): 'PD!<PDF == 0.907. This is sufficiently close to the estimated 0.9 to be acceptable. 

tPD == 0.907(0.0909) = 0.0824 Pc = 0.95 X 10-
3 

"'" 9.52 X 10-7 m/s2 
Pc 998 

p& _ 127(1) 
1.311 0& _ 0.022(1) _ 2.204 X 10-' 

"LPM 0.0982(987) Pc 998 

Eq. (10.64): 

Eq. (10.65): 

Table (l0.1): 

Eq. (10.66): 

Eq. (10.67): 

Eq. (10.70): 

Eq. (10.71): 

<l. - 2.55 X 10-4 m 

So 
_ _ Pc _ 0.95 X 10- 3 
- - 433 

e PeDe 998(2.2 x 10 9) 

Shc _ .kLef{, = 65 3 D . 
c 

65.3De -4 
kLC - -<l.- - 5.45 X lD- kmolfm'·,· (kmolfm') 

o __ V_L _ _ 29.8 s 
qc + qD 

Al := 1.359 A2 = 7.23 >"3 = 17.9 

BI = 1.42 B2 = 0.603 B) "'" 0.317 

n 1 2 3 

B; exp( -1.,,64DDOI<l.') 2.18 X 10- 26 0 0 

kw == 8.57 X 10- 5 kmol/m2 . s • (kmoljm3) 

I 
mCD = 20.8 = 0.0481 

Z = 0.5 m v: == 3 X 10-
4 

8 0) 1 
D ~(O.5)' 14 1.52 X 1 - m , 

N - 0.5 _ 12.76 
'OD - 1.528 X 10 'I [(2.01 X 1O-')(194O)J 

EMD = 0.93 AIls. 

Emulsions and Dispersions 

The mixture of liquids issuing from any mixing device, an emulsion, consists of 
small droplets of one liquid dispersed throughout a continuum of the other. The 
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stability, or permanence, of the emulsion is of the utmost importance in liquid 
extraction, since it is necessary to separate the phases at each extraction stage. 
Stable emulsions, those which do not settle and coalesce rapidly, must be 
avoided. For an emulsion to "break," or separate into its phases in bulk, both 
sedimentation and coalescence of the dispersed phase must occur. 

The rate of sedimentation of a quiescent emulsion is the more rapid if the 
size of the droplets and the density difference of the liquids are large and the 
viscosity of the continuous phase is small. Stable emulsions, those which settle 
only over long periods of time, are usually formed when the diameter of the 
dispersed droplets is of the order of 1 to 1.5 J,Lm, whereas dispersions of particle 
diameter 1 nun or larger usually sediment rapidly. 

Coalescence of the settled droplets is the more rapid the higher the interfa
cial tension. Interfacial tension is ordinarily low for liquids of high mutual 
solubility and is lowered by the presence of emulsifying or wetting agents. In 
addition, high viscosity of the continuous phase hinders coalescence by reducing 
the rate at which the residual film between drops is removed. Dust particles, 
which usually accumulate at the interface between liquids, also hinder coales
cence. 

In an unstable emulsion, after agitation has stopped, the mixture settles and 
coalesces rapidly into two liquid phases unless the viscosity is high. The 
appearance of a sharply defined interface between the phases (primary break) is 
usually very rapid, but one of the phases, ordinarily that in the majority, may 
remain clouded by a very fine fog Or haze, a dispersion of the other phase. The 
cloud will eventually settle and leave the clouded phase clear (secondary break), 
but this may take a considerable time. The primary break of an unstable 
emulsion is usually so rapid that merely stopping agitation for a very short time, 
a matter of minutes, is sufficient to bring it about. In continuous multistage 
operation, it is usually impractical to hold the mixture between stages long 
enough to attain the secondary break. 

Settlers 

In continuous extraction, the dispersion issuing from the mixer must be passed 
to a settler, or decanter, where at least the primary break occurs. Typical gravity 
settler arrangements are shown in Fig. 10.40. The simplest design (Fig. 1O.4Oa) is 
perhaps the most common: the entering dispersion is prevented from disturbing 
the vessel contents excessively by the inlet "picket-fence" baIfle. The drops then 
settle in the main part of the vessel, where the velocity must be low enough to 
prevent turbulent disturbances. At larger flow rates for a given vessel, the 
dispersion-band thickness increases, and ultimately unsettled dispersion issues 
from the outlets, which is of course to be avoided. Although a great many 
fundamental studies have been made [I, 28], design methods are still empirical 
and arbitrary. There have been three approaches to the design: (1) provision of 
sufficient residence time based on laboratory observation of settling, (2) estima
tion of the rate of flow to produce a suitable dispersion-band thickness, and (3) 
calculation of the time to settle individual drops through a clear liquid above 
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Baffle 
Light liquid 

Dispersion •• ·:·,'!,.· . .i .•. ~!,II,· .. '.·· ... ·,~ .. ',: ..... :,:" :::'" : .. ' :" :i,:.:." '.' •••• ; ••. -.' 
-', - .•.... :: ........ -:.:: ...... , .•. ::,~;., ... '.. :'. ':'.~"'-":)-,,,..- .- - . : :." ".:.-. 

. ' I 

Dispersion band 

. -.: . :1 ' .. _ 

Heavy liquid 

(a) 

Coalescer 

" ... . 
".: '" ....... :.: 

(b) 

Coalescer 

(c) 

FIgure to.40 Gravity settlers (schematic): (a) simple, (b) and (c) with ooalesccr. 

and below the dispersion band. None of these methods is very reliable [12]. In 
the absence of any experience with the dispersion at hand, a first estimate of 
settler size can be made from the empirical expressiont 

(10.72) 

developed on the basis of typical settling rates for droplets of dispersed phase 
[18] and a length/diameter ratio for the vessel equal to 4. 

t Equation (10.72) is satisfactory only for 51 units. For Ts in feet and q in gaJ/min the coefficient 
is 0.22. 
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Settler auxiliaries The dispersion may be passed through a coalescer in order to 
increase the size of the droplets and hence their settling rate. Typically, these are 
relatively thin beds of substances of extended surface and relatively large voids, 
such as excelsior (especially for coalescing the salt brines accompanying crude 
petroleum), steel wool, fiber glass, polypropylene cloth, Raschig rings, and the 
like [20, 66]. One of the best coalescers is a mixture of cotton fibers and glass 
wool or of cotton and Dynel fibers [53]. A simple arrangement is shown in Fig. 
1O.40b, and a more elaborate but very effective one in c [72]. Separator 
membranes are porous membranes, preferentially wet by the continuous phase. 
which prevent the passage of the nonwetting dispersed phase at low pressure 
drop but freely pass the continuous liquid. They can be placed in the outlet from 
the decanter [72]. 

Mixer-Settler Cascades 

A continuous multistage extraction plant contains the required number of stages 
arranged according to the desired flowsheet. Each stage will consist of at least a 
mixer and a settler, as in the countercurrent plant of Fig. 10.41. The liquids are 
generally pumped from one stage to the next, but occasionally gravity flow can 
be arranged if sufficient headroom is available. Many arrangements have been 
designed to reduce the amount of interstage piping and the corresponding cost 
[72]. Figure 10.42 is one such: the mixing vessels are immersed in the large 
circular settling tanks, heavy liquid flows by gravity, light liquid by air lift, and 
recycling of settled light liquid to the mixer is accomplished by overflow. Figure 
10.43 is typical of several designs of so-called box extractors, designed to permit 
dispensing with intermediate piping. The mixers and settlers are rectangular in 
cross section, hence "box," and are arranged in alternate positions for adjacent 
stages, as shown in the plan view of Fig. 10.43. Another arrangement places the 
stages on~ above the other in a vertical stack, with mixing impellers on a 
common shaft, utilizing the impellers as pumps as well as mixing devices [73]. 

Final 
extract 

Stage 
1 

Slage 
2 

Stage 
3 

~~-t~ __ ~~--~ 
Final 
roffinafe 

F'fpre 10.41 Flowsheet of three-stage countercurrent mixer-settler extraction cascade. 
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FIgure 10.4Z Kerr~McGee uranium extractor. 

Sieve-Tray (Perforated-Plate) Towers 

These multistage, countercurrent towers are very effective, both with respect to 
liquid-handling capacity and extraction efficiency, particularly for systems of 
low interfacial tension which do not require mechanical agitation for good 
dispersion. Their mass-transfer effectiveness results because (1) axial mixing of 
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:'.:" ":D :':::':":"~.,::: .. :-.- .... 

II 

FIgure 10.43 Box-type mixer~sett1er cascade (schematic): D - dispersion, H - heavy liquid. L -
light liquid. 



LIQUID EXTRACTION 531 

the continuous phase is confined to the region between trays and does not 
spread throughout the tower from stage to stage and (2) the dispersed-phase 
droplets coalesce and are formed again at each tray. destroying the tendency to 
establish concentration gradients within the drops which persist for the entire 
tower height. A tower of simple design is shown in Fig. 10.44. where the general 
arrangement of plates and downspouts is much the same as for gas-liquid 
contact except that no weir is required. The figure shows the arrangement for 
light liquid dispersed. Light liquid passes through the perforations, and the 
bubbles rise through the heavy continuous phase and coalesce into a layer, 
which accumulates beneath each plate. The heavy liquid flows across each plate 
through the rising droplets and passes through the downspouts to the plate 
below. By turning the tower as shown upside down, the downspouts become 
"upspouts" and carry the light liquid from plate to plate, while the heavy liquid 
flows through the perforations and is dispersed into drops. As an alternative, the 

t Light liquid out 

Principal 
interface h-of=.;;:;::;",-.:j 

Heavy 
liquid 

io 

Coalesced 
dispersed liquid 

Perforated 
plate 

DOWnspout 

, -'===---'-nl- Light 
r liquid 

io 

'"!.-~~ 
Figure 10.44 Sieve-tray extraction tower, arranged for 
light liquid dispersed. 
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heavy liquid can be dispersed in one part of the tower and the light liquid in the 
other, while the principal interface is maintained in the central portion of 
the tower. The cross-flow trays of Fig. 10.44 are suitable for relatively small 
tower diameters (up to roughly 2 m). For large towers, multiple downspouts can 
be arranged at intervals across the tray. 

Sieve-Tray Hydraulics 

The flow capacity of the sieve-tray tower depends upon drop-fonnation characteristics of the system, 
drop terminal velocities, dispersed-phase holdup, and pressure drop. With these established, the 
design can be developed and mass-transfer rates estimated. 

Drop formation The liquid to be dispersed flows through perforations of diameter 3 to 8 nun. set 12 
to 20 mm apart. If the drop liquid preferentially wets the material of the plate, the drop size becomes 
uncontrollably large and it is best to use small nozzles projecting from the surface in order to avoid 
this difficulty. The holes can be punched in a flat plate (Fig. 10.45) with the burr left in place facing 
in the direction of drop fonnation. 

In the absence of mass transfer, the effect of which has not been firmly established [8}, when 
the dispersed phase issues from a perforation in a plate which is not preferentially wet by the 
dispersed liquid, drop size will be unllonn at a given velocity through the opening, while drops form 
at the orifice. At some moderate velocity, ajet of dispersed liquid issues from the opening and drops 
are fonned by breakup of the jet. The velocity through the orifice when jetting begins can be 
estimated [54J, but as a rule of thumb it will be roughly 0.1 m/s (0.3 ftjs) [19]. For velocities below 
this, drop sizes can be estimated principally from either of two correlations [19, 54], which, to a large 
extent but not always, agree reasonably well. For present purposes, estimates are sufficient, so that 
differences are unimportant, and Fig. 10.46 will serve. At velocities greater than about 0.1 m/s, drop 
sizes are not unifonn. In extraction, maximizing the interface surface of all the drops is important for 
ensuring rapid mass transfer. and the orifice velocity Vo mil)( which does this can be estimated from 
pI, 64] . 

Vo,max = 2.69( ~r[ dA0.5137PD(J+ 0.4719pc) rs 

The orifice/jet diameter ratio is given by 

! [ d ]' 0.485 0 os + I 
~ _ (age/!>p g) . 

dJ d 
1.51 0 os + 0.12 

(ag'!l>pg) . 

fa, 

fa, 

t{, os < 0.785 
(ag,/ l>p g) . 

d, 
-:--:-:"-"7<,,,s > 0.785 
(ag,!l>pg) . 

(10.73) 

(10.740) 

(1O.74b) 

{Equations (10.73) and (10.74) can be used with any consistent set of units.] The drop diameter 
corresponding to the above values is 1> - 2dJ • The value of (J to be used is intennediate between 
that for the binary solvent pair and the equilibrium value for the extracting system if that can be 
estimated (data are scarce). Equations (10.73) and (10.74) are recommended for sieve-tray design, 
but if the resulting velocity calculates to be less than 0.1 m/s, Vo should be set at least at from 0.1 to 
0.15 m/s and the drop diameter should be estimated from Fig. 10.46. 

Figure 10.45 Punched perforations for dispersed phase [39]. 
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FIgure 10.46 Drop diameters for dispersion of insoluble liquids through nozzles and perforations 
[19J. 
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Ib,lbf , ft, s 1.0 14600 3040 1.0 

Drop terminal velocity It will be necessary to estimate V" the terminal velocity of a liquid drop in a 
liquid medium. This is the free-fall (or rise, depending on the relative density) velocity of a single 
isolated drop in the gravitational field. The terminal velocities of small drops, which are essentially 
spherical, are larger than those of solid spheres of the same diameter and density, owing to the 
mobility and internal circulation within the drop: the surface velocity is not zero, as it is for a solid. 
With increasing diameter, there occurs a transition drop size, beyond which the drop shape is no 
longer spherical (although it is nevertheless described with ~ as tbe diameter of a sphere of the same 
volume), and the drop oscillates and distorts. The terminal velocity of the transition size is a 
maximum, and for larger sizes the velocity falls slowly with increased diameter. Dimensional 
analysis shows Re = f(CD • We). where Re is the drop Reynolds number at terminal velocity. We is 
tbe drop Weber number, and CD is the usual drag coefficient. For very pure liquids (no surface
active agents, no mass transfer), and continuous pbase viscosities less than 0.005 kg/m . s (5 cP), tbe 
Hu-Kintner correlation [24] (Fig. 10.47) provides the functional relation. U is defined as 

U == 4 Re" = pC2
( (lge)3 

3CD Wt? gl4 !lp 
(10.75) 
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Figure 10.47 Terminal settling velocities of single liquid drops in infinite liquid media [241. 

and the transition maximum velocity occurs at an ordinate of Fig. 10.47 equal to approximately 70, 
or when 

( 
or;, )O.s 

~.lrans = 7.25 g llpUO.l~ (10.76) 

For larger continuous phase viscosities, but not exceeding 0.030 kg/m . s (30 cP), the ordinate of 
Fig. 10.47 should be multiplied by (Jlw/Pc)O.14, where Jlw is the viscosity of water [30], Minute 
amounts of impurities which are frequently present in practice can alter the terminal velocities 
profoundly (usually to lower values), and the effect of mass transfer is unknown. t 

Downspouts The tower will flood if excessive quantities of dispersed·phase droplets are carried 
through the downspouts (or upspouts) entrained in the continuous phase. The velocity of liquid in 
the downspouts Vol should therefore be less than the terminal velocity of all except the smallest 

t The curve of Fig. 10,47 should not be extrapolated to lower values. For values of the ordinate 
below 1.0. the equation of Klee and Treybal [34J will give more correct results for Pc < 0.002 
kg/m . S (2 cP): 

This is conveniently rearranged to 
O.8364.1p O.~7424.0.7037g0.s742 

V, = p~4446(agc)O.Ol873pg..ll037 

which is applicable for any consistent set of units for values of ~ less than ~. trl.l1S' 

(1O.77a) 

(10.776) 
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droplets, e.g., those smaller than 0.6 to 0.8 nun [391. and the downspout cross section Ad is set 
accordingly. The downspouts are extended well beyond the depth of coalesced dispersed liquid on 
the tray, to prevent dispersed liquid from flowing through the downspout. Downspouts are installed 
flush with the tray from which they lead, and no weirs like those needed for gas-liquid towers should 
be used. 

Coalesced liquid OQ the trays The depth h of coalesced dispersed liquid accumulating on each tray is 
determined by the pressure drop required for counterflow of the liquids [9): 

h - he + hD (10.78) 

where he and ho are the contributions of each of the liquids. The contribution from the dispersed 
liquid hD is that necessary to cause flow through the perforations of the tray ho plus that necessary to 
overcome interfacial tension h", 

(10.79) 

The value of ho can be computed from the usual orifice equation with a coefficient of 0.67, 

h _ (V; - V;)PD (10.80) 

o 28(0.67)' "" 

h.., which is important only when the dispersed phase flows slowly, can be computed from 

60& 
h - d" "" 8 (10.81) 

where ~ is the drop diameter produced at perforation velocities V .. = 0.03 m/s (0.1 ft/s). At 
perforation velocities where jets of dispersed liquid issue from the perforations, h .. can be omitted. 

The head required for flow of the continuous phase he includes losses owing to (I) friction in 
the downspout, ordinarily negligible, (2) contraction and expansion upon entering and leaving the 
downspout. equal to 0.5 and 1.0 velocity heads, respectively. and (3) the two abrupt changes in 
direction each equivalent to 1.47 velocity heads. The value of he is therefore substantially equal to 
4.5 velocity heads, or 2 

4.5VDPC 
he - 28"" (10.82) 

Should h calculate to be small. say 50 nun or less, there is danger that not all perforations will 
operate unless the tray is installed perfectly level. Under these circumstances. it is best to increase 
the value of he by placing a restriction in the bottom of the downspouts (or upper end of upspouts), 
the effect of which can be computed as flow through an orifice. 

Dispersed-phase boldup The space between a tray and the coalesced layer on the next tray is filled 
with a dispersion of the dispersed liquid in the continuous liquid. At flow rates below those causing 
flooding, it has been established (4, 80] that the ratio of slip velocity Ys to terminal velocity Vt of a 
single particle ($0 = 0) is a unique function of dispersed-phase holdup .pD for all vertically moving 
fluid particulate systems, including gas-solid, liquid-solid. and liquid-liquid systems. Slip velocity is 
the net relative velocity between the two phases, and if they flow countercurrently, 

YD Yc 
Vs - </>D + 1 - .pD (10.83) 

The correlation of Zenz (84] (Fig. 10.48), derived from fluid-solid systems, provides the (Vs/ V, • tPD) 
function. with VI for solids given by the curve for 90 - O. For sieve-tray extractors, Vo becomes V"' 
and since the continuous phase flows horizontally, Vc is taken as zero, so that 

V. 
Vs=

.pD 
(10.84) 

Illustration 10.8 describes the use of the correlation. The specific interfacial area corresponding to 
the holdup is given by Eq. (6.9). 
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F1gure 10.48 Zenz's correlation for fluidized solid p&rticles. {F. Zenz, Pel. Refiner, 36 (8), 147 (1957), 
with permission.] 

Sieve--Tray Mass Transfer 

Mass transfer occurs during three separate regimes: drop formation and release, drop rise (or fall), 
and drop coalescence into the layer of coalesced liquid on the tray. 

Mass transfer during drop formation There have been a great many studies, for most of which a 
review is available [21). There are evidently many influencing phenomena: the rate of drop 
formation [7]; whether the drops are formed at nozzles or orifices in plates or at the ends of jets; and 
the presence or absence of interfacial turbulence or surfactants. Although fairly elaborate expres~ 
sions have been devised to describe some of the data [62, 63J, the great divergence of the data at 
present does not seem to warrant anything more than a simple estimate. The mass-transfer 
coefficient Ku , can be defined by [76] 

(10.85) 

where H, is the flux, averaged over the time of drop formation 0" and based on the area Ap of the 
drop at breakaway. If we assume the same mechanism of mass transfer for the liquids on either side 
of the interface, e.g., surface renewal, penetration theory, or surface stretch, (see Chap. 3), so that 
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kLCJ - kLDJ (Del DD)o.s, then 

1 1 1 1 [ 1 (DD )0"] 
KWJ = kLDJ + kLCj1lCD = kLDJ 1 + mCD Dc 

(10.86) 

Theoretical treatment of mass transfer during drop formation generally leads to expressions of the 
form 

kLDJ = const( ~ )0.5 (10.87) 

with values of the constant in the range 0.857 to 3.43 but mostly in the range 1.3 to 1.8 except in the 
presence of interfacial turbulence or surfactants. 

Mass transfer during drop rise (or fall) Swarms of drops behave differently from single drops [25]. 
For small drops (4 <: 4,!ranJ which circulate [52] 

(
",v. )-0 . ., 

kLC, ... 0.725 :CPC 
Sc-O.58Vs (l - ¢D) (10.88) 

The dispersed-phase coefficient kLD, is then given by Eq. (10.66) and Table 10.1. 
For large drops (4 > 4. tranS> which oscillate as they rise or fall, surface-stretch theory [2] is 

recommended 

(10.89) 

where ill · f 1 w ,.. osc abon requency """ 2.". 
1920'&,b 

(10.90) 

andt b _ 1.052",°·225 (10.91) 

8 is a dimensionless amplitude factor characteristic of the oscillating system. and may be taken as 0.2 
in the absence of more specific data. As with drop formation. the same mechanism is assumed to 
govern the phases on both sides of the interface. so that an equation similar to that of Eq. (10.86) 
provides KLo,' 

Mass transfer during drop coalescence Experimental measurement of this quantity is very difficult, 
and results are hard to reproduce. The data for only a few systems have been empirically correlated 
[65]. The mass-transfer coefficient is apparently an order of magnitude less than that for drop 
formation. and the area on which it is based is difficult to deduce. For the present, it is 
recommended that KDc ... 0.1 KDJ, based. on the area of the drops Ar 

Stage efl1dency Refer to Fig. 1O.49a, which shows a schematic section through part of a sieve-tray 
tower. The equilibrium and operating curves corresponding to the entire extractor are shown in Fig. 
10.49b. Curve DBE is drawn between the equilibrium and operating curves, everywhere at a 
fractional distance such as BCIAC equal to the Murphree dispersed-phase stage efficiency EAlD• 

The steps on the diagram then correspond to real stages, as for gas absorption (Fig. 8.16) and 
distillation (Fig. 9.48) 

(10.92) 

t b is dimensionless, and Eq. (10.91) is written for 4 in meters. For 4 in feet the coefficient is 
0.805. 



FIgure 10.49 Stage efficiency of sieve-tray extractors. 

Operating curve, 

CD" + I VS. CC" 

The relatively low velocities prevailing in liquid extractors mean that the continuous phase can 
be assumed to be thoroughly mixed by the motion of the drops of the dispersed phase and 
everywhere of solute concentration cc~. The total rate of extraction occurring in stage n is then 

qD(CD~ .. - CD) "" KLDfAJ.CD~+1 - c';') + KLD,.A,,(cD - CP)M + KL/k(cD." - cP.,,) (10.93) 

Equations (10.92) and (10.93) produce 

E 
KLDfAp KLD,..A,,(CD - CP)M KLT)cAp(CD~ - c.o) 

MD =---+ + 
qo qD(COH1 - co~·) qO(CD~+1 - c.a,) 

(10.94) 

Ap is the surface of the No drops issuing from the N" orifices. 

Ap = 'fTtI/N" (10.95) 

The interfacial area of the dispersed-phase holdup in the drop-rise region is 

A, - a(Z - h)(A, - Ad) _ ~D (Z - h)A. (10.96) 

The mean driving force for the drop-rise region is strictly the logarithmic average, but for present 
purposes the arithmetic average is adequate: 

(c - C· ) + (c - c· ) 
( 

.) O~+I o~ 0. 0. 
Co - Co M = 2 (10.97) 

and, as indicated earlier, KLDc is taken as O.lKLDj. Substitution of this and Eqs. (10.95) to (10.97) 
into (10.94) and noting that qo/A" - V"' V,,'" 4qo/wd"2N,,. and 1- EUD - (Co. - cZ,. .)/ 
(CD~+I - cp) lead to 

(10.98) 
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Skelland [62] has outlined a similar, more elaborate, procedure, but Eq. (10.98) is believed more than 
adequate in view of the many uncertainties involved. In any event, it must be understood that we 
can at best estimate EMD only roughly. The stage efficiency will usually be far less than that 
obtained Cor gas-liquid contact, owing to the lower phase velocities resulting Crom lower density 
differences and higher viscosities. 

IlIustratioo 10.8 Isopropyl ether is to be used to extract acetic acid Crom water in a sieve-tray 
tower, ether dispersed. The design conditions agreed upon are those of Illustration 10.3 and 
Fig. 10.24, stage 2: 

Flow rate 
Acid concentration 

Density 
Viscosity 

Acid diffusivity 

Water solution 
(continuous) 

8000 kg/h - 17600 Ib/h 
xc. = 0.175 mass fraction 

1009 kg/m3 = 63.0 lb/re 
3.1 X 1O-3kg/m' s "" 3.1 cP 
1.24 X 1O-9m2/s = 

4.8 X 10-5 ft2/h 

Isopropyl ether solution 
(dispersed) 

20000 kg/h - 44 100 Ib/h 
xD ... , = 0.05 mass fraction 

730 kg/m3 == 45.61b/ft3 

0.9 X IO-J kg/m . s .. 0.9 cP 

1.96 X 10-9 m2/s "'" 
7.S9 X 10-5 ft2/h 

Interfacial tension"'" 0.013 N/m"" 13 dyn/cm 

Distribution coefficient"" m = ~xc = 2.68 
uXD 

SoLUTION Mol wt acetic acid == 60.1. 

_ 0.175(1009) _ 294 km 1/ ' 
cc. 60.1 . 0 01 

_ 0.05(730) _ 0608 kmol/m' 
co ... , 60.1 . 

mco == 2.68 1009 ... 3.704 kmol/m
3 
in ether 

730 kmol/m3 in water 

PetfortllMJm Set d" ... 6 mm "" 0.006 m, arranged in triangular pitch on lS-mrn centers. PD -
730 kg/m3; qo - 20000/730(3600) "" 7.61 X 10-3 m3/s; a - 0.013 N/m; g = 9.807 m/s2; 
g~ - 1.0 Pc - 1009 kg/m3

; flp - 1009 - 730 "" 279 kg/m3
• 

__ d_" _ _ 2.75 

(:!; r5 

Eq. (1O.74b), 

~ - 4.28 , dJ - 1.402 X 10- 3 m 

Eq. (10.73), 

V", max. - 0.0153 m/s 

Since this is less than 0.1, use V" - 0.1 m/s. Perforation area ... qD/ V" _ 7.61 X 10-2 m2; 
N" - perforation area/('JTd.,2/4) - 2690. Eq. (6.31): 

761 X 10-2 
Plate area for perforations -' 2 - 0.S244 012 

0.907(0.006/0.015) 

DowruptHd Set the continuous-phase velocity Vd equal.to the terminal velocity of a dispersed
phase drop, <j, - 0.7 mm - 0.0007 m. I'c - 0.0031 kg/m· s. Eq. (10.75)' U - 8852000. Fig. 
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10.47: ordinate .... 1.515; abscissa - 0.62 == ~ V,Pe/ /leU°.lS; V, - 0.03 m/s - Yd' qe-
8000/(IOO9X3600) ... 2.202 X 10-3 m3/s. Ad "" qe/ Vd ... 0.0734 m2• Refer to Table 6.2. Allow
ing for supports and unperforated area, 

A _ 0.5244 == 0 807 ' 
I 0,65 . m ( 4 )'" T "'" 0.807; = 1.0 m All'" A, - Ad - 0.734m2 

Drop size Fig, 10.46: 

Abscissa (a2 "" 52 560, a3 "" 1.24 X 1£f) .., 0.0639 

Parameter (al "'" 10.76) "" 0.282 ordinate"'" 0,024 == 3.2814, 

Therefore 

~ ... 7.31 X 1O- 3 m 

Coalesced layer VII = qD/ All "'" 0.01037 m/s. Eq. (10.80): h" = 2.94 X 10-3 m. h" is unim
portant at the present value of V,,: therefore hD = ho = 2.94 X 10-3 m. Eq. (10.82): he "" 7.47 
X 10-4 m; Eq. (10.78): h = 3.69 X 10-3 m. Since this is very shallow, increase it by placing 
an orifice in the bottom of the downspout. If VR is the velocity through this restriction and hI( 
the corresponding depth of coalesced layer that results, the orifice equation provides 

h (vi - V})Pe 
R = 2g,,(0.67).::.\p 

Set hR "" 0.045 m, whence VR = 0.332 m/s. This corresponds to a restriction area "'" qel VR == 
6.633 X 10-3 m2, in tum corresponding to a circular hole 92 rom in diameter. Then h = 0.045 
+ 0.00369 "'" 0.049 m = 4.9 cm, which is satisfactory. 

Set the tray spacing at Z = 0,35 m, and lead the downspout apron to within 0.1 m of the 
tray below. 

Dispersed-phase holdup Eq. (10.84): VS~D = 0.01037 m/s. For ~ = 7.31 X 10-3 m, U = 
8 852 000: ordinate of Fig, 10.47 = 165.2, abscissa == 30 "'" 4. V,Pe/ /leUO. IS; then V, "" 0.1389 
m/s. 

Fig. 10.48: abscissa = 52.6; ordinate = 44.65 Vs(I - 4>D) for solid particles. 

$D - parameter, Ordinate, Vs(1 - *D) Vs for Vs Vs for VS$D for 
Fig. 10.48 Fig. 10.48 for solids solids V, liquids liquids 
(I) (2) (3) (4) (5) (6) (7) 

0 8.8 0.1971 0.1971 1.0 0.1389 0 
... V" solids -v, 

0.1 5.9 0.1321 0.1~8 0.7448 0.1035 0.01035 
0.2 4.3 0.0963 0.1204 0.6109 0.0849 0.1698 
0.3 3.0 0.0672 0.0960 0.4871 0.0677 0.2031 

Example for 4>D - Q.I, ordinate Fig. 10.48.., 5.9; column 3 == 5.9/44.65: column 4 "" 
0.1321/(1 - 0.1): column. 5 - 0.1468/0.1971; column 6 - 0.7448(0.1389); column 7-
0.1035(0.1). 

Interpolation in column 7 for VS9D """ 0.01037 provides 4>D ... 0.10. 

Mass trrmsfer 
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Eq. (10.87) with cOnst = 1.5: kLDJ = 7.5 X 10- 5 m/s; Eq. (10.86): KWJ = 5.6 X 10-5 mls or 
kmol/m2 . s . (kmol/ml). 

The ordinate of Fig. 10.47 for the drops is larger than 70, hence dp > dp • trans' and the 
mass-transfer coefficient during drop rise is given by Eq. (10.89). 

Eq. (10.91); b _ 0.348. Eq. (10.90); ~ - 3.66 s- '. Eq. (10.89) with 8 - 0.2; kw, - 1.053 
X 10-4 mls 

----- 1+-- -1 1 [ 1 (DD )'-'] 
KLDr kWr m CD Dc 

KWr = 7.86 X 10- 5 mls or kmolfm2 • s' (kmol/ml) 

Eq. (10.98); 

EMD = 0.175 Ans. 

DIFFERENTIAL (CONTINUOUS-CONTACl) EXTRACTORS 

When the liquids flow countercurrently through a single piece of equipment, the 
equivalent of as many theoretical stages may be had as desired. In such devices, 
the countercurrent flow is produced by virtue of the difference in densities of the 
liquids, and if the motivating force is the force of gravity, the extractor usually 
takes the form of a vertical tower, the light liquid entering at the bottom, the 
heavy liquid at the top. As an alternative, a larger centrifugal force can be 
generated by rotating the extractor rapidly, in which case the counterflow is 
radial with respect to the axis of revolution. 

There are several characteristics common to countercurrent extractors which 
have an important bearing upon their design and performance. It is typical that 
only one of the liquids can be pumped through the device at any desired rate. 
The maximum rate for the other will depend, among other things, upon the 
density difference of the liquids. If an attempt is made to exceed this rate for the 
second liquid, the extractor will reject one of the liquids, and it is said to be 
flooded. The same is true, of course, for gas-liquid contactors, but since the 
density difference is much smaller than for a gas and liquid, the flooding 
velocities of extractors are much lower. For a given volumetric rate of liquids to 
be handled, the extractor cross section must be large enough to ensure that the 
flooding velocities are not reached. The more open the cross section, the greater 
the flow rates before flooding occurs. Internal structures, packing, mechanical 
agitators, and the like normally reduce the velocities at which flooding occurs. 

The differential extractors are also subject to axial mixing (see Chap. 6); it 
severely reduces extraction rates because of the deterioration of the concentra~ 
tion differences between phases which is the driving force for mass transfer. This 
is illustrated in Fig. 10.50, where the real (axial-mixing) concentration profiles 
show a substantially smaller concentration difference than those for plug flow. If 
the flow ratio of the liquids is not unity, and it very rarely is, dispersing the 
liquid flowing at the lower rate will lead to small numbers of dispersed-phase 
drops, small interfacial areas, and small mass-transfer rates. On the other hand, 
if the majority liquid is dispersed, the axial-mixing problem is exacerbated. The 
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Figure 10.50 Effect of axial mixing on 
concentration profiles in towers sub
ject to axial mixing. 

problem becomes more acute the greater the flow ratio, and this difficulty is 
common to all differential extractors. 

Reviews of calculation methods to account for axial mixing [41] (simplified 
procedures have been devised [47, 78]) and of axial-mixing data [26] are 
available. 

Spray Towers 

These. the simplest of the differential-contact devices. consist merely of an 
empty shell with provisions at the extremities for introducing and removing the 
liquids. Because the shell is empty. the extreme freedom of liquid movement 
makes these towers the worst offenders as far as axial mixing is concerned. so 
much so that it is difficult to obtain much more than the equivalent of a single 
stage with them. It is not recommended that they be used. Horiwntal baffles 
(both the segmental and the disk-and-doughnut type) have been used to reduce 
the axial mixing but with little improvement in results. Spray towers have also 
been fairly extensively studied for direct-contact heat exchange between two 
liquids, but the deleterious effects of axial mixing are just as severe in this 
service as for extraction. 

Packed Towers 

Towers filled with the same random packings used for gas-liquid contact (Chap. 
6) have also been used for liquid extractors. The packing serves to reduce axial 
mixing somewhat and to jostle and distort the drops of dispersed phase. A 
typical packed tower is shown schematically in Fig. 10.51, arranged for light 
liquid dispersed. The void space in the packing is largely filled with the 
continuous heavy liquid, which flows downward. The remainder of the void 
space is filled with droplets of light liquid formed at the lower distributor, which 
rise through the heavy liquid and coalesce at the top into a bulk layer, forming 
an interface as shown. To maintain the interface in this position, the pressure of 
liquid in the tower at the bottom must be balanced by a corresponding pressure 
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Packing 

FIgure 10.51 Packed extraction tower, light liquid dispersed. 

in the bottom outlet pipe, as set by a control valve. If the pressure drop through 
that valve is reduced, the weight of the contents of the tower adjusts to a lower 
value, the light liquid becomes continuous, the heavy liquid dispersed, and the 
interface falls to below the light-liquid distributor. The interface positions are 
best regulated by a liquid-level control instrument activating the bottom outlet 
valve. The valve just above the interface in Fig. 10.51 is for periodic removal of 
scum and dust particles (rag) which accumulate at the interface. 

The nature of the liquid flow in such towers requires that the choice of 
packing and arrangement of dispersed-phase distributor be given careful atten
tion. If the dispersed liquid preferentially wets the packing, it will pass through 
in rivulets on the packing, not as droplets, and the interfacial area produced will 
be small. For this reason, the packing material should be preferentially wetted 
by the continuous phase. Usually, ceramics are preferentially wet by aqueous 
liquids and carbon and plastics by organic liquids. The packing should be 
sufficiently small, no greater than one-eighth the tower diameter, for the packing 
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density to be fully developed yet larger than a certain critical size (see below) 
[48, 72, 76]. Where the material of the packing support is not wet by the 
dispersed droplets and the distributor is placed outside the packing, the drops 
will have difficulty in entering the packing and premature flooding results. For 
this reason it is always desirable to embed the dispersed-phase distributor in the 
packing, as in Fig. 10.51. 

Correlations for estimating flooding rates are available, and data for mass
transfer coefficients and axial mixing have been summarized [23, 43, 72, 76]. 
Although axial mixing is less severe than in spray towers, mass-transfer rates are 
POOr. It is recommended instead that sieve-tray towers be used for systems of 
low interfacial tension and mechanically agitated extractors for those of high 
interfacial tension. 

Mechanically Agitated, Countercurrent Extractors 

The extraction towers previously described are very similar to those used for 
gas-liquid contact, where density differences between liquid and gas are of the 
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Figure 10.52 Mixeo Lightnin CMContraetor. (Mixing 
Equipment Co.). 
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order of 800 kg/m' (50 Ib/ft') or more, available to provide the energy for good 
dispersion of one fluid into the other. In liquid extractors, where density 
differences are likely to be one-tenth as large or less, good dispersion of systems 
of high interfacial tension is impossible in such towers, and mass-transfer rates 
are poor. For such systems, dispersion is best brought about by mechanical 
agitation of the liquids, whereupon good mass-transfer rates are developed. 
Some examples of such extractors follow. Except for pulse columns, they are 
proprietary devices for which complete design procedures are not publicly 
available, and the manufacturers are best consulted. 

Mixco Lightnin CMContactor (Oldsbue-Rusbton Extractor) Refer to Fig. 10.52. 
This device uses flat-blade disk turbine impellers (Fig. 6.3c) to disperse and mix 
the liquids and horizontal compartmenting plates to reduce axial mixing. There 
have been a few mass-transfer and somewhat more extensive axial-mixing 
studies [5, 13, 16, 17,27,44,45] 

Rotating-Disk Contactor (ROC) This (Fig. 10.53) is a somewhat similar device, 
except that the vertical baffles are omitted and agitation results from rotating 
disks, which usually tum at much higher speeds than turbine-type impellers 
[29, 50, 67]. 

Variable speed drive 
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liquid 
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-- ·'::0 

Light liquid 
outlet 

Interface 

Stator 
ring 

---1 r--~--j- Rotor 
disk 

Light 
liquid 

in::!..- ,::D 

Heavy 
liquid 
outlet FIgure 10.53 Rotating-Disk Contactor (ROC). (Gen

eral A.merican Transportation Corp.) 
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FIgw-e 1054 Scheibel extractor. 

Scbeibel Extractor [22, 56, 57] There have been several designs, of which the 
most recent is shown in Fig. 10.54. The impellers are of the turbine type, and the 
doughnut-type baffles surrounding them are supported by vertical tie rods, not 
shown. Earlier designs included sections of knit, wire~mesh packing alternating 
with sections containing an impeller. 

Karr ReciprOcating-Plate Extractor [31, 32] This follows an early design of van 
Dijck [77], who suggested moving the plates of a perforated-plate extractor of 
the type shown in Fig. 10.55 up and down. The Karr design uses plates of much 
larger free area, fitting loosely in the tower shell and attached to a vertical, 
central shaft. They are moved vertically up and down over a short distance. 

Treybal Extractor [73] This is in reality a vertical stack of mixer-settlers. The 
mixers are in a vertical line, and the impellers for the stages on a common shaft. 
They not only mix but also pump, so that throughput rates are high. Since there 
is no axial mixing, mass-transfer rates are high. 

Graesser Extractor [60] This is a horizontal shell fitted with a series of rotating 
disks on a central horizontal shaft. C-shaped buckets between the disks shower 
the liquids, one in the other, as they flow countercurrently and horizontally 
through the extractor. It has been used especially in Europe. 

Pulsed columns [38, 77, 82] A rapid (0.5 to 4 S-I) reciprocating pulse of short 
amplitude (5 to 25 mm) is hydraulically transmitted to the liquid contents. Since 
the extractors have no moving parts, they have found extensive (and exclusive) 
use in processing radioactive solutions in atomic-energy work, where they can be 
put behind heavy radiation shields without requiring maintenance. The most 
common arrangement is that of Fig. 10.55; the perforated plates, which have no 
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FIgure 10.55 Pulsed column, 

downspouts, are drilled with very small holes so that ordinarily flow will not 
occur. The pulsing superimposed upon the liquids alternately forces light and 
heavy liquids through the perlorations. Packed columns, indeed any type 01 
extractor, can also be pulsed. Although the mass-transfer rates are thereby 
improved at the expense of substantial energy costs, the flow capacities become 
smaller. 

Centrifugal Extractors 

The most important 01 these is the Podbielniak extractor [68, 69, 70] (Fig. 10.56). 
The cylindrical drum containing perforated concentric shells is rapidly rotated 
on the horizontal shalt (30 to 85 r/s). Liquids enter through the shalt: heavy 
liquid is led to the center 01 the drum, light liquid to the periphery. The heavy 
liquid flows radially outward, displacing the light liquid inwardly, and both are 
led out through the shalt. These extractors are especially uselul lor liquids 01 
very small density difference and where very short residence times are essential, 
as in some phannaceutical applications, e.g., extraction of penicillin from 
nutrient broth. 
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F1gure 10.56 Podbjelniak centrifugal extractor (schematic), (Podbielniak. Inc.) 

The Luwesta extractor [14] and the Rotabel [3], extractors revolving about a 
vertical shaft, are used more extensively in Europe than in the United States. 

Design 

Since the change in concentration with height of either liquid as it passes 
through the extractor is differential, the height of the tower is expressed not in 
terms of stages or steps but in terms of transfer units. 

Consider the continuous-contact tower of Fig. 10.57. Although the raffinate 
is shown flowing downward as if it were denser, in some instances the solvent
rich, or extract, phase will be denser and will enter at the top. In either case, in 
what follows subscript I will always represent that end of the tower where the 
raffinate enters and extract leaves, while subscript 2 will indicate where extract 
enters and raffinate leaves. We are presently unconcerned with which phase is 
dispersed and which is continuous. If the extractor is fed along the side, Fig. 
10.57 and the relationships which follow apply separately to each section above 
and below the feed inlet. 

Throughout this discussion, unless othenvise specified, x and y will refer to 
solute concentrations expressed as mole fractions in the raffinate and extract, 
respectively, and rates of flow of raffinate R and of extract E will be expressed 
as mol/(cross-sectional area)(time). Except in special cases, the transfer of solute 
usually results in changes of mutual solubility of the contacted liquids, so that in 
general all components of the systems transfer from one phase to the other. The 
F-type mass-transfer coefficients are capable of handling this problem, but in 
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RAFF!NATE 
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R 
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x2 .[2 rnol/{Hme){oreol 

Y2 mOI;;I~~;tion FIgure 1057 ContinuollS'-contact tower. 

reality our knowledge of mass-transfer rates in extractors is so poorly developed 
that we can ordinarily consider only the transfer of a single solute. This 
discussion is therefore limited to cases where the liquids are insoluble, only 
solute is transferred, and mutual solubility unchanged. In practice, however, the 
expressions developed are used for all cases. 

It then follows that the equations derived for gas absorption apply. Thus, for 
the raffinate (which corresponds to the gas in gas absorption), we have the 
counterparts of Eqs. (8.23) to (8.27) 

Z = fX' R(l - X)i",dX 
x, FRa(1 - x}(x - Xi) f

X' (1 - X)i.,dx _ 
H'R x, (1 - x)(x - Xi) - H'RN,R 

R R 
H,R = FRa = kRa(1 - x) .. , 

N =fx, (l-x) .. t<1x =fX'~+!lnl-X2 
tR X2 (I - x)(x - Xi) X2 X - XI 2 1 - xl 

where Xi = interface concentration of solute 
FR, kR = transfer coefficients for raffinate phase 

H tR = raffinate height of transfer unit 
NtR = number of raffinate transfer units 

(1 - X)iM = logarithmic mean of 1 - x and 1 - Xi 

(10.99) 

(10.100) 

(10.101) 

The interface concentration corresponding to any bulk raffinate concentration X 

is found through Eq. (5.21) adapted to the present situation 

(10.102) 
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This equation is plotted, for any value of (x,y) on the operating curve, to 
determine its intersection with the equilibrium curve at (Xj'Yi)' just as for gas 
absorption. As an approximation, a straight line of slope - kR/ kE is plotted 
from (x,y) on the operating line to obtain the intersection at (x;.yJ. 

Similarly, we have the corresponding expressions for the extract (corre
sponding to the liquid in gas absorption). 

In reality, we know so little about the mass-transfer coefficients that the 
above expressions are of little use. For practical reasons, even though not strictly 
applicable unless the eqUilibrium curve is of constant slope, it is usually 
necessary to deal with overall coefficients and transfer units. These we can take 
from their gas-absorption counterparts: 

R 
HIOR=~ 

OR 

E 
HrOE=TQ 

DE 

f
x' (I - X)'Mdx 

N -
,OR - x, (I - x)(x - x*) 

R 

f XI dx II 1 - X2 ---+-n--
X2 X - x* 2 1 - XI 

N (y, (I - Y)*Mdy (y, dy I I - y, 
,DE = Jy , (I - Y)(Y' - y) = Jy , y' - y + ,In 1- y, 

_ _ (I - x*) - (I - x) 
(I X)*M- In[(1 x*)/ (I - x)] 

1 _ _ (I - y) - (I - yO) 
( y)*M-In[(I -y)/(I-y*)] 

(10.103) 

(10.104) 

(10.105) 

(10.106) 

(10.107) 

(10.108) 

(10.109) 

where x* is the concentration in equilibrium with y and y* that in equilibrium 
with x. 

Concentrations in Eqs. (10.103) to (10.109) are in mole fractions. If x and yare expressed as ..... <eighl 
fractions, for convenience in use with the stage-calculation operating diagrams in terms of weight 
fractions, 

N f
'><l dx 111-x2 Ilnxz(r-l)+l 

0 .- --+-n--+-
I '><2 x-x· 2 1 - XI 2 xl(r I) + 1 

N f YI dy lin 1- Yl IlnYt(r - 1) + 1 
10£"" --+- --+-Y2 Y· - Y 2 I - h J h(r 1) + 1 

(1O.1I0) 

(1O.1I1) 

where r is the ratio of molecular weights of nonsolute to solute. For weight-ratio concentrations, 

N _f'><i~+.!lnl +rx2 
lOR '><2 x'-x'· l I +rxi (10.112) 

(10.113) 
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Dilute Solutions 

For dilute solutions, only the integral terms of the above equations for N'OE and 
N,OR are important. If in addition the equilibrium curve and operating line are 
straight over the concentration range encountered, it is readily shown in the 
manner of Chap. 8 that logarithmic averages of the terminal concentration 
differences are applicable 

N = .,-X-,-I_--,X.=.,_ 
lOR (x - X*)M 

N _ YI - Y, 
mE - (y' - Y)M 

(10.114) 

The equivalent expressions in terms of mass-transfer coefficients are 

R(xi - x,) = E(YI - y,) = KRaZ(x - x'h, = KEaZ(y' - Y)M 

(10.115) 

If in addition the equivalent of Henry's law applies, so that the equilibrium
distribution curve is a straight line passing through the origin (m = y* / x = 
Y / x· = const), a procedure exactly similar to that used previously in the case of 
gas absorption gives 

I [xl-y,/m(1 R)+R] 
n x2 - Y2/ m - -;;:;E -;;:;E 

N,OR = 1- R/mE 
(10.116) 

Figure 8.20 represents a graphical solution, provided (x, - y,/m)/(x 1 - y,/m) 
is considered the ordinate and mE / R the parameter. Similarly for the extract
enriching section of a tower used with reflux, the same circumstances provide 

In[Y, - mXI(I_ mE) + mE] 
YI - mX1 R R 

N'OE = (10.117) 
1- mEl R 

which is also solved graphically in Fig. 8.20 provided (YI - mxl)/(y, - =1) is 
the ordinate and R/ mE the parameter. 

For these dilute solutions Eqs. (10.114), (10.116), and (10.117) can be used 
with concentrations in terms of weight fractions, in which case m must be 
defined in these termS as well while E and R are measured as mass/(area)(time). 
Weight ratios can also be used. Equations (10.114) and (10.115) are frequently 
used with concentrations expressed as c mol/volume, in which case the extract 
and raffinate flow rates are measured in terms of V volume/(area)(time) and the 
appropriate mass-transfer coefficients are KLE and KLR mol/(area)(time) . D.c. 
The requirements of constant m (in whatever units it is measured) and straight 
operating lines still apply, of course. 

lllustratiob 10.9 Determine the number of transfer units N'OR for the extraction of Illustration 
10.3 if 20 000 kg/b of solvent is used. 

SoLUTION Define x and y in terms of weight fractions acetic acid. XI ... XF == 0.30; 12 "'" 0; 
X 2 "'" 0.02; YJ ... 0.10. The operating diagram is already plotted in Fig. 10.23. From this plot, 
values of x and x· are taken from tbe operating line and equilibrium curve at various values of 
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y, as follows: 

x 0.30 025 0.20 0.15 0.10 0.05 0.02 

x' 0.230 0.192 0.154 0.114 0.075 0.030 0 

I 
14.30 17.25 20.75 27.8 40.0 50.0 50.0 x-=-x.-

The area under a curve of x as abscissa against I/{x - x·) as ordinate (not shown) 
between x == 0.30 and x "'" 0.02 is determined to be 8.40. In these solutions, the mutual 
solubility of water and isopropyl ether is very small, so that r can b:: taken as 18/60 = 0.30. Eq. 
(10.110): 

N 840 'I 1- 0.02 'I 0.02(0.3 - I) + I 846 
fOR ==. +1: n 1 _ 0.30 +1: n O.30(0.3 I) + 1"" . 

The operating and equilibrium curves are nearly parallel in this case, so that N fOR and Np are 
nearly the same. The curvature of the lines makes the simplified methods for N'OR inapplicable, 
however. 

Illustration 10.10 Determine the number of transfer units N'OR for the extraction of Illustration 
lOA if 1150 kg/h of kerosene are used. 

SoLUTION Use weigbt~ratio concentrations, as in Illustration lOA. xi = xl- = 0.0101; Yi = 0: 
xi"'" 0.001 001; Yl == 0.0782. The calculation can be done through Eq. (10.116) or the equiv~ 
alent, Fig. 8.20. 

xi - Y2'/ m' = 0.001 001 = 00909 
XI 121m' 0.0101 . 

The average mEl R = m'BI A = 1.01 (Illustration 10.4). From Fig. 8.20, N'OR "" 8.8. 

Performance of Continuous-Contact Equipment 

While over the past 40 years a considerable number of data has been ac
cumulated, taken almost entirely from laboratory-size equipment of a few 
centimeters diameter, no satisfactory correlation of them has as yet been 
possible owing to the very large number of variables which influence extraction 
rates. For the design of new extractors it is essential that pilot~plant experiments 
be performed under conditions as nearly like those expected in the large-scale 
equipment as possible [75J. This discussion will therefore be limited to a brief 
consideration of the important variables, but no data for design will be pre~ 
sented. 

The principal difficulty in obtaining an understanding of extractor perfor
mance lies with the very large number of variables which influence the perfor~ 
mance. The following at least have influence. 

I. The liquid system. 
a. Chemical identity and corresponding physical properties. In this category may be included the 

presence or absence of surface~active agents, finely divided solids, and the like. 
b. Concentration of solute, since this influences physical properties. 
c. Direction of extraction, whether from aqueous to organic, from continuous to dispersed phase. 
d. Total flow rate of the liquids. 
e. Ratio of liquid flows. 
j. What liquid is dispersed. 
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2. The equipment. 
a. Design, which includes not only the gross and obvious design such as whether the extractor is 

a packed or mechanically agitated tower, but also such details as size and shape of packing, 
arrangement of baIfles, and the like. 

b. Nature and extent of mechanical agitation, whether rotary or pulsating, fast or slow. 
c. Materials of construction, which influence the relative wetting by the liquids. 
d. Height of the extractor and the end effects. 
e. Diameter of extractor and extent of axial mixing. 

It is only recently that a beginning has been made in systematizing axial
mixing data, and reliable correlations of mass-transfer coefficients must wait 
upon this. Practical applications are advanced far ahead of sound design data. 

NOTATION FOR CHAPTER 10 

Any consistent set of units may be used, except as noted. 

c 

C 
CD 
d, 
dJ 

do 

4 
4"ranJ 
D 
E 

E' 
EMD 
EME 
EM. 
Eo 
F 
F' 
g 

8. 
h 

he 

specific interfacial surface, L2/Ll 
component A, mass/time (continuous), M/a; mass (batch), M 
active area of tower devoted to perforations, L2 
cross-sectional area of downspouts (or upspouts), L2 
net tower cross-sectional area"" AI - Ad' L2 
surface of drops, L2 
surface of rising (or falling) drops between trays, L2 
tower cross-sectional area, L2 
constant, dimensionless 
component Bf mass/time (continuous), M/8; mass (batch), M 
eigenvalue, dimensionless 
concentration, especially of solute, moIe/L3 
dispersed-phase concentration in equilibrium with bulk continuous phase, 
moJe/L3 
component C. mass/time (continuous), M/S; mass (batch), M 
drag coefficient = 46p d,.g/3Pc V? dimensionless 
impeller diameter, L 
jet diameter, L 
orifice diameter, L 
drop diameter. L 
transition-size drop diameter. L 
component D, mass/time (continuous), M/a; diffusivity. L'1./S 
extract solution. mass/time (staged extractors), M/a; mass (batch), M; 
moles/(area)(time} (continuous-contact extractors), moIe/LZ& 
solvent (B)-free extract, mass/time (continuous), M/8: mass (batch), M 
Murphree dispersed-phase stage efficiency, fractional 
Murphree extract stage efficiency, fractional 
Murphree raffinate stage efficiency, fractional 
overall stage efficiency, fractional 
feed, mass/time (continuous), M/8: mass (batch), M 
feed, solvent (B)-free basis, mass/time (continuous), M/a; mass (batch), M 
acceleration of gr&vity, L'1. /8 
conversion factor. l\D../F'SZ 
depth of coalesced dispersed liquid accumulating on a tray, L 
depth of dispersed liquid accumulating on a tray owing to flow of continuous 
liquid, L 
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m 

M 
M' 
N 
NJ 
No 
N, 
N, 
P P, 
q , 
R 

R' 
Re 
S 
S' 
So 
Sh 
T 

Ts 
U 

"L 
V 
V, 
V, 
Vo 
v...mu 
V, 
Vs 
V, 
We 
x 

x' 

x 

depth of dispersed liqwd accumulating on a tray owing to flow of dispersed 
liqwd, L 
head required to cause flow through an orifice, L 
head required to cause flow through a downspout restriction, L 
head required to overcome effect of interfacial tension, L 
height of a transfer unit, L 
mass-transfer coefficient, moIe/L:ze(moIe rraction) 
mass-transfer coefficient, mole/L2Q(moIe/L3) 
overall mass-transfer coefficient, mole/L:ze(moIe rraction) 
overall mass-transfer coefficient, moIe/L2Q{mole/Ll) 
natural logarithm 
equilibrium distribution coefficient, concentration in extract/concentration in 
raffinate, dimensionless 
equilibrium distribution coefficient, concentration in continuous phase/con
centration in dispersed phase, (mole/L3)/(moIe/L3) 
mixture M, mass/time (continuous), M/a; mass (batch), M 
solvent (B)-free mixture M, mass/time (continuous), M/a; mass (batch), M 
solvent concentration, solvent (B)-free basis, mass B/mass (A + C), M/M 
time-average flux of mass transfer during drop formation, moIe/LlS 
number of perforations, dimensionless 

. number of theoretical stages, dimensionless 
number of transfer units, dimensionless 
power, FL/a 
solvent (B)-free extract product, mass/time, M/a 
volumetric rate, L3/e 
ratio of molecular weight, nonsolute to solute, dimensionless 
raffinate, mass/time (staged extraction), M/S; mass (batch), M; moles/ 
(areaXtime) (continuous-contact extraction), moIe/L:J.e 
solvent (B)-free raffinate, mass/time (continuous), M/S; mass (batch), M 
drop Reynolds number, ~ ¥IPC/ Ilc, dimensionless 
solvent, mass/time (continuous), M/S; mass (batch), M 
B-free solvent, mass/time (continuous), M/S; mass (batch), M 
Schmidt number, p./pD, dimensionless 
Sherwood number, kd,/ D, dimensionless 
tower diameter. L 
settler diameter, L 
dimensionless group defined by Eq. (10.75) 
liqwd volume, L3 
superficiaJ velocity, L/S 
velocity of liquid in downspout, L/S 
velocity based on A .. , L/S 
velocity through orifice or perforation, L/e 
velocity through perforation leading to maximum. specific interfacial area, L/e 
velocity based on a restricted area, L/S 
slip velodty (Eqs, (10.83) and (1O.84)J, LIS 
terminal settling velocity, L/S 
drop Weber number, ~V/Pc/(Jgc' dimensionless 
concentration of C in A-rich (raffinate) phase. mass fraction (staged extractors); 
mole fraction (continuous-contact extractors). 
concentration of C in A~rich (raffinate) phase, mass C/mass non-C, M/M 
concentration of solute in D-rich phase (fractional extraction), mass solute/mass 
nonsolute, M/M 

concentration of C in A-rich (raffinate) phase, B-free basis, mass C/mass 
(A + C), M/M 
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Subscripts 

c 
C 
D 
e 
E 
f 
F 
m 
M 
n 
o 
o 
R 
s 
S 
w 
I 
2 

Supen<ripts 
• 
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concentration of C in B~rich (ex.tract) phase, mass fraction (staged ex.tractors); 
mole fraction (continuous extractors) 
concentration of C in B~rich (ex.tract) phase, mass C/mass non-C, M/M; con~ 
centration of solute in A-ricb phase (fractional extraction), mass solute/mass 
nonsoit:lte, M/M 
concentration of C in B-rich (ex.tract) phase, B-free basis, mass C/mass (A + q, 
M/M 
tray spacing, L; deptb of liquid in agitated vessel, L 
selectivity, dimensionless 
amplitude factor, dimensionless 
difference in flow, B~free basis [Eq. (10.40)] 
difference in flow rate [Eq. (10.25)] 
difference in now rate, 8-free basis [Eq. (10.31)] 
time, 8 
time for drop formation, 9 
eigenvalue, dimensionless 
viscosity, M/Le 
density, M/LJ 
difference in densities, M/LJ 

interfacial tension, F /L 
volume fraction 
oscillation frequency, 8- 1 

during coalescence 
continuous phase 
dispersed phase 
stage e 
extract 
formation 
fcod 
stage m; minimum 
mixture M; mean 
stage n 
organic; orifice 
overall 
raffinate 
stage s 
solvent 
water 
stage I; that end of a continuous-contact tower where feed enters 
stage 2; that end of a continuous-contact tower where solvent enters 

in equilibrium with bulk concentration in the other phase 
solvent~free 
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PROBLEMS 

Problems 10.1 to 10.7 refer to the system water (A)-chlorobenzene (B)-pyridine (C) at 25°C. 
Equilibrium tie--line data, interpolated from those of Peake and Thompson, Ind. Eng. Chem., 44, 
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2439 (1952), in weight percent are: 

Pyridine Chlorobenzene Water Pyridine Chlorobenzene Water 

0 99.95 0.05 0 0.08 99.92 
11.05 88.28 0.67 5.02 0.16 94.82 
18.95 79.90 1.15 11.05 0.24 88.71 
24.10 74.28 1.62 18.90 0.38 80.72 
28.60 69.15 2.25 25.50 0.58 73.92 
31.55 65.58 2.87 36.10 1.85 62.05 
35.05 61.00 3.95 44.95 4.18 50.87 
40.60 53.00 6.40 53.20 8.90 37.90 
49.0 37.8 13.2 49.0 37.8 13.2 

10.1 Plot the equilibrium data on tlre following coordinate systems: (a) triangular; (b) x and y 
against weight fraction B; (e) x againsty. 

10.2 Compute the selectivity of chlorobenzene for pyridine at each tie line, and plot selectivity 
against concentration of pyridine in water. 

10.3 It is desired to reduce the pyridine concentration of 2(0) kg of an aqueous solution from 50 to 
2% in a single batch extraction with chloro'benzene. What amount of solvent is required? Solve on 
triangular coordinates. 

10.4 A 2DOO-kg batch of pyridine-water solution, 50% pyridine, is to be extracted with an equal 
weight of cblorobenzene. The raffinate from the first extraction is to be reextracted with a weight of 
solvent equal to the raffmate weight, and so on (B2 ... R I , BJ = R2, etc.). How many theoretical 
stages and what total solvent will be required to reduce the concentration of pyridine to 2% in the 
final raffinate? Solve on triangular coordinates. 

10.5 A pyridine-water solution. 50% pyridine. is to be continuously and countercurrently ex.tracted 
at the rate 2.25 kg/s (17 800 lb/h) with chlorobenzene to reduce the pyridine concentration to 2%. 
Using the coordinate systems plotted in (b) and (e) of Prob. 10.1: 

(a) Determine the minimum solvent rate required. 
(b) If 2.3 kg/s (18250 Ib/h) is used. what are the number of theoretical stages and the 

saturated weights of extract and raffinate? 
Ans.: 3 theoretical stages. 
(e) Determine the number of transfer units NtOR for the extraction of part (b). 
ABs.,4.89 

10.6 The properties of the solutions have not been completely studied, but from those of the pure 
constituents. the following properties are estimated: 

Interfacial 
Density Viscosity tension 

kg/m3 Ibjf" kg/m· s cP Njm dyn/cm 

Feed 994.8 62.1 0.001 1.0 0.008 8 
Extract 1041 65 0.0013 1.3 
Raffinate 996.4 62.2 0.00089 0.89 0.Q35 35 
Solvent 1097 68.5 0.00125 1.25 

For the solvent-entrance end of the cascade of Prob. 1O.5b, specify the dimensions of a mixing 
vessel and the size and speed of the impeller and estimate the stage efficiency. Disperse the solvent, 
and use an average holding time of 30 s. 
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10.7 Can the separation of Prob. 10.5 be made by distillation at atmospheric pressure? 

10.8 Water-dioxane solutions form a minimum-boiling azeotrope at atmospheric pressure and 
cannot be separated by ordinary distillation methods. Benzene forms no azeotrope with dioxane and 
can be used as an extraction solvent. At 25"C, the equilibrium distribution of dioxane between water 
and benzene [1. Am. Chern. Soc .• 66, 282 (1944)] is as follows: 

Wt % dioxane in water 25.2· 

Wt % dioxane in benzene 32.0 

At these concentrations water and benzene are substantially insoluble, and 1000 kg of a 25% 
dioxane-75% water solution is to be extracted with benzene to remove 95% of the dioxane. The 
benzene is dioxane-free. 

(0) Ca.1culate the solvent requirement for a single batch operation. 
(b) If the extraction were done with equal amounts of solvent in five crosscurrent stages, how 

much~olvent would be required? 

10.9 A 25% solution of dioxane in water is to be continuously extracted at a rate of 1000 kg/h in 
countercurrent fashion with' benzene to remove 95% of the dioxane. Equilibrium data are given in 
Prob. 10.8. 

(0) What is the minimum solvent requirement. kg/h? 
(b) If 900 kg/h of solvent is used, how many theoretical stages are required? 
Am.: 6.1 theoretical stages. 
(c) How many transfer units NIOR correspond to the extraction of part (b)? 

10.10 An aqueous solution contains 25% acetone by weight together with a small amount of an 
undesired contaminant. For the purpose of a later process, it is necessary to have the acetone 
dissolved in water without the impurity. To accomplish this. the solution will be extracted counter
currently with trichloroethane, which extracts the acetone but not the impurity. The extract will then 
be countercurrently extracted with pure water in a second extractor to give the desired product water 
solution. and the recovered solvent will be returned to the first extractor. It is required to obtain 98% 
of the acetone in the final product. Water and trichloroethane are insoluble over the acetone
concentration range involved, and the distribution coefficient (kg acetone/kg trichloroethane)/ 
(kg acetone/kg water) - 1.65"'" const. 

(0) What is the largest concentration of acetone possible in the recovered solvent? 
(b) How many stages would be required in each extractor to obtain the acetone in the final 

water solution at the same concentration as in the original solution? 
(c) If recovered solvent contains 0.005 kg acetone/kg trichloroethane, if 1 kg trichloro

ethane/kg water is used in the first extractor, and if the same number of stages is used in each 
extractor, what concentration of acetone in the final product will result? 

10.11 A sieve-tray tower is to be designed for the extraction of 90% of the acetic acid from a water 
solution containing 4.0% acid, using methyl isobutyl ketone, initially free of acid, as solvent. at 25°C. 
The flow rates are to be 1.6 X 10-3 m3/s aqueous (203.4 ftl /h), 3.2 X 10-3 m3/s organic. The 
ketone is to be dispersed. 

Physical properties are, for the aqueous solution, viscosity"" 0.001 kg/m' s. density ... 998 
kg/ml, diffusivity of acetic acid ... 1.00 X 10-9 m2/s; for the organic solution, viscosity =< 5.70 X 
10- 04 kg/m . s. density == 801 kg/m3, diffusivity of acetic acid ... 1.30 X 10-9 m2/s; distribution 
coefficient, (c in ketone)/(c in water) ... 0.545; interfacial tension"'" 9.1 X 10-3 N/m. 

Specify the tray dimensions and arrangement, estimate the values of EMD and Eo, and specify 
the number of real trays required. 

Problems 10.12 to 10.14 refer to the system cottonseed oil (A)-liquid propane (B)-oleic acid 
(q at 98.soC, 625 Ib/in2 abs. Smoothed equilibrium tie-line data of Hixson and Bockelmann, Trans. 
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AIChE,38, 891 (1942), in weight percent, are as follows: 

Cottonseed Oleic Cottonseed Oleic 
oil acid Propane oil acid Propane 

63.5 0 36.5 2.30 0 97.7 
57.2 5.5 37.3 1.95 0.76 97.3 
52.0 9.0 39.0 1.78 121 97.0 
4<;.7 13.8 39.5 1.50 1.90 96.6 
39.8 18.7 41.5 1.36 2.73 95.9 
31.0 26.3 42.7 1.20 3.8 95.0 
26.9 29.4 43.7 1.10 4.4 94.5 
21.0 32.4 4<;.6 1.0 5.1 93.9 
14.2 37.4 48.4 0.8 6.1 93.1 

8.3 39.5 522 0.7 7.2 92.1 
4.5 41.1 54.4 0.4 6.1 93.5 
0.8 43.7 55.5 0.2 5.5 94.3 , 

10.12 Plot the equilibrium data: on the following coordinate systems: (a) N against X and Yj (b) X 
against Y. 
10.13 If 100 kg of a cottonseed oil-oleic acid solution containing 25% acid is to be extracted twice in 
crosscurrent fashion, each time with 1000 kg of propane, determine the compositions, percent by 
weight, and the weights of the mixed extracts and the final raffinate. Determine the compositions 
and weights of the solvent-free products. Make the computations on the coordinates plotted in part 
(a) of !1-ob. 10.12. 
10.14 If 1000 kg/h of a cottonseed oil-oleic acid solution containing 25% acid is to be continuously 
separated into products containing 2 and 90% acid (solvent-free compositions) by countercurrent 
extraction with propane, make the following computations on the coordinate systems of parts (0) 
and (b) of !1-ob. 10.12: 

(0) What is the minimum number of theoretical stages required? 
Ans.: 5. 

(b) What is the minimum external extracHeflux ratio required? 
Ans.: 3.08. 
(c) For an external extract-reflux ratio of 4.5, determine the number of theoretical stages, the 

position of the feed stage, and the quantities, in kg/h, of the following streams: E I• BE' E', Ro, RNp' 

PE, and S. 
Ans.: 10.5 theoretical stages. 
(d) What do the equilibrium data indicate as to the maximum purity of oleic acid that could 

be obtained? 

Problems 10.15 and 10.16 refer to the system oxalic and succinic acids distributed between water and 
n-amyl alcohol. The acids distribute practically independently of each other, and for present 
purposes they will be considered to do so. Equilibrium concentrations, expressed as g acid/I, are: 

Either acid in water 0 20 40 60 

Oxalic in alcohol 0 6.0 13.0 21.5 

Succinic in alcohol 0 12.0 23.5 35.0 

The water and amyl alcohol are essentially immiscible. In the calculations, express acid concentra
tions as gil and solvent rates as l/time. 

10.15 A water solution containing 50 g each of oxalic and succinic acids per liter of water is to be 
extracted countercurrently with n-amyl alcohol (free of acid) to recover 95% of the oxalic acid. 

(0) Compute the minimum solvent required, alcoholjl water. 
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(b) If an alcohol/water ratio of 3.8 l/12 is used, compute the number of theoretical stages 
required and the solvent-free analysis of the extract product. 

Ans.: 9 theoretical stages. 
10.16 A mixture of succinic (B) and oxalic (q acids containing 50% of each is to be separated into 
products each 90% pure on a solvent-free basis, using n-amyl alcohol (A) and water (0) by a 
fractional extraction. 

(a) Calculate the number of theoretical stages and the location of the feed stage of 9 1 of 
alcohol and 41 of water are used per 100 g of acid feed. 

Ans.: 12.75 stages. 
(b) Investigate the effect of solvent ratio on the number of stages. keeping the total liquid 

flow constant. What is the least number of stages required and the corresponding solvent ratio? 
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PART 

FOUR 
SOLID-FLUID OPERATIONS 

The mass-transfer operations in this category are adsorption-desorption, drying, 
and leaching. Adsorption involves contact of solids with either liquids or gases 
and mass transfer in the direction fluid to solid. Mass transfer is in the opposite 
direction for its companion operation, desorption, and the combination is 
analogous to the gas-absorption-stripping pair of Chap. 8. Drying involves 
gas-solid, and leaching liquid-solid, contact, with mass transfer in each case in 
the direction solid to fluid, so that these are special cases of desorption. 

Theoretically, at least, the same apparatus and equipment useful for gas
solid or liquid-solid contact in adsorption should also be useful in the corre
sponding operations of drying and leaching. In practice, however, we find 
special types of apparatus in all three categories. This is probably the result of 
many years of development of the practical applications of these operations 
without the realization that basically they are very similar. For example, we find 
considerable inventive genius applied to the development of equipment for the 
continuous gas-solid operations of adsorption but little application of the results 
to the problem of drying. Many clever devices have been developed for continu
ous leaching of solids with liquids, but there is little application of these to the 
practical problems of adsorption from liquids. Ideal devices have not yet been 
invented. But we may reasonably expect a reduction in the number of equip
ment types and greater interapplication between the three operations as the 
many problems of solids handling are eventually solved. 

It helps considerably in understanding these operations if the strong re
semblances to the gas and liquid operations of earlier chapters are kept in mind, 
although the fixed-bed and fluidized-bed operations of which solids are capable 
have no gas-liquid counterparts. 





CHAPTER 

ELEVEN 
ADSORPTION AND ION EXCHANGE 

The adsorption operations exploit the ability of certain solids preferentially to 
concentrate specific substances from solution onto their surfaces. In this 
manner, the components of either gaseous or liquid solutions can be separated 
from each other. A few examples will indicate the general nature of the 
separations possible and at the same time demonstrate the great variety of 
practical applications. In the field of gaseous separations, adsorption is used to 
dehumidify air and other gases, to remove objectionable odors and impurities 
from industrial gases such as carbon dioxide, to recover valuable solvent vapors 
from dilute mixtures with air and other gases, and to fractionate mixtures of 
hydrocarbon gases containing such substances as methane, ethylene, ethane, 
propylene, and propane. Typical liquid separations include the removal of 
moisture dissolved in gasoline. decolorization of petroleum products and aque~ 
OllS sugar solutions, removal of objectionable taste and odor from water, and the 
fractionation of mixtures of aromatic and paraffinic hydrocarbons. The scale of 
operations ranges from the use of a few grams of adsorbent in the laboratory to 
industrial plants with an adsorbent inventory exceeding 135 ()()() kg [59]. 

These operations are all similar in that the mixture to be separated is 
brought into contact with another insoluble phase, the adsorbent solid, and the 
unequal distribution of the original constituents between the adsorbed phase on 
the solid surface and the bulk of the fluid then permits a separation to be made. 
All the techniques previously found valuable in the contact of insoluble fluids 
are useful in adsorption. Thus we have batchwise single~stage and continuous 
multistage separations and separations analogous to countercurrent absorption 
and stripping in the field of gas-liquid contact and to rectification and extraction 
with the use of reflux. In addition, the rigidity and immobility of a bed of solid 

S65 
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adsorbent particles make possible useful application of semicontinuous methods 
which are not at all practicable when two fluids are contacted. 

Another solid-liquid operation of great importance is ion exchange, the 
reversible exchange of ions between certain solids and an electrolyte solution, 
which permits the separation and fractionation of electrolytic solutes. It is, of 
course, chemical in nature but involves not only the interaction of the ions with 
the solid but also diffusion of ions within the solid phase. Although the 
phenomenon may be more complex than adsorption, the general techniques and 
the results obtained are very similar. The special features of ion exchange are 
considered separately at the end of this chapter. 

Types of Adsorption 

We must distinguish at the start between two types of adsorption phenomena, 
physical and chemical. 

Physical adsorption, or van der Waals adsorption, a readily reversible phe
nomenon,'is the result of intermolecular forces of attraction between molecules 
of the solid and the substance adsorbed. When, for example, the intermolecular 
atlractive forces between a solid and a gas are greater than those existing 
between molecules of the gas itself, the gas will condense upon the surface of the 
solid even though its pressure may be lower than the vapor pressure correspond
ing to the prevailing temperature. Such a condensation will be accompanied by 
an evolution of heat, in amount usually somewhat larger than the latent heat 
of vaporization and of the order of the heat of sublimation of the gas. The 
adsorbed substance does not penetrate within the crystal lattice of the solid and 
does not dissolve in it but remains entirely upon the surface [82}. If, however, the 
solid is highly porous, containing many fine capillaries, the adsorbed substance 
will penetrate these interstices if it wets the solid. The equilibrium vapor pressure 
of a concave liquid surface of very small radius of curvature is lower than that 
of a large flat surface, and the extent of adsorption is correspondingly increased. 
In any case, at eqUilibrium the partial pressure of the adsorbed substance equals 
that of the contacting gas phase, and by lowering the pressure of the gas phase 
or by raising the temperature the adsorbed gas is readily removed or desorbed in 
unchanged form. Industrial adsorption operations of the type we shall consider 
depend upon this reversibility for recovery of the adsorbent for reuse, for 
recovery of the adsorbed substance, or for the fractionation of mixtures. Revers
ible adsorption is not confined to gases but is observed with liquids as well. 

Chemisorption, or activated adsorption, is the result of chemical interaction 
between the solid and the adsorbed substance [13]. The strength of the chemical 
bond may vary considerably, and identifiable chemical compounds in the usual 
sense may not actually form, but the adhesive force is generally much greater 
than that found in physical adsorption. The heat liberated during chemisorption 
is usually large, of the order of the heat of chemical reaction. The process is 
frequently irreversible, and on desorption the original substance will often be 
found to have undergone a chemical change. The same substance which, under 
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conditions of low temperature, will undergo substantially only physical adsorp
tion upon a solid will sometimes exhibit chemisorption at higher temperatures, 
and both phenomena may occur at the same time. Chemisorption is of particular 
importance in catalysis but will not be considered here. 

Nature of Adsorbents 
Adsorbent solids are usually used in granular form, varying in size from roughly 
12 nun in diameter to as small as 50 p.m. The solids must possess certain 
engineering properties depending upon the application to which they are put. If 
they are used in a fixed bed through which a liquid or gas is to flow, for 
example, they must not offer too great a pressure drop for flow nor must they 
easily be carried away by the flowing stream. They must have adequate strength 
and hardness so as not to be reduced in size during handling or crushed in 
supporting their own weight in beds of the required thickness. If they are to be 
transported frequently in and out of bins, they should be free-flowing. These are 
properties which are readily recognized. 

The adsorptive ability of solids is quite another matter. Adsorption is a very 
general phenomenon, and even common solids will adsorb gases and vapors at 
least to a certain extent. For example, every student of analytical chemistry has 
observed with annoyance the increase in weight of a dried porcelain crucible on 
a humid day during an analytical weighing which results from the adsorption of 
moisture from the air upon the crucible surface. But only certain solids exhibit 
sufficient specificity and adsorptive capacity to make them useful as industrial 
adsorbents. Since solids are frequently very specific in their ability to adsorb 
certain substances in large amounts, the chemical nature of the solid evidently 
has much to do with its adsorption characteristics. But mere chemical identity is 
insufficient to characterize its usefulness. In liquid extraction, all samples of 
pure butyl acetate will extract acetic acid from a water solution with identical 
ability. The same is not true for the adsorption characteristics of silica gel with 
respect to water vapor, for example. Much depends on its method of manufac
ture and on its prior history of adsorption and desorption. 

Large surface per unit weight seems essential to all useful adsorbents. 
Particularly in the case of gas adsorption, the significant surface is not the gross 
surface of the granular particles which are ordinarily used but the very much 
larger surface of the internal pores of the particles. The pores are usually very 
small, sometimes of the order of a few molecular diameters in width, but their 
large number provides an enormous surface for adsorption. It is estimated, for 
example, that a typical gasmask charcoal has an effective surface of I ()()() ()()() 
m'/kg [32]. There are many other properties evidently of great importance 
which are not at all understood, and we must depend largely on empirical 
observation for recognition of adsorptive ability. The following is a list of the 
principal adsorbents in general use. 

1. Fuller's earths. These are natural clays, the American varieties ooming largely from Flodda and 
Georgia. They are chiefly magnesium aluminum silicates in the form of the minerals attapulgite 
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and montmorillonite. The clay is heated and dried, during which operation it develops a porous 
structure, ground, and screened. Commercially available sizes range from coarse granules to fine 
powders. The clays are particularly useful in decolorizing. neutralizing, and drying such 
petroleum products as lubricating oils, transformer oils, kerosenes, and gasolines, as well as 
vegetable and animal oils. By washing and burning the adsorbed organic matter accumulating 
upon the clay during use, the adsorbent can be reused many times. 

2. Activated clays. These are bentonite or other clays which show essentially no adsorptive ability 
unless activated by treatment with sulfuric or hydrochloric acid. Following such treatment, the 
clay is washed, dried, and ground to a fine powder. It is particularly useful for decolorizing 
petroleum products and is ordinarily discarded after a single application. 

3. Bauxite. This is a certain form of naturally occurring hydrated alumina which must be 
activated by heating to temperatures varying from 230 to S15"C in order to develop its 
adsorptive ability. It is used for decolorizing petroleum products and for drying gases and can be 
reactivated by heating. 

4. Alumina. This is a hard., hydrated aluminum oxide which is activated by heating to drive off 
the moisture. The porous product is available as granules or powders, and it is used chiefly as a 
desiccant for gases and liquids. It can be reactivated for reuse. 

S. Bone char. This is obtained by the destructive distillation of crushed, dried bones at tempera
tures in the range 600 to 9(l()"C. It is used chiefly in the refining of sugar and can be reused after 
washing and burning. 

6. Decolorizlng carbons. These are variously made by (1) mixing vegetable matter with inorganic 
substances such as calcium chloride, carbonizing, and leaching away the inorganic matter, (2) 
mixing organic matter such as sawdust, etc., with porous substances such as pumice stone, 
followed by heating and carbonizing to deposit the carbonaceous matter throughout the porous 
particles, and (3) carbonizing wood, sawdust, and the like, followed by activation with hot air or 
steam. Lignite and bituminous coal are also raw materials. They are used for a great variety of 
purposes, including the decolorizing of solutions of sugar, industrial chemicals, drugs, and 
dry-cleaning liquids, water purification, refining of vegetable and animal oils, and in recovery of 
gold and silver from cyanide ore-leach solutions. 

7. Gos-adsorbent carbon. This is made by carbonization of coconut shells, fruit pits, coal, lignite, 
and wood. It must be activated, essentially a partial oxidation process, by treatment with hot air 
or steam. It is available in granular or pelleted form and is used for recovery of solvent vapors 
from gas mixtures, gas masks, collection of gasoline hydrocarbons from natural gas, and the 
fractionation of hydrocarbon gases. It is revivified for reuse by evaporation of the adsorbed gas. 

S. Mo/ecular~screen;ng a~t;vated carbon. This is a specially made form with pqre openings con
trolled from 5 to 5.5 A (those of most activated carbons range from 14 to 60 A.t The pores can 
admit paraffin hydrocarbons, for example, but reject isoparaffins of large molecular diameters. 
The product is useful in fractionating acetylene compounds, alcohols, organic acids, ketones, 
aldehydes, and many others. A good general review of activated carbon is available [37J. 

9. Synthetic polymeric adsorbents [951. These are porous spherical beads, 0.5 mm diameter, each 
bead a collection of microspheres, 10-4 mm diameter. The material is synthetic, made from 
polymerizable monomers of two major types. Those made from unsaturated aromatics such as 
styrene and divinylbenzene are useful for adsorbing nonpolar organics from aqueous solution. 
Those made from acrylic esters are suitable for more polar solutes. They are used principally for 
treating water solutions and are regenerated by leaching with low-molecular-weight alcohols or 
ketones. 

10. SUica gel. This is a hard, granular. very porous product made from the gel precipitated by acid 
treatment of sodium silicate solution. Its moisture content before use varies from roughly 4 to 7 
perunt, and it is used principally for dehydration of air and other gases, in gas masks, and for 
fractionation of hydrocarbons. It is revivified for reuse by evaporation of the adsorbed matter. 

II. Molecular .sieves [41, 58J. These are porous, synthetic zeolite crystals, metal aluminosilicates. 

t The angstrom (A) is 10- 10 m. 
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The "cages" of the crystal cells can entrap adsorbed matter, and the diameter of the passage· 
ways, controlled by the crystal composition, regulates the size of the mole<:u1es which can enter. 
The sieves can thus separate according to mole<:war size. but they also separate by adsorption 
according to molecwar polarity and degree of unsaturation. Ther~ are some nine types industri· 
ally available. with nominal pore diameters ranging from 3 to 10 A. in the form of pellets, beads, 
and powders. They are used for dehydration of gases and liquids, separation of gas and liquid 
hydrocarbon mixtures, and in a great variety of processes. They are regenerated by heating or 
elution. 

• 

ADSORPTION EQUILmRIA 

The great bulk of the experimental data pertaining to adsorption represents 
eqUilibrium measurements. Many of them were gathered in an attempt to 
provide corroboration for one or another of the many theories which have been 
advanced in an attempt to explain the adsorption phenomena. No one theory 
has yet been devised which satisfactorily explains even a majority of the 
observations, and this discussion is therefore limited simply to a description of 
the more commonly observed adsorption characteristics. The theories are re
viewed elsewhere [13, 18, 44, 82, 102J. 

SINGLE GASES AND VAPORS 

In many respects the eqUilibrium adsorption characteristics of a gas or vapor 
upon a solid resemble the equilibrium solubility of a gas in a liquid. Figure 11.1 
shows several eqUilibrium adsorption isotherms for a particular activated carbon 
as adsorbent, where the concentration of adsorbed gas (the adsorbate) on the 
solid is plotted against the equilibrium partial pressure ft· of th~ vapor or gas at 
constant temperature. Curves of this sort are analogous to those of Fig. 8.1. At 
100°C, for example, pure acetone vapor at a pressure of 190 mmHg is in 
equilibrium with an adsorbate concentration of 0.2 kg adsorbed acetone/kg 
carbon, point A. Increasing the pressure of the acetone will cause more to be 
adsorbed, as the rising curve indicates, and decreasing the pressure of the system 
at A will cause acetone to be desorbed from the carbon. While not determined 
experimentally in this case, it is known that the I()()OC isotherm for acetone will 
continue to rise only to a pressure of 2790 mmHg, the saturation vapor pressure 
of acetone at this temperature. At higher pressures, no acetone can exist in the 
vapor state at this temperature but instead will condense entirely to a liquid. It 
will thus be possible to obtain indefinitely large concentrations of the substance 
on the solid at pressures higher than the vapor pressure, as at point B (Fig. 11.2). 
However, concentrations in excess of that corresponding to point B indicate 
liquefaction but not necessarily adsorption of the vapor. Gases above their 
critical temperature, of course, do not show this characteristic. 
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Different gases and vapors are adsorbed to different extents under compar
able conditions. Thus benzene (Fig. I Ll) is more readily adsorbed than acetone 
at the same temperature and gives a higher adsorbate concentration for a given 
equilibrium pressure. As a general rule, vapors and gases are more readily 
adsorbed the higher their molecular weight and the lower their critical tempera
ture, although chemical differences such as the extent of unsaturation in the 
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FIgure 11.3 Types of adsorption isothenns for 
vapors. 

molecule also influence the extent of adsorption. The so·called permanent gases 
are usually adsorbed only to a relatively small extent, as the methane isotherm 
of Fig. I I.l indicates. 

Adsorption isotherms are not always concave to the pressure axis. The 
shapes shown in Fig. 11.3 have all been observed for various systems. Here the 
ordinate is plotted as equilibrium partial pressure p. divided by the saturation 
vapor pressure p of the adsorbed substance (actually, the relative saturation) in 
order to place all the curves on a comparable basis. 

It will be recalled that a change of liquid solvent profoundly alters the 
eqUilibrium solubility of a gas except in the case of ideal liquid solutions. In a 
similar fashion the equilibrium curves for acetone, benzene, and methane on 
silica gel as adsorbent would be entirely different from those of Fig. 11.1. 
Indeed, differences in the origin and method of preparation of an adsorbent will 
result in significant differences in the equilibrium adsorption as well. For this 
reason, many of the data gathered years ago are no longer of practical value, 
since methods of preparing adsorbents, and consequently the corresponding 
adsorbent capacities, have improved greatly over the years. Repeated adsorption 
and desorption will also frequently alter the characteristics of a particular 
adsorbent, perhaps as a result of progressive changes in the pore structure within 
the solid. 

There are three conunonly used mathematical expressions to describe vapor 
adsorption equilibria: the Langmuir, the Brunauer-Emmett-Teller (BEn, and 
the Freundlich isotherms [13, 18, 44, 82, 102J. All except the last were derived 
with a theory in mind, but none is applicable universally, nor can it be predicted 
which, if any, will apply to a particular case. Since we shall make no application 
of them, they are not detailed here. 

Adsorption Hysteresis 

The curves of Fig. I I.l are true eqUilibrium curves and therefore represent 
completely reversible phenomena. The conditions corresponding to point A on 
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the figure, for example, can be obtained either by adsorption onto fresh carbon 
or by desorption of a sample with an initially higher adsorbate concentration. 
Occasionally, however, different equilibria result, at least over a part of an 
isotherm, depending upon whether the vapor is adsorbed or desorbed, and this 
gives rise to the hysteresis phenomenon indicated in Fig. 11.4. This may be the 
result of the shape of the openings to the capillaries and pores of the solid or of 
complex phenomena of wetting of the solid by the adsorbate. In any case, when 
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hysteresis is observed, the desorption equilibrium pressure is always lower than 
that obtained by adsorption. 

Effect of Temperature 
Since adsorption is an exothermic process, the concentration of adsorbed gas 
decreases with increased temperature at a given equilibrium pressure, as the 
several acetone isotherms of Fig. 11.1 indicate. 

The reference-substance method of plotting, described in Chap. 8 for 
gas-liquid solubilities, is conveniently applicable also to adsorption data [81]. AIl 
reference substance it is best to use the pure substance being adsorbed, unless 
the temperatures are above the critical temperature. Figure 11.5, for example, 
was prepared for the adsorption of acetone vapor on activated carbon with 
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acetone as reference substance. The abscissa of the logarithmic coordinates was 
marked with the vapor pressure of pure acetone, and the corresponding satura
tion temperatures were also marked. The equilibrium partial pressure of adsor
bate was plotted on the ordinate. Points of equal temperature for the vapor 
pressure of pure acetone and the partial pressure of adsorbate were then plotted. 
Thus, point A of Fig. 11.1 (f* = 190 mmHg, IOWC) was plotted on Fig. 11.5 at 
A, where p = 2790 mmHg, the vapor pressure of acetone at IOO°C. Points of 
constant adsorbate concentration (isosteres) form straight lines with few excep
tions, and thus only two points are required to establish each. 

Figure I 1.6 shows all the same data plotted in such a manner as to reduce 
all the measurements to a single curve, thereby pennitting considerable exten
sion of meager data. The free energy of compression of 1 mol of a gas from the 
equilibrium adsorption pressure p* to the vapor pressure p, the adsorption 
potential, is RT In (p / f*). In the case of single substances, when this quantity is 
plotted against adsorbate concentration, a single curve results for all tempera
tures, at least over a moderate temperature range [31]. The ordinate of Fig. 11.6 
is proportional to this quantity. More complex methods of expressing the 
adsorbate concentration can be used to provide improved and extended correla
tions of the data. 

Heat of Adsorption 

The differential heat of adsorption (- H) is defined as the heat liberated at 
constant temperature when unit quantity of vapor is adsorbed upon a large 
quantity of solid already containing adsorbate. Such a large quantity of solid is 
used that the adsorbate concentration is unchanged. The integral heat of adsorp
tion at any concentration X of adsorbate upon the solid is defined as the 
enthalpy of the adsorbate-adsorbent combination minus the sum of the enthal
pies of unit weight of pure solid adsorbent and sufficient pure adsorbed 
substance (before adsorption) to provide the required concentration X, all at the 
same temperature. These are both functions of temperature and adsorbate 
concentration for any system. 

Othmer and Sawyer [81] have shown that plots of the type shown in Fig. 
11.5 are useful in estimating the heat of adsorption, which can be calculated in a 
manner similar to that for the latent heat of vaporization of a pure liquid (see 
Chap. 7). Thus, the slope of an isostere of Fig. I I.5 is 

d Inf* (- il)M 
dlnp = A,.M, 

(11.1) 

where ii, energy per mass of vapor adsorbed, is referred to the pure vapor and 
A,. is the latent heat of vaporization of the reference substance at the same 
temperature, energy per mass. M and M, are the molecular weights of the vapor 
and reference substance, respectively. If li is computed at constant temperature 
for each isostere, the integral heat of adsorption at this temperature can be 
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computed from the relation 

(11.2) 

6Hft.., energy per mass of adsorbate-free solid, is referred to the pure vapor, and 
X is the adsorbate concentration, mass adsorbate/mass solid. The integral can 
be evaluated graphically by determining the area under a curve of ii vs. X. The 
integral heat of adsorption referred to solid and the adsorbed substance in the 
liquid state is t;HA = t;H" + AX, energy per mass solid. The quantities ii, 
6HA, and 6Hft.. are negative quantities if heat is evolved during adsorption. 

Illustration 11.1 Estimate the integral heat of adsorption of acetone upon activated carbon at 
30G C as a function of adsorbate concentration. 

SOLlmaN Refer to Fig. 11.5. The isosteres for various concentrations are straight on this 
diagram, and their slopes are measured with the help of a millimeter rule. In the accompanying 
table, column 1 lists the adsorbate concentrate of each isostere and column 2 the corresponding 
slope. 

Integral heat of adsorp-
tion, kJ /kg carbon 

Differential heat I1H;"', referred AHA. referred 
X kg; acetone Slope of of adsorption Ii, to acetone to acetone 

, kg carbon isostere kJ /kg acetone vapor liquid 

(I) (2) (3) (4) (5) 

0.05 1.170 -640 -29.8 -2.1 
0.10 1.245 -686 -63.0 -7.9 
0.15 1.300 -716 -97.9 -15.1 
0.20 1.310 -721 -134.0 -23.7 
0.25 1.340 -740 -170.5 -32.6 
0.30 1.327 -730 -207.2 -41.9 

Since in this case the adsorbate and reference substance are the same, M = Mr and conse
quently il,.. - >.,. (slope of isostere). At 30°C, A. = A, the latent heat of vaporization of 
acetone - 551 kl/kg. Column 3 of the table lists values of il calculated in this manner. 

Column 3 was plotted as ordinate against column I as abscissa (not shown). The area 
under the curve between X = 0 and any value of X is listed in column 4 as the corresponding 
integral heat of adsorption, referred to acetone vapor. Thus the area under the curve between 
X - 0 and X ... 0.20 is -134.0. If 0.20 kg acetone vapor at 30G C is adsorbed on I kg fresh 
carbon at 30°C and the product brought to 30°C, 134 kl will be evolved. 

Column 5, the integral heat of adsorption referred to liquid acetone, is computed from the 
relation llHA -I1H;'" + U. Thus, at X = 0.20, I1HA "", - 134 + 551(0.20) = - 23.7 kJ/kg 
carbon. 

VAPOR AND GAS MIXTURES 

It is necessary to distinguish between mixtures depending upon whether one or 
several of the components are adsorbed. 
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One Component Adsorbed 

In the case of many mixtures, particularly vapor-gas mixtures, only one compo
nent is appreciably adsorbed. This would be the circumstance for a mixture of 
acetone vapor and methane in contact with activated carbon (Fig. 11.1), for 
example. In such instances, the adsorption of the vapor will be substantially 
unaffected by the presence of the poorly adsorbed gas, and the adsorption 
isotherm for the pure vapor will be applicable provided the eqUilibrium pressure 
is taken as the partial pressure of the vapor. in the vapor-gas mixture. The 
isotherms for acetone (Fig. Il.l) thus apply for mixtures of acetone with any 
poorly adsorbed gas such as nitrogen, hydrogen, and the like. This is similar to 
the corresponding case of gas-liquid solubility. 

Binary Gas or Vapor Mixtures, Both Components Appreciably Adsorbed 

When both components of a binary gas or vapor mixture are separately 
adsorbed to roughly the same extent, the amount of either one adsorbed from 
the mixture will be affected by the presence of the other. Since such systems are 
composed of three components when the adsorbent is included, the eqUilibrium 
data are conveniently shown in the manner used for ternary liquid equilibria in 
Chap. 10. For this purpose it is convenient to consider the solid adsorbent as 
being analogous to liquid solvent in extraction operations. However, adsorption 
is greatly influenced by both temperature and pressure, unlike liquid solubility, 
which is scarcely affected by pressure under ordinary circumstances. 
Equilibrium diagrams are consequently best plotted at constant temperature and 
constant total pressure, and they are therefore simultaneously isotherms and 
isobars. 

A typical system is shown in Fig. 11.7 on triangular and rectangular 
coordinates. The properties of these coordinate systems and the relations be
tween them were considered in detail in Chap. 10. Even though mole fraction is 
generally a more convenient concentration unit in dealing with gases, the figw'e 
is plotted in terms of weight-fraction compositions since the molecular weight of 
the adsorbent is uncertain.t Since the adsorbent is not volatile and does not 
appear in the gas phase, the equilibrium gas compositions fall upon one axis of 
either graph, as shown. Points G and H represent the adsorbate concentration 
for the individual pure gases and the curve GEH that of gas mixtures. Tie lines 
such as line REjoin equilibrium compositions of the gas and adsorbate. The fact 
that the tie lines do not, when extended, pass through the adsorbent apex 
indicates that under the prevailing conditions the adsorbent can be used to 
separate the binary gas mixture into its components. The separation factor, or 
relative acisorptivity, similar to relative volatility in distillation or selectivity in 
liquid extraction, is obtained by dividing the equilibrium ratio of gas composi
tions in the adsorbate (as at point E) by the ratio in the gas (as at R). The 
relative adsorptivity must be larger than unity if the adsorbent is to be useful for 

t Alternatively, some arbitrary molecular weight could be assigned to the adsorbent. 
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separating the components of the gas mixture. In the system of Fig. 11.7 the 
more strongly adsorbed of the two pure gases (oxygen) is also selectively 
adsorbed from any mixture. This appears to be true for most mixtures, although 
an inversion of the relative adsorptivity in some systems (analogous to azeotro
pism in distillation) is certainly a possibility. 

Especially when the extent of adsorption is small, it will·be more convenient 
to express compositions on an adsorbent-free basis and to plot them in the 
manner of Fig. 1l.S. Such diagrams are also analogous to those used in liquid 
extraction (Fig. 10.10, for example), where adsorbent solid and extraction 
solvent play an analogous role, and to the enthalpy-concentration diagrams of 
distillation, where heat is analogous to adsorbent. The adsorption characteristics 
of the binary gas mixture acetylene-ethylene on silica gel for one temperature 
and pressure are shown in Fig. II.Sa. In the upper portion of this figure, the gas 
phase appears entirely along the abscissa of the plot owing to the absence of 
adsorbent in the gas. The adsorbent-free equilibrium compositions correspond
ing to the tie lines can be plotted in the lower half of the diagram, as at point 
(R, E), to produce a figure analogous to the xy diagram of distillation. Silica gel 
selectively adsorbs acetylene from these gas mixtures. 

The powerful influence of the adsorbent on the equilibrium is demonstrated 
with the same gas mixture by Fig. I LSb, where activated carbon is the adsor
bent. Not only is the extent of adsorption greater than for silica gel, so that the 
curve GH is lower than the corresponding curve for silica gel, but in addition the 
relative adsorptivity is reversed: ethylene is selectively adsorbed on activated 
carbon. In both cases, however, that gas which is separately more strongly 
adsorbed on each adsorbent is selectively adsorbed from mixtures. If a condition 
corresponding to azeotropism should arise, the curve of the lower half of these 
figures would cross the 45 0 diagonal line. In cases like Fig. I LSb, it will 
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Figure 11.8 Adsorption of acetylene-ethylene on (0) silica gel and (b) activated carbon, at 25°C, I 
std atm, (Data of Lewis, et 01., J, Am. Chem. Soc., 72, 1157 (1950).) 

generally be preferable to plot compositions in terms of the more strongly 
adsorbed gas (ethylene), to keep the appearance of the diagram similar to those 
used previously in liquid extraction. 

A beginning has been made on the estimation of adsorbate concentrations 
from the isotherms of pure vapors, assuming that the adsorbate is ideal and 
follows an analog of Raou!t's law [49, 74, 75]. Some systems follow such a law, 
such as ethane-propane-carbon black [26] and n-butane-ethane-molecular 
sieves [29]. Others do not. Thus, in the case of benzene-n-heptane-silica gel, 
adsorbates deviate negatively from ideal solutions, whereas in the vapor-liquid 
equilibria for these hydrocarbons the deviation is positive [90]. An excellent 
review of the thermodynamics is available [97], including the concept of two
dimensional equations of state for the adsorbate layer, strongly reminiscent of 
Abbott's "Flatland" [I]. 
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The available data are meager, and generalizations are very difficult to make. 
Lowering the pressure will of course reduce the amount of adsorbate upon the 
adsorbent, as shown in the upper half of Fig. 11.9. In several cases investigated 
over any appreciable range [24, 62] the relative adsorptivity of paraffin hydro
carbons on carbon decreased at increased pressure, as shown in the lower part 



S80 MASS-TRANSFER OPERATIONS 

of this figure, just as it does in distillation. Owing to the increased tendency 
toward liquid condensation in the absorbent capillaries at higher pressures, the 
equilibrium may simply be shifting toward the ordinary vapor-liquid equilibrium 
with increased pressure, and in each of the investigated cases this corresponded 
to lower separation factor. Increasing the temperature at constant pressure will 
decrease the amount adsorbed from a mixture and will influence the relative 
adsorptivity as well but in a manner for which no generalizations can now be 
made. 

LIQUIDS 

When an adsorbent solid is immersed in a pure liquid, the evolution of heat, 
known as the heat oj wetting, is evidence that adsorption of the liquid does 
occur. But immersion does not provide an effective method of measuring the 
extent of adsorption. No appreciable volume change of the liquid which might 
be used as a measure of adsorption is ordinarily observed, while withdrawal of 
the solid and weighing it will not distinguish between the adsorbed liquid and 
that which is mechanically occluded. This problem does not exist in the case of 
adsorption of gases, where the change in weight of the solid due to adsorption is 
readily measured. 

Adsorption of Solnte from Dilute Solution 

When an adsorbent is mixed with a binary solution, adsorption of both solute 
and solvent occurs. Since the total adsorption cannot be measured, the relative 
or apparent adsorption of solute is determined instead. The customary proce
dure is to treat a known volume of solution with a known weight of adsorbent, v 
volume solution/mass adsorbent. As a result of preferential adsorption of 
solute, the solute concentration of the liquid is observed to fall from the initial 
value Co to the final eqUilibrium value c· mass solute/volume liquid. The 
apparent adsorption of solute, neglecting any volume change in the solution, is 
then v( Co - CO) mass solute adsorbed/mass adsorbent. This is satisfactory for 
dilute solutions when the fraction of the original solvent which can be adsorbed 
is small. 

Corre<:tion is sometimes made for the volume of the solute apparently adsorbed. Thus, the initial 
solvent content of this solution is v(I - co/pl. and on the assumption that no solvent is adsorbed, 
the volume of residual solution is 0(1- co/p)/(I - c·/p). The apparent solute adsorption is then 
the difference between initial and final solute content of the liquid, DCO - (v(I - co/p)/(l -
c·jp)]c· or o(co - c·)j(1 - c·jp). This of course. still neglects solvent adsorption. 

The apparent adsorption of a given solute depends upon the concentration 
of solute, the temperature, the solvent, and the type of adsorbent. Typical 
isotherms are shown in Fig. 11.10. Isotherms of all the indicated forms have 
been observed, for example, when a given solute is adsorbed on the same 
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FIgure 11.10 Typical adsorption isotherms for dilute 
Wt solute apparently odsarbed/wt adsorbent solutions. 

adsorbent, but from different solvents. The extent of adsorption of a given solute 
practically always decreases at increased temperature and usually is greater the 
smaller the solubility in the solvent. It is usually reversible, so that the same 
isotherm results whether solute is desorbed or adsorbed. 

The Freundlich Equation 

Over a small concentration range, and particularly for dilute solutions, the 
adsorption isotherms can frequently be described by an empirical expression 
usually attributed to Freundlich, 

c' = k[ v(co - CO)]" (11.3) 

where v(co - c*) is the apparent adsorption per unit mass of adsorbent and k 
and n are constants. Other concentration units are frequently used also, and 
while they will result in different values of k, for the dilute solutions for which 
the equation is applicable the value of n will be unaffected. The form of the 
equation indicates that plotting the equilibrium solute concentration as ordinate 
against adsorbate content of the solid as abscissa on logarithmic coordinates will 
provide a straight line of slope n and intercept k. Several typical isotherms are 
plotted in this manner in Fig. 11.11. The effect of the nature of the solvent on 
adsorption of benzoic acid on silica gel is shown by curves a and b, which follow 
Eq. (11.3) excellently over the concentration range shown. The adsorption is less 
strong from benzene solutions. which is to be expected in view of the higher 
solubility of the acid in this solvent. Curve c of this figure shows the deviation 
from linearity to be expected over large concentration ranges, although Eq. 
(11.3) is applicable for the lower concentration ranges. Failure of the data to 
follow the equation at high solute concentrations may be the result of apprecia
ble adsorption of the solvent which is not taken into account or simply general 
inapplicability of the expression. 
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The Freundlich equation is also frequently useful in cases where the actual 
identity of the solute is not known, as in the adsorption of colored substances 
from such materials as sugar solutions and mineral or vegetable oils. In such 
cases, the concentration of solute can be measured by means of a colorimeter or 
spectrophotometer and expressed in terms of arbitrary units of color intensity, 
provided the color scale used varies linearly with the concentration of the 
responsible solute. Figure 11.12 illustrates the application of this method of 
piotting the adsorption of colored substances from a petroleum fraction on two 
adsorbent clays. Here the color concentrations of the solutions are measured on 
an arbitrary scale, and the concentration of adsorbate on the clay is determined 
by measuring the change in color expressed in these terms when 100 g of oil is 
treated with various amounts of clay. 

Adsorption from Concentrated Solutions 

When the apparent adsorption of solute is determined over the entire range of 
concentrations from pure solvent to pure solute, curves like those of Fig. 1l.13 
will result. Curves of the shape marked a occur when at all concentrations the 
solute is adsorbed more strongly relative to the solvent. At increasing solute 
concentrations, the extent of solute adsorption may actually continue to in
crease; yet the curve showing apparent solute adsorption necessarily returns to 
point E, since in a liquid consisting of pure solute alone there will be no 
concentration change on addition of adsorbent. In cases where both solvent and 
solute are adsorbed to nearly the same extent, the S-shaped curves of type b are 
produced. In the range of concentrations from C to D, solute is more strongly 
adsorbed than solvent. At point D, both are equally well adsorbed, and the 
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Figure 11.12 Decolorization of cylinder oil with clay. 
[Data of Rogers, el al.,lnd Eng. Chern., 18, 164 (1926).J 

apparent adsorption falls to zero. In the range of concentrations from D to E, 
solvent is more strongly adsorbed. Consequently, on addition of adsorbent to 
such solutions, the solute concentration of the liquid increases, and the quantity 
vC Co - c*) indicates an apparent negative solute adsorption. 

The true adsorption of the substances can be estimated from apparent adsorption data if some 
mechanism for the process, such as the applicability of the Freundlich isotherm, separately for each 
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component, is assumed (6]. In this manner, curves like those of Fig. 11.14 can be computed from the 
S-shaped apparent adsorption data (note that such data characteristically show a situation analogous 
to azeotropism in distillation, with relative adsorptivity equal to unity at some liquid concentration). 
It has been shown, however, that such isotherms are not always applicable, and another approach is 
to deternllne the adsorption of a liquid solution by measuring that of the vapor in equilibrium with 
the liquid [50, 761. The thermodynamics of binary liquid adsorption has been established [901. 

For adsorption of multiple solutes from solution, there has been a beginning on the work of 
establishing a theoretical background [72, 83]. In this case, the adsorption is a function not only of 
the relative, but also of the total, solute concentration, just as for vapor mixtures, where the relative 
and total pressure are both important. 
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ADSORPTION OPERATIONS 

Adsorption is unique in the very diverse nature of its applications. For example, 
it is applied to a wide variety of processes such as recovery of vapors from dilute 
mixture with gases, solute recovery and removal of contaminants from solution, 
and the fractionation of gas and liquid mixtures. The techniques used include 
both stagewise and continuous-contacting methods, and these are applied to 
batch, continuous, and semicontinuous operations. Within each of these cate
gories it is possible to recognize operations which are exactly analogous to those 
already discussed in previous chapters of this book. Thus, when only one 
component of a fluid mixture (either a gas or a liquid) is strongly adsorbed, the 
separation of the mixture is analogous for purposes of calculation to gas 
absorption, where the added insoluble phase is adsorbent in the present case and 
liquid solvent in the case of absorption. When both components of the fluid 
(either gas or liquid) are adsorbed strongly, the separation requires a fractiona
tion procedure. The operation is then conveniently considered as being analo
gous to liquid extraction, where the added insoluble adsorbent corresponds to 
the use of solvent in extraction. By this means many simplifications in the 
treatment become possible. 

STAGEWISE OPERATION 

Liquid solutions, where the solute to be removed is adsorbed relatively strongly 
compared with the remainder of the solution, are treated in batch, semicontinu
ous, or continuous operations in a manner analogous to the mixer-settler 
operations of liquid extraction (contact filtration). Continuous countercurrent 
cascades can be simulated or actually realized by use of such techniques as 
fluidized beds. 

Gases are treated for ~olute removal or for fractionation, usually with 
fluidized-bed techniques. 

Contact Filtration of Liquids 

Typical process applications include (I) the collection of valuable solutes from 
dilute solutions e.g., the adsorption onto carbon of iodine from brines after 
liberation of the element from its salts by oxidation and the collection of insulin 
from dilute solutions and (2) the removal of undesirable contaminants from a 
solution. 

The extremely favorable equilibrium distribution of solute toward the 
adsorbent which is frequently possible makes adsorption a powerful tool for the 
latter purpose, and most industrial applications of stagewise techniques fall into 
this category. Adsorption of colored substances from aqueous sugar solutions 



586 MASS-TRANSFER OPERATIONS 

onto carbon. in order to provide a pure product and to assist the crystallization, 
is a typical example. Similarly, carbon is sometimes used to adsorb odorous 
substances from potable water, and grease is adsorbed from dry-cleaning liquids. 
The colors of petroleum and vegetable oils are lightened by treatment with clay. 

Equipment and methods As pointed out in Chap. 1, each stage requires the 
intimate contact of two insoluble phases for a time sufficient for a reasonable 
approach to equilibrium, followed by physical separation of the phases. The 
equipment used in applying these principles to adsorption is varied. depending 
upon the process application. That shown in Fig. 11.15 is very typical of many 
installations operated in a batchwise fashion. The liquid to be processed and the 
adsorbent are intimately mixed in the treating tank at the desired temperature 
for the required period of time, following which the thin slurry is filtered to 
separate the solid adsorbent and accompanying adsorbate from the liquid. Air 
agitation, as with sparged vessels (Chap. 6) is also used, particularly in ion 
exchange. The equipment is readily adaptable to multistage operation by provid
ing additional tanks and filters as necessary. If the operation is to be made 
continuous, which is sometimes done in the decolorizing of petroleum lubricat
ing oils, for example, centrifuges or a continuous rotary filter can be substituted 
for the filter press, or the solid can be allowed to settle out by virtue of its higher 
density when the mixture is passed through a large tank. 

The type of adsorbent used depends upon the solution to be treated. 
Aqueous solutions are frequently treated with activated carbon especially pre
pared for the purpose at hand, whereas organic liquids such as oils are usually 
treated with inorganic adsorbents such as clays. Occasionally mixed adsorbents 

Agitaled 
trealing 

tank 

Air! !sleom 

Filler press 
j 

Filtrale 

Figure 11.15 Contact filtration. Schematic arrangement for single-stage batch treatment of liquids. 



ADSORPTION AND ION EXCHANGE 587 

are used. High selectivity for the solute to be removed is desirable in order to 
reduce the amount of solid to be added. In any case, the adsorbent is applied in 
the form of a very finely ground powder, usually at least fine enough to pass 
entirely through a 200-mesh screen and frequently very much finer. 

The highest convenient temperature should be used during the mixing, since 
the resulting decreased liquid viscosity increases both the rate of diffusion of 
solute and the ease with which the adsorbent particles can move through the 
liquid. Usually the equilibrium adsorption is decreased to a small extent at 
higher temperatures, but Utis is more than compensated for by the increased rate 
of approach to equilibrium. Operations are sometimes conducted at the boiling 
point of the liquid if Utis temperature will cause no injury to the substances 
involved. In the clay treatment of petroleum-lubricant fractions the adsorbent
oil mixture may be pumped through a tubular furnace to be heated to as much 
as 120 to 150·C, and for very heavy oils even to 300 to 380·C. If the adsorbed 
substance is volatile, however, the equilibrium extent of adsorption will be much 
more strongly affected by temperature and such material is best handled at 
ordinary temperatures. 

Owing to the large quantity of solution usually treated relative to the 
amount of adsorption occurring, the temperature rise resulting from release of 
the heat of adsorption can usually be ignored. 

The method of dealing with the spent adsorbent depends upon the particu
lar system under consideration. The filter cake is usually washed to displace the 
solution held within the pores of the cake, but relatively little adsorbate will be 
removed in Utis manner. If the adsorbate is the desired product, it can be 
desorbed by contact of the solid with a solvent other than that which constitutes 
the original solution, one in which the adsorbate is more soluble. This can be 
done by washing the cake in the filter or by dispersing the solid into a quantity 
of the solvent. If the adsorbate is volatile, it can be desorbed by reduction of the 
partial pressure of the adsorbate over the solid by passage of steam or warm air 
through the solid. With activated carbon adsorbents, care must be taken to 
avoid too high temperatures in using air for this purpose, in order to avoid 
combustion of the carbon. In most decolorizing operations, the adsorbate is of 
no value and is desorbed with difficulty. The adsorbent can then be revivified by 
burning off the adsorbate, followed by reactivation. Usually only a limited 
number of such revivifications is possible before the adsorbent ability is severely 
reduced, whereupon the solid is discarded. 

Single-stage operation The schematic flowsheet for Utis type of operation in 
either batch or continuous fashion is shown in the upper part of Fig. 11.16. Here 
the circle represents all the equipment and procedures constituting one stage. 
The operation is essentially analogous to a single-stage gas absorption, where the 
solution to be treated corresponds to a gas and the solid adsorbent to a liquid. 
Since the amount of adsorbent used is ordinarily very small with respect to the 
amount of solution treated, and since the solute to be removed is adsorbed much 
more strongly than the other constituents present, .the adsorption of the latter 
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Figure 11.16 Single-stage adsorption. 

can be ignored. Furthermore the adsorbent is insoluble in the solution. The 
solution to be treated contains Ls mass unadsorbed substance or solvent, and 
the adsorbable solute concentration is reduced from Yo to Y I mass solute/mass 
solvent. The adsorbent is added to the extent of Ss mass adsorbate-free solid, 
and the solute adsorbate content increases from Xo to XI mass solute/mass 
adsorbent. If fresh adsorbent is used, Xo = 0, and in cases of continuous 
operation Ls and Ss are measured in terms of mass/time.t 

The solute removed from the liquid equals that picked up by the solid, 

Ls(Yo - Y1) = Ss(X1 - Xd) (11.4) 

On X, Y coordinates this represents a straight operating line. through points of 
coordinates (Xo, Yo) and (Xi> Y1) of slope - Ss I Ls. If the stage is a theoretical 
or equilibrium stage, the effluent streams are in equilibrium, so that the point 
(XI' Y,) lies on the equilibrium adsorption isotherm. This is shown on the lower 
portion of Fig. 11.16. The equilibrium curve should be that obtaining at the final 
temperature of the operation. If insufficient time of contact is allowed, so that 
equilibrium is not reached, the final liquid and solid concentrations will corre
spond to some point such as A (Fig. 11.16), but ordinarily equilibrium is 
approached very closely. 

t For the dilute solutions ordina.ri.1y used other consistent units can be applied to these terms. 
Thus Y can be expressed. as kg solute/kg solution (or kg solute/m3 solution) and Ls as kilograms (or 
cubic meters, respectively) of solution. When the adsorbed solute is colored matter whose concentra
tion is measured in arbitrary units, the latter can be considered as Y units of color per kilogram or 
cubic meter of solution and the a<lscrbate concentration on the solid X as units of color per kilogram 
of adsorbent. 
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The use of Eq. (11.4) assumes that the amount of liquid mechanically 
retained with the solid (but not adsorbed) after filtration or settling is negligible. 
This is quite satisfactory for most adsorption, since the quantity of solid 
employed is ordinarily very small with respect to that of the liquid treated. If the 
operation under consideration is desorption, and if again the quantity of liquid 
retained mechanically by the solid is negligible, Eq. (11.4) applies, but the 
operating line lies below the equilibrium curve on Fig. 11.16. In this case, 
however, it is much more likely that the quantity of liquid retained mechanically 
with the solid will be an appreciable portion of the total liquid used, and the 
methods of calculation described in Chap. 13 for leaching should be used. 

Application of the Freundlich equation The Freundlich equation can frequently 
be applied to adsorption of this type, particularly since small adsorbable solute 
concentrations are usually involved. This can be written in the following form 
for the concentration units used here, 

Y* = mX" 

and, at the final equilibrium conditions, 

(11.5) 

_ (y,),/n 
X - -, m (11.6) 

Since the adsorbent used ordinarily contains no initial adsorbate and Xo = 0, 
substitution in Eq. (11.4) yields 

Ss = Yo - y, 
Ls (Y,/m)l/n 

(11.7) 

This permits analytical calculation of the adsorbent/solution ratio for a given 
change in solution concentration, Yo to Y!. 

Refer to Fig. 11.17, where three typical Freundlich isotherms are shown. 
The isothenn is straight for n = 1, concave upward for n > 1, and concave 

Equilibnum 
curves 

." 

x 
FIgure 11.17 Single-stage adsorption, Freundlich equi
librium curves. 
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downward for n < I. If in each case the solution concentration is to be reduced 
from Yo to YI, the three operating lines radiating from point A apply. The slope 
of the operating line is in each case directly proportional to the adsorbent/ solu
tion ratio. It is generally stated [39] that values of n in the range 2 to 10 
represent good, 1 to 2 moderately difficult, and less than 1 poor adsorption 
characteristics (although the value of m is important also). In the last case 
impractically large adsorbent dosages may be required for appreciable fractional 
removal of solute. 

Multistage crosscurrent operation The removal of a given amount of solute can 
be accomplished with greater economy of adsorbent if the solution is treated 
with separate small batches of adsorbent rather than in a single batch, with 
filtration between each stage. This method of operation, sometimes called 
split-feed treatment, is usually done in batch fashion, although continuous 
operation is also possible. Economy is particularly important when activated 
carbon, a fairly expensive adsorbent, is used. The savings are greater the larger 
the number of batches used but are at the expense of greater filtration and other 
handling costs. It is therefore seldom economical to use more than two stages. In 
rare instances, the adsorption may be irreversible, so that separate adsorbent 
dosages can be applied without intermediate filtration at considerable savings in 
operating costs [38]. This is by far the exception rather than the rule, and when 
applied to ordinary reversible adsorption, it will provide the same end result as if 
all the adsorbent had been used in a single stage. 

A schematic flowsheet and operating diagram for a typical operation of two 
equilibrium stages are shown in Fig. 11.18. The same quantity of solution is 
treated in each stage by amounts of adsorbent SSI and SS2 in the two stages, 
respectively, to reduce the solute concentration of the solution from Yo to Y2• 

The material balances are, for stage 1, 

and for stage 2 

Ls(Yo - YI) = SSI(XI - Xo) 

LS(YI - Y,) = Ss,(X, - Xo) 

(11.8) 

(11.9) 

These provide the operating lines shown on the figure, each of a slope ap
propriate to the adsorbent quantity used in the corresponding stage. The 
extension to large numbers of stages is obvious. If the amounts of adsorbent 
used in each stage are equal, the operating lines on the diagram will be parallel. 
The least total amount of adsorbent will require unequal dosages in each. stage 
except where the equilibrium isotherm is linear, and in the general case this can 
be established only by a trial-and-error computation. 

Application of the Freundlich equation When the Freundlich expression [Eq. 
(11.5)] describes the adsorption isotherm satisfactorily and fresh adsorbent is 
used in each stage (Xo = 0), the least total amount of adsorbent for a two-stage 
system can be computed directly [38, 100]. Thus, for stage 1, 

SSI Yo - YI 

Ls = (YJ m)I/' 
(11.10) 
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Figure 11.18 Two-stage crosscurrent ad
sorption. 

(l1.11) 

The total amount of adsorbent used is 

SSJ + SS2 mJ/"( Yo - YJ + YJ - Y2 ) (11.12) 
Ls yl1n yi1n 

For minimum total adsorbent, d[(SJ + S,)/ Lsl! dYJ is set equal to zero, and 
since for a given case m, n, Yo, and Y2 are constants, this reduces to 

(I I. 13) 

Equation (11.13) can be solved for the intermediate concentration YI' and the 
adsorbed quantities calculated by Eqs. (11.10) and (lUI). Figure 11.19 permits 
solutions of Eq. (11.13) without trial and error. 
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Figure 11.19 Solution to Eq. (11.13). Minimum total adsorbent, two-stage crosscurrent operation. 

It has been established [60] that cross-flow operation with a split of the 
adsorbent, as in Fig. 11.18, is better than the alternative possibility, split of the 
treated solution, but that countercurrent operation is superior to both. 

Multistage countercurrent operation Even greater economy of adsorbent can be 
obtained by countercurrent operation. When batch methods of treating liquids 
are used, this can only be simulated, for which the general scheme of batch 
simulation of countercurrent operations shown in Fig. 10.38 for liquid extraction 
is actually followed. The flowsheet of Fig. 11.20 then becomes the ultimate, 
steady-state result, reached only after a number of cycles. However, truly 
continuous operation has also been used, as in the simultaneous dissolution of 
gold and silver from finely ground ore by cyanide solution and adsorption of the 
dissolved metal upon granular activated carbon in a three-stage operation. 
Coarse screens between agitated vessels separate the large carbon particles from 
the pulped-ore-liquid mixture [19]. The fluidized-bed tower of Fig. 1128 for 
gases and a similar apparatus for liquids, especially for ion exchange, also 
represent truly continuous stagewise operation. 

A solute balance about the Np stages is 

(11.14) 

which provides the operating line on the figure, through the coordinates of the 
terminal conditions (XN,+" YN) and (X" Yo) and of slope Ssj Ls. The number 
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of theoretical stages required is found by drawing the usual staircase construc
tion between eqUilibrium curve and operating line in the manner shown. 
Alternatively the adsorbent/solution ratio for a predetermined number of stages 
can be found by trial-and-error location of the operating line. If the operation is 
a desorption (corresponding to stripping in gas-liquid contact), the operating line 
falls below the equilibrium curve. 

The minimum adsorbent/solvent ratio will be the largest which results in an 
infinite number of stages for the desired change of concentration. This corre
sponds to the operating line of largest slope which touches the equilibrium curve 
within the specified range of concentrations. Where the equilibrium isotherm is 
straight or concave upward, as in Fig. 11.21a, this will cause a pinch at the 
concentrated end of the cascade, as at point A. If the isotherm is concave 
downward (Fig. 11.2lb), the pinch may occur at a point of tangency, as at point 
B, if Yo is sufficiently large. The situations are entirely analogous to those found 
in gas absorption (Fig. 8.7). 

As the number of stages in a cascade is increased, the amount of adsorbent 
required at first decreases rapidly but approaches the minimum value only 
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Figure 11.21 Operating line and minimum adsorbent/solvent ratio for infinite stages. 

asymptotically. In practice, where intermediate filtration of solid from the liquid 
must be made between stages, it is rarely economical to use more than two 
stages in a countercurrent cascade. It will also be realized that, for treatment of 
gases, the symbol Gs can be substituted for Ls. 

In small-scale processing of liquids, there may be appreciable variation in 
the amounts of solution to be treated from one batch to the next. Furthermore, 
long periods of time may pass between batches, so that partially spent adsorbent 
must be stored between stages. Activated carbon particularly may deteriorate 
during storage through oxidation, polymerization of the adsorbate, or other 
chemical change, and in such cases the crosscurrent flowsheet may be more 
practical. 

Application of the Freundlich equation Trial-and-error calculation for the 
adsorbent/solvent ratio can be eliminated if the equilibrium curve can be 
conveniently described algebraically. If the equilibrium curve is linear, the 
Kremser equations (5.50) to (5.53) and Fig. 5.16 apply. More frequently the 
Freundlich expression (11.5) is useful, and fresh adsorbent (X" + 1 = 0) is used 
in the last stage [86]. For a typical two-stage cascade (Fig.' 1l.22) a solute 
material balance for the entire plant is 

(11.15) 

Applying Eq. (11.5) to the effluents from the first equilibrium stage gives 

( 
Yl)l/n 

X,= -m 
(11.16) 
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FIgure 11.22 Two-stage countercurrent 
adsorption. 

(11.17) 

The operating line for the second equilibrium stage is shown on the figure and is 
given by 

(l1.1S) 

Elimmating Ss/ Ls between Eqs. (11.17) and (ILlS) results in 

Yo _ I = (~)'/"( Y, _ I) 
Y, Y, Y, 

(ILl9) 

Equation (ILl9) can be solved for the intermediate concentration Y, for 
specified terminal concentrations Yo and Y2, and Ss/ Ls is then given by 
Eq. (I Ll7). Figure 11.23 will assist in the solution of Eq. (11.19). The greater the 
value of n the greater the savings in adsorbent by countercurrent operation over 
single stage. 
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Figure 11.23 Solution to Eq. (11.l9). Two-stage countercurrent adsorption. 

Illustration 11.2 An aqueous solution containing a valuable solute is colored by small amounts 
of an impurity. Before crystallization, the impurity is to be removed by adsorption on a 
decolorizing carbon which adsorbs only insignificant amounts of the principal solute. A series 
of laboratory tests was made by stirring various amounts of the adsorbent into batches of the 
original solution until equilibrium was established, yielding the following data at constant 
temperature: 

kg ""bon/kg soln o 0.001 0.1104 0.008 0.02 0.04 

Equilibrium. color 9.6 8.1 6.3 4.3 1.7 0.7 

The color intensity was measured on an arbitrary scale, proportional to the concentration 
of the colored substance. It is desired to reduce the color to 10% of its original value, 9.6. 
Determine the quantity of fresh carbon required per 10Cl0 kg of solution for a single-stage 
operation, for a two-stage crosscurrent process using the minimum total amount of carbon, and 
for a two-stage countercurrent operation. 

SoLUTION The experimental data must first be converted to a suitable form for plotting the 
equilibrium isotherm. For this purpose, define Y as units of color per kilogram of solution and 
X as units of color adsorbed per kilogram of carbon. The solutions may be considered as dilute 
in color, so that operating lines will be straight on X, Y coordinates expressed in this manner. 
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The calculations are made as indicated below. 

kg carbon 
kg scln 

o 
0.001 
0.004 
0.008 
0.02 
0.04 

Y* = equilibrium color, 
units/kg win 

9.6 
8.6 
6.3 
4.3 
1.7 
0.7 

x = adsorbate concentration. 
units/kg carbon 

(9.6 - 8.6)/0.001 - 1000 
(9.6 - 6.3)/0.004 - 825 

663 
395 
223 

The equilibrium data, when plotted on logarithmic coordinates, provide a straight line, so 
that the Freundlich equation applies (see Fig. 11.24). The slope of the line is 1.66 """ n, and, at 
X - 663, Y* - 4.3. Th.rero,. [Eq. (11.5)] 

m ... ~= 8.91 X 10-$ 
6631.66 

The Freundlich equation is therefore 

y* IIIIiI 8.91 X IO- SXl.66 

The equilibrium data can also be plotted on arithmetic coordinates (Fig. 11.25). 

Single-stage Dpel'Otion Yo = 9.6 units of color/kg soIn, 

Y, - 0.10(9.6) - 0.96 unit/kg win 

Let Ls "" 1000 kg soIn. Since fresh carbon is to be used, Xo "'" O. In Fig. 11.25, point A 
representing the initial solution and fresh adsorbent is located, and point B is located on the 
equilibrium curve at the color concentration of the final solution. At B, XI = 260. Therefore 
[Eq. (11.4)] 

Ss Yo - Y I 9.6 - 0.96 
- - --- - 0.032 kg carbon/kg soln 
Ls XI - Xo 270 0 

and Ss - 0.032(1000) - 32.0 kg ca,bon/l000 kg soln 

1/ 

II 
" ", 

1. 0 

o 6 
100 200 400 600 1000 

x~ units of color / kg corbon FIgure 11.24 Equilibrium data, Illustration Il.2. 
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Figure 11.25 Solution to Illustration I 1.2. 

Alternatively, since the Freundlich equation applies, use Eq. (11.7): 

Ss Yo - Y, 9.6 - 0.% 
0.032 kg carbon/kg soIn 

Ls - (Y,/ m)'/" - [0.96/ (8.91 X IO-')J"'·" 

Ss == 0.032(1000) "'" 32.0 kg carbon/l()(x) kg soln 

Two-stage cl'OSSCUJ'1'errl operation The minimum total amount of carbon can be found in Fig. 
t 1.25 by a trial-and-error procedure. Thus, point C on the equilibrium. curve is assumed, the 
operating lines AC and DB drawn, and the values of SSI and SS2 computed by Eqs. (11.8) and 
(11.9). The position of point C is changed until the sum of SSI and SS2 is a m.in.i.mum. The 
position of C in Fig. 11.25 is the final value, and its coordinates are (Xl == 565, Y1 == 3.30). 
X, - 270 (at B). Eq. (11.8): 

Eq. (11.9): 

1000(9.6 - 3.30) _ II 14 k 
5650· g 

s _ Ls( Y, - Y,) 1000(3.30 - 0.96) _ 867 k 
S2 X2 Xo 270 0 . g 

SSI + SS2 = 11.14 + 8.67 = 19.81 kg carbon/lOOO kg soIn 

Alternatively, since the Freundlich equation applies, use Fig. 1I.19: Y2/Yo "" 0.96/9.6 "'" 0.10, 



ADSORPTION AND ION EXCHANGE 599 

n = 1.66. From the figure, YI / Yo = 0.344. YI = 0.344(9.6) = 3.30. Eq. (11.10): 

Eq. (11.11): 

SS2 YI - Y2 

Ls - (Y,/m)'/" 

SSI Yo - Y\ 9.6 - 3.30 

Ls - (Y,/m)'/" - [3.30/ (8.91 X 10-')]'1"" 

= 0.01114 kgc.arbon/kgsoln into 1st stage 

3.30 - 0.96 0.00867 kg carbon/kg soln into 2d stage 
[0.96/ (8.91 X 10 ')]'/"" 

Total carbon required - (0.1114 + 0.00867)(1000) - 19.81 kg/looo kg win 

Two-s~ COfI1fUf'CIUTe1lt operation Yo = 9.6, Y2 = 0.96, Xli. +1 = O. The operating line is 
located by trial in Fig. 11.25 until two stages can be dra~ between operating line and 
equilibrium curve, as shown. From the figure at E, XI = 675. Eq. (11.14): 

Ss - Ls( Yo - Y,) looog;~ - ~.96) _ 12.80 kg carbon/looo kg win 
Xl XN~+I 

Alternatively, Y2 / Yo = 0.96/9.6 = 0.10; n = 1.66. From Fig. 11.24, Y2/ Y1 = 0.217, and 
Y, - Y,/0.217 - 0.96/0.217 - 4.42. Eq. (11.17): 

Ss Yo - Y2 9.6 - 0.96 = 0.01280 kg carbon/kg soln 
Ls - (Y,/m)'/" [4.42(8.91 X 10 ')]'/"" 

and L - 0.01280(1000) - 12.80 kg =bon/looo kg win 

Agitated Vessels for Liquid-Solid Contact 

The vessels are commonly of the proportions described in Chap. 6, with liquid 
depths in the range 0.75 to 1.5 tank diameters. Four wall baffles, usually T/12 
wide, are used to eliminate vortices in open vessels and to produce the vertical 
liquid motion needed to lift the solid particles. They are frequently arranged 
with a clearance, which may be half the baffle width, between baffle and tank 
wall to prevent accumulation of solids behind the baffles. 

Flat-blade turbines, with or without disk, or pitched-blade turbines, as 
shown in Fig. 6.3, are most frequently used, arranged on an axially located shaft. 
Multiple turbines on the same shaft are sometimes used to obtain improved 
uniformity of the solid-liquid slurry throughout the vessel. The clearance C of 
the lowest impeller from the bottom of the tank may be dJ3, but it is usually 
wise in any event to make C larger than the settled depth of the solids in a quiet 
liquid so that if the impeller stops, it will not become "sanded in." Large 
impellers operating at relatively low speeds require less power for a given 
liquid-pumping rate than small, high-speed impellers. Consequently if the solids 
tend to settle rapidly as a result of a large density or particle size, large impeller 
diameters are indicated. The recommendations of Lyons [65] for suspensions of 
solids in water, modified to pennit application to liquids of other densities, are 
shown in Fig. 11.26. The figure shows two ratios T /~, one depending on 
densities and one on particle size; the average T / t1; is chosen. Should the solids 
consist of mixed sizes and densities, the densest and largest are used. In any 
event, T / di less than 1.6 is not desirable since then the free flow of mixture at 
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FIgure 11.26 Recommended turbine diameters for suspension of solids in liquids of water-like 
viscosity. [Modified from E. J. Lyons. in V. W. Uhf and J. B. Gray (eds.), "Mixing," vol. 2. Academic 
Press, New York. wilhpermis.1ion.j 

the vessel wall is interfered with. The choice of impeller diameter can be 
modified by considerations of torque [79J, since the larger impellers require 
greater torque to turn them and the speed-reducing gear is consequently expen
sive. 

Solid Suspenslons 

Unless the solids are suspended in the liquid, the mass-transfer rates are seriously impaired. The 
agitator power P _ required just to lift all the particles from the vessel bottom, for particles of 
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density greater than that of the liquid, can be estimated from the expression [101J 

Pmlngc _ 0.092(~)]/2 I.eS.lC/T 
g1}r Y'N Ap 1 - 9ST dl 

(11.20) 

where Ap ... Pp - PL and Pp ... particle density. The latter is ca1culated from the mass and gross 
volume of the particle, including the volume of the internal pores. Volume Or is that for a liquid 
depth equal to the vessel diameter, 'ffTl/4, and <PST is the volume fraction solids based on volume Or. 
The limitations of Eq. (11.20) are substantial: particle size and density ranges studied were small; the 
largest vessel studied was about 0.3 m in diameter. The study was made with nat-blade turbines 
without disk, but the results agree with the more limited data for disk turbines [84]; it is probable 
that Eq. (11.20) is reasonably applicable to all types of turbines. Impeller Reynolds numbers Re 
must be at least 1000. The correlation requires that the tenninal velocity VIN of the particles be 
ca1culated for single spheres settling with the stagnant-liquid drag coefficient in the Newton's-Iaw 
range (40 V,pL! J1.L - 1000 to 200 000), 

( 
g~ lip )1/2 

V,N = 1.74 ----p;- (11.21) 

even though in the agitated vessel it is known that the drag coefficients are substantially larger than 
in quiet liquids owing to the intense turbulence and the particle acceleration [87]. There are some 
additional data for very viscous liquids, for which Re will be small [43J. 

If larger impeller powers are used, the solids are lifted to heights above the bottom depending 
upon the power applied. The liquid above this height will be clear. It is particularly difficult to 
suspend large or heavy particles up to the liquid surface because the predominant liquid velocities in 
the upper regions are horizontal. The power P required to suspend particles of uniform size and 
density to a height Z' above the midplane of the uppermost impeller, with essentially the same 
limitations as those of Eq. (11.20), is given by [101J 

(11.22) 

where Pm, tlm • and 9Sm are the properties of the slurry below the height Z' and n is the number of 
impellers (I, 2, or 3) on the shaft. v's must be the terminal settling velocity of single spheres 
computed through Stokes' law. 

g<li ~p 
v's - 18PL 

(! 1.23) 

For impeller Reynolds numbers Re less than 25000, the power P must be multiplied by 4000 Re-O•8• 

In batch operations, if the solids are of uniform size and density, the slurry produced below 
height Z of Eq. (11.22) will be of uniform solids concentration [101]. For mixed particles, the slurry 
can be quite nonuniform with respect to particle size and density [79]. However. for steady-state 
continuous-flow operation, the effluent slurry for nondissolving solids must be identical in solids size 
and density with the solids-feed mixture. The residence time of the different particles need not be 
uniform, however, and their relative concentration in the vessel need not necessarily be identical 
with that in the feed and effluent streams. 

lmpeUer power For relatively dilute solid-liquid mixtures, except for fibrous solids. the power to 
agitate at a given speed is essentially the same as for the clear liquid [85]. Concentrated slurries and 
those containing fibrous solids are likely to be nonnewtonian in character; i.e., the velocity gradient 
in the moving mass is not directly proportional to shear stress. The viscosity of such fluids must be 
related to the agitator power, and the work of Metzner and his associates should be consulted [7, 68, 
69]. Since such data are not usually available, a rough estimate can be made by using the clear-liquid 
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power-number-Reynolds-number curves of Fig. 6.5. with density and viscosity estimated from [52J 

Pm = <PsmPp + (1 - <PSm)PL 

PL 
14m = (I - <Psm/9ss)1.8 

(11.24) 

(1125) 

<Pss is the volume fraction of solids in the bed of solids after final settling in quiet liquid. In the 
absence of measured data, this can be estimated roughly as 0.6. Results are poor for impeller 
Reynolds numbers less than 1000. 

llIttmation 11.3 A baffled vessel. 1 m diameter, filled to a depth of 1 m with water. is agitated 
with a 203-mm,-diameter (8-in) six-bladed disk turbine, arranged axially 150 mm, from the 
bottom of the vessel and turning at 8.33 r/s (500 r/min), then 50 kg (110 lb) sand. Ps """ 
2300 kg/ml (143.5 Ib/ft3), ~ = 0.8 rom, is added. The temperature is 25"C. What agitator 
power is required? 

SOLUTION From the definition of power number, &:P = Po PmdlN3. For one impeller, n "" I. 
If the sand is lifted to a height Z' above the impeller, 

... 'lTT2(Z' + C) 
Om 4 

Since the solid volume is S / Pp • 

Sip, 4S 
<PSm = --v:- = ITT2(Z' + C)pp 

If these are substituted in Eq. (11.22), there results 

, 1/3 4.352' 1.0839 Po d ll
/ 2N3p;f3 

(2 + C) exp T _ 0 I - 7/6 2/3 . gY,sT S 

Tentatively, take Po"" 5. dt -= 0.203 m, Pp "'" Ps "'" 2300 kg/~3, T ... 1 m, C - 0.150 m, S-
50 kg, g - 9.807 m/s2, 4. '"" 8 X 10-" m, ilL = 8.94 X 10-4 kg/m' s, PL "'" 998 kg/ml, flp "" 
1302 kg/m'. N - 8.33 ,-'. Eq. (11.23); V" - 0.508 m/'. 

Substitution in the above equation yields 

(Z' + 0.150)11' oxp(4.35Z· - 0.1) - 1.257 

By trial, 2' ... 0.104 m, and the depth to which the solid is lifted ... 2' + C "'" 0.314 m. 
9sm - 0.0882. Pm - 1112.8 kg/m'. With >l>ss - 0.6. Eq. (11.25) will yield I\" - 1.19 X 
10-3 kg/m . s. The impeller Reynolds number is then 

Re"'" dlNPm/ p,." ... 321 000 

Fig. 6.5: Po - 5 ... P&/PmN3~', whence p ... 1109 W (1.5 hp) transmitted to the slony. ADs. 

Mass Transfer 

Except for dissolving of crystals or crystallization. where the mass transfer is confined to the liquid 
phase. consideration must generally be given to transfer through the liquid surrounding the particles 
and to some kind of maSs-transfer effect within the solid. 

liquid-phase mass transfer Although many studies have been made of mass-transfer rates in the 
liquid for solid-liquid slurries, the results are frequently conflicting and difficult to interpret. We do 
know that once the solids are fully suspended. further expenditure of agitator power does not 
produce commensurate improvement in the mass-transfer rates [51}. For small particles, the 
mass-transfer coefficient becomes smaller with increased particle size [36}, whereas for large particles 
there is no effect of particle size [5J. The transition size is about 2 nun [871. At least for moderate 
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density difference, the coefficients are independent of lip, but for large differences, e.g., for metal 
particles in ordinary liquids, there may be an effect. There is no effect of solids concentration, at 
least up to 10 percent by volume [5], or of the presence or absence of baffles [77] and of agitator 
design at a given impeller power [9]. The effect of diffusivity is not well known, since large changes 
in diffusivity usually accompany corresponding changes in viscosity in such a fashion that the 
inf1uence of the Schmidt number is difficult to establish [5]. 

It seems reasonable that the mass-transfer coefficients shouJd depend upon some kind of 
Reynolds number. A great variety of such numbers has been suggested, many using the particle
liquid slip velocity (relative velocity), which is difficult to estimate, or the single-particle terminal 
settling velocity, which is not appropriate [87J. Refer to Eq. (3.30). The turbuJent mass flux is 

so that in an intensely turbulent liquid, as in an agitated vessel, kL should be closely associated with 
the fluctuating velocity u'. For a fluctuating velocity over a distance corresponding to the particle 
size d, [Eq. (3.26)] the power dissipation would be 

p& PLU,) 

v;:- co T (11.26) 

and a turbulent-particle Reynolds number corresponding to this is 

Re = d,U'PL 
p ~L 

(11.27) 

If we take u' from Eq. (11.26) and ignore proportionality constants in defining dimensionless groups, 
then 

Rep = d,4/3( Pg, )1/3 pF3 
VL ilL 

where vL is the volume of liquid in the vessel (not the rate of flow). 

Small partIdes (4. < 2 mm) fully suspended For moderate differences in lip [53, 62, 78], 

Sh = 2 + 047 ReO.62 ....!. Sc°.36 (d)'." 
L . fJ T L 

Large particles (40 > 2 mm) fully suspended The recommended correlation (II, 12,71] is 

ShL == 0.222 Re~/4 Scl!3 

(11.28) 

(11.29) 

In this case the exponent on Rep is chosen so as to make the mass-transfer coefficient independent 
of particle size, in accordance with observed data. It is important to note that the mass-transfer 
coefficients contained in the Sherwood numbers of the preceding equations are based on the outside, 
gross surface of the particles. ignoring the surface of any internal pore structure. 

SoUd-pbase mass transfer The various mass-transfer processes that may occur within the solid can 
frequently be jointly described in terms of a mass-transfer coefficient ks (based on external surface) 
or an effective diffusivity Ds. For a constant or nearly constant equilibrium distribution coefficient 
and spherical particles, the fonner can be related to the diffusivity through the approximation [30) 

6IlDs 
ksOp -dT (11.31) 

or, since Op _ ~s (11.32) 
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we get ks == IODS 

<j,~s 
(!l.33) 

The liquid~ and solid~phase resistances can be added, in the case of constant distribution 
coefficien t, 

(!l.34) 

to produce an overall resistance. 

Bal<h adso<ptlon, negligible solid-phase m .... 1ransfer resIstaDce If the quantity S / nwL> an adsorp
tion factor, is sufficiently large (1arge solid doses and equilibrium favorable to adsorption), the 
solid~phase resistance can be neglected and only kL need be considered. These are the conditions of 
what follows. 

Let the volume of liquid to be treated be vL> of initial concentration Co mol solute A/volume. 
The mass of adsorbate~free solid to be used is Ss' of external surface Dps per unit mass of solid, 
initial1y of solute concentration Xo mol solute/mass of solid. The final concentration in the liquid is 
to be Ct. 

At any instant, the adsorbed solute concentration within the solid is X mass solute/mass 
solute~free solid, and since the solid~phase r'sistance is negligible, this will be taken as uniform 
throughout the solid. The distribution coefficient m is then defmed as 

m = c·M .. 
X 

(11.35) 

where c· is the equilibrium concentration in the liquid. Since the solutions involved are usually 
dilute, the coefficient kL rather than FL can be used. Then if c is the concentration in the bulk liquid 
at any time. 

-de 
NA=--=kL(c-c·) 

opL dO 

where I"lpL = DpSSS/VL' A solute balance is 

~(X - Xo) = Ss(~ - Xo) = VL(CO - c) 
MA m MA 

Substitution of c· from Eq. (11.31) into (11.36) and rearrangement produces 

JCI -de kLo,L(O'dfi 
Co c(l + mVL/SS) (tnvLCO/SS + mXO/MA) Jr 

or In cO-mXO/MA =(I+tnvL)kL L8 
cl(l + mvdSs) (mvLco/Ss + mXO/MA) Ss 0, 

If Xo = 0, this can be rearranged to [28] 

(11.36) 

(! 1.37) 

(11.38) 

(!l.39) 

(!lAO) 

A method of computation for batch processes where both solid and liquid mass~transfer 
resistances are important is also available [99]. 

lllustratfoo 11.4 A batch of kerosene containing dissolved water at a concentration 40 ppm ... 
0.0040 wt percent is to be dried to 5 ppm water by contacting with "dry" silica gel at 25°C, The 
kerosene density ... 783 kg/ml , viscosity'" 1.7 X 1O- l kg/m' s, and estimated av mol wt == 
200. The silica gel, density Pp "'" 881 kg/ml

, is in the form of 14-mesh spherical beads. The 
equilibrium distribution ratio for water is m == c· / X == 0.522 (kg water/ml kerosene)/ 
(kg water/kg gel). (0) Calculate the minimum solid/liquid ratio which can be used. (b) For a 
liquid/solid ratio = 16 kg gel/m3 kerosene and batches of 1.7 m3 (60 ft3), specify the 
characteristics of a suitable baffled. agitated vessel and estimate the agitator power and 
contacting time. 
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SoLUTION Define c as kg water/ml liquid. 
(a) Water balance: VL(CO - c,) "'" Ss(X, - Xo'J. 

Co - 783(4 X 10-') - 0.0313 kg H,O/m' 

C, == 783(5 X 10-6) = 0.00392 kg H 20/m3 

For Ss.mrn/VL> Xl is in equilibrium with c l 

c, 0.00392 -7 I 
X, ... m "" 0.522 "'" 7.51 X 10 kg H 20 kg gel 

therefore 

Ss. mill "" Co - CI "" 0.0313 - 0.00392 = 3.65 kg geIJm3 kerosene ADs. 
VL XI - Xo 7.51 X 10-3 - 0 

(b) Basis: 1 batch, 1.7 m3 kerosene. 

Ss"'" 16(1.7) "'" 27.2 kg dry gel vol solids "'" ~~.~ ::: 0.0309 m3 

Total batch volume = 1.73 ml 

Take z,.. T. Then "ITT2Z/4 ... "ITT3/4"" 1.73, and T "'" 1.3 m (4.25 ft). To allow for adequate 
freeboard, make the vessel height = 1.75 m (5.75 ft). 

Use a six-blade disk-turbine impeller. From Fig. 11.26, with ~ corresponding to 14 
mesh - 1.4 mm, TId; - 2. With (pp - PL)lpL - (881 -783)/783 - 0.125, TId; - 4.4. 
Average TId; - (4.4 + 2)/2 - 3.2, d; - 1.3/3.2 - 0.406 m (16 in). 

Assuming that the settled volume fraction of solids ... 0.6, the settled volume of solids "" 
0.309/0.6 == 0.0515 ml. The depth of settled solids"'" 0.0515/["IT(1.3)2/4J = 0.0388 m, which is 
negligible. Locate the turbine 150 mm (6 in) from the bottom of the tank. C""" 0.150 m. 

Power Use sufficient agitator power to lift the solids to 0.6 m above the bottom of the vessel. 
Z' ,.. 0.6 - 0.15 ... 0.45 m. The properties of the slurry in the 0.6 m depth to which the solids 
are suspended are 

Vm - 0.6"IT~1.3)2 "" 0.796 m3 $Sm = ~~: "" 0.0388 vol fraction solids 

Eq. (11.24): Pm - 786.8 kg/m'; Eq. (11.25) with "ss - 0.6: p", - 1.917 X 10-' kg/m . s. With 
&,.. 1.0, g ... 9.807 m/s2, J!L == 1.7 X 10-3 kg/m' s, tt;. "'" 0.0014 m, Eq. (11.23): V's = 
0.0616 m/s. 

With n'" 1 impeller, Eq. (11.22): P = 315.8 W. Try Po = 5. Therefore N = 
(&:P /POp,.AS)I/3 ... 1.94 r/s (116 r/min). Use 2 r/s (120 r/min). Re = dlNPm/ Pm "" 135 300. 
Therefore Po "" 5 (Fig. 6.5), and P "" 315.8(2/1.94)3 "" 346 W (0.46 bp) applied to the slurry. 
Power to the motor will be larger, depending upon the efficiency of the motor and speed 
reducer (see Chap. 6). 

Mtw trtuufer Eq. (11.28), with ~ "'" 0.0014 m, VL == 1.7 ml : Rep - 44.8, 
DL will be estimated through Eq. (2.44). M1J = 200, T ... 298 K, tP =- 1, J! _ 1.7 X 10-3, 

vA(H20) == 0.0756 (Chap. 2 notation). Therefore DL := 1.369 X 10-9 m2/s. ScL == p.dpLDL == 
1586. Eq. (11.29): ShL == kL~/ DL == 59.8. Therefore kL ... 5.85 X 10-5 kmol/m2 • 5 • 

(kmol/m'). 

Therefore 

p::'~e -jf(0.OOI4)'(881) - 1.266 X IO-'kg 

Sarturf~cel "'" "IT(0.0014)2 = 6.158 X 10-6 m2 
pice 

_ 6.158 X 10-' _ 4.864 m'/k 
Ilps 1.266 X 10-6 g 
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and ~L = 4.864(16) = 77.S m2/m3 liquid 

Ss J6 
0Lm = 0.522 = 30.65 

This is considered sufficiently large for only liquid~phase transfer to require consideration. Eq. 
(llAO): 

o = In[(eol el)l (1 + mOLl Ss - mOLeol Sse I)] 
(1 + mOLl Ss)kL~L 

= 498 s or 8.3 min contacting time required Ans. 

Continuous COCUI7'mI adsotption with Iiquid~ and solid-phase mass~transfer resistances For continuous, 
cocurrent flow of solution and adsorbent through an agitated vessel, the individual particles 
experience an unsteady~state change of solute concentration during their time of contact. Neverthe~ 
less the process as a whole can be steady·state, the concentrations of effluents remaining unchanged 
with passage of time. 

Grober [33] computed the approach to equilibrium temperature of spherical particles immersed 
in an agitated fluid of constant temperature. Since the concentration of the solution in a well·stirred 
vessel in continuous flow is essentially uniform throughout at the effluent value, Grober's result can 
be adapted to cocurrent adsorption through the heat- mass-transfer analogy, as in Fig. 11.27. Here 
the approach of the particles to equilibrium concentration with the effluent liquid is expressed as the 
Murphree stage efficiency, 

E _ Xl - Xo = XI - XO 
MS - Xr - Xo MAcl/m Xo 

(11.41) 

X is the average concentration of solute (adsorbate) in the solid. The figure can equally well be used 
for desorption (drying) and leaching of solute from the solid. 

lUustration 115 Water containing copper ion Cu2+ at a concentration 100 ppm, flowing 
continuously at the rate I.I X 10-4 ro3/s (1.75 U.S. galfmin), is to be contacted with 0.0012 
kg/s (0.15 lb/min) of an ion-exchange resin to adsorb the Cu2+. The contacting will occur by 
cocurrent flow through a baffled, agitated vessell m in diameter, I m tall, covered. The feed 
material will enter at the bottom. leave through an opening in the cover. and flow to a filter. 
The agitator, a six~bladed disk~type turbine, 0.3 m in diameter, will be centered. The tempera· 
ture will be 25"C. Specify a suitable turbine speed, and estimate the Cu2 + concentration in the 
effluent water. 

Data The ion~exchange particles, swollen when wet, are spherical, 0.8 nun diameter, 
density ... 1120 kg/m3• The diffusivity of Cu2+ in the solid Ds ... 2 X 10- 11 m2/s; that in the 
water - 7.3 X 10- 10 m2/s. The equilibrium distribution coefficient is constant: m ... 0.2 (kg 
Cu2+ /m3 soln)/(kg Cu2+ /kg resin). 

SoLUTION The particles will be lifted to the top of the vessel: Z' "" 0.5 m. Pp ... ll20 kg/m3, 

4 - 8 X 10-4 m, J1.L - viscosity of water, 25"C ... 8.94 X 10-4 kg/m' s, PL - density of 
water - 998 kg/m3, t:Jp "'" Pp - PL ... 122 kg/m3, g - 9.80 m/sl. Eq. (11.23): Vrs"" 
0.0476 m/s. 

om - frT2Z/4 .. fr(I)3/4'" 0.785 m3• VL - 1.1 X 10-4 ro3/s. Volume rate of solid ... 
0.0012/1120 _ 1.07 X 10-6 m3/s. 

<-Sm - (1.07 X 1O-6)/(L1 X 10-4 + 1.07 X 10-6) .,. 9.63 X 10-3 vol fraction. Eq. 
(1l.24): Pm - 999 kgim'; n - I impeilor. d; - 0.3 m. go - 1.0. Eq. (I 1.22): P - 240.6 W 
(0.32 hpj. 

To estimate the impeller speed, assume the power number Po .... 5. Therefore N ... 
(&P/p,.,d/,)1(3. With '" _ 0.3 m, N - 2.7 r/s (162 r/min). For this speed, with p.", - J1.L since 
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the slurry is dilute. Re ... dlNp,.,/IlL = 271 500. so that (Fig. 6.5) Po - 5 and the calculated 
speed is correct. 

Eq. (11.28), 

Rep = 56.3 

Eq. (11.29), 

Since the dispersion is uniform throughout the vessel. the residence time for both liquid 
and solid - 0.777 (I - 9.63 x 10-3) m3 liquid/(l.l x 10- 4 m3/s) ... 6996 s _ e. Refer to Fig. 
11.27. 

Abscissa _ 0.2(1.19 x 10-
4
)(0.0008) = 0.425 

2(2 X W-")(1!20) 

P 2(0.2)(1.19 X 10-')(6996) 037 
arameter "'" (0.0008)(1120) .... 

Therefore EMS == 0.63 ... (X, - XO>/(c,/m - XO> ... (X, - 0)/(c,/0.2 - 0) where c is defined 
as kg/mJ. A solute balance gives 

(X, - Xo)Ss = VL(CO - c,) 

Co corresponding to )00 ppm - 100(998)/IW - 0.0998 kg/m3
• 

(X, - 0)(0.0012) - (1.1 X 10-')(0.0998 - c,) 

The expression for stage efficiency and the solute balance are solved simultaneously, whence 
c, - 2.82 X 10- 3 kg/m3 effluent Cu2 + concentration. This corresponds to (2.82 x 
1O-'XIO')/998 - 2.8 ppm. ADs. 

Fluidized and Teeter Beds 

These have been used in increasing extents in recent years for recovery of vapors 
from vapor-gas mixtures [3, 22J, extensively for desorption (drying, see Chap. 
12), for fractionation of lighl hydrocarbon vapors with carbon [23J, and several 
other purposes. 

Consider a bed of granular solids up through which a gas flows, the gas 
being fairly uniformly distributed over the bottom cross section of the bed. At 
low gas rates, the gas suffers a pressure drop which can be estimated by Eq. 
(6.66). As the gas velocity is increased, the pressure drop eventually equals the 
sum of the weight of the solids per unit area of bed and the friction of the solids 
at the container walls. If the solids are free-flowing, an increment in the gas 
velocity causes the bed to expand and the gas-pressure drop will equal the 
weight/area of the bed. Further increase in gas velocity causes further enlarge
ment of the bed, and voidage increases sufficiently for the solid particles to 
move about locally. This is the condition of a quiescent fluidized bed. Still further 
increase in gas velocity further expands the bed, solid particles move about 
freely (indeed, they are thoroughly circulated throughout the bed), and well-de
fined bubbles of gas may form and rise through the bed. The bed appears much 
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like a boiling liquid, a distinct interface between the top of the solids and the 
escaping gas remains evident, and the gas-pressure drop is not much different 
from that of the quiescent fluidized state. This is the condition used for 
adsorption. Further increase in gas velocity continues to expand the bed, and 
eventually the solids are carried away with the gas. 

Squires [94] has distinguished between fluidized beds and teeter beds. Flui
dized beds are produced by fine powders, usually smaller than 20-mesh and 
ranging down to 325-mesh, and will retain a great range of particle sizes Within 
the bed, with little particle attrition. They usually operate with superficial gas 
velocities of the order of 0.6 m/s (2 ft/s) or less, which may be 10 times that for 
minimum fluidization. Teeter beds are produced with coarser particles, up to 
IO-mesh commonly. Gas velocities of from 1.5 to 3 m/s (5 to 10 It/s) can be 
used, which may only be twice that for minimum fluidization. There is little gas 
bubbling, and the size range of particles retained is relatively small. In general, 
better fluid-solids contacting is obtained in teeter beds, and most adsorption 
applications are in this category. Solids can also be fluidized by liquids, and 
these will be ordinarily in the teeter-bed category. 

Since the first introduction of these techniques for fluid-solid contact in 
1948, with the principal application in the catalysis of gaseous chemical reac
tions, a very large technology for their design has developed. This is still not in a 
condition which permits summary for design purposes in the space available 
here, however, and more extended works should be consulted for such details 
[16, 54, 61, 103]. The discussion here is limited to the computation of stage 
requirements and does not include the mechanical design. 

Slurry Adsorption of Gases and Vapors 

A gas or vapor in a gas can be adsorbed on a solid which is slurried in a liquid. 
For example, sulfur dioxide can be adsorbed from a mixture with air on 
activated carbon slurried in water [8]. This procedure was suggested as early as 
1910 [25], but interest in it has revived only recently. The reported details thus 
far are confined to laboratory studies of sparged vessels [73, 88] operated 
semibatch (gas flow continuous, slurry batch) or cocurrent flow or both [66]. A 
continuous countercurrent process has been described [4, 27}. The slurry is of 
course much easier to handle than dry solid, and it has been shown that the 
capacity of the slurried adsorbent is about the same as for dry solid [73], much 
larger than that of the liquid solvent alone [96]. 

Adsorption of a Vapor from a Gas Fluidized Beds 

Figure 11.28 shows an arrangement typical of that required for adsorption of a 
vapor from a nonadsorhed gas, in this case drying of air with silica gel [22]. In 
the upper part of the tower, the gel is contacted countercurrently with the air to 
be dried on perforated trays in relatively shallow beds, the gel moving from tray 
to tray through downspouts. In the lower part of the tower, the gel is regenerated 
by similar contact with hot gas, which desorbs and carries off the moisture. The 
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dried gel is then recirculated by air lift to the top of the tower. If the adsorbed 
vapor is to be recovered, regeneration might include steam stripping of a carbon 
adsorbent with distillation or decantation of the condensed water-organic-vapor 
mixture, followed by air drying of the adsorbent before reuse, and obvious 
changes in the flowsheet would be necessary. 

If adsorption is isothermal, the calculations for theoretical stages can be 
made in the same manner as for contact filtration of liquids [Fig. 11.20, Eq. 
(11.14)], and the same is true for desorption-regeneration. Ordinarily, however, 
the adsorber will operate adiabatically, and there may be a considerable rise in 
temperature owing to adsorption (or fall, in the case of desorption). Since the 
equilibrium then changes with stage number, the calculations are done stage by 
stage, much in the manner of gas absorption. The same procedure will apply to 
any type of stage device and is not limited to fluidized beds. Thus, for the first n 
stages of the flowsheet of Fig. 11.20, a balance for adsorbable vapor is 

( 11.42) 

and an enthalpy balance for adiabatic operation is 

(11.43) 

where HG is the enthalpy of vapor-gas mixture, energy/mass, and Hs the 
enthalpy of solid plus adsorbate, energy Imass adsorbent. If enthalpies are 
referred to solid adsorbent, nonadsorbed gas (component C), and the adsorbate 
(component A) as a liquid, all at a base temperature to. then 

where Cc = gas heat capacity 
C A = vapor heat capacity 

AAO = latent heat of vaporization of A at to 

Hs = CB(ls - 10) + XCA.L(ls - 10) + !1HA 

where CB = heat capacity of adsorbent (component B) 
CA. L = heat capacity of liquid A 

( 11.44) 

(11.45) 

6.HA = integral heat of adsorption at X and to. energy/mass adsorbent 
Gas and solid leaving a theoretical stage are in thermal and concentration 
equilibrium. The use of these equations is precisely' the same as for gas 
absorption (Illustration 8.4). 

Fractionation of a vapor mixture For the separation of a vapor mixture consist
ing of, for example, two adsorbable components for which the adsorbent 
exhibits a relative adsorptivity, calculations are made in the manner for moving 
beds to locate operating lines and equilibrium curves [Eqs. (11.53) to (11.65) and 
Fig. 11.33J. Theoretical stages can then be determined by the usual step 
construction in the lower part of such a figure. 
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CONTINUOUS CONTACT 

In these operations the fluid and adsorbent are in contact throughout the entire 
apparatus. without periodic separation of the phases. The operation can be 
carried out in strictly continuous, steady~state fashion, characterized by move~ 
ment of the solid as well as the fluid. Alternatively, owing to the rigidity of the 
solid adsorbent particles, it is also possible to operate advantageously in semi~ 
continuous fashion, characterized by a moving fluid but stationary solid. This 
results in unsteady~state cifAditions, where compositions in the system change 
with time. 

Steady-State-Moving-Bed Adsorbers 

Steady-state conditions require continuous movement of both fluid and adsor
bent through the equipment at constant rate, with no change in composition at 
any point in the system with passage of time. If parallel flow of solid and fluid is 
used, the net result is at best a condition of eqUilibrium between the effluent 
streams, or the equivalent of one theoretical stage. It is the purpose of these 
applications to develop separations equivalent to many stages, however, and 
hence only countercurrent operations need, be considered. There are applications 
especially in treating gases and liquids, for purposes of collecting solute and 
fractionation, through ordinary adsorption and ion exchange. 

Equipment It is only in relatively recent years that satisfactory large-scale 
devices for the continuous contacting of a granular solid and a fluid have been 
developed. They have had to overcome the difficulties of obtaining uniform flow 
of solid particles and fluid without channeling or local irregularities, as well as 
those of introducing and removing the solid continuously into the vessel to be 
used. 

A substantial effort has been expended in developing apparatus for counter
flow of gas and solid, with plug flow of solid rather than fluidized beds. The 
hydraulics and mechanics of such a device were successfully solved, resulting in 
the Hypersorber, used for fractionating hydrocarbon gases with activated gas~ 
adsorbent carbon [8, 48]. The device resembles a countercurrent distilling 
column with the solid phase, flowing down, analogous to the upward flow of 
heat in distillation. Several adsorbers on a very large scale were built, but the 
very brittle carbon was subject to serious attrition losses, and no new continu~ 
ous-flow, countercurrent device for plug flow of solids and gas is believed to be 
in operation. 

In liquid treating, far less elaborate devices have been used. Solids can be 
introduced to the top of the tower by a screw feeder or simply from a bin by 
gravity flow. Withdrawal of solids at the bottom can be accomplished by several 
types of devices, e.g., a revolving compartmented valve similar to revolving 
doors for buildings; it is not generally possible to remove solids entirely free of 
liquid. 
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The Higgins contactor [35, 42], developed initially for ion exchange but 
useful for solids-liquid contacting generally, is unique in the intennittent nature 
of its operation. Figure 11.29 shows it schematically as arranged for simple 
solute collection. In Fig. 11.29a, the temporarily stationary upper bed of solids is 
contacted with liquid flowing downward, so that fluidization does not occur. In 
the lower bed, the solid is regenerated by an eluting liquid. After several 
minutes, the liquid flow is stopped, valves are turned as shown in Fig. 11.29b, 
and the liquid-filled piston pump is moved as shown for a period of several 
seconds, whereupon solid is moved clockwise hydraulically. In Fig. 11.29c, with 
the valves readjusted to their original position, movement of solid is completed, 
and liquid flows are started to complete the cycle. Operation, although inter
mittent and cyclic, is nearly the same as for truly continuous countercurrent 
operation. 

A truly continuous countercurrent scheme for ion-exchange treatment of 
liquids incorporates the resin in an endless, flexible belt which moves continu
ously over horizontal rollers and vertically with many passes, through which the 
solution to be treated must travel [46, 47]. The belt may pass successively from 
contact with solution to be treated, to regenerating liquid, and back to solution 
to be treated. 

Liquid to 
be treated 

{al 

Piston stationary Piston 

{bl 

Figure 11.29 Higgins contactor. schematic (solids shown shaded). 

{el 
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Figwe 1I.30 Continuous countercurrent adsorption 
of one component. 

One component adsorbed (solute collection) For purposes of computation the 
operation can conveniently be considered analogous to gas absorption. with 
solid adsorbent replacing the liquid solvent. Refer to Fig. 11.30, where Gs and 
Ss are the solute-free fluid and solid mass velocities. respectively. mass/(cross
sectional area of column) (time). Solute concentrations are expressed as mass 
solute/mass solute-free substance. The development is shown for treating a gas. 
but can be applied equally well to treating a liquid by replacing Gs by Ls. A 
solute balance about the entire tower is 

Gs( YI - Y,) = Ss(XI - X,) 

and about the upper part 

Gs( Y - Y,) = Ss(X - X,) 

(11.46) 

(I 1.47) 

These establish the operating line on X, Y coordinates, a straight line of slope 
Ss/Gs joining the terminal conditions (XI' YI ) and (X" Y,) (Fig. 11.31). The 
solute concentrations X and Y at any level in the tower fall upon this line. An 
equilibrium-distribution curve appropriate to the system and to the prevailing 
temperature and pressure can aiso be plotted on the figure as shown. This will 
fall below the operating line for adsorption and above for desorption. In the 
same fashion as for absorbers, the minimum solid/fluid ratio is given by the 
operating line of maximum slope which anywhere touches the equilibrium curve. 

The simplifying assumption found useful in gas absorption, that the temper
ature of the fluid remains substantially constant in adiabatic operations, will be 
satisfactory only in solute collection from dilute liquid solutions and is unsatis
factory for estimating temperatures in the case of gases. Calculation of the 
temperature effect when heats of adsorption are large is very complex [2, 89J. 
The present discussion is limited to isothennal operation. 
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Figure 1131 Continuous countercurrent adsorption of 
one component. 

The resistance to mass transfer of solute from the fluid to the adsorbed state 
on the solid will include that residing in the gas surrounding the solid particles, 
that corresponding to the diffusion of solute through the gas within the pores of 
the solid, and possibly an additional resistance at the time of adsorption. During 
physical adsorption, the last of these will probably be negligible. If the remain
ing resistances can be characterized by an overall gas mass-transfer coefficient 
Kyap based on ap' the outside surface of the solid particles, the rate of solute 
transfer over the differential height of adsorber dZ (Fig. 11.30) can be written in 
the usual manner as 

(ll.48) 

where Y· is the equilibrium composition in the gas corresponding to the 
adsorbate composition X. The driving force Y - y* is then represented by the 
vertical distance between operating line and equilibrium curve (Fig. 11.31). 
Rearranging Eq. (11.48) and integrating define the number of transfer units 
N ,OG' 

j Y, dY 
N'OG = Y2 Y- Y* (11.49) 

where (11.50) 

The integral of Eq. (11.49) is ordinarily evaluated graphically and the active 
height Z determined through knowledge of the height of a transfer unit H,OG, 
characteristic of the system, 

The use of an overall coefficient or overall height of a transfer unit implies 
that the resistance to mass transfer within the pores of the solid particles can be 
characterized [21] by an individual mass-transfer coefficient ksop or height of a 
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transfer unit Hrs, thus, 

(11.51) 

or (11.52) 

where m = dY* / dX, the slope of the equilibrium curve. 
The resistance within the fluid surrounding the particles HrG or the corre

sponding coefficient kyGp can be estimated for moving beds through the correla
tions available for fixed beds (Table 3.3). Because of the rigidity of each solid 
particle and the unsteady-state diffusional conditions existing within each par
ticle as it travels through the adsorber, the use of a mass-transfer coefficient ks, 
with an implied linear concentration-difference driving force, is not strictly 
correct, and Eqs. (11.49) to (11.52) are sound only when the mass-transfer 
resistance of the fluid surrounding the particles is of controlling size. Ordinarily, 
however, the diffusional resistance within the particles is of major importance, 
and for these conditions, which space does not permit consideration of here, the 
work of Vermeulen [98, 99] should be consulted. 

Illustration 11.6 Eagleton and Bliss [21] have measured the individual resistances to mass 
transfer residing in the fluid and within the solid during adsorption of water vapor from air by 
silica gel, using a fixed-bed semicontinuous technique. For low moisture contents of the air they 
found that 

and 

kyO;. == 3J.6G,oS~kgH20/m3. s ·AY 

ksOp = 0.965 kg H20/mJ • s· AX 

where G' is the mass velocity of the gas, kg/m2 • s. Their silica-gel bed had an apparent bed 
density 671.2 kg/mJ and an average particle size 1.727 mm diameter, and the external surface 
of the particles was 2.167 m2/kg. 

We wish to estimate the height of a continuous countercurrent isothermal adsorber for 
drying air at 26.7cC, standard atmospheric pressure, from an initial humidity 0.005 to a final 
humidity 0.0001 kg H20/kg dry air. The entering gel will be dry. (Note: So-called "dry" silica 
gel must contain a minimum of about 5% water if it is to retain its adsorptive capacity. 
Moisture measurements as ordinarily reported do not include this.) A gel rate 0.680 kgfm2 • s 
(500 Ib/ft2 • h) and an air rate 1.36 kg/m2 • s (1000 Ib/ft2 • b) will be used. For the moisture 
contents expected here, the equilibrium adsorption isotherm at 26.7cC, 1 std atm (see Illustra
tion 11.9). can be taken as substantially straight and described by the expression Y· = 
0.0185X. 

SOLUTION Yl = 0.005, Y2 ... 0.0001 kg H20/kg dry air. Ss = 0.680 kg/m2 • s, Gs == 1.36 
kg/m'· s, X, - 0 kg H,O/kg dry gel. Eq. (11.46): 

X Gs(Y, - Y,) + X 1.36(0.005 - 0.0001) 00098 k H O/k A_. 1 
I ... Ss 2 -= 0.68 >=. g 2 g ..... J ge 

Yi "" humidity of air in equilibrium with entering gel == O. Yj "" 0.01851X1 == 0.0001814 kg 
H20/kg dry gel. Since operating line and equilibrium curve will both be straight on X. Y 
coordinates, the average driving force is the logarithmic average (Eqs. (8.47) and (8.48)]: 

Y1 - yr ... 0.005 - 0.0001814 == 0.00482 Y2 - yr ... O.OOOJ - 0 = 0.0001 

A 'Y 0.00482 - 0.0001 0001217 
v ~ - In (0.00482/0.0001) - . 

Y1 - Y2 0.005 - 0.0001 
N,OG -~ "'" 0.001217 - 4.03 
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If the fixed-bed data are to be used for estimating mass-transfer coefficients for a moving 
bed of solids, the relative mass velocity of air and solid is appropriate. The linear rate of flow of 
the solid downward is 0.680/671.2 = 1.013 X 10- 3 mis, where 671.2 is the apparent density. 
The density of the substantially dry air at 26.7°C, I std atm, is 1.181 kg/ml, and its superficial 
linear velocity upward is 1.36/1.181 == 1.152 m/s. The relative linear velocity of air and solid is 
1.152 + 1.013 X 10- 3 = 1.153 mis, and the relative mass velocity of the air is 1.153(1.181) = 
1.352 kg/m2. s == G'. 

H _ Gs _ 1.36 0.0365 m 
'0 31.6G ,0.55 31.6( 1.1352)o.S5 

Ss 0.680 
H(s == kY4 == 0.965 == 0.7047 m 

mGs _ 0.0185(1.36) 
Ss - 0.680 

0.037 

Eq. (11.52): 

H,oa = 0.0365 + 0.037(0.7047) = 0.0625 m 

Z = N,oaH,oa = 4.03(0.0625) = 0.25 m ADs. 

Note: The gas-phase mass-transfer coefficient in this case is smaller than 
that given by item 7, Table 3.3, perhaps because of the very small diameter (16 
mm) of the bed in which it was measured. This could lead to an important wall 
effect; however, see Illustration 11.9. 

Two components adsorbed; fractionation When several components of a gas 
mixture are appreciably adsorbed, fractionation is required for their separation. 
This discussion is confined to binary gas mixtures. 

For purposes of computation, it is easiest to recall the similarity between the 
adsorption operation and continuous countercurrent extraction with reflux. 
Solid adsorbent as the added insoluble phase is analogous to extraction solvent, 
the adsorbate is analogous to the solvent-free extract, and the fluid stream is 
similar to the raffinate. Computations can then be made using the methods and 
equations of Chap. 10 [Eqs. (10.31) to (10.34) and (10.39) to (10.50) with Fig. 
10.28]. Some simplification is possible, however, thanks to the complete insolu
bility of adsorbent in the mixture to be separated. 

Refer to Fig. 11.32, a schematic representation of the adsorber. Feed enters 
at the rate of F mass/(area)(time), containing components A and C. The 
adsorbate-free adsorbent enters the top of the tower at the rate of B 
mass/(area)(time) and flows countercurrent to the gas entering at the bottom at 
the rate of R, mass/(area)(time). Compositions in the gas stream are expressed 
as x weight fraction C, the more strongly adsorbed substance. E represents the 
weight of adsorbent-free adsorbate A + C upon the solid, mass/(area)(time), 
and N the ratio, mass adsorbent/mass adsorbate. At any point in the adsorber, 
B :=:.:l N E. The adsorbate composition is expressed as y weight fraction compo
nent C, on an adsorbent-free basis. Solid leaves the adsorber at the bottom and 
is stripped of its adsorbate in the desorption section, and the desorbed fluid is 
split into two streams, the reflux R, and the C-rich product PE. At the top the 
fluid leaving is the A-rich product, Rz mass/(areaXtime). The arrangement is 
very similar to that shown in Fig. 10.27. Calculations are made on a phase 
diagram of the type shown in the upper part of Fig. 11.8a, with N plotted as 
ordinate, x andy as abscissa. 
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Let AE represent the net adsorbent-free flow downward and out of the 
adsorber. Then AE = P E' and the coordinates of point AE on the phase diagram 
are (NM = Bj PE'Y.E = x,). At the bottom of the adsorber, B = N,E, and 

E, = E' = PE + R, = f1E + R, 

An A-C balance below section e of the enriching section is 

Ee = PE + Re = AE + Re 

and, for substance C, 

EeYe = PEX' + Rexe = ./lEX, + Rexe 

while for adsorbent it becomes 

NeEe = N~E AE = B 

(11.53) 

(11.54) 

(I 1.55) 

(I 1.56) 

AE therefore represents the difference Ee - Re for any level in the enriching 
section. Equations (11.54) and (11.56) provide a measure of the internal reflux 
ratio, 

Re N~E - Nc. I _ Ne 
Ee = N~E N~E 

(11.57) 

and at the bottom of the tower the external reflux ratio is 

R, R, _ N.E - N, NM _ I 
PE = E, R, - N, N, (11.58) 
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At the top of the adsorber let /!,R represent the difference between flows of 
adsorbate and unadsorbed gas, and since E2 = 0, !:1R = - R2• The coordinates 
of /!,R on the phase diagram are then (NAR = - BI R,. XAR = x,J. Material 
balances above section s are then, for A and C, 

for C, 

and for adsorbent, 

B = NsEs = a.RN AR 

Equations (11.59) and (11.61) provide the internal reflux ratio. 

Rs Ns - NAR 
Es = NAR 

Overall balances about the entire plant are 

F = R, + PE 

FXF = R2x 2 + PEX 1 

The definitions of /!,R and /!,E' together with Eq. (11.64). provide 

/!,R + F= /!,E 

(11.59) 

(11.60) 

(11.61) 

(11.62) 

(11.63) 

(11.64) 

(11.65) 

The graphical interpretation of these relations on the phase diagram is the same 
as that for the corresponding situations in extraction and is shown in detail in 
Illustration 11.7 below. 

If a stageMtype device, e.g., fluidized beds, is used, the number of theoretical 
stages is readily obtained by the usual step construction on the lower part of a 
diagram such as Fig. 11.33. For continuous contact, 

N = ~ =1" tip = fX'~ -In 1+ (r - I)x, (11.66) 
tOG B tOG ih P -ft* ."(2 X - x* I + (r - l)X2 

where r = MAl Me and H'OG is defined by Eq. (11.50). This can be applied 
separately to the enriching and adsorption sections. It assumes equimolar 
counterdiffusion of A and C, which is not strictly the case, but refinement at this 
time is unwarranted in view of the sparsity of the data [45J. It is also subject to 
the same limitations considered for one component adsorbed (solute collection). 

DlllS1ration 11.7 Determine the number of transfer units and the adsorbent circulation rate 
required to separate a gas containing 60% ethylene ~H4 and 40% propane ~H8 by volume 
into products containing 5 and 95% ~H4 by volume, isothermally at 25°C and 2.25 std atm, 
using activated carbon as the adsorbent and a reflux ratio of twice the minimum. Nole: These 
adsorbers will customarily operate at reflux ratios closer to the minimum in order to reduce the 
adsorbent circulation rate. The present value is used in order to make the graphical solution 
clear. 

SoLUTION Equilibrium data for this mixture at 25°C and 2.25 std atm have been estimated 
from the data of Lewis et al .• Ind. Eng. Chern .• 42. 1319, 1326 (1950), and are plotted in Fig. 
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Figure 11.33 Solution to Illustration 11.7. 
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11.33. c,Hs is the more strongly adsorbed component, and compositions in the gas and 
adsorbate are expressed as weight fraction c,Hs. Tie lines have been omitted in the upper part 
of the plot, and the equilibrium compositions are shown instead in the lower part. 

Molecular weights are 28.0 for Cz~ and 44.1 for c;H8' The feed~gas composition is then 
XF'" O.4{44.I)/[O.4{44.l) + 0.6(28.0)]"" 0.S12 wt fraction c,Hs. Similarly XI ... 0.967, and X2 

>= 0.0763 wt fraction c,Hs. 
Basi,,' 100 kg f,ed gas. Eq,. (11.63) and (11.64): 

100= R2 + PE 

lOO{0.512) - R2(O.0763) + P£(0.967) 

Solving simultaneously gives R2 ... 51.1 kg, PE "" 48.9 kg. 
Point F at XF and point El at XI are located on the diagram. as shown. From the diagram, 

NI (at point E 1) - 4.57 kg carbon/kg adsorbate. The minimum reflux ratio is found as it is for 
extraction. In this case, the tie line through point F locates (dE),., and (dE),., == 5.80. 

( ;; ),., - !:~~ - 1 ... 0.269 kg reflux gas/kg product 

(R')m - 0.269P£ - 0.269(48.9) - 13.15 kg 

(E')m - (R')m + PE - 13.15 + 48.9 - 62.1 kg 

Bm - N,(E')m - 4.57(62.1) - 284 kg ""OOn/IOO kg feed 

At twice the minimum reflux ratio. Rd PE ... 2(0.269) = 0.538. Eq. (I1.S8): 

NOE 
0.538 - 4.57 - I 

NA£:: 7.03 kg carbon/kg adsorbate 

and point dE is located on the diagram. 

R, - 0.538P£ - 0.538(48.9) - 26.3 kg 

E, ... RI + PE = 26.3 + 48.9 ... 7S.2 kg 

B - N,E, - 4.57(75.2) - 344 kg carOOn/IOO kg feed 

Point d R can be located by extending line dEF to intersect the line X ... X2' Alternatively. 
Nt.R "" - B/ R2 - - 344/S1.1 = - 6.74 kg carbon/kg adsorbate. Random lines such as line 
dRK are drawn from dR. and the intersections with the equilibrium curves are projected 
downward in the manner shown to provide the adsorption-section operating curve. Similarly 
random lines such as line d~ are drawn from dE' and intersections are projected downward to 
provide the enriching~section operating curve. The horizontal distance between operating and 
equilibrium curves on the lower diagram is the driving force x-x· of Eq. (11.66). The 
following were determined from the diagram: 

x' x' 
I x 

x-x· x x-x· 

XI - 0.967 0.825 7.05 X F "" 0512 0.39 820 
0.90 0.710 5.26 0.40 0.193 4.83 
0.80 0.60 5.00 0.30 0.090 4.76 
0.70 0.50 5.00 0.20 0.041 6.29 
0.60 0.43 5.89 Xl = 0.0763 0.003 13.65 

The third column was plotted as ordinate against the first as abscissa, the area under the 
curve between XI and XF was 2.65, and that between xF and X2 was 2.67. Further. r = 28.0/44.1 
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- 0.635. Applying Eq. (11.66) to the enriching section, gives 

I + (0.635 - 1)(0.%7) 
N,oo - 2.65 - In I + (0.635 1)(0.512) - 2.52 

and to the adsorption section, 

_ 6 -In I + (0.635 - 1)(0.512) _ 
N,oo - 2. 7 I + (0.635 1)(0.0763) - 2.53 

The total NIOG "'" 2.52 + 2.53 = 5.1. 

Simulation of nwving beds The arrangement shown in Fig. 11.34 for fractionat
ing liquids avoids the problems of moving beds of solid downward through a 
tower and transporting the solid up to the top [10]. In the adsorber, divided into 
a number of sections by sieve plates. the adsorbent is in the fonn of fixed, i.e., 
unmoving, beds. The rotary valve, turning counterclockwise periodically, moves 
the position of introducing the feed successively from positions a through c and 
back to a. Similarly the desorbent and the withdrawn streams are moved 
periodically, the topmost stream (A + D) moving from >,osition a at the top to b 
and c at the bottom, and back to a. The recirculating-liquid pump is pro
grammed to change its rate of pumping as needed. The degree of approach to a 
true countercurrent system increases as the number of compartments increases, 
at the expense, of course, of complexity of the piping. The adsorber vessel may 

Feed F:oA+C' 

c A 

Rotary 
valve 

Adsorber 

II 
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Liquid·circulation 
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Figure 11.34 Simulation of moving beds. [Broughton, Chem. Eng. Prog., 64(8), 60 (1968), with 
permission. J 
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be horizontal [80]. Many plants have been built, using molecular sieves for a 
variety of hydrocarbon separations. 

Unsteady State-Fixed-Bed Adsorbers 

The inconvenience and relatively high cost of continuously transporting solid 
particles as required in steady-state operations frequently make it more eco
nomical to pass the fluid mixture to be treated through a stationary bed of 
adsorbent. As increasing amounts of fluid are passed through such a bed, the 
solid adsorbs increasing amounts of solute, and an unsteady state prevails. This 
technique is very widely used and finds application in such diverse fields as the 
recovery of valuable solvent vapors from gases, purifying air as with gas masks, 
dehydration of gases and liquids, decolorizing mineral and vegetable oils, the 
concentration of valuable solutes from liquid solutions, and many others. 

The adsorption wave Consider a binary solution, either gas or liquid, containing 
a strongly adsorbed solute at concentration co. The fluid is to be passed 
continuously down through a relatively deep bed of adsorbent initially free of 
adsorbate. The uppermost layer of solid, in contact with the strong solution 
entering, at first adsorbs solute rapidly and effectively, and what little solute is 
left in the solution is substantially all removed by the layers of solid in the lower 
part of the bed. The effluent from the bottom of the bed is practically 
solute-free, as at Ca in the lower part of Fig. 11.35. The distribution of adsorbate 
in the solid bed is indicated in the sketch in the upper part of this figure at a, 
where the relative density of the horizontal lines in the bed is meant to indicate 
the relative concentration of adsorbate. The uppermost layer of the bed is 
practically saturated, and the bulk of the adsorption takes place over a relatively 
narrow adsorption zone in which the concentration changes rapidly, as shown. 
As solution continues to flow, the adsorption zone moves downward as a wave, 
at a rate ordinarily very much slower than the linear velocity of the fluid 
through the bed. At a later time, as at b in the figure, roughly half the bed is 
saturated with solute, but the effluent concentration Cb is still substautially zero. 
At c in the figure the lower portion of the adsorption zone has just reached the 
bottom of the bed, and the concentration of solute in the effluent has suddenly 
risen to an appreciable value Cc for the first time. The system is said to have 
reached the breakpoint. The solute concentration in the effluent now rises 
rapidly as the adsorption zone passes through the bottom of the bed and at d 
has substantially reached the initial value co. The portion of the effluent 
concentration curve between positions c and d is tenned the breakthrough curve. 
If solution continues to flow, little additional adsorption takes place since the 
bed is for all practical purposes entirely in equilibrium with the feed solution. 

If a vapor is being adsorbed adiabatically from a gas mixture in this 
manner, the evolution of the heat of adsorption causes a temperature wave to 
flow through the adsorbent bed in a manner somewhat similar to the adsorption 
wave [56] and the rise in temperature of the bed at the fluid outlet can 
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Figure 11.35 The adsorption wave. 

sometimes be used as a rough indication of the breakpoint. In adsorption from 
liquids the temperature rise is usually relatively small. 

The shape and time of appearance of the breakthrough curve greatly 
influence the method of operating a fixed-bed adsorber. The curves generally 
have an S shape, but they may be steep or relatively flat and in some cases 
considerably distorted. If the adsorption process were infinitely rapid, the 
breakthrough curve would be a straight vertical line in the lower part of Fig. 
11.35. The actual rate and mechanism of the adsorption process, the nature of 
the adsorption equilibrium, the fluid velocity, the concentration of solute in the 
feed, and the length of the adsorber bed (particularly if the solute concentration 
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in the feed is high) all contribute to the shape of the curve produced for any 
system. The breakpoint is very sharply defined in some cases and in others 
poorly defined. Generally the breakpoint time decreases with decreased bed 
height, increased particle size of adsorbent, increased rate of flow of fluid 
through the bed, and increased initial solute content of the feed. There is a 
critical minimum bed height below which the solute concentration in the 
effluent will rise rapidly from the first appearance of effluent. In plarming new 
processes it is best to determine the breakpoint and breakthrough curve for a 
particular system experimentally under conditions resembling as much as possi
ble those expected in the process. 

Adsorption of vapors One of the most important applications of fixed-bed 
adsorbers is in the recovery of valuable solvent vapors. Solids saturated with 
solvents such as alcohol, acetone, carbon disulfide, benzene, and others can be 
dried by evaporation of the solvent into an airstream, and the solvent vapor can 
be recovered by passing the resulting vapor-gas mixture through a bed of 
activated carbon. The very favorable adsorption equilibrium provided by a good 
grade of carbon for vapors of this sort permits substantially complete vapor 
recovery, 99 to 99.8 percent, from gas mixtures containing as little as 0.5 to 0.05 
percent of the vapor by volume [15]. Air-vapor mixtures of concentration well 
below the explosive limits can thus be handled. In most such adsorption plants it 
is necessary to operate with a small drop in pressure through the bed of 
adsorbent in order to keep power costs low. Therefore granular rather than . 
powdered adsorbents are used, and bed depths are relatively shallow (0.3 to I m) 
and large in cross section. The superficial gas velocity may be in the range 0.25 
to 0.6 m/s. A typical arrangement of the adsorption vessel is shown in Fig. 
11.36. 

In a typical operation the air-vapor mixture, if necesssary cooled to 30 to 
40°C and filtered free of dust particles which might clog the pores of the 
adsorbent, is admitted to the adsorbent bed. If the breakthrough curve is steep, 
the effluent air, substantially free of vapor, may be discharged to the atmosphere 
until the breakpoint is reached, whereupon the influent stream must be diverted 
to a second adsorber while the first is regenerated. On the other hand, if the 
breakthrough curve is flat, so that at the breakpoint a substantial portion of the 
adsorbent remains unsaturated with adsorbate, the gas may be permitted to flow 
through a second adsorber in series with the first until the carbon in the first is 
substantially all saturated. The influent mixture is then passed through the 
second and a third adsorber in series while the first is regenerated. 

After gas flow has been diverted from an adsorber, the carbon is usually 
desorbed by admission of low-pressure steam. This lowers the partial pressure of 
the vapor in contact with the solid and provides by condensation the necessary 
heat of desorption. The stearn-vapor effluent from the carbon is condensed and 
the condensed solvent recovered by decantation from the water if it is water-in
soluble or by rectification if an aqueous solution results. When desorption is 
complete, the carbon is saturated with adsorbed water. This moisture is readily 
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Figure 11.36 Adsorber for solvent vapors at low pressures, schematic. (Logan, U.S. Palf!flt 1,180,712 
(1939).] 

displaced by many vapors and evaporated into the air when the air-vapor 
mixture is readmitted to the carbon, and indeed much of the heat evolved during 
adsorption of the vapor can be used in desorbing the water, thus maintaining 
moderate bed temperatures. If the moisture interferes with vapor adsorption, the 
bed can first be dried by admitting heated air and then cooled by unheated air, 
before reuse for vapor recovery. Figure 11.37 shows a typical plant layout 
arranged for this method. An alternative procedure for regenerating the bed is to 
heat it electrically or with embedded steam pipes and pump off the adsorbed 
vapor with a vacuu'm pump. An arrangement which avoids the intennittent 
operation usually associated with fixed beds is showo in Fig. 11.38. Operation is 
reminiscent of continuous filters. As the inner drum rotates, the adsorbent is 
successively subject to adsorption, regeneration, and drying with cooling. All 
these, which use heat as a regenerative means, are sometimes referred to as 
thermal-swing procedures. 

Moist gases can be dried of their water content by passing them through 
beds of activated silica gel, alumina, bauxite, or molecular sieves. Especially if 
the gases are under appreciable pressures, moderately deep beds are used since 
the pressure drop will still be only a small fraction of the total pressure. Towers 
containing the adsorbent may be as much as 10 m tall or more, but in such 
instances the solid is best supported on trays at intervals of 1 to 2 m in order to 
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Figure 11.37 Solvent~recovery adsorption plant. [After Benson and Courouleau, Chern. Eng. Prog., 44, 
466 (1948), wilhpermi.s.sion.j 

minimize the compression of the bed resulting from pressure drop. A vessel for 
treating gases under pressure can be designed as in Fig. 11.39. After the bed has 
reached the maximum practical moisture content, the adsorbent can be regener
ated, either by application of heat by steam coils embedded in the adsorbent or 
by admitting heated air or gas. Liquids such as gasoline, kerosene, and trans
former oil can also be dehydrated by passage through beds of activated alumina. 
High-temperature (230°C) steam followed by application of vacuum provided 
by a steam-jet ejector can be used for regenerating the adsorbent. 

llIustratioD 11.8 A solvent~recovery plant is to recover 0.1 kg/s (BOO lb/h) of ethyl acetate 
vapor from a mixture with air at a concentration of 3 kg vapor/IOO m3 (t.9Ib/lOOO ft3), I std 
atm pressure. The adsorbent will be activated carbon, 6- to B~mesh (av particle diarn = 2.B 
mm), apparent density of individual particles 720 kg/m3 (45 Ib/ft3). Apparent density of the 
packed bed == 480 kg/m3 (30 Ib/ft3). The carbon is capable of adsorbing 0.45 kg vapor/kg 
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FIgure 11.38 Rotating fixed·bed adsorber (schematic). 

carbon up to the breakpoint. The adsorption cycle will be set at 3 h to allow sufficient time for 
regeneration. Determine the amount of carbon required, choose suitable dimensions for the 
carbon beds, and estimate the pressure drop. 

SOLUTION In 3 h, the vapor 10 be adsorbed is 3(3600)(0.1) = 1080 kg. The carbon required per 
bed"" 1080/0.45 = 2400 kg. Two beds will be necessary, one adsorbing while the other is 
being regenerated. Total carbon required = 2(2400) := 4800 kg. 

The volume of each bed will be 2400/480 = 5 mJ• If the bed depth is 0.5 m, the 
cross-sectional area is 5/0.5 = 10 m2, say 2 by 5 m, and it can be installed horizontally in a 
suitable vessel, such as that shown in Fig. 11.36. 

The pressure drop can be estimated by Eq. (6.66). At 35°C, the viscosity of air "" 0.0182 
cP ... 1.82 X 10-5 kg/m . s, and the density = (29/22.41)(273/308) = 1.148 kg/mJ. Since 1 
mJ of the bed, weighing 480 kg, contains 480/720 "'" 0.667 ml of solid particles, the fractional 
void volume of the bed (space between particles, not including pore volume) ... 1 - 0.667 ... 
0.333"'" E. 

The volumetric rate of airflow = 0.1(100/3) "" 3.33 ml/s, and the superficial mass veloc
ity I: 3.33(1.l48)/1O "'" 0.383 kg/m2 • s (linear velocity == 0.333 m/s). In Chap. 6 notation, the 
particle Reynolds number Re = ~G/p. "" 0.0028(0.383)/(1.82 x 10-5) "" 58.9, Z "'" 0.5 m, gc 
- 1.0, and, by Eq. (6.66), Op - 1421 N/m' (5.7 in H,O). Am. 

The heatless adsorber (pressure swing) The method of operation shown in Fig. 
11.40 for removing a vapor from a gas under pressure uses mechanical work of 
compression instead of heat to regenerate the adsorbent [92]. Wet gas under 
pressure passes through four-way valve 3 into adsorber bed I, and the dry gas 
leaves at the top. A portion of the product gas is passed through valve 4 and at a 
lower pressure into bed 2 to evaporate the adsorbate accumulated there. It 
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Figure 11.39 Fixed·bed adsorber for vapors at rugb pressures, and for liquid percolation. [After 
Johnston, ehem. Eng .• 79, 87 (Nov. 27, 1972}.J 

leaves through valve 3. Valves 5 and 6 are check valves allowing flow to the right 
and left, respectively. After a short interval (30 to 300 s), valve 3 is turned, beds 
1 and 2 switch roles, and flow through valve 4 is reversed. The cycle time is short 
enough to ensure that the adsorption zone always remains in the central part of 
the beds, the lower portion of the adsorbent being saturated with adsorbate and 
the upper part being adsorbate-free. The heat of adsorption is confined to a 
small volume of the bed and is used in purging the bed. The saturated humidity 
of a gas is given by Y = [p/(p, - p)](Mc/ M,j, wherep is the saturation vapor 
pressure of the more strongly adsorbed solute C. For a given temperature, with p 
fixed, Y is larger the lower the total pressure p,. It then follows that to ensure 
that as much vapor is desorbed as is adsorbed, thus maintaining a steady flow of 
dry product, the ratio mole of purge gas/moles of feed must exceed the ratio 
low purge pressure/high feed pressure. 



630 MASS~TRANSFER OPERATIONS 

~ 
" 

Dry gas 
under pressure (Al 

1 
.... ..1 
v4~ 

~ 
" 

Low 
pressure 

Adsorpti~ 
zone ~ I 

Figure 11.40 The heatless adsorber. 

Purge gas 

N z-i 
"'2 ;>.~ 

Wet gas 
under 

pressure (A + C) 

2 

The original application, drying of gases, has been extended to a variety of 
fractionations, including separation of oxygen from air [17, 57] and the separa
tion of hydrogen from refinery gas. Such processes usually require a more 
elaborate flowsheet than that in Fig. 11.40. 

Adsorption of liquids; percolation The dehydration of liquids by stationary beds 
of adsorbent has already been mentioned. In addition, the colors of petroleum 
products, such as lubricating oils and transformer oils, and of vegetable oils are 
commonly reduced by percolation through beds of decolorizing clays; sugar 
solutions are deashed and decolorized by percolation through bone char; and 
many other liquid~treating operations use these semibatch methods. 

In such service, the bed of adsorbent is commonly called a filter. It may be 
installed in a vertical cylindrical vessel fitted with a dished or conical bottom, of 
diameter ranging up to as much as 4.5 m and height up to IO m. In the case of 
decolorizing clays, the beds may contain as much as 50 000 kg of adsorbent. The 
granular adsorbent is supported on a screen or blanket, in tum supported by a 
perforated plate. 

The liquid flow is ordinarily downward, either under the force of gravity 
alone or under pressure from above. At the start of the operation, the adsorbent 
bed is frequently allowed to soak for a time in the first portions of the feed 



ADSORPTION AND ION EXCHANGE 631 

liquid, in order to displace air from the adsorbent particles before the percola
tion is begun. In decolorizing operations, the concentration of impurity in the 
initial effluent liquid is usually much smaller than the specifications of the 
product require, and the breakthrough curve is frequently rather flat Conse
quently it is common practice to allow the effluent liquid to accumulate in a 
receiving tank below the filter and to blend or composite it until the blended 
liquid reaches the largest acceptable concentration of impurity. In this way, the 
largest possible adsorbate concentration can be accumulated upon the solid. 

When the solid requires revivification, the flow of liquid is stopped and the 
liquid in the filter drained. The solid can then be washed in place with an 
appropriate solvent, e.g., water for sugar-refining filters and naphtha for petro
leum products. If necessary the solvent is then removed by admission of steam, 
following which the solid can be dumped from the filter and reactivated by 
burning or other suitable procedure, depending upon the nature of the adsor
bent. 

Elution Desorption of the adsorbed solute by a solvent is called elution. The 
desorption solvent is the elutant, and the effluent stream containing the desorbed 
solute and eluting solvent is the eluate. The elution curve is a plot of the solute 
concentration in the eluate against quantity of eluate, as in Fig. 11.41. The initial 
rise in solute concentration of the eluate, OA in the figure, is found when the 
void spaces between the adsorbent particles are initially filled with fluid remain
ing from the adsorption. For liquids, if the bed is drained before elution, the 
elution curve starts at A. If elution is stopped after eluate corresponding to C 
has been withdrawn, the area under the curve DABC represents the quantity of 
solute desorbed. For a successful process, this must equal the solute adsorbed 
during an adsorption cycle; otherwise solute will build up in the bed from one 
cycle to the next. 

Chromatography Imagine a solution containing two solutes, A and B, which are 
differently adsorbed at equilibrium, A more strongly. A small quantity of this 
solution, insufficient to saturate all but a small quantity of the adsorbent, is 
passed through an adsorbent bed, whereupon both solutes are retained in the 

o 
QuantIty of eluote 

c 
Figure 11.41 Elution of a fixed bed. 
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upper portion of the bed to give rise to adsorbate concentrations as indicated in 
Fig. 11.42a. A suitable elutant is now passed through the hed, whereupon solute 
B is more readily desorbed than A. At b, c, and d in the figure, both solutes are 
seen to be desorbed, only to be readsorbed and redesorbed at lower positions in 
the bed, but the wave of B concentration moves more rapidly downward than 
that of A.t At e, solute B has been washed out of the solid, leaving essentially all 
the A behind. The curves of Fig. 11.42 are idealized, since in reality their shape 
may change as the concentration waves pass down the column. If the adsorption 
(or desorption) zone heights are short relative to the height of the bed, and if the 
selectivity of the adsorbent is sufficiently great, essentially complete separation 
of the solutes is possible. This technique is the basis of very powerful methods of 
analysis of mixtures, both gas and liquid, and variants are used for industrial 
purposes [9IJ. Partition chromatography accomplishes a similar result, using a 
liquid contained in the pores of a solid as an immobilized solvent for solute 
separation, rather than adsorption itself. 

Rate of adsorption in fixed beds The design of a fixed-bed adsorber and 
prediction of the length of the adsorption cycle between revivifications require 
knowledge of the percentage approach to saturation at the breakpoint, as shown' 

t The adsorption bands in some cases have different colors, depending upon the chemical nature 
of the solutes, and (rom this arose the terms chromatographic adsorption and chromatography. 
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in Illustration 11.8. This in turn requires the designer to predict the time of the 
breakpoint and the shape of the breakthrough curve. The unsteady-state circum
stances of fixed-bed adsorption and the many factors which influence the 
adsorption make such computations for the general case very difficult [99]. The 
following simplified treatment due to Michaels [70] is readily used but is limited 
to isothermal adsorption from dilute feed mixtures and to cases where the 
eqUilibrium adsorption isotherm is concave to the solutionwconcentration axis, 
where the adsorption zone is constant in height as it travels through the 
adsorption column, and where the height of the adsorbent bed is large relative to 
the height of the adsorption zone. Many industrial applications fall within these 
restrictions. The development here is in terms of adsorption from a gas, but it is 
equally applicable to treatment of liquids. Nonisothermal cases have also been 
treated [56]. 

Consider the idealized breakthrough curve of Fig. 11.43. This results from 
the flow of a solvent gas through an adsorbent bed at the rate of Gs 
mass/(area)(tirne), entering with an initial solute concentration Yo mass solu
te/mass solvent gas. The total solute-free effluent after any time is w mass/area 
of bed cross section. The breakthrough curve is steep, and the solute concentra
tion in the effluent rises rapidly from essentially zero to that in the incoming gas. 
Some low value YB is arbitrarily chosen as the breakpoint concentration, and the 
adsorbent is considered as essentially exhausted when the effluent concentration 
has risen to some arbitrarily chosen value YE , close to Yo' We are concerned 
principally with the quantity of effluent w. at the breakpoint and the shape of 
the curve between WB and WE' The total effluent accumulated during the 
appearance of the breakthrough curve is wa = WE - WB" The adsorption zone, of 

of bed 

Break point 

W8 WE 
Solute - free effluent 

Figure 11.43 Idealized breakthrough curve. 
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constant height 20 ft, is that part of the bed in which the concentration change 
from Y B to Y E is occurring at any time. 

Let 00 be the time required for the adsorption zone to move its own height 
down the column, after the zone has been established. Then 

lVo 00 = G (11.67) 
s 

Let BE be the time required for the adsorption zone to establish itself and move 
out of the bed. Then 

o _ lVE 
E - G

s 
(l1.68) 

If the height of the adsorbent bed is 2, and if OF is the time required for the 
formation of the adsorption zone, 

00 

2.=2 0 -0 
E F 

(11.69) 

The quantity of solute removed from the gas in the adsorption zone from 
the breakpoint to exhaustion is U mass solute/area of bed cross section. This is 
given by the shaded area of Fig. 11.43, which is 

f
W £ u= (Yo-Y)dw 

WB 

(l1.70) 

If, however, all the adsorbent in the zone were saturated with solute, it would 
contain YOwa mass solute/area. Consequently at the breakpoint, when the zone 
is still within the column, the fractional ability of the adsorbent in the zone still 
to adsorb solute is 

(11.71) 

If f = 0, so that the adsorbent in the zone is essentially saturated, the time of 
formation of the zone at the top of the bed OF should be substantially the same 
as the time Ba required for the zone to travel a distance equal to its own height. 
On the other hand, if f = 1.0, so that the solid in the zone contains essentially no 
adsorbate, the zone-formation time should be very short, essentially zero. These 
limiting conditions. at least, are described by 

OF = (I - f)Oo (l1.72) 

Equations (11.69) and (11.72) provide 

2 = 2 00 = 2 lVa 
a OE - (I - f)Oa WE - (I - f)w. 

(l1.73) 

The adsorption column, 2 tall and of unit cross-sectional area, contains a 
mass 2ps of adsorbent, where Ps is the apparent packed density of the solid in 
the bed. If this were all in eqUilibrium with the entering gas and therefore 
completely saturated at an adsorbate concentration Xr mass adsorbate/mass 
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solid, the adsorbate mass would be ZPsXr . At the breakpoint, the adsorption 
zone of height Za is still in the column at the bottom, but the rest of the column, 
Z - Za' is substantially saturated. At the breakpoint, therefore, the adsorbed 
solute is (Z - Za)PsXr + ZaPs(l - f)Xp The fractional approach to saturation 
of the column at the breakpoint is therefore [34J 

. (Z - Za)PsXr + ZaPs(I - !)Xr Z - ! Za 
Degree of saturation = ZPSX

T 
= Z 

(11.74) 

In the fixed bed of adsorbent, the adsorption zone in reality moves down
ward through the solid, as we have seen. Imagine instead, however, that the solid 
moves upward through the column countercurrent to the fluid fast enough for 
the adsorption zone to remain stationary within the column, as in Fig. 11.44a. 
Here the solid leaving at the top of the column is shown in equilibrium with the 
entering gas, and all solute is shown as having been removed from the effluent 
gas. This would, of course, require an infinitely tall column, but our concern will 
be primarily with the concentrations at the levels corresponding to the extremi
ties of the adsorption zone. The operating line over the entire tower is 

{oj 

Ss 
X=O 

Gs( Yo - 0) = Ss(Xr - 0) (11.75) 

~ 
51 
!l , 
~ 

Equilibrium curve 
y"vs.x 

Yor---------------------~ 
~r------------------,(I 

Operating line, 
Yvs,X 
slope = SsIGs 

~ yr------------,( 
g-
Il 
~ y' 

y. 

°O~X8-----------x~------X~E~X~r-
x = kg adsorbote/kg adsorbent 

('b) 

Figure 11.44 The adsorption zone. 
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or 
S; YO 
Gs = X

T 
(11.76) 

Since the operating line passes through the origin of Fig. II.44b, at any level in 
the column the concentrations of solute in the gas Y and of adsorbate upon the 
solid X are then related by 

GsY= SsX 

Over the differential height dZ, the ratio of adsorption is 

Gs dY = Kyap ( Y - YO) dZ 

For the adsorption zone, therefore, 

f YE dY 
N,oG = Y

a 
Y - Y. 

Z. 
= B

rOG 
= 

Z. 

(! 1.77) 

(11.78) 

(I!. 79) 

where NrOG is the overall number of gas transfer units in the adsorption zone. 
For any value of Z less than Z", assuming HIDG remains constant with changing 
concentrations, 

f y dY 

Yg Y - y* 

f YE dY 
Ya Y - Y· 

Z at Y z:-= (11.80) 

Equation (11.80) should permit plotting the breakthrough curve by graphical 
evaluation of the integrals. 

In addition to the restrictions outlined at the beginning, the success of this 
analysis largely hinges upon the constancy of KyQp or B IOG for the concentra
tions within the adsorption zone. This will, of course, depend upon the relative 
constancy of the resistances to mass transfer in the fluid and within the pores of 
the solid. Illustration 11.9 demonstrates the method of using the equations in a 
typical case. 

IUustratioo 11.9 Air at 26.7°C, I std atm, with a humidity of 0.00267 kg water/kg dry air is to 
be dehumidified by passage through a fixed bed of the silica gel used in Illustration 11.6. The 
depth of the adsorbent bed is to be 0.61 m. The air will be passed through the bed at a 
superficial mass velocity of 0.1295 kg/m2 • s, and the adsorption will be assumed to be 
isothermal. The breakpoint will be considered as that time when the effluent air has a humidity 
of O.(XXH kg water/kg dry air, and the bed will be considered exhausted when the effluent 
humidity is 0.0024 kg water/kg dry air. Mass.transfer coefficients are given in Illustration 11.6 
for this gel. Estimate the time required to reach the breakpoint. 

SOLUTION The equilibrium data are plotted in Fig. 11.45. The gel is initially 'dry," and the 
effluent air initially of so Iowa humidity as to be substantially dry, SO that the operating line 
passes through the origin of the figure. The operating line is then drawn to intersect the 
equilibrium curve at Yo = 0.00267 kg water/kg dry air. Yo == 0.0001, yE .... 0.0024 kg water/kg 
dry air. 

In the accompanying table, column I lists values of Y on the operating line between Yo 
and Y E and column 2 the corresponding values of yo taken from the equilibrium curve at the 
same value of X. From these the data of column 3 were computed. A curve (not shown) of 
column I as abscissa, column 3 as ordinate was prepared and integrated graphically between 
each value of Y in the table and Yo, to give in column 4 the numbers of transfer units 
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X=kg water/kggel tion 11.9. 

corresponding to each value of Y (thus, for example, the area under the curve from Y ,.. 0.0012 
to Y - 0.0001 equals 4.438). The total number of transfer units corresponding to the adsorption 
zone is N,oG ... 9.304, in accordance with Eq. (11.79). 

Y, Y', 
kgHzO kgHzO I r dY w- WB Y 

kg dry air kg dry air Y- Y' YB Y - Y* w. Yo 
(I) (2) (3) (4) (5) (6) 

YB - 0.0001 0.00003 14300 0 0 0.0374 
0.0002 0.00007 7700 1.100 0.1183 0.0749 
0.0004 0.00016 4160 2.219 0.2365 0.1498 
0.0006 0.00027 3030 2.930 0.314 0.225 
0.0008 0.00041 2560 3.487 0.375 0.300 
0.0010 0.00057 2325 3.976 0.427 0.374 
0.0012 0.000765 2300 4.438 0.477 0.450 
0.0014 0.000995 2470 4.915 0.529 0.525 
0.0016 0.00123 2700 5.432 0.584 0.599 
0.0018 0.00148 3130 6.OIS 0.646 0.674 
0.0020 0.00175 4000 6.728 0.723 0.750 
0.0022 0.00203 5880 7.716 0.830 0.825 

Y. - 0.0024 0.00230 10000 9.304 1.000 0.899 
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Figure 11.46 Calculated break
through curve for IUustration 11.9. 

By dividing each entry in column 4 by 9.304, the values in column 5 were determined in 
accordance with Eq. (11.80). Column 6 was obtained by dividing each entry in column I by 
Yo = 0,00267, and column 6 plotted against column 5 provides a dimensionless form of the 
breakthrough curve between WB and wE (Fig. 11.46), Equation (I 1,74) can be written as 

(1.0(1 _ 1:.) d W 
- Ws 

)0 Yo Wa 

from which it is seen that! equals the entire area above the curve of Fig. 11.46 up to 
Y / Yo = 1.0. By grapbical integration,! = 0.530. 

The mass-transfer rates are given in equation fonn in IUustration 11,6. For a mass velocity 
of air G' = 0.1295 kg/m2 , s, kyt;, = 31.6{0.1295)o.~s = 10,27 kg HzO/m3 • s' AY, and ksQp = 
0,965 kg H20/m3 . s . . OX. 

From Fig, 11,45, XT = 0.0058 kg H20/kg gel. Eq. (11.76): 

S - YoGs _ 0.0026(0.1295) 3,92 X 10-3 
s - X

T 
- 0.0858 

The average slope of the equilibrium curve is AY/AX = 0.0185, whence mGs/Ss = 
0.0185(0.1295)/(3.92 X 10-') - 0.61. Eqs. (11.51) and (1152), 

Gs 0.1295 
HIG = kya

p 
= to.27 = 0.0126 m H = ~ = 3.92 X 10-

3 
= 4062 X 10-' 

IS ksQ
p 

0.965 . m 

mGs (-') 5 H IOG = HIG + --s; HIS = 0,0126 + 0,61 4,062 X 10 = om I m 

Eq. (11.79): Za = N1OGH,OG = 9.304(0.0151) = 0.14 m. The height of the bed = Z = 0.61 m; 
therefore [Eq. (I 1.74)]: 

De 
. . 0.61 - 0.53(0.14) 

gree of saturation at breakpoint = 0.61 0.878 - 87.8% 

The bed contains 0.61 m3 gel/m2 of cross section, and since the bed density is 67}.2 kg/m3 

(Illustration 11.6), the mass of the gel- 0.61(671.2) - 409.4 kg/m2. At 87,8% of equilibrium 
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with tbe incoming air, the gel contains 409.4(0.878)(0.0858) = 30.8 kg H20/m2 cross section. 
The air introduces 0.1295(0.00267) = 3.46 X 10- 4 kg H20/m2 . s, and hence the breakpoint 
occurs at 30.8/(3.46 X 10-4) = 89 140 s or 24.8 h after air is admitted initially, and Ws = 

89 140(0.1295) = 11540 kg air/m2 cross section. If the entire bed were in equilibrium with the 
entering gas, the adsorbed water would be 409.4(0.0858) = 35.1 kg/m2, and hence V = 35. t -
30.8'" 4.3 kg/m2 = ability of the bed still to adsorb. Therefore w" = V/! Yo'" 
4.3/0.53(0.0026) - 3038 kg arr/m'. 

The circumstances of the calculation correspond to run S2 of Eagleton and Bliss [21}, 
whose observed breakthrough curve (their fig. 5) agrees excellently with Fig. 11.46. However. 
they observed that 879 kg air /m2 flowed through while the effluent humidity rose from 
Y /Yo = 0.1 to 0.8, whereas the curve of Fig. 11.46 predicts this amount to be (0.79 -
0.17)(3038) = 1883 kg/m2. It is noteworthy that better agreement is obtained if the correlation 
of Table 3.3 is used for the gas-phase mass-transfer coefficient in the above calculation. 

The preceding method is useful if both fluid- and solid-phase mass-transfer 
coefficients are available. The solid-phase coefficient particularly is not usually 
available for most industrial developments. In such cases the following extension 
is a useful approximation, also limited to cases of favorable adsorption 
equilibrium [14]. 

Consider Fig. 11.47. If the mass-transfer rate were infinitely rapid, the 
breakthrough curve would be the vertical line at 9" which can be located so that 
the shaded areas are equal. The adsorption zone of Fig. 11.35 can then be 
idealized as reduced to a plane, with the length of bed Z, upstream of the plane 
at concentration X T and the length Z - Z, downstream equal to the length of 
unused bed (LUB). At breakthrough, the length of the bed is taken to be the sum 
of LUB and a length saturated with solute in equilibrium with the feed stream. 
If V = velocity of advancement of the "adsorption plane," then at any time, 
Z, = V9, at time 9" Z = V9" and at breakthrough, Z, = V9.; therefore 

Z 
LUB = Z - Z, = V(9, - 9.) = 8(9, - 9.) (11.81) , 

y 

Idealiled 

True break
through 

yJL-______________ ~ 

8'" time of effluent now 
Figw"e 11.47 Idealized breakthrough 
curve for infinitely rapid mass transfer. 
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A solute balance is 

(11.82) 

where Yt is the fluid concentration in equilibrium with X .. 
In a laboratory experiment at the same Gs to be used on the large scale, the 

breakthrough curve can be measured, 0B and 0, (by equal areas) determined, and 
LUB calculated from Eq. (11.81). 11ris should be the same on the large scale, 
provided radial mixing or bed channeling are not Important. 

If measurement is made on a production adsorber which cannot be operated 
beyond the breakpoint, the estimate can be made as follows. At 0" Z = Z,' and 
Eq. (11.82) becomes 

GsO, ( ) Xr-Xo=-Z Yo- yt 
,Ps 

If we let Z, = VO, Eq. (11.82) becomes 

V= Gs Yo - Y6 
Ps Xr - Xo 

Elimination of 0, from Eqs. (11.81) and (11.83) yields 

LUB = Z _ GSOB(Yo - Yt) 
p.(Xr - X,;) 

(I 1.83) 

(11.84) 

(11.85) 

If the bed depth on the large scale is to be calculated for a given breakpoint 
time, Z, can be calculated through Eq. (11.82), letting ° = 0B. Then Eq. (11.85) 
provides LUB. 

lUustratioa 11.10 The following laboratory test was made using type 4A molecular sieves, to 
remove water vapor from nitrogen (Collins' run B [l4D: 

Bed depth - 0.268 m (0.88 fl) 
Initial water conen in solid - om kg H,P/kg solid - Xo 
Bulk density of bed - 712.8 kg/m' (44.5lb/ft') 
Temperature - 28.3°C 
Gas pressure - 593 kN/m' (86Ib,/in'J 
Nitrogen rate - 4052 kg/m'· h (830 Ib/fl'. h) 
Initial H20 conen in gas ... 1440 X 10-6 mole fraction 

H20 conen of H20 conen of 
effluent, mole effluent, mole 

Time, h fraction X 106 Time,h fraction X 106 

0 <I 10.2 238 
9 ... 8s I 10.4 365 
9.2 4 10.6 498 
9.4 9 10.8 650 
9.6 33 11.0 W8 
9.8 80 11.25 980 

10.0 142 11.5 IllS 

H20 concn of 
effluent, mole 

Time,h fraction X 1()6 

11.75 1235 
12.0 1330 
12.5 1410 
12.8'" Or 1440 
13.0 1440 
15.0 1440 
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yO' in equilibrium with Xo ~ 0 
XO' in equilibrium with Yo ~ 0.22 kg H20/kg dry solid 

The breakthrough data are plotted in the manner of Fig. 11.47, and (}3 is determined (equal 
areas) to be 10.9 b, Eq, (11.81): 

0.268 
LUB - 10.9 (10.9 - 9) - 0.0467 m 

It is desired to estimate the depth of bed required for the same molecular sieves operated 
at the same gas mass velocity, the same Yo and Xo, and the same breakpoint concentration, 
I x 10-6 mole fraction water, as in the laboratory test, but the breakpoint time 9B is to be 15 b, 

1440 x 10- 6 18 
Yo .,. 6 29 ... 9,0 x 10-4 kg H20/kg N2 yO' ~ 0 

I - 1440 x IO 

Eq. (11.82): 

Gs( Yo - YO')(}B 4052(9 x 10-4) 

21 '" Ps(Xr Xo) ... 712,8(0,21 0.01) = 0,365 m 

2 ... LUB + 24 "" 0.0467 + 0.365 "" 0.41 m (1.35 ft) Ans. 

Note: Collins' run A [14], bed depth == 0,44 m, 26,loC, Yo == 1490 X 10-', Gs - 4002 (condi
tions not quite the same" as above), records a breakpoint at 15 b. 

Ion Exchange 

Ion~exchange operations are essentially metathetical chemical reactions between 
an electrolyte in solution and an insoluble electrolyte with which the solution is 
contacted. The mechanisms of these reactions and the techniques used to bring 
them about resemble those of adsorption so closely that for most engineering 
purposes ion exchange can simply be considered as a special case of adsorption. 

Principles of ion exchange [20, 40, 55) The ion-exchange solids first used were 
porous, natural or synthetic minerals containing silica, the zeolites, such as the 
mineral Na,O . Al,O,' 4SiO,' 2H,O, for example. Positively charged ions (ca
tions) of a solution which are capable of diffusing through the pores will 
exchange with the Na + ions of such a mineral, which is therefore called a cation 
exchanger. For example, 

Ca2+ + Na,R -> CaR + Na + 

where R represents the residual material of the zeolite. In this manner "hard" 
water containing Ca2+ can be softened by contact with the zeolite, the less 
objectionable Na + replacing the Ca2+ in solution and the latter becoming 
immobilized in the solid. The reaction is reversible, and after saturation with 
ea2+ the zeolite can be regenerated by contact with a solution of salt, 

CaR + 2NaCl -> Na,R + CaCl, 

Later certain carbonaceous cation exchangers were manufactured by treating 
substances such as coal with reagents such as fuming sulfuric acid, and the like. 
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The resulting exchangers can be regenerated to a hydrogen form, HR, by 
treatment with acid rather than salt. Thus, hard water containing Ca(HCO,), 
would contain H2C03 after removal of the Ca2 + by exchange, and since the 
carbonic acid is readily removed by degasification procedures, the total solids 
content of the water can be reduced in this manner. Early applications of ion 
exchangers using these principles were largely limited to water-softening prob
lems. 

In 1935, synthetic resinous ion exchangers were introduced. For example, 
certain synthetic, insoluble polymeric resins containing sulfonic, carboxylic, or 
phenolic groups can be considered as consisting of an exceedingly large anion 
and a replaceable or exchangeable cation. These make exchanges of the follow
ing type possible, 

Na+ +HR"",NaR + H+ 
and different cations will exchange with the resin with different relative ease. 
The Na+ immobilized in the resin can be exchanged with other cations or with 
H+, for example, much as one solute can replace another adsorbed upon a 
conventional adsorbent. Similarly synthetic, insoluble polymeric resins contain
ing amine groups and anions can be used to exchange anions in solution. The 
mechanism of this action is evidently not so simple as in the case of the cation 
exchangers, but for present purposes it can be considered simply as an ion 
exchange. For example, 

RNH,OH + Cl- "'" RNH,Cl + OH-

H+ +OH- ..... H,O 

where RNH3 represents the immobile cationic portion of the resin. Such resins 
can be regenerated by contact with solutions of sodium ca,rbonate or hydroxide. 
The synthetic ion-exchange resins are available in a variety of formulations of 
different exchange abilities, usually in the form of fine, granular solids or beads, 
16- to 325-mesh. The individual beads are frequently nearly perfect spheres. 

Techniques and applications All the operational techniques ordinarily used for 
adsorption are used also for ion exchange. Thus we have batch or stagewise 
treatment of solutions, fluidized- and fixed-bed operations, and continuous 
countercurrent operations. Fixed-bed percolations are most common. Chro
matographic methods have been used for fractionation of multicomponent ionic 
mixtures. Applications have been made in the treatment of ore slurries ("resin
in-pulp") for collection of metal values. 

In addition to the water-softening applications mentioned above, the com
plete deionization of water can be accomplished by percolation first through a 
cation exchanger and then through an anion exchanger. By using a bed formed 
of an intimate mixture of equivalent amounts of a strong cationic and a strong 
anionic exchange resin, simultaneous removal of all ions at neutrality is possible. 
For purposes of regeneration, such mixed-bed resins are separated by hydraulic 
classification through particle-size and density differences for the two resin 
types, and these are regenerated separately. The ion exchangers have also been 
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u~ed for treatment and concentration of dilute waste solutions. Perhaps the most 
remarkable application of exchange resins has been to the separation of the 
rare-earth metals, using chromotographic techniques. 

In ion exclusion, a resin IS presaturated with the same ions as in a solution. It 
can then reject ions in such a solution but at the same time absorb nonionic 
organic substances such as glycerin, and the like, which may also be in the 
solution. The organic matter can later be washed from the resin in an ion-free 
state. 

Equilibria The equilibrium distribution of an ion between an exchange solid and 
a solution can be described graphically by plotting isotherms in much the same 
manner used for ordinary adsorption. Various empirical equations for these 
isotherms, such as the Freundlich equation (11.3). have sometimes been applied 
to them. It is also possible to apply equations of the mass-action type to the 
exchange reaction. For example, for the cationic exchange 

Na+ + R - H+<=R-Na+ + H+ 
(soln) (soli<!-) (solid) (win) 

the mass-action-Iaw constant is 

50lid soln a [R-Na+] [H+] [N + 1 [H+ 1 
a = [R - H+ ]solid[Na + ]soln = H+ solid Na + soln 

(11.86) 

where the square brackets indicate the use of some suitable equilibrium-con
centration unit. The quantity a is thus seen to be an expression of relative 
adsorptivity, in this case of relative adsorptivity of Na + to H+. Since the 
solution and the solid remain electrically neutral during the exchange process, 
we can write 

x Co - C· 

a = X X c. o 

X/Xo 
X/Xo 

(11.87) 

where Co= initial concentration of Na+ + H+ in solution and consequently 
their total at any time 

c· = equilibrium Na + concentration after exchange 
X = equilibrium concentration of Na + in solid 

Xo = concentration if all H+ were replaced by Na+ 
All these are expressed as equivalents per unit volume or mass. In the general 
case for any system, the relative adsorptivity a at a given temperature varies 
with total cationic concentration Co in the solution and also with c. In some 
cases, ex has been found to be essentially constant with varying c at fixed Co' 

Rate of ion exchange The rate of ion exchange depends, as in ordinary adsorp
tion, upon rates of the following individual processes: (I) diffusion of ions from 
the bulk of the liquid to the external surface of an exchanger particle, (2) inward 
diffusion of ions through the solid to the site of exchange, (3) exchange of the 
ions, (4) outward diffusion of the released ions to the surface of the solid, and 
(5) diffusion of the released ions from the surface of the solid to the bulk of the 
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liquid. In some instances, the kinetics of the exchange reaction (3) may \Je 
controlling, but in others the rate of reaction is apparently very rapid in 
comparison with the rate of diffusion. The diffusion rates can be described by 
appropriate mass-transfer coefficients for equi-equivalent counterdiffusion 
through the solid and through the liquid, and in some instances at least it 
appears that the resistance to diffusion in the liquid phase may be controlling. 

Wlien the exchange reactions are rapid in comparison with the rates of mass 
transfer, the methods of design developed for conventional adsorbers can be 
applied to ion-exchange operations directly. Some modification of the units of 
the terms in the various equations may be desirable. owing to the customary use 
of concentrations expressed as equivalents per unit volume in the cgs system. 
The following example illustrates this. 

lliustratloo 11.11 A synthetic ion-exchange resin in bead form is to be used for collecting and 
concentrating the copper in a dilute waste solution. The feed contains CUSO. at a concentra
tion of 20 milligram equivalents (meq) eu2 + /1 and is to be treated at the rate of 37 850 Vh. A 
continuous system is planned: the solution to be treated and regenerated resin will flow 
countercurrently through a vertical tower, where 99% of the Cu2 + of the feed will be 
exchanged; the resin will be regenerated in a second tower by countercurrent contact with 2 N 
sulfuric acid. The necessary data are provided by Selke and Bliss, Chern. Eng. Prog., 47, 529 
(1951). 

FOI' coIkction of Cu2 + A superficial liquid velocity of 2.2 Vem2 • h will be used, for which the 
maSHransfer rate is 2.0 meq Cu2 + /(g resin) . h . (meq Cu2+ /1). The regenerated resin will 
contain 0.30 meq eu2+ /g, and l.2 times the minimum resin/solution ratio will be used. 

For regeMration of the resin The superficial liquid velocity will be 0.17Vcm2 • h, for which the 
mass-transfer rate is 0,018 meq Cu1+ /(g resin) . h ' (meq Cu1 + /1). The acid will be utilized to 
the extent of 70%. 

Compute the necessary rates of flow of resin and the amount of resin holdup in each 
tower. 

SoLtmON Equilibria for the Cu2+ -H+ exchange are provided by Selke and Bliss at two 
concentration levels, 20 and 2000 meq cation/I, shown in Fig. 1l.48a and h, respectively. 

CoIkction of eu2 + Feed soIn ... 37 850 Vh. CI - 20 meq eu2+ /1. Cl - 0,01(20) IIIIZ 0.20 meq 
Cu2+ /1. Cu2+ exchanged"" 37 850(20 - 0.20) >= 750000 meq/h. 

X2 - 0.30 meq eu2+ /g. The point (c2' Xv is plotted in Fig. 11.48a, For the minimum 
resin/solution ratio and an infinitely tall tower, tbe operating line passes through point P at 
X - 4,9 on this figure, corresponding to equilibrium with CI' The minimum resin rate is then 
750000/(4.9 - 0.30) ... 163000 g/h. For 1,2 times the minimum the resin rate is 1.2(163000) 
- 196 000 g/b. A copper balance is 

750000- 196 OOO(X, - 0.30) 

Xl - 4,12 meq Cu2+ /g resin 

The point (ell XI) is plotted on Fig. 11.48a, and the operating line can be drawn as a straight 
line at these low concentrations. 

The quantity of resin in the tower can be obtained by application of the rate equation 
written in a form appropriate to the units of tbe quantities involved. Adapting Eq. (11.48) to 
this case, we have 

Kia,. 
V dc - --(c - c') d(SZps) 

Ps 
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a 2 3 4 5 Figure 11.48 Solution to Illustration 

X"'meqCu++/gmresin 11.11. 

where V-I liquid/h 
c - concn Cu2+, meq/l, in soln 

c· - concn Cu2+ in soln at equilibrium with resin 
Ki.Dp/Ps - overall liquid mass-transfer coefficient, meq/(g resin)· h· (meq/l) 

K1. - overall liquid mass-transfer coefficient, meq/cm2 • h . (meq/l) 
Dp - surface of resin particles, cm2 / cm3 

Ps - packed density of resin, g/cmJ 

SZPs - resin in tower, g 
S - cross section of tower, cm2 

Z - height of tower, cm 
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Rearranging this equation and integrating gives 

SZ - V f" de 
Ps - Klop/Ps Cl C - c· 

For values of c on the operating line between cl and Cl' the corresponding values of c· from 
the equilibrium curve at the same value of X are obtained as follows: 

, 20 16 12 8 4 2 I 0.2 

" 2.4 1.9 0.5 0.25 0.10 0.05 0.02 0 

I 
0.0568 0.0710 0.0870 0.129 0.256 0.513 1.02 5.0 e - c· 

A curve (not shown) of l/Ce - c') as ordinate, e as abscissa, is plotted and integrated 
graphically between the limits e l and el. The area under the curve is 5.72. (Note: This is the 
number of transter units NtOL .) Substituting in the integrated equation, we get 

Resin holdup = SZPs = 37 852~5. 72) = 108 300 g 

Regeneration of resin Cu2+ to be exchanged"", 750 000 meq/h, requiring as many meq H + /h. 
For a 70% utilization ot acid, the acid feed must contain 750 000/0.70"'" 1071 000 meq H+ /b, 
or I 071 000/2000 = 536 I/h of 2 N acid. 

cl ""' 0, cl .,. 750000/536"", 1400 meg Cu2+ /1. Xl "'" 0.30, Xl'" 4.12 meg Cu2+ /s resin. 
The points (c l , Xl) and (cl' XlJ are plotted on Fig. 11.48b and the operating line drawn. 
Integration ot the rate equation tor this case, where both operating and equilibrium lines are 
straight, provides 

KLa,. 
V(C2 - e l ) "" --(SZPs)(c· - c)m 

Ps 

where (e· - c)m is the logarithmic average of the driving forces at the extremities of the tower 
and the other symbols have the same me:w-mg as before. 

Cr - c l "" 120 - 0 = 120 Cl - c2 = 1700 - 1400 == 300 meq Cu2+ /1 

, 300 - 120 1 
(, - <)m - In (300/120) 196.5 meq Cu • /1 

Substituting in the rate equation, we get 

750000 - (0.018SZps)(I96.5) 

SZps = 212 000 g resin holdup in regeneration tower 

The resin should be water-rinsed before reintroducing it into the adsorption tower. The Cu2 + in 
the effluent solution has been concentrated 1400/20 = 70 times, equivalent to the evaporation 
of 37 300 Ijh of water trom the original solution. 

NOTATION FOR CHAPTER 11 

AIly consistent set of units may be used, except as noted. 

a,. 
a,.L 
a,.s 
A 
B 

surface of solids/volume solid-fluid mixture, L2/L3 
surface of SOlids/volume liquid, Ll/Ll 
surface of solids/mass solids, L2/M 
mass velocity of adsorbed solute, M/LlS 
mass velocity of adsorbate·free adsorbent, M/L lS 



e 

!!.e 
C 

LUB 
m 

M 
n 

N 

ADSORPTION AND ION EXCHANGE 647 

solute concentration in solution, MILl or mo1e/L3 ; for ion exchange, equIv
alent/LJ 
liquid-phase concentration-difference driving force, moIe/L3 
distance, impeller to bottom of tank, L 
heat capacity. FLjMf 
mass velocity of more strongly adsorbed solute, MILlS 
impeller diameter, L 
particle diameter, L 
diffusivity, Ll/9 
mass velocity of adsorbent-Cree adsorbate, M/LlQ 
eddy diffusivity of mass, L 2S 
Murphree solid-phase stage efficiency, fractional 
fractional ability of adsorption zone to adsorb solute, dimensionless 
mass velocity of feed, MIL Ie 
liquid-phase mass-transfer coefficient, moIe/LlS 
acceleration of gravity, L1/8 
conversion factor, ML/FSl 
total gas mass velocity, M/LZS 
mass velocity of unadsorbed gas based on container cross section, MILlS 
differential heat of adsorption, FLjM 
enthalpy of a gas. solute-free basis, FLjM 
enthalpy of solid and adsorbed solute, per unit mass of adsorbate-free solid, 
FLjM 
height of a gas transfer unit, L 
height of an overall gas transfer unit, L 
height of a solid transfer unit, L 
integral heat of adsorption referred to liquid adsorbate, per unit mass of adsor~ 
ben •• FLjM 
integral heat of adsorption referred to vapor adsorbate, per unit mass of adsor~ 
bent, FLjM ' 
mass~transfer flux, mole/Ll 8 
a constant 
liquid-phase mass-transfer coefficient, mole/L~moIe/L3) 
solid-phase mass-transfer coefficient, mole/L2S(mole/L3) 
gas~phase mass-transfer coefficient, M/Lze(M/M) 
overall gas~phase mass-transfer coefficient, moIe/Ll9(mole fraction) 
overall gas-phase mass-transfer coefficient, M/L~/M) 
a distance, L 
solvent liquid: mass in a batch process, M; mass velocity in a continuous process, 
MjL'e 
length of unused portion of fixed bed, L 
slope of equilibrium adsorption isothenn (Eqs. (11.51) and (11.52)J, dY· / dX, 
dimensionless; also (moIe/L3)j(moIe/M) or (M/L3)/(M/M) 
const 
molecu1ar weight, M/mole 
const 
number of impellers on a shaft, dimensionless 
rotational speed, 8- 1 

flux of mass transfer based on external solid surface, mole/L28 
mass adsorbent/mass adsorbate (fractionation), M/M 
number of overall gas transfer units, dimensionless 
equilibrium vapor pressure, F /Ll 
partial pressure, F /Ll 
agitator power transmitted to fluid or slurry, FL/8 
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R 

R. 
R., 
Ss 

Z 
Z' 
Z, 
Z, 
a 
I!. 
o 
0, 
OE 
OF 
0, 
OT 
A 
~ 

I'm 
P 
Pm 

mass velocity of Crich product, M/Llg 
power number, p&/ d/N3Pm' dimensionless 
molecular weight poorly adsorbed gas/molecular weight strongly adsorbed gas, 
dimensionless 
mass velocity of reflux to fractionator, M/L:ze 
universal gas constant. FL/mole T 
impeller Reynolds number, dlNPL/ Jl.L' dimensionless 
particle Reynolds number [Eq. (11.28)], dimensionless 
adsorbate-free solid: mass in a batch process, M; mass velocity in a continuous 
process, MIL'S 
liquidMpbase Schmidt number, P.LiPLDL> dimensionless 
liquid-phase Sherwood number, kLd,/ DL> dimensionless 
absolute temperature, T 
tank diameter, L 
turbulent fluctuating velocity, L/e 
solute adsorbed in adsorption zone, M/LlS 
volume of solute/mass adsorbed, LJ /M 
liquid volume in a batch process, L3; volume rate of liquid in a continuous 
process, LJ /9 
slurry volume, Ll 
volume of liquid in a depth equal to the tank diameter, Ll 
velocity of advance of adsorption plane, L/e 
terminal settling velocity corresponding to Newton's law, L/e 
terminal settling velocity corresponding to Stokes' law, L/e 
quantity of effluent from a fixedMbed adsorber, M/Ll 
WE - WB , M/Ll 
quantity of effluent from a fixed-bed adsorber at breakpoint, M/Ll 
quantity of effluent from a fixed-bed adsorber at bed exhaustion, M/Ll 
weight fraction of component C in fluid stream, dimensionless 
adsorbate concentration, mass solute/mass adsorbent. M/M; for ion exchange, 
equJvaJent/M or equlvaJeot/LJ 
adsorbate concentration in equilibrium with entering fluid, mass solute/mass 
adsorbent, M/Mi for ion exchange, equlvaJent/M or equJvaJeot/Ll 

weight fraction component C in adsorbate, dimensionless 
concentration of solute in fluid, mass SOlute/mass solvent, M/M 
concentration of solute in effluent at breakpoint, mass solute/mass solvent, M/M 
concentration of solute in effluent at bed exhaustion, mass solute/mass solid, 
MIM 
height of adsorbent column, L 
height above the midplane of uppermost impeller, L 
height of adsorption zone, L 
length of adsorber bed in equilibrium with feed, L 
mass-action-Iaw constant or relative adsorptivity, dimensionless 
difference 
time, 9 
time required for the adsorption zone to move a distance Z", e 
time required to reach bed exhaustion, 9 
time of formation of adsorption zone, 9 
time to idealized breakthrough (Fig. 11.47), 9 
time to bed saturation, e 
latent heat of vaporization, FL/M 
viscosity, M/L9 
viscosity of slurry below Z', M/Le 
fluid density, M/Ll 
density of slurry below Z', M/Ll 
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Ps apparent density of adsorbent bed. mass solid/packed volume, MILl 
absolute value of density difference. solid and liquid, MILl Op 

~Sm 

~SS 

~ST 

volume fraction solids in slurry below Z', dimensionless 
volume fraction solids in fully settled bed, dimensionless 
volume fraction solids based on try-. dimensionless 

A 
C 

wealdy adsorbed solute; adsorbate 
strongly adsorbed solute 

e 
L 
min 

within the enriching section of a continuous fractionator 
liquid 
minimum 

n 
p , 
s 
S 
o 
I 
2 

• 

stage n 
particle 
reference substance 
within the adsorption section of a continuous fractionator 
solid; adsorbent 
initial 
stage I; bottom of a continuous-contact adsorber 
stage 2; top of a continuous-contact adsorber 

at equilibrium 
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PROBLEMS 

11.1 The eqUilibrium adsorption of acetone vapor on an activated carbon at 30°C is given by the 

following data: 

g adsorbed/ g carbon o 0.1 0.2 0.3 0.35 

Partial pressure acetone, mmHg o 2 12 42 92 
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The vapor pressure of acetone at 30"C is 283 romHg. 
A I~l flask contains air and acetone vapor at I std atm and 30°C, with a relative saturation of 

the vapor of 35%. After 2 g of fresh activated carbon has been introduced into the flask, the flask is 
sealed. Compute the final vapor concentration at 3O"C and the final pressure. Neglect the adsorption 
of air. 

11.2 A solution of washed. raw cane sugar, 48% sucrose by weight, is colored by the presence of 
small quantities of impurities. It is to be decolorized at 80"C by treatment with an adsorptive carbon 
in a contact filtration plant. The data for an equilibrium adsorption isotherm were obtained by 
adding various amounts of the carbon to separate batches of the original solution and observing the 
equilibrium color reached in each case. The data, with the quantity of carbon expressed on the basis 
of the sugar content of the solution, are as follows: 

kg carbon/kg dry sugar o 0.005 0.Ql 0.Ql5 om 0.03 

Color removed. % o 47 70 83 90 95 

The original solution has a color concentration of 20, measured on an arbitrary scale, and it is 
desired to reduce the color to 2.5% of its original value. 

(a) Convert the equilibrium data to Y· - color units/kg sugar, X - color units/kg carbon. 
Do they follow the Freundlich equation? If so, what are the equation constants? 

(b) Calculate the necessary dosage of fresh carbon, per lOOO'kg of solution, for a single-stage 
process. Am.: 20.4 kg. 

(e) Calculate the necessary carbon dosages per 1000 kg of solution for it. two·stage crOSSCUJTCnt 
treatment, using the minimum total amount of fresh carbon. Ans.: to.54 kg. 

(d) Calculate the necessary carbon dosage per toOO kg of solution for a two-stage countercur~ 
rent treatment. ADs.: 6.24 kg. 

11.3 The sugar refinery of Prob. 11.2 must treat also a raw cane sugar solution, 48 wt % sucrose, of 
original color 50, based on the same color scale used in Prob. 11.2. The color scale is such that colors 
are additive, i.e., equal weights of solution of color 20 and color 50 will give a solution of color 
(20 + 50)/2 om 35. The same adsorption isotherm describes the color removal of the darker solution 
as that of Prob. 11.2. Equal quantities of the dark solution and that of Prob. 1l.2 must both be 
decolorized to a color 0.5. 

(a) In a single-stage process, will it be more e<:onomical of carbon first to blend the original 
solutions and to treat the blend, or to treat each separately to color 0.5 and to blend the finished 
products? 

(b) Repeat for a two-stage crosscurrent treatment, fresh carbon in each stage, arranged for the 
minimum carbon in each case. 

(e) Repeat for a countercurrent two-stage treatment: 
(d) The following treating scheme was suggested. The light-colored solution is to be treated in 

a two-stage countercurrent plant to the final desired color. The spent carbon from this operation is 
to be used to treat an equal weight of the dark solution, and the carbon is then revivified. The 

Dark Finished 
solution solution 
Yo =50-~~ ,-"-....x--"c.."r ~'c--~y2 =0.5 

Spent 
cor bon 

Fresh corbon 
X=O Flgu.re 11.49 Flowsheet for frob. 11.3e. 
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residual dark solution is then finished to the desired final color with the necessary amount of fresh 
carbon. Sketch a nowsheet and an operating diagram (freehand) for the entire process. Determine 
whether there is any saving of carbon over that for the arrangement of part (c). 

(e) Determine whether the scheme of Fig. 11.49 offers any economies of carbon. 

11.4 Prove that for crosscurrent two-stage treatment of liquid solutions by contact filtration, when 
the adsorption isotherm is linear, the least total adsorbent results if the amounts used in each stage 
are equal. 

11.5 For adsorption from dilute liquid solutions in stagewise countercurrent operations, where the 
Freundlich equation describes the adsorption equilibrium., derive analytical expressions in terms of 
n, m, Yo, and Y N~ for the minimum adsorbent/solvent ratio when fresh adsorbent is used. 
11.6 A batch of water containing residual chlorine from a treating process, at a concentration 
12 ppm, is to be treated with activated carbon at 25"C to reduce the chlorine Concentration to 0.5 
ppm. The carbon consists of 3D-mesh granules, density ... 561 kg/m3 (35 Ib/ft3) "" mass of par
ticle/gross volume of particle. Adsorbate diffusional resistance is expected to be small relative to 
that in the liquid. The equilibrium distribution coefficient - c· / X - 0.80 (kg C12/m3 liquid)/ 
(kg CI,/kg q - 0.05 Ob CI,/ft' liquid)/Ob CI,/Ib q. 

(a) Calculate the minimum mass of carbon/unit vol water which can be used. Ans.: 18.4 
kg/m3• 

(b) A batch of 2 m3 (528 U.S. gal) is to be contacted with 40 kg (88 Ib) of the carbon in an 
agitated vessel. Specify the dimensions of the vessel, choose a suitable impeUer and agitator speed, 
and estimate the required contact time for the concentration change specified above. 

11.7 Refer to Illustration 11.5. (a) For the same concentration of CuB in the effluent, what is the 
minimum solids rate that could be used? ADS.: 7.56 x 1O-~ kg/so 

(b) If 0.0025 kg/s (0.33 Ib/min) resin were used in the vessel with the same agitator speed and 
the same effluent concentration of Cu2 + in the water as in the illustration, what is the maximum 
volume rate of water that can be treated? ADs. 3.2 x 1O-~ m3/s. 

11.8 Nitrogen dioxide, N02, produced by a thermal process for fixation of nitrogen is to be removed 
from a dilute mixture with air by adsorption on silica gel in a continuous countercurrent adsorber. 
The gas entering the adsorber at the rate of 0.126 kg/s contains 1.5% N02 by volume, and 90% of 
the N02 is to be removed. Operation is to be isothermal at 25°C, 1 std atm. The entering gel will be 
free of N02• The equilibrium adsorption isotherm at this temperature is given by the following data 
(Foster and Daniels, Ind. Eng. Chem., 43, 986 (1951)]; 

Partial pressure N02, mmHg o 2 4 6 8 10 12 

kg N02/IOO kg gel o 0.4 0.9 1.65 2.60 3.65 4.85 

(a) Calculate the minimum weight of gel required per hour. 
(b) For twice the minimum gel rate, calculate the number of transfer units required. 
(c) A superficial air rate of 0.407 kg/m2. s is to be used. Assume that the characteristics of the 

gel are the same as those described in Illustration 11.6. Modify the gas mass-transfer coefficient of 
Illustration 11.6 so that it will apply to the transfer of N02 rather than water. Modify the solid-phase 
mass-transfer coefficient to apply for N02 on the assumption that the transfer in the pores of the 
solid is by molecular diffusion through the gas filling the pores. The diffusivity of N02 in air is 
estimated to be 1.36 x 10-5 m2/s at 25°C, 1 std atm. 

Estimate the value of H,oG' and calculate the corresponding height of the adsorber. 
ADs.: 3 m. 

11.9 Lewis et al .• J. Am. Chem. Soc., 72, 1157 (1950), report the following for the simultaneous 
adsorption of acetylene and ethylene from mixtures of the two on silica gel at 1 std atm, 25°C 
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(reprinted with permission of the American Chemical Society): 

Mole fraction ethylene 
in adsorbate 

0.0686 
0.292 
0.458 
0.592 
0.630 
0.864 

Mole fraction ethylene 
in gas, at equilibrium 

0.2422 
0.562 
0.714 
0.814 
0.838 
0.932 

Gram moles mixture 
adsorbed/kg adsorbent 

1.622 
1.397 
1.298 
1.193 
1.170 
1.078 

A gas containing equimolar amounts of acetylene and ethylene is to be fractionated in a continuous 
countercurrent adsorber, to yield products containing 98 and 2% acetylene by volume. Assume the 
temperature to remain constant at 25°C and the pressure to be I std atm. Calculate the number of 
transfer units and the gel circulation rate per 1000 m3 feed gas, using 1.2 times the minimum gel 
circulation rate. Ans.: N rOG ... 15.3. 

11.10 The sulfur content of an oil is to be reduced by percolation through a bed of adsorbent clay. 
Laboratory tests with the clay and oil in a representative percolation filter show the following 
instantaneous sulfur contents of the effluent oil as a function of the total oil passing through the 
filter [adapted from Kaufman, Chem. Mel. Eng., 30, 153 (1924)]: 

bbl oil/ton clay 0 10 20 50 100 200 300 400 

tal m3 oil/kg clay 0 1.752 3.504 8.760 17.52 35.04 52.56 70.08 

Sulfur 0.011 0.020 0.041 0.067 0.0935 0.118 0.126 0.129 

Assume that the specific gravity of the oil is unchanged during the percolation. The untreated oil has 
a sulfur content of 0.134%, and a product containing 0.090% sulfur is desired. 

(a) If the effluent from the filter is composited, what yield of satisfactory product can be 
obtained per ton of clay? Ans.: 240 bbljton ... 0.042 m3/kg. 

(b) If the effluent from the filter is continually and immediately withdrawn and blended with 
just sufficient untreated oil to give the desired sulfur content in the blend, what quantity of product 
can be obtained per ton of clay? Ans.: 159.4 bbljton = 0.0279 m3/kg. 

11.11 A laboratory fixed-bed adsorption column filled with a synthetic sulfonic acid cation
exchange r~sin in the acid fonn is to be used to remove Na+ ions from an aqueous solution of 
sodium chloride, The bed depth is 33.5 em, and the solution to be percolated through the bed 
contains 0.120 meq Na+ /crn3• At saturation, the resin contains 2.02 meq Na+ /cm3 resin. The 
solution will be passed through the bed at a superficial linear velocity of 0.31 cm/s, For this resin, 
Michaels [70] reports that the overall liquid masNransfer rate K1.ap '"" 0.86of·s, where 0L is the 
superficial liquid velocity, cm/s, and KLDp is expressed as meq Na+ /cm3 • s· (meq/crn3). The 
relative adsorptivity of Na+ with respect to H+ for this resin is a""" 1.20, and this is constant for the 
prevailing concentration level. Define the breakpoint concentration as 5% of the initial solution 
concentration, and assume that practical bed exhaustion occurs when the effluent concentration is 
95% of the initial. Estimate the volume of etnuent at the breakpoint, per unit bed cross section. 

ADs.: 360 cm) /cm2• 

Note: For these circumstances, Michaels [70] observed that the adsorption-zone height was 
23.8 em, that the breakpoint occurred after 382 ± 10 crn3 etnuentjcm2 bed cross section was 
collected, and that the holdup of liquid in the bed was 14.5 ± 2.5 cm3 solution/cm1 bed cross 
section. Compare the calculated results with these. 



CHAPTER 

TWELVE 

DRYING 

The term drying refers generally to the removal of moisture from a substance. It 
is so loosely and inconsistently applied that some restriction in its meaning is 
necessary in the treatment to be given the subject here. For example, a wet solid 
such as wood, cloth, or paper can be dried by evaporation of the moisture either 
into a gas stream or without the benefit of the gas to carry away the vapor, but 
the mechanical removal of such moisture by expression or centrifuging is not 
ordinarily considered drying. A solution can be "dried" by spraying it in fine 
droplets into a hot, dry gas, which results in evaporation of the liquid, but 
evaporation of the solution by boiling in the absence of a gas to carry away the 
moisture is not ordinarily considered a drying operation. A liquid such as 
benzene can be "dried" of any small water content by an operation which is 
really distillation, but the removal of a small amount of acetone by the same 
process would not usually be called drying. Gases and liquids containing small 
amounts of water can be dried by adsorption operations, as discussed in Chap. 
11. This discussion will be largely limited to the removal of moisture from solids 
and liquids by evaporation into a gas stream. In practice, the moisture is so 
frequently water and the gas so frequently air that this combination will provide 
the basis for most of the discussion. It is important to emphasize, however, that 
the equipment, techniques, and relationships are equally applicable to other 
systems. 

EQUILIBRIUM 

The moisture contained in a wet solid or liquid solution exerts a vapor pressure 
to an extent depending upon the nature of the moisture, the nature of the solid, 
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and the temperature. If then a wet solid is exposed to a continuous supply of 
fresh gas containing a fixed partial pressure of the vapor p, the solid will either 
lose moisture by evaporation or gain moisture from the gas until the vapor 
pressure of the moisture of the solid equals p. The solid and the gas are then in 
equilibrium, and the moisture content of the solid is termed its equilibrium-mois~ 
ture content at the prevailing conditions. 

Insoluble Solids 

A few typical equilibrium-moisture relationships are shown in Fig. 12.1, where 
the moisture in each case is water. Here the equilibrium partial pressure p of the 
water vapor in the gas stream has been divided by the vapor pressure of pure 
water p to give the relative saturation, or relative humidity (see Chap. 7), of the 
gas, since the curves are then applicable over a modest range of temperatures 
instead of being useful for one temperature only. Consider the curve for wood. 
If the wood contained initially a very high moisture content, say 0.35 kg 
water/kg dry solid, and were exposed to a continuous supply of air of 0.6 
relative humidity, the wood would lose moisture by evaporation until its 
equilibrium concentration corresponding to point A on the curve was eventually 
reached. Further exposure to this air, for even indefinitely long periods, would 
not bring about additional loss of moisture from the solid. The moisture content 
could be reduced further, however, by exposure of the solid to air of lower 
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FIgure 12.1 Equilibrium water content of some common solids at about 2S"C. (From "International 
Critical Tables," 00/, II. pp, 322-325, with permission,) 
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relative humidity, but to remove all the moisture would require exposure to 
perfectly dry air, corresponding to the origin of the curve. The moisture 
contained in the wood up to a concentration corresponding to point B in the 
figure, which exerts a vapor pressure less than that of pure water, may be 
moisture contained inside the cell walls of the plant structure, moisture in loose 
chemical combination with the cellulosic material, moisture present as a liquid 
solution of soluble portions of the solid and as a solid solution, or moisture held 
in small capillaries and crevasses throughout the solid or otherwise adsorbed 
upon the surface. Such moisture is called bound water. If exposed to saturated 
air, the wood may have any moisture content greater than 0.3 kg/kg dry solid 
(point B), and moisture in excess of that at B, unbound water, exerts the vapor 
pressure of pure water at the prevailing temperature. 

The equilibrium moisture for a given species of solid may depend upon the 
particle size or specific surface, if the moisture is largely physically adsorbed. 
Different solids have different equilibrium-moisture curves, as shown in the 
figure. Generally, inorganic solids which are insoluble in the liquid and which 
show no special adsorptive properties, such as the zinc oxide in the figure, show 
relatively low equilibrium-moisture content, while spongy, ceHular materials, 
especially those of vegetable origin such as the tobacco in the figure, generally 
show large equilibrium-moisture content. The equilibrium partial pressure for a 
solid is independent of the nature of the dry gas provided the latter is inert to 
the solid and is the same in the absence of noncondensable gas also. The same 
solids, if wet with liquids other than water, will show different eqUilibrium 
curves. The effect of large changes in temperature can frequently be shown in 
the form of a reference-substance plot, as in Fig. 11.5 [57]. It is seen that the 
equilibrium moisture is similar in many respects to the adsorption equilibria 
discussed in Chap. II. 

Hysteresis 

Many solids exhibit different equilibrium-moisture characteristics depending 
upon whether the eqUilibrium is reached by condensation (adsorption) or 
evaporation (desorption) of the moisture. A typical example is shown in Fig. 
12.2, which somewhat resembles the curve of Fig. 11.4. In drying operations, it is 
the desorption equilibrium which is of particular interest, and this will always 
show the larger of the two equilibrium-moisture contents for a given partial 
pressure of vapor. The moisture picked up by a dry solid when exposed to moist 
air, i.e., the adsorption eqUilibrium, is sometimes called regain, and knowledge of 
this has practical value in the consideration of drying operations. For example, 
in the case of Fig. 12.2, it will be of little ~se to dry the solid to a water content 
below that corresponding to point A if it is expected to expose the dried material 
to air of 0.6 relative humidity later. If it is important that the solid be kept at a 
lower moisture content, it would have to be packaged or stored immediately out 
of contact with the air in a moisture-impervious container. 
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Figure 12.2 Equilibrium water content of a sulfite pulp, showing hysteresis. [Seborg. 100. Eng, Chem., 
29,160 (1937}.1 

Soluble Solids 

Solids which are soluble in the liquid in question ordinarily show insignificant 
equilibrium-moisture content when exposed to gases whose partial pressure of 
vapor is less than that of the saturated solution of the solid. Refer to Fig. 12.3, 
where the characteristics of sodium nitrate-water are shown. A saturated 
solution of sodium nitrate in water at 25°C exerts a partial pressure of water (B) 
equal to 17,7 mmHg, and more dilute solutions exert higher partial pressures, as 
shown by curve Be. When exposed to air containing a partial pressure of water 
less than 17.7 mmHg, a solution will evaporate and the residual solid will retain 
only a negligible amount of adsorbed moisture, as shown by the curve from the 
origin to point A, and will appear dry. If the solid is exposed to air containing a 
higher water-vapor content, say 20 mmHg, moisture will be adsorbed to such an 
extent that the solid will completely dissolve, or deliquesce, to produce the 
corresponding solution at C. Solids of very low solubility, when exposed to 
ordinary atmospheric air, will not deliquesce since the equilibrium partial 
pressure of their saturated solutions is greater than that ordinarily found in the 
air. 

Hydrated crystals may show more complicated relationships, such as those 
of Fig. 12.4 for the system copper sulfate-water at 25'C. Three hydrates are 
formed in this system, as the figure indicates. The anhydrous salt shows a 
negligible equilibrium-moisture content, which would in any case consist merely 
of adsorbed water upon the surface of the crystals. If exposed to air containing a 
partial pressure of water less than 7.8 and more than 5.6 mmHg, the salt will 



2 5 

~20 
I 

E 
E 

5 

0 

5 

0 

-\V:p:~::-e-- ---- ---------
of pure water 

~ 

/C \ Unsaturated 
A liquid solution 

8 

Solid 
NaN03 

SolubIlity 
/ 

o • 2 3 
X = kg woler/kg NaN03 

4 5 

Figure 12.3 Equilibrium moisture content of sodium nitrate at 25°C. 

Vapor pressure of 

23.8 
pure water 

-------~----------------
23,1 

~ 
I 
E 
E 

'-- Solution 

~CUS04' 5HeO+ ''''-soturated 
sot'd solution solution . 

<; • 
-0 

i 
-CuS04'5H20 

li 7.8 

~ 5.6 ~ 

I~ 

CuSO" + CuSO" 'H~ A '-...CuSO,,·3H~+CUS04'5H20 
/ euso,,' 3HeO 

'\CUSO"'H20 + CUS04·jH20 

0.8 r-'--:--i'--C"So"r'o I I<-C"SO. 
3 5 39.6 

Equilibrium moisture, moles water I mole eUS04 

Figure 12.4 Equilibrium moisture of copper suHate at 25°C (not to scale). 

DRYING 659 



660 MASS-TRANSFER OPERATIONS 

take on sufficient water to form the trihydrate and the crystals will have 
negligible adsorbed water other than the water of crystallization. The conditions 
will correspond to a point such as point A on the figure. If the moisture content 
of the air is then reduced to slightly less than 5.6 mmHg, the trihydrate will lose 
moisture (effloresce) to form the monohydrate, while at 5.6 mmHg any propor
tion of mono- and trihydrate can coexist. Similarly, if the moisture content of 
the air is increased to slightly more than 7.8 mmHg, additional moisture will be 
adsorbed until the pentahydrate is formed. If the moisture content of the air 
exceeds 23.1 mmHg, the salt will deliquesce. 

Definitions 

For convenient reference, certain terms used to describe the moisture content of 
substances are summarized below: 

Moisture content, wet basis. The moisture content of a solid or solution is usually 
described in terms of weight percent moisture, and unless otherwise quali
fied this is ordinarily understood to be expressed on the wet basis, i.e., as (kg 
moisture/kg wet solid)IOO = [kg moisture/(kg dry solid + kg moisture)] 100 
= lOOX /(1 + X). 

Moisture content, dry basis. This is expressed as kg moisture/kg dry solid = X. 
Percentage moisture, dry basis = lOOX. 

Equilibrium moisture X*. This is the moisture content of a substance when at 
eqUilibrium with a given partial pressure of the vapor. 

Bound moisture. This refers to the moisture contained by a substance which 
exerts an equilibrium vapor pressure less than that of the pure liquid at the 
same temperature. 

Unbound moisture. This refers to the moisture contained by a substance which 
exerts an eqUilibrium vapor pressure equal to that of the pure liquid at the 
same temperature. 

Free moisture. Free moisture is that moisture contained by a substance in excess 
of the equilibrium moisture: X - X*. Only free moisture can be evaporated, 
and the free-moisture content of a solid depends upon the vapor concentra
tion in the gas. 

These relations are shown graphically in Fig. 12.5 for a solid of moisture 
content X exposed to a gas of relative humidity A. 

lUustratkm 12.1 A wet solid is to be dried from 80 to 5% moisture, wet basis. Compute the 
moisture to be eVaporated, per 1000 kg of dried product. 

SOLUTION 

Initial moisture content "" 1 ~'~~80 = 4.00 kg water/kg dry solid 

Final moisture content "" I ~'~05 = 0.0527 kg water Ikg dry solid 

Dry solid in product = 1000(0.95) "" 950 kg 

Moisture to be evaporated"", 950(4 - 0.0527) =- 3750 kg 
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DRYING OPERATIONS 

Drying operations can be broadly classified according to whether they are batch 
or continuous. These terms are applied specifically from the point of view of the 
substance being dried. Thus the operation termed batch drying is usually in fact 
a semibatch process wherein a quantity of the substance to be dried is exposed 
to a continuously flowing stream of air into which the moisture evaporates. In 
continuous operations, the substance to be dried as well as the gas passes 
continually through the equipment. No typically stagewise methods are ordin
arily used, and all operations involve continuous contact of the gas and the 
drying substance, 

Equipment used for drying can be classified according to equipment type 
[34] and the nature of the drying process [lO], The following classification is 
useful for purposes of outlining theories of drying and methods of design. 
Excellent discussions of equipment and theories of drying are also provided in 
Refs. 22, 40, and 50. 

l. Method of operation, i.e., batch or continuous. Batch, or semibatch, equipment 
is operated intermittently or cyclically under unsteady-state conditions: the 
drier is charged with the substance, which remains in the equipment until dry, 
whereupon the drier is emptied and recharged with a fresh batch. Continuous 
driers are usually operated in steady-state fashion. 

2. Method of supplying the heat necessary Jor evaporation of the moisture. In direct 
driers, the heat is supplied entirely by direct conlact of the substance with the 
hot gas into which evaporation takes place. In indirect driers, the heat is 
supplied quite independently of the gas used to carry away the vaporized 
moisture. For example, heat may be supplied by conduction through a metal 
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wall in contact with the substance, or less frequently by exposure of the 
substance to infrared radiation or by dielectric heating. With the last, the heat 
is generated inside the solid by a high-frequency electric field. 

3. Nature of the substance to be dried. The substance may be a rigid solid such as 
wood or fiberboard, a flexible material such as cloth or paper, a granular 
solid such as a mass of crystals, a thick paste or a thin slurry, or a solution. If 
it is a solid, it may be fragile or sturdy. The physical form of the substance 
and the diverse methods of handling necessarily have perhaps the greatest 
influence on the type of drier used. 

BATCH DRYING 

Drying in batches is a relatively expensive operation and is consequently limited 
to small-scale operations, to pilot-plant and development work, and to drying 
valuable materials whose total cost will be little influenced by added expense in 
the drying operation. 

Direct Driers 

The construction of such driers depends greatly upon the nature of the sub
stance being dried. Tray driers, also called cabinet, compartment, or shelf driers, 
are used for drying solids which must be supported on trays, e.g., pasty materials 
such as wet filter cakes from filter presses, lumpy solids which must be spread 
upon trays, and similar materials. A typical device. shown schematically in Fig. 
12.6, consists of a cabinet containing removable trays on which the solid to be 
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Figure 12.6 Typical tray drier. (Proctor and Schwartz, Inc.) 
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FIgure 12.7 Two-truck drier. (Proctor and Schwartz, Inc.) 

dried is spread. After loading, the cabinet is closed, and steam-heated air is 
blown across and between the trays to evaporate the moisture (cross~circulation 
drying). Inert gas, even superheated steam [7, 24J (which has the advantage of a 
large heat capacity) rather than air can be used if the liquid to be evaporated is 
combustible or if oxygen is damaging to the solid. When the solid has reached 
the desired degree of dryness, the cabinet is opened and the trays replaced with 
a new batch. Figure 12.7 shows a simple modification, a truck drier, where the 
trays are racked upon trucks which can be rolled into and out of the cabinet. 
Since the trucks can be loaded and unloaded outside the drier, considerable time 
can be saved between drying cycles. Other obvious modifications of the design 
are also used, depending upon the nature of the drying substance. Thus, skeins 
of fibers such as rayon can be hung from poles, and wood or boardlike materials 
can be stacked in piles, the layers separated from each other by spacer blocks. 

With granular materials, the solid can be arranged in thin beds supported on 
screens so that air or other gas can be passed through the beds. This results in 
very much more rapid drying. A typical device for this purpose, a batch 
through-circulation drier, is shown schematically in Fig. 12.8. Crystalline solids 
and materials which are naturally granular such as silica gel can be dried in this 
manner directly. With others, some sort of preliminary treatment to put them 
into satisfactory form, preforming, is necessary. Pastes, e.g., those resulting from 
precipitation of pigments or other solids, can be preformed by (1) extrusion into 
short, spaghettilike rods, (2) granulation, Le., forcing through screens, or (3) 
briquetting [31J. 
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Figure 12.8 Through-circulation drier. (Proctor and Schwartz, Inc.) 

One of the most important difficulties in the use of driers of the type 
described is the nonuniformity of moisture content found in the finished product 
taken from various parts of the drier. This is largely the result of inadequate and 
nonuniform air movement inside the drier. It is important to eliminate stagnant 
air pockets and to maintain reasonably uniform air humidity and temperature 
throughout the drier. In order to do this, large volumes of air must be blown 
over the trays, if possible at velocities ranging up to 3 or 4 mls (10 or 20 It/s) if 
the solid will not blow from the trays at these air rates. This can be accom
plished by blowing large quantities of heated fresh air only once through the 
drier, but the loss of heat in the discharged air will then usually be prohibitive in 
cost. Instead, it is the practice to admit only relatively small quantities of fresh 
air and to recirculate the bulk of it, sometimes as much as 80 to 95 percent [21, 
54]. This can be done inside the drier, as shown, for example, in Fig. 12.6, with 
dampers in the inlet and outlet pipes to regulate the extent of recirculation. The 
louvers at each tray level can then be adjusted to ensure as nearly uniform air 
velocity over each tray as possible. Alternatively, the heaters and fans can be 
installed outside the drier, with ductwork and dampers to permit more careful 
control of the relative amounts of fresh and recirculated air admitted to the drier 
itself. It is important also that the trays in such driers be filled level to the brim 
but not overloaded, so that uniform free space for air movement is available 
between trays. 

The recirculation of large quantities of air necessarily raises the humidity of 
the air in the drier considerably above that of the fresh air. Low percentage 
humidity and consequently reasonably rapid drying rates are then obtained by 
using as high a temperature as practicable. The drier must then be thoroughly 
insulated, not only to conserve heat but also to maintain the inside walls at 
temperatures above the dew point of the air to prevent condensation of moisture 
upon the walls. Specially conditioned, low-humidity air is not used except where 
low-temperature drying is necessary to avoid damage to the product. 
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Illustradon 12.2 The drier of Fig. 12.6 contains trays arranged in a tier of 10, each on racks 100 
m.m apart, each tray 38 m.m deep and I m wide. with 14 m2 of drying surface. The air entering 
the trays (position I in the figure) is to have a dry-bulb temperature of 95"C and humidity 0.05 
kg water/kg dry air. Atmospheric air enters at 25°C, humidity 0,01. The air velocity over the 
trays at the entrance to them is to be 3 m/s. When the solid being dried is losing water at a 
constant rate of 7.5 x IO- J kg/s, determine the percentage recirculation of air and the 
conditions of the air in the various parts of the drier. 

SOLUTION At position 1, Y1 = 0.05 kg water/ kg dry air. tGl = 95"C, and the humid volume 
(Table 7.1) is [0.00283 + 0.00456(0.05)1(95 + 273) - 1.125 m'/kg dry air. 

Free area for flow between trays = 1((100 - 38)/1000]11 = 0.682 m2• 

Rate of air flow to trays = 3(0.682) = 2.046 m3/s, or 2.046/1.125 = 1.819 kg dry air/s (at 
position 1). 

The rate of evaporation is 0.0075 kg water/s, and the humidity at 2 (Fig. 12.6) is therefore 
0.05 + 0.0075/1.819 = 0.0541 kg water/kg dry air. Assuming adiabatic drying, the tempera
ture at 2 can be found on the adiabatic-saturation line (Fig. 7.5) drawn through the conditions 
at I, and at Y2 =: 0.0541, 1m = 86"C. 

The condition of the air at 4, and the discharged air, must be the same as at 1. An overall 
water balance about the drier therefore is 

G(0.05 - 0.01) = 0.0075 kg water evaporated/s 

G """ 0.1875 kg dry air/s enters and leaves 

The rate of airflow at 3 and 4 (Fig. 12.6) is therefore 1.819 + 0.1875 = 2.01 kg dry air/s, 
and at position 4 the humid volume must be 1.125 m3/kg dry air. The volumetric rate through 
the fan is therefore 2.01/1.125 "'" 1.787 m3/s. The percentage of air recycled is (1.819/2.01)100 
- 90.5%. 

The enthalpy of air at 2 (and at I) is 233 kJ/kg dry air (Fig. 7.5, saturated enthalpy at the 
adiabatic-saturation temperature, 46's"Q, and that of the fresh air is 50 kJ/kg dry air. 
Assuming complete mixing, the enthalpy of the air at 3 is, by an enthalpy balance, {233( 1.819) 
+ 50(0.1875)]/2.01 = 215.5 kJ/kg dry air. Since its humidity is 0.05, its dry-bulb temperature 
(Table 7.1) is [215 500 - 2 502 300(0.05)1/[1005 + 1884(0.05)1- 82.2°C, The heater must ap
ply 2.01(233 - 215.5) = 35.2 kW, neglecting heat losses. 

The dew-point temperature of the air (Fig. 7.5) at I, 3, and 4 is 4OA"C, and at 2 it is 
4J.8°C. The drier should be well enough insulated to ensure that the inside surface will not fall 
to a temperature of 41.8°C. 

The general humidity level in the drier can be altered during the drying 
cycle. This may be especially important in the case of certain solids which warp, 
shrink, develop surface cracks, or case harden when dried too rapidly. A cake of 
soap of high moisture content, for example, if exposed to very dry, hot air. will 
lose moisture by evaporation from the surface so fast that water will not move 
rapidly enough from the center of the cake to Ihe surface to keep pace with the 
evaporation. The surface then becomes hard and impervious to moisture (case 
hardened), and drying stops even though the average waler con lent of the cake 
is still very high. With other solids, e.g., wood, shrinkage at the surface may 
cause cracks Or warping. Such substances should be dried slowly at first with air 
of high humidity, and drier air should be used only after Ihe bulk of Ihe water 
has been removed. 

Driers of the type described are relatively cheap to build and have low 
maintenance costs. They are expensive to operate; however, owing to low heat 
economy and high labor cos Is. Each time the drier is opened for unloading and 
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loading, the temperature of the interior falls and all the metal parts of the drier 
must be heated again to the operating temperature when operation is resumed. 
Steam consumption for heating the air will generally not be less than 2.5 kg 
steam/kg water evaporated and may be as high as 10, especially when the 
moisture content of the product is reduced to very low levels [25]. The labor 
requirement for loading, unloading, and supervision of the drying cycle is high. 

Indirect Driers 

Vacuum shelf driers are tray driers whose cabinets, made of cast-iron or steel 
plates, are fitted with tightly closing doors so that they can be operated at 
subatmospheric pressure. No air is blown or recirculated through such driers. 
The trays containing the solid to be dried rest upon hollow shelves through 
which warm water or steam is passed to provide the necessary heat for vaporiza
tion of moisture. The heat is conducted to the solid through the metal of the 
shelves and trays. After loading and sealing, the air in the drier is evacuated by a 
mechanical vacuum pump or steam-jet ejector, and distillation of the moisture 
proceeds. The vapors usually pass to a condenser, where they are liquefied and 
collected, and only non condensable gas is removed by the pump. Agitated pan 
driers [52], which can be used to dry pastes or slurries in small batches, are 
shallow, circular pans, I to 2 m in diameter and 0.3 to 0.6 m deep, with flat 
bottoms and vertical sides. The pans are jacketed for admission of steam or hot 
water for heating. The paste, or slurry, in the pan is stirred and scraped by a set 
of rotating plows, in order to expose new material to the heated surface. 
Moisture is evaporated into the atmosphere in atmosphere pan driers, or the pan 
may be covered and operated under vacuum. Vacuum rotary driers are steam
jacketed cylindrical shells, arranged horizontally, in which a slurry, or paste, can 
be dried in vacuum. The slurry is stirred by a set of rotating agitator blades 
attached to a central horizontal shaft which passes through the ends of the 
cylindrical shell. Vaporized moisture passes through an opening in the top to a 
condenser, and noncondensable gas is removed by a vacuum pump. The dried 
solid is discharged through a door in the bottom of the drier. 

Driers of this category are expensive to build and to operate. Consequently 
they are used only for valuable materials which must be dried at low tempera
tures or in the absence of air to prevent damage, such as certain pharmaceutical 
products, or where the moisture to be removed is an expensive or poisonous 
organic solvent which must be recovered more or less completely. 

Freeze drying (sublimation drying) Substances which cannot be heated even to 
moderate temperatures, such as foodstuffs and certain pharmaceuticals, can be 
dried by this method [27]. The substance to be dried is customarily frozen by 
exposure to very cold air and placed in a vacuum chamber, where the moisture 
sublimes and is pumped off by steam-jet ejectors or mechanical vacuum pumps. 
An alternative method of freezing is by flash vaporization of part of the 
moisture under vacuum, although foodstuffs which are not rigid in the unfrozen 
state may be damaged by this procedure. Some foods, e.g., beef, evidently 
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contain capillary channels, and the water vapor diffuses from the receding ice 
surface through these channels as drying proceeds [18]. In other cases diffusion 
through cell walls must occur. In any event, one of the major problems is to 
supply the heat necessary for sublimation: as the plane of sublimation recedes, 
heat must be driven through larger thicknesses of dried matter of poor thermal 
conductivity, requiring increasing temperature differences, which may damage 
the product. Alternatively, the heat can be introduced through the "back face," 
Le., through the surface such as a shelf or tray on which the solid rests, opposite 
the surface through which the evaporated moisture leaves. This very substan
tially improves the rate of drying [II]. Radiant heat is sometimes used. Dielectric 
heat is a possibility although an expensive one: because of the high dielectric 
constant of water, the heat is liberated directly into the water. Still an additional 
method, useful for granular products, is through-circulation drying with air 
instead of pumping off the water by vacuum pump. 

The Rate of Batch Drying 

In order to set up drying schedules and to determine the size of equipment, it is 
necessary to know the time required to dry a substance from one moisture 
content to another under specified conditions. We shall also wish to estimate the 
influence that different drying conditions will have upon the time for drying. 
Our knowledge of the mechanism of drying is so incomplete that it is necessary 
with few exceptions to rely upon at least some experimental measurements for 
these purposes. Measurements of the rate of batch drying are relatively simple to 
make and provide much information not only for batch but also for continuous 
operation. 

Drying tests The rate of drying can be determined for a sample of a substance 
by suspending it in a cabinet or duct, in a stream of air, from a balance. The 
weight of the drying sample can then be measured as a function of time. Certain 
precautions must be observed if the data are to be of maximum utility. The 
sample should not be too small. Further, the following conditions should 
resemble as closely as possible those expected to prevail in the contemplated 
large-scale operation: (I) the sample should be similarly supported in a tray or 
frame; (2) it should have the same ratio of drying to nondrying surface; (3) it 
should be subjected to similar conditions of radiant-heat transfer; and (4) the air 
should have the same temperature, humidity, and velocity (both speed and 
direction with respect to the sample). If possible, several tests should be made on 
samples of different thicknesses. The dry weight of the sample should also be 
obtained. 

The exposure of the sample to air of constant temperature, humidity, and 
velocity constitutes drying under cons,tant drying conditions. 

Rate-ofMdrying curve From the data obtained .. during such a test, a curve of 
moisture content as a function of time (Fig. 12.9) can be plotted. This will be 
use-ful directly in determining the time required for drying larger batches under 
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the same drying conditions. Much information can be obtained if the data are 
converted into rates (or fluxes) of drying, expressed as N mass/(area)(time), and 
plotted against moisture content, as in Fig. 12.10. This can be done by measur
ing the slopes of tangents drawn to the curve of Fig. 12.9 or by determining from 
the curve small changes in moisture content tJ.X for corresponding small changes 
in time M and calculating the rate as N = - Ss AX/A M. Here Ss is the mass 

04 

- F1'liO, 00'1 co~stont rJte --. 
InitlOl 

o~'lJnst. mol 

Internal!" Unsaturoted /) 
movemenf surface ./ 

Nc-- of mOisture d'Y'O'1 C 8 controls 

A~ 

V 

. 
N 0.3 E , 
.: 
g 
~ 

~ 

/ 

~-

II 
Jl 
" 0.2 Q 

Co 
c 
e-
~ 

'0 0 
• ;; 

/ 
" 0.-

" 

E/ Xc 

x • 0.' 0.2 0.3 04 
X= kg mOisture/kg dry solid 

Figure 12.10 Typical rate-of-drying curve, constant drying conditions. 



DRYING 669 

of dry solid, and A is the wet surface over which the gas blows and through 
which evaporation takes place in the case of cross-air circulation drying. In the 
case of through-circulation drying, A is the cross section of the bed measured at 
right angles to the direction of gas flow. 

The rate-of-drying curve is sometimes plotted with the ordinate expressed as 
mass moisture evaporated/(mass dry solid)(time), which in the present notation 
is -dX/d8. 

There are usually two major parts to the rate curve of Fig. 12.10, a period of 
constant rate and one of falling rate. as marked on the figure. While different 
solids and different conditions of drying often give rise to curves of very 
different shape in the falling-rate period, the curve shown occurs frequently. 
Some of the differences which may arise will be considered later, but for the 
present let us briefly review the reasons generally advanced for the various parts 
of the curve shown (16, 34, 48, 49]. 

If a solid is initially very wet, the surface will be covered with a thin film of 
liquid, which we shall assume is entirely unbound moisture. When it is exposed 
to relatively dry air, evaporation will take place from the surface. The rate at 
which moisture evaporates can be described in terms of a gas mass-transfer 
coefficient k y and the difference in humidity of the gas at the liquid surface Ys 
and in the main stream Y. Thus, for cross-circulation drying 

(12.1 ) 

The coefficient k y can be expected to remain constant as long as the speed and 
direction of gas flow past the surface do not change. The humidity Ys is the 
saturated humidity at the liquid-surface temperature I, and will therefore depend 
upon this temperature. Since evaporation of moisture absorbs latent heat, the 
liquid surface will come to. and remain at, an eqUilibrium temperature such that 
the rate of heat flow from the surroundings to the surface exactly equals the rate 
of heat absorption. >-: therefore remains constant. The capillaries and interstices 
of the solid, filled with liquid, can deliver liquid to the surface as rapidly as it 
evaporates there. Since in addition Y remains unchanged under constant drying 
conditions, the rate of evaporation must remain constant at the value Nc' as 
shown in Figs. 12.9 and 12.10 between points Band C. In the beginning, the 
solid and the liquid surface are usually colder than the ultimate surface tempera
ture ts. and the evaporation rate will increase while the surface temperature rises 
to its ultimate value during the period AB on these curves. Alternatively the 
equilibrium temperature Is may be lower than the initial value, which will give 
rise to a curve A' B while the initial adjustment occurs. The initial period is 
usually so short that it is ordinarily ignored in subsequent analysis of the drying 
times. 

When the average moisture content of the solid has reached a value Xc, the 
critical moisture content (Fig. 12.10), the surface film of moisture has been so 
reduced by evaporation that further drying causes dry spots to appear upon the 
surface; these spots occupy increasingly larger proportions of the exposed 
surface as drying proceeds. Since, however, the rate N is computed by means of 
the constant gross surface A, the value of N must fall even though the rate per 
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unit of wet surface remains constant. This gives rise to the first part of the 
falling-rate period, the period of unsaturated surface drying, from points C to D 
(Figs. 12.9 and 12.10). Ultimately the original surface film of liquid will have 
entirely evaporated at an average moisture content for the solid corresponding 
to point D. This part of the curve may be missing entirely, or it may constitute 
the whole of the falling-rate period. With some textiles, other explanations for 
the linear falling-rate period have been necessary [39J. 

On further drying, the rate at which moisture can move through the solid, as 
a result of concentration gradients existing between the deeper parts and the 
surface, is the controlling step. As the moisture concentration generally is 
lowered by the drying, the rate of internal movement of moisture decreases. In 
some cases, evaporation may take place beneath the surface of the solid in a 
plane or zone which retreats deeper into the solid as drying proceeds. In any 
event, the rate of drying falls even more rapidly than before, as from D to E 
(Fig. 12.10). At point E, the moisture content of the solid has fallen to the 
equilibrium value X* for the prevailing air humidity, and drying stops. The 
moisture distribution within the solid during the falling-rate period has been 
calculated and displayed graphically [17J. 

Time of drying If one wishes to detennine the time of drying a solid under the 
same conditions for which. a drying curve such as Fig. 12.9 has been completely 
determined, one need merely read the difference in the times corresponding to 
the initial and final moisture contents from the curve. 

Within limits, it is sometimes possible to estimate the appearance of a 
rate-of-drying curve such as Fig. 12.10 for conditions different from those used 
in the experiments. In order to determine the time for drying for such a curve, 
we proceed as follows. The rate of drying is, by defintion, 

-S dX 
N = A SdO (12.2) 

Rearranging and integrating over the time interval while the moisture content 
changes from its initial value XI to its final value X2 gives 

0= re dO = Ss rx , dX (12.3) 
)0 A JX2 N 

1. The constant-rate period. If the drying takes place entirely within the con
stant-rate period, so that XI and X, > X< and N = N<, Eg. (12.3) becomes 

o = SS(XI - X,) (12.4) 
AN< 

2. The falling-rate period. If XI and X, are both less than X<, so that drying 
occurs under conditions of changing N, we proceed as follows: 
a. General case. For any shape of falling-rate curve whatsoever, Eq. (12.3) 

can be integrated graphically by determining the area under a curve of 
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II N as ordinate, X as abscissa, the data for which can be obtained from 
the rate-of-drying curve. 

b. Special case. N is linear in X, as in the region BC of Fig. 12.10. In !his 
case, 

N=mX+b (12.5) 

where m is the slope of the linear portion of the curve and b is a constant. 
Substitution in Eq. (12.3) provides 

0= Ss IX' dX = ~ln mXl + b (12.6) 
A x, mX + b mA mX, + b 

But since Nl = mX l + b, N, = mX, + b, and m = (Nl - N,)I 
(Xl - X,), Eq. (12.6) becomes 

0= Ss(X I - X,) In Nl = Ss(X I - X,) (12.7) 
A(NI - N,) N, ANm 

where Nm is the logarithmic average of the rate N I• at moisture content XI' 
and N, at X,. 

Frequently the entire falling-rate curve can be taken as a straight line 
between points C and E (Fig. 12.10). It is often assumed to be so for lack of 
more detailed data. In this case 

N = m(X _ X*) = NeCX - X*) 
Xc - X* 

and Eq. (12.7) becomes 

o = Ss(X, - X*) 1 Xl - X* 
NAn X X* , , 

(12.8) 

(12.9) 

In any particular drying problem. either or both constant- and falling-rate 
periods may be involved, depending upon the relative values of XI' X2• and Xc' 
The appropriate equations and limits must then be chosen. 

Illustration 12.3 A batch of the solid for which Fig. 12.10 is the drying curve is to be dried from 
25 to 6% moisture under conditions identical to those for which the figure applies. The initial 
weight of the wet solid is 160 kg, and the drying surface is 1 m2/4O kg dry weight. Determine 
the time for drying. 

SOLUTION The total weight of the batch is unimportant. Ssl A = 40. At 25% moisture, 
XI "'" 0.25(1 - 0.25) "'" 0.333 kg moisture/kg dry solid. At 6% moisture, X2 = 0.06/(1 - 0.06) 
= 0.064 kg moisture/kg dry solid. Inspection of Fig. 12.10 shows that both constant- and 
failing-rate periods are involved, The limits of moisture content in the equations for the 
different periods will be chosen accordingly. 

Consttlll/-rate period This is from Xl = 0.333 to Xc = 0.200. Nc = 0.30 X 10-3. Eq. (12.4): 

o _ Ss(X, - X,) 40(0.333 - 0.200) 17 730 s 
AN, 1(0.30 X 10 ') 
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Falling-rate perWd This is from X( = 0.200 to X2 = 0.064. Use Eq. (12.3). The following table is 
prepared from data of Fig. 12.10: 

x 0.20 0.18 0.16 0.14 0.12 0.10 0.09 0.08 0.Q7 0.064 

IO'N 0.300 0.266 0.239 0.208 0.180 0.150 0.097 0.070 0.043 0.Q25 

.l X 10-3 
N 

3.33 3.76 4.18 4.80 555 6.67 10.3 14.3 23.3 40.0 

A curve, not shown, is prepared of 1/ N as ordinate, X as abscissa, and the area under the 
curve between X = 0.20 and 0.064 is 1060. Eq. (12.3): 

40 
0- T(I06O) - 42400, 

The total drying time is therefore 17 730 + 42400= 60 130 s = 16.7 h. 
Alternatively, since the c;irying curve is straight from X = 0.20 to 0.10, Eq. (12.7) can be 

used in this range of moisture content, 

0= Ss(X( - Xo) In N( = 40(0.20 - 0.10) In 0.30 X 10-3 = 18500 s 
A(N( No) No 1(0.30 0.15 X 10- 3) 0.15 X 10 3 

Graphical integration in the range X = 0.1 to 0.064, through Eq, (12.3), provides an additional 
23940 s, so that the falling-rate time is 18 500 + 23 940 = 42 440 s. 

As an approximation, the falling rate can be represented by a straight line from C to E 
(Fig. 12.10). The corresponding falling-rate time is, by Eq. (12,9), 

8 = Ss(Xc - X·) In X( - x· = 40(0,20 - 0,05) In 0.20 - 0.05 _ 47 430 s 
N,A X, - X' (0.30 X 10 ')(1) 0.064 0.05 

THE MECHANISMS OF BATCH DRYING 

We now consider the various portions of the rate-of-drying curve in more detail. 
Our present knowledge pennits us to describe the drying process in the 
constant-rate period reasonably well, but our understanding of the falling-rate 
periods is very limited. 

Cross-Circulation Drying 

'The constant-rate period In trus period, where surface evaporation of unbound 
moisture occurs, it has been shown that the rate of drying is established by a 
balance of the heat requirements for evaporation and the rate at wruch heat 
reaches the surface. Consider the section of a material drying in a stream of gas 
as shown in Fig. 12.11. The solid of thickness Zs is placed on a tray of thickness 
ZM' The whole is immersed in a stream of drying gas at temperature TG and 
humidity Y mass moisture/mass dry gas, flowing at a mass velocity G mass/ 
(time) (area). The evaporation of moisture takes place from the upper surface, 
area A, which is at a temperature ~, The drying surface receives heat from 
several sources: (1) q, by convection from the gas stream; (2) qk by conduction 
through the solid; (3) qR by direct radiation from a hot surface at temperature 
TR , as shown, all expressed as a flux, energy /(area of solid for heat transfer) 
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(time). In accordance with the mechanism discussed earlier, the heat arriving at 
the surface by these methods is removed by the evaporating moisture, so that the 
surface temperature remains constant at r:. The entire mechanism resembles the 
wet~bulb-thermometer process, complicated by the additional source of heat. 

The rate of evaporation and the surface temperature can then be obtained 
by a heat balance [46]. If q represents the total heat arriving at the surface, then 

q = q, + qR + qk (12.10) 

If we neglect the heat required to superheat the evaporated moisture to the gas 
temperature and consider only the latent heat of vaporization A" the flux of 
evaporation Nc and the flux of heat flow are related, 

N,A, = q (12.11) 

The heat received at the surface by convection is controlled by the appropriate 
convection heat-transfer coefficient hc' 

(12.12) 

The heat received by radiation can be estimated by the usual means [50, 55] and 
can also be expressed as a heat-transfer coefficient hR,t 

qR = .(5.729 X IO-')(T: - T:) = hR(TR - T,) 

.(5.729 X 10-')( T; - T:) 
hR = T - T 

R , 

(12.13) 

(12.14) 

t Equations (12.13) and (12.14) are written for SI units: qR. in W 1m2, T in kelvins, hR. in 
W 1m2, K. For qR. in Btu/ft2 . h, T in degrees Rankine, and hR. in Btu/ft2. h . OF the constant is 
1.730 X 10- 9. Note: The theoretical value of the Stefan-Boltzmann constant is 5.6693 x 10-' 
W 1m2. K·, but the accepted. experimental value [501 is 5.729 X 10-'. 
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where € is the emissivity of the drying surface and TR and ~ are the absolute 
temperatures of the radiating and drying surfaces. The heat received by convec
tion and conduction through the solid can be computed by the usual methods 
for heat transfer through a series of resistances, 

qk = Uk(TG - T,) (12.15) 

I 
Uk = (12.16) 

(J/h,)(A/A.) + (zu/ku)(A/A.) + (zs/kS)(A/Am) 

where he = convection coefficient for tray; ordinarily can be taken as same as 
that for drying surface . 

kM' ks = thennal conductivities of tray material and drying solid, respectively 
Au' Am = nondrying surface and average area of the drying solid, respectively 

A thennal resistance at the junction of the drying solid and the tray material and 
an effect of radiation to the tray can be added to the terms of Eq. (12.16) if 
desired. 

Combining Eqs. (12.1) and (12.10) to (12.15) pennits calculation of the rate 
of drying, 

N =!L = (h, + Uk)(TG - T,l + hR(TR - T,) = k (Y _ Y) (1217) 
e~\ As Ys' 

The surface temperature must be known in order to use the relationship. It can 
be obtained by consideration of the left-hand portions of Eq. (12.17), which can 
be rearranged to read 

(Y, - Y)", ( Uk) hR 
h /k = 1+ h (TG - T,) + T(TR - T,) 
eYe Je 

(12.18) 

The ratio hJ k y , applicable to flow of gases past wet-bulb thermometers [Eqs. 
(7.27) and (7.28)J can be used for present purposes, and for the system air-water 
vapor this ratio was shown to be substantially the same as the humid heat of the 
gas Cs' Since ~ is the saturated humidity of the gas stream corresponding to Ts 
when unbound moisture is being evaporated, both these quantities can be found 
by solving Eq. (12.18) simultaneously with the saturated-humidity curve on a 
psychrometric chart. 

If conduction through the solid and radiation effects are absent, Eq. (12.18) 
reduces to that for the wet-bulb thermometer [Eq. {7.26)J and the surface 
temperature is the wet-bulb temperature of the gas. The drying surfaces will also 
be at the wet-bulb temperature if the solid is dried from all surfaces in the 
absence of radiation. When pans or trays of drying material are placed one 
above another, as in Figs. 12.6 and 12.7, most of the solid will receive radiation 
only from the bottom of the pan immediately above it, and unless gas tempera
tures are very high, this is not likely to be very important. It is essential therefore 
not to overemphasize the heat received by radiation in conducting drying tests 
on single pairs of trays. 

For flow of gas parallel to a surface and confined between parallel plates, as 
between the trays of a tray drier, the transfer coefficients h, and k y are described 
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generally by item 3, Table 3.3. Application of the heat-mass-transfer analogy, for 
Re, = 2600 to 22 000, results in 

J. = --"'-Pr2/3 =J' = kYSC2/3 = 0 II Re-o.29 (12.19) 
H CG D G .• 

p s 

where Re, = d. G / p. and d. is the equivalent diameter of the airflow space. With 
the properties of air at 95° C, this becomes, in the SIt 

GO.71 

h, = 5.90 d
O
•
29 

(12.20) 
• 

whereas in a detailed study of drying of sand in trays [46], h, was given (SI) by 

h, = 14.3Go.. (12.20a) 

Such discrepancies can be assigned to a number of causes, e.g., different 
"calming" length ahead of the drying surface [41] or the shape of the leading 
edge of the drying surface [7]. In the absence of more specific information, Eqs. 
(12.19) and (12.20) are recommended. 

Airflow perpendicular to the surface [37], for G = 1.08 to 5.04 kg/m 2
• s (0.9 

to 4.5 m/ s), in the SI,:j: 

h, = 24.2Go.37 (12.21) 

The relationships developed in Eqs. (12.17) to (12.21) permit direct estimates 
of the rate of drying during the constant-rate period, but they should not be 
considered as complete substitutes for experimental measurements. Perhaps their 
greatest value is in conjunction with limited experimental data in order to 
predict the effect of changing the drying conditions. 

Effect of gas velocity. If radiation and conduction through the solid are negligi
ble, Nr: is proportional to GO.71 for parallel flow of gas and to GO.

37 for 
perpendicular flow. If radiation and conduction are present, the effect of gas 
rate will be less important. 

Effect of gas temperature. Increased air temperature increases the quantity 
TG - Ts and hence increases Nc' In the absence of radiation effects, if the 
variation of A over moderate temperature ranges is neglected, Nc is directly 
proportional to TG - ~. 

Effect of gas humidity. Nr: varies directly as Ys - Y, and consequently increasing 
the humidity lowers the rate of drying. Usually, changes in Y and TG 
involve simultaneous changes in Ts and Ys' and the effects are best esti
mated by direct application of Eq. (12.17). 

Effect of thickness of drying solid. If heat conduction through the solid occurs, 
Eqs. (12.15) and (12.16) indicate lowered values of N, with increased solid 

t For G in lb/ft2 • h, de in feet, and he in Btu/ft2 . h . OF the coefficient of Eq. (12.20) is 0.0135. 
+ For G = 800 to 4000 Ib/ft2· h (3 to 15 ft/s) and he in Btu/ft2. h . OF the coefficient of Eq. 

(12.21) becomes 0.37. 



676 MASS-TRANSFER OPERATIONS 

thickness. However, conduction of heat through edge surfaces of pans and 
trays may be an important source of heat which can result in increased rate 
of drying if the edge surface is large. If nondrying surfaces are heat
insulated, or if drying occurs from all surfaces of the solid, Ne is indepen
dent of thickness. The time for drying between fixed moisture contents 
within the constant-rate period will then be directly proportional to thick
ness. 

Illustration 12.4 An insoluble crystalline solid wet with water is placed in a rectangular pan 
0.7 m (2.3 it) by 0.7 m and 25 m.m (1 in) deep, made of 0.8-mm-thick (n-in) galvanized iron. 
The pan is placed in an airstream at 65 G C, humidity 0.01 kg water/kg dry air, flowing parallel 
to the upper and lower swface at a velocity of 3 m/s (10 ft/s). The top surface of the solid is in 
direct sight of steam-heated pipes whose surface temperature is 120Ge (248 GF), at a distance 
from the top surface of 100 mm (4 in). 

(a) Estimate the rate of drying at constant rate, 
(b) Reestimate the rate if the pan is thoroughly heat-insulated and there is no radiation 

from the steam pipes. 

SoLUTION (a) Y .... 0,01 kg water/kg dry air, IG - 65°C. The humid volume of the air (Table 
7.1);" [0.00283 + 0.00456(0.01)1 (65 + 273) - 0.972 m'/kg dry aU. 

PG - density of gas .... ~.~i2 ... 1.04 kg/m3 

Estimated d = 4(cross sec,tion for flow) 
e penmeter 

G - 3(1.04) - 3.12 kg/m" S 

4(0.7)(0.1) 
(0.7 + 0.1)2 

0.175 m 

Eq. (1220): 

h "" 5,90(3.12)°·71 "'" 21.9 W /m2 • K 
c (0.175)0.29 

Take the emissivity of the solid as E ... 0.94. TR = 120 + 273 = 393 K. Tentatively estimate Is 

as 38°C, Ts = 38 + 273 ... 311 K. Eq. (12.14): 

h 
_ 0.94(5.73 X 10-8)(3934 

- 311') _ 951 W/ s. K 
R 393 311 . m 

Take Am - A .... (0.7f - 0.49 m2• The area of the sides of the pan "'" 4(0.7)(0.025) ... 0.07 m1 

and All - (0.1"j2 + 0.07 "'" 0.56 m1 for bottom and sides (this method of including heat transfer 
through the sides is admittedly an oversimplification but adequate for present purposes). 
Thermal conductivities are ku ... 45 for the metal of the pan and ks "'" 35 for the wet solid 
(461, both as W /m . K. The latter value must be carefully chosen, and it may bear no simple 
relation to the conductivity of either the dry solid or its moisture. Zs "" 0.025 m, Zu .., 0.0008 
m. Eq. (12.16): 

1 0.49 + 0.000l! 0.49 + 0.025 0.49 
Uk - 21.9(0.56) 45 0.56 3.5 0.49 

Uk - 21.2 W/m1. K 

The humid heat of the air (Table 7.1) is Cs "'" 1005 + 1884(0,01) = 1023.8, and ~ at the 
estimated 38°C is 2411.4 kJ/kg. Eq, (12.18): 

(Y, - 0.01)(2411.4 X Hi') _ (I ~)(65 _ ) 9.51 (120 _ ) 
1023.8 + 21.9 Is + 21.9 Is 

This reduces to Ys ... 0.0864 - 10.194 X 1O-4Is ' which must be solved simultaneously with the 
saturated-humidity curve of the psychrometric chart for air-water vapor. The line marked a on 
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Figure 12.12 Solution to Il1ustration 12.4. 

Fig. 12.12 is the above expression. which intersects the saturated-humidity curve at Yl ... 

0.0460, /1 ... 39°e, the surface temperature. whicb is sufficiently close to the 3S"C estimated 
previously to make iteration unnecessary. At 39°C, "s ... 2409.7 kJ/kg. Eq. (12.17): 

N _ (2),9 + 2),2)(65 - 39) + 9.51(120 - 39) _ 7.85 X 10-4 kg water evapd/ml. s 
(' 2409.7 x loJ . 

and the evaporation rate is (7.85 X 10-4)(0.49) = 3.85 X 10-4 kg/s or 3.06 Ib/b. 
(b) When no radiation or conduction of heat through the solid occurs, the drying surface 

assumes the wet-bulb temperature of the air. For the system air-water at this humidity, the 
adiabatic-saturation lines of the psychrometric chart serve as wet-bulb lines, and on FiB. 12.12,' 
line b is the adiabatic-saturation line through the point representing the air (tG = 65°e. 
Y ... 0.01). The line intersects the saturation-humidity curve at the wet-bulb condition. Is "'" 

28,SOe, Yl = 0.025. At this temperature, A, = 2435.0 kJ/kg. Eq. (12.17): 

N = hAIG - II) "'" 21.9(65 - 28.5) = 3.28 X 10-4 k /m2 • s 
(' As 2435 x ICP g 

and the evaporation rate is (3.28 x 10-4)(0.49) ... 1.609 x 10-4 kg/s or 1.277 Ib/h. 

When the air suffers a considerable change in temperature and humidity in 
its passage over the solid, as indicated in Illustration 12.2 for example, the rate 
of drying at the leading and trailing edge of the solid will differ and this 
accounts in part for the nonuniform drying frequently obtained in tray driers. 
This can be counteracted in part by periodic reversal of the airflow. 

Movement of moisture within the solid When surface evaporation occurs, there 
must be a movement of moisture from the depths of the solid to the surface. The 
nature of the movement influences the drying during the falling-rate periods. In 
order to appreciate the diverse nature of the falling-rate portions of the drying 
curve which have been observed, let us review very briefly some of the theories 
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advanced to explain moisture movement and their relation to the falling-rate 
curves. 

Liquid diffusion Diffusion of liquid moisture may result because of concentra
tion gradients between the depths of the solid, where the concentration is high, 
and the surface, where it is low. These gradients are set up during drying from 
the surface. This method of moisture transport is probablY limited to cases 
where single-phase solid solutions are fonned with the moisture, as in the case of 
soap, glue, gelatin, and the like, and to certain cases where bound moisture is 
being dried, as in the drying of the last portions of water from clays, flour, 
textiles, paper, and wood [19], The general mechanism of this process is 
described in Chap, 4, It has been found that the moisture diffusivity usually 
decreases rapidly with decreased moisture content. 

During the constant-rate period of drying such solids, the surface-moisture 
concentration is reduced, but the concentration in the depths of the solid 
remains high. The resulting high diffusivities permit movement of the moisture 
to the surface as fast as it can be evaporated, and the rate remains constant. 
When dry spots appear because portions of the solid project into the gas film, a 
period of unsaturated surface evaporation results. The surface eventually dries 
to the equilibrium-moisture content for the prevailing gas. Further drying occurs 
at rates which are entirely controlled by the diffusion rates within the solid, since 
these are slow at low moisture contents. If the initial constant-rate drying is very 
rapid, the period of unsaturated surface evaporation may not appear, and the 
diffusion-controlled falling-rate period begins immediately after the constant
rate period is completed [47], as in Fig, 12.13. 

For many cases of drying where the diffusion mechanism has satisfactorily 
explained the rate of drying as a function of average moisture content, the 
distribution of moisture within the solid at the various stages of drying has not 
conformed to this mechanism [19, 38]. The superficial applicability of the 
diffusion mechanism is then apparently accidental. 

00 Xli 
x~ kg mOisture/kg dry solid Figure 12.13 Diffusion--controlled falling rate. 
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Capillary movement [6, 19,38,42, 56J Unbound moisture in granular and porous 
solids such as clays, sand, paint pigments, and the like, moves through the 
capillaries and interstices of the solids by a mechanism involving surface 
tension, the way oil moves through a lamp wick. The capillaries extend from 
small reservoirs of moisture in the solid to the drying surface. As drying 
proceeds, at first moisture moves by capillarity to the surface rapidly enough to 
maintain a uniformly wetted surface and the rate of drying is constant. The 
water is replaced by air entering the solid through relatively few openings and 
cracks. The surface moisture is eventually drawn to spaces between the granules 
of the surface, the wetted area at the surface decreases, and the unsaturated~ 
surface drying period follows. The subsurface reservoirs eventually dry up, the 
liquid surface recedes into the capillaries, evaporation occurs below the surface 
in a zone or plane which gradually recedes deeper into the solid, and a second 
falling-rate period results. During this period, diffusion of vapor within the solid 
will occur from the place of vaporization to the surface. 

With certain pastes dried in pans, the adhesion of the wet cake to the 
bottom of the pan may not permit ventilation of the subsurface passageways by 
gas. This can give rise to curves of the sort shown in Fig. 12.14. In this case, the 
usual constant-rate period prevailed during a. When the surface moisture was 
first depleted, liquid could not be brought to the surface by the tension in the 
capillaries since no air could enter to replace the liquid, the surface of moisture 
receded into the capillaries, and the rate fell during b. The solid eventually 
crumpled, admitting air to replace the liquid, whereupon capillary action 
brought this to the surface and the rate rose again, as at c. 

Vapor diffusion [42J Especially if heat is supplied to one surface of a solid while 
drying proceeds from another, the moisture may evaporate beneath the surface 
and diffuse outward tts a vapor. Moisture particles in granular solids which have 
been isolated from the main portion of the moisture flowing through capilIaries 
may also be evaporated below the surface. 

:;-
>. 

" ." 
x , 
" 
if 

101 

lei Ibl 

X= kg mOlslure/kg dry solid 

Figure 12.14 Effect of adhesion of drying paste to the 
pan. [After Ernst, et ai., Ind. Eng. Chem., 30 1119 
(1938).J 
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Pressure Shrinkage of the outside layers of a solid on drying may squeeze 
moisture to the surface. 

Usually we can only speculate about which mechanism is appropriate to a 
particular solid and must rely on more or less empirical treatment of the 
experimental rates of drying. 

Unsaturated-surface drying During such a period the rate of drying N will 
usually vary linearly with moisture content X. Since the mechanism of evapora~ 
tion during this period is the same as that in the constant~rate period, the effects 
of such variables as temperature, humidity, and velocity of the gas and thickness 
of the solid are the same as for constant-rate drying. 

In some cases this period may constitute the whole of the falling-rate drying, 
giving rise to a curve of the type shown in Fig. 12.15. Equations (12.8) and (12.9) 
then apply. Combining Eqs. (12.2), (12.8), and (12.17) gives 

dX kyA(X - X')(Y, - Y) 
- dO = Ss(X, - X') 

(12.22) 

Noting that Ss = zsAps' and letting ky = f(G), we get 

dX f(G)(X - X')(Y" - Y) o;j(G)(X - X')(Y, - Y) ( 
- dO = zsPs(X, - X*) Zs 12.23) 

where a = const. This expression is sometimes used as an empirical description 
of the rates of drying for such cases. Alternatively, when the time 0 is defined as 
that when the moisture content is X, Eq. (12.9) is readily transformed into 

X-X' -NO 
In Xl - X* = Pszs(X, :... X') 

(12.24) 

which suggests that falling-rate data of this nature will plot as a straight line, line 
a, on the semilogarithmic coordinates of Fig. 12.16. If drying tests are made 

Ncf------.---

00 x· Xc 
x.:: kg mOI~!ufe/kg dry solid FIgure 12.15 Linear falling rate. 
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Figure 12.16 Empirical treat
ment of falling-rate data: (0) N 
varies linearly with log(X
X·); (b) diffusion-controlled fall
ing rate. 

under the same conditions for samples of different thickness, and so that heat is 
applied to the solid only through the drying surface, the slopes of such lines on 
this chart should be proportional to -l/zs. The drying time between fixed 
moisture contents is then directly proportional to the solid thickness. 

Internal-diffusion controlling If a period of drying is developed where internal 
diffusion of moisture controls the rate, it can be expected that variables which 
influence the gas coefficients of heat or mass transfer will not influence the rate 
of drying. The drying rates should be independent of gas velocity, and humidity 
will be of importance only insofar as it controls the equilibrium-moisture 
concentration. When a semilogarithmic plot (Fig. 12.16) is prepared from drying 
data of this type, the curve b which results resembles those of Fig. 4.2. For a 
slab, the curves should be substantially straight at values of the ordinate below 
0.6, with slopes proportional to - I / z~. The drying time between fixed moisture 
contents should be proportional to the square of the thickness. Discrepancies 
may result because the initial moisture distribution is not uniform throughout 
the solid if a drying period precedes that for which diffusion controls and 
because the diffusivity varies with moisture content. 

Attempts have been made to describe rates of drying in the falling-rate 
period by means of overall coefficients of heat and mass transfer [35) but these 
have not been too successful owing to the change in the individual resistances to 
transfer in the solid during the course of the drying. Various expressions for the 
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time of drying in the falling-rate period for different kinds of solids are available 
[30J. 

Critical moisture content The available data indicate that the average critical 
moisture content for a given type of solid depends upon the surface-moisture 
concentration. If drying during the constant-rate period is very rapid, and if the 
solid is thick, steep concentration gradients are developed within the solid and 
the falling rate begins at high average moisture contents. Generally, the critical 
moisture content will increase with increased drying rate and thickness of solid. 
I! must usually be measured experimentally. McCormick [34J lists approximate 
values for many industrial solids. 

Through-Circulation Drying 

When a gas passes through a bed of wet, granular solids, both a constant-rate 
and a falling-rate period of drying may result and the rate-of-drying curves may 
appear very much like that shown in Fig. 12.10 [31J. Consider the case where the 
bed of solids has an appreciable thickness with respect to the size of the 
particles, as in Fig. 12.17 [lJ. The evaporation of unbound moisture into the gas 
occurs in a relatively narrow zone which moves slowly through the bed, and 
unless the bed is internally heated, the gas leaving this zone is for all practical 
purposes saturated at the adiabatic-saturation temperature of the entering gas. 
This is also the surface temperature of the wet particles. The rate of drying is 
constant as long as the zone is entirely within the bed. When the zone first 
reaches the end of the bed, the rate of drying begins to fall because the gas no 
longer leaves in a saturated condition. In other words, a desorption wave passes 
through the bed, and the situation is much like that described for elution in fixed 
beds (Chap. 11). However, the point of view of interest is the moisture content 
of the solid rather than the concentration changes occurring in the exit gas. In 
the case of shallow beds composed of large particles, the gas leaves the bed 
unsaturated from the beginning [31 J, but as long as each particle surface remains 

} 

Zone of drying 
bound moisture 

1-----1} Zone of drYing 
unbound moisture 

L ________ _ 

{ Gos 

} 

Zone of inltiol 
moisture concentration 

Figure 12.17 Through-circulation drying of thick beds of 
solids. 
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fully wet, there will still be a constant-rate period. The falling rate then begins 
when the surface moisture is depleted. 

The rate of drying of unbound moisture [1]. Consider a bed of uniform cross 
section as in Fig. 12.17, fed with a gas of humidity Y, at the rate of Gs mass dry 
gas/(area bed cross section) (time). The maximum rate of drying N max will occur 
if the gas leaving the bed is saturated at the adiabatic-saturation temperature, 
wi th h umidi ty Yas' 

(12.25) 

where N is expressed as mass moisture evaporated/(area bed cross section) 
(time). In general, the gas will leave the bed at humidity Y" and the instanta
neous rate of drying is 

(l2.26) 

For a differential section of the bed where the gas undergoes a change in 
humidity dY and leaves at a humidity Y, the rate of drying is 

dN = GsdY = kydS( Y., - Y) (12.27) 

where S is the interfacial surface per unit area of bed cross section. Letting a 
represent the interfacial surface per unit volume of bed whose thickness is zS' we 
get 

dS = a dzs (12.28) 

and Eq. (12.27) becomes 

(12.29) 

(12.30) 

where NrG is the number of gas transfer units in the bed. This equation is the 
same as Eq. (7.57), developed for a somewhat similar situation. The mean 
driving force for evaporation is then the logarithmic mean of Yas - Y1 and 
Y" - Y" in accordance with Eq. (7.61). Combining Eqs. (12.25), (12.26), and 
(12.30) gives 

(12.31) 

Equation (12.31) provides the rate of drying N if values of kya or N,G can be 
determined. These have been established for certain special cases as follows: 

I. Particles small (10- to 200-mesh, or 2.03 to 0.074 mm diameter) with respect to 
bed depth (greater than 11.4 mm); drying of unbound water from the surface of 
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nonporous particles [I]. For this case,t the constant rate is given by Nmu [Eq. 
(12.25)]. Equation (12.31) can be used for both constant and falling rates, 
since at high moisture contents the exponential term becomes negligible. The 
interfacial surface a varies with moisture content, and it is most convenient to 
express N1G empirically as:t: 

N = -'- -p- (X )0.64 O 273 
( 

d G )0.215 
IG do.35 po Pszs 

p 

(12.32) 

where ~ is the particle diameter and Ps the apparent density of the bed, mass 
dry solid/volume. Through-drying of such beds in the ordinary equipment may 
involve a pressure drop for gas flow which is too high for practical purposes, 
especially if the particles are very small. Drying of such beds is done on 
continuous rotary filters (crystal-filter driers), however. 
2. Particles large (3.2 to 20 mm diameter) in shallow beds (10 to 64 mm thick); 

drying of unbound moisture from porous or nonporous particles. During the 
constant-rate period the gas leaves the bed unsaturated, and the constant rate 
of drying is given by Eq. (12.31). For this purpose, k y is given by 

k = JDGS 
Y Sc2/3 

(12.33) 

and jD in turn by the first two entries of item 7, Table 3.3. The interfacial 
surface may be taken as the surface of the particles. For air drying of water 
from solids, Sc = 0.6. Additional experimental data on a large number of 
preformed materials are also available [31]. During the falling-rate period, 
internal resistance to moisture movement may be important, and no general 
treatment is available. In many cases [31] it is found that semilogarithmic 
plots of the form of Fig. 12.16 are useful. If the line on this plot is straight, 
Eqs. (12.8) and (12.9) are applicable. 

Drying of hound moisture Presumably some adaptation of the methods used for 
adsorption in fixed beds (Chap. II) could be made to describe this. No 
experimental confirmation is available, however. 

mustratlon 12.5 A cake of a crystalline precipitate is to be dried by drawing air through the 
cake. The particles of the cake are nonporous, of average diameter 0.20 mm, and since they are 
insoluble in water have a negligible equilibrium-moisture content. The cake is 18 mm thick, and 
the apparent density is 1350 kg dry solid/m3 (85 Ib/ft3). It is to be dried from 2.5 to 0.1% 
moisture. The air will enter the cake at 0.24 kg dry air/(ml bed cross section)· s (- 177 
Ib/ftl . h). at a dry-bulb temperature 32"C and 50% humidity. Estimate the time for drying. 

tIn beds of finely packed solids containing a large percentage of liquid, the liquid is largely forced 
from between the solid particles by a mechanical process when gas is forced through the bed. See 
particularly Brownell and Katz. Chern Eng. Prog., 43. 537, 601. 703 (1947). Only the last traces of 
moisture are removed by the drying process considered here. 

t Equation (12.32) is empirical, to be used with SI units. For units of feet, pounds mass, and 
hours Ihe coefficient is 1.14. 
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SoLUTION Xl ... 0.025/(1 - 0.025) = 0.0256 kg water/kg dry solid, X2 = 0.1XH/(1 - 0.001) ... 
0.001001. From Fig. 7.5, Yl ... 0.0153 kg water/kg dry air, tar == 24"C (the adiabatic-saturation 
temperature), and Y ... ... 0.0190 kg water/kg dry air. Gs == 0.24 kg dry air/m2. s. 

Approl{. av G == 0.24 + 0.24(0.015; + 0.0190) = 0.244 kg dry air/m2 • s 

Eq. (12.26): N_ - 0.24(0.0190 - 0.0153) = 8.88 X 10-' kg evapd/m'· s, Zs = 0.018 m, d,. -
2 X 10-4 m,' Ps .,. 1350 kg/m3• Viscosity of air at (32 + 24)/2 = 28"C is 1.8 X 10-5 kg/m . s. 

d,G _ (2 X 10-')(0.244) = 2.71 

P. 1.8 X 10 5 

Eq. (12.32): 

N'G _ 0.273 (2.7I)o·"'[X(1350)(0.018»),.64 = 51.37Xo ... 
(2 X 10-4)°.35 

Eq. (12.31): 

N - (8.88 X 10-')[1 - exp (-51.37Xo.",)] 

This provides the following values of N, kg water evapd/m2 . s, for values of X within the range 
of interest. They are the coordinates of the rate-of-drying curve. 

X 0.0256 0.02 0.Ql5 0.010 0.008 0.006 0.004 0.002 0.001 

N X 104 8.815 8.747 8.610 8.281 8.022 7.609 6.898 5.488 4.092 

Calculation of the time of drying requires a value of the integral f dX I N, in accordance with 
Eq. (12.3), between X I and X2• This can be evaluated numerically. or graphically from a plot of 
liN vs. X. The integral ... 31.24. Since Ss/ A = Pszs ... 1350(0.018) == 24.3 kg dry solid/m2, 
the time for drying is, by Eq. (12.3). 

B = 24.3(31.24) = 759 s - 12.7 min 

mustratlon 12.6 Wet, porous catalyst pellets in the form of small cylinders, 13.5 mm diameter, 
13.0 mm long. are to be dried of their water content in a through-circulation drier. The pellets 
are to be arranged in beds 50 mm deep on screens and dried by air flowing at the rate 1.1 kg 
dry air/(m2 bed cross section)' s. entering at 82"C dry-bulb temperature, bumidity om kg 
water/kg dry air. The apparent density of the bed is 600 kg dry solids/ml , and the particle 
surface is 280 m2/m3 of bed. Estimate the rate of drying and the humidity and temperature of 
the air leaving the bed during the constant-rate period. 

SOLttnON Yl ... 0.01 kg water/kg dry gas. and from Fig. 7.5. Yar - 0.031 at the corresponding 
adiabatic-saturation temperature, 32"C. Gs '" 1.1 kg dry air/m2. s and the approximate 
average G - 1.1 + 1.1(0.031 + 0.01)/2 "" 1.123 kg/m2• s. The approximate average air viscos
ity is 1.9 X 10-5 kg/m . s. 

The surface of each particle ... w(0.0135)2(2)/4 + w(0.0135XO.0130)'" 8.376 X 10-4 m2. 
The diameter of a sphere of equal area - dp ... [(8.376 X 1O- 4)/wf'5 - 0.01633 mm. a _ 280 
m2/m3

; Zs - 0.050 m. 
The Reynolds number for the particles (ReH of item 7, Table 3.3) .... d,G/p.-

0.01633(1.l23)/(1.9 X 10-') = 965. e'" fraction voids (see Table 3.3)'" 1 - dp a/6 1m I -
0.01633(280)/6 - 0.237. HencejD ,.. (2.06/ e) Re,,-0.515 - 0.1671. Sc for air~water vapor ... 0.6. 
Eq. (12.33): 

k - 0.1671(1.1) _ 0.258 k HOlm" s .t;y 
y (0.6)2/3 g 2 

N _ kyazs _ 0.258(280)(0.050) _ 328 
tG Gs 1.1 • 
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Eq. (12.25): 

Eq. (12.31): 

N Y2 - om 
0.0231 - 0.031 0.01 I - exp (-3.28) 

Therefore N ... 0.0222 kg water evaporated/ro2 • s in the constant-rate period. and Y2 "'" 

0.0302 kg water/kg dry air for the outlet air. The corresponding outlet air temperature. from 
tbe adiabatiNaturation curve of Fig. 7.5 for the entering air, is 33.0°C. Since 

-; = Pszs = 600(0.050) = 30 kg dry solid/ro2 

from Eq. (12.2) 

-dX _ NA _ 0.0222_ 74X 10-' kg H,O/(kgdry solid)· 5 
dfJ Ss 30 . 

This roust be considered as an estimate only, subjed to cbeck by drying-rate tests. 

CONTINUOUS DRYING 

Continuous drying offers the advantages that usually the equipment necessary is 
small relative to the quantity of product, the operation is readily integrated with 
continuous chemical manufacture without intermediate storage, the product has 
a more uniform moisture content, and the cost of drying per unit of product is 
relalively small. As in batch drying, the nature of the equipment used is greatly 
dependent upon the type of material to be dried. Either direct or indirect 
heating, and sometimes both, may be used. 

In many of the direct driers to be described, the solid is moved through a 
drier while in contact with a moving gas stream. The gas and solid may flow in 
parallel or in countercurrent, or the gas may flow across the path of the solid. If 
heat is neither supplied within the drier nor lost to the surroundings, operation is 
adiabatic and the gas will lose sensible heat and cool down as the evaporated 
moisture absorbs latent heat of vaporization. By supplying heat within the drier, 
the gas can be maintained at constant temperature. 

In countercurrent adiabatic operation, the hottest gas is in contact with the 
driest solid, and the discharged solid is therefore heated to a temperature which 
may approach that of the entering gas. This provides the most rapid drying, 
since especially in the case of bound moisture the last traces are the most 
difficult to remove, and this is done more rapidly at high temperatures. On the 
other hand, the dry solid may be damaged by being heated to high temperatures 
in this manner. In addition, the hot discharged solid will carry away consider
able sensible heat, thus lowering the thermal efficiency of the drying operation. 

In parallel adiabatic operation, the wet solid is contacted with the hottest 
gas. As long as unbound surface moisture is present, the solid will be heated 
only to the wet-bulb temperature of the gas, and for this reason even heat-sensi
tive solids can frequently be dried by fairly hot gas in parallel flow. For 
example, a typical flue gas resulting from combustion of a fuel, which may have 
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a humidity of 0.03 kg water vapor jkg dry gas at 430°C, has a wet-bulb 
temperature of only about 6Y'C. In any event, the wet-bulb temperature can 
never exceed the boiling point of the liquid at the prevailing pressure. At the 
outlet of the drier, the gas will have been considerably cooled, and no damage 
will result to the dry solid. Parallel flow also permits greater control of the 
moisture content of the discharged solid when the solid must not be completely 
dried, through control of the quantity of gas passing through the drier and 
consequently its exit temperature and humidity. For this reason also it is used to 
avoid case hardening and other problems associated with batch drying. 

Tunnel Driers 

These direct driers are essentially adaptations of the truck drier to continuous 
operation. They consist of relatively long tunnels through which trucks, loaded 
with trays filled with the drying solid, are moved in contact with a current of gas 
to evaporate the moisture. The trucks may be puIled continuously through the 
drier by a moving chain, to which they are attached. In a simpler arrangement, 
the loaded trucks are introduced periodically at one end of the drier, each 
displacing a truck at the other end. The time of residence in the drier must be 
long enough to reduce the moisture content of the solid to the desired value. For 
relatively low-temperature operation the gas is usually steam-heated air, while 
for higher temperatures and especially for products which need not be kept 
scrupulously clean, flue gas from the combustion of a fuel can be used. Parallel 
or countercurrent flow of gas and solid can be used, or in some cases fans 
placed along the sides of the tunnel blow the gas through the trucks in crossflow. 
Operation may be essentially adiabatic, or the gas may be heated by steam coils 
along its path through the drier, and operation may then be substantially at 
constant temperature. Part of the gas may be recycled, much as in the case of 
batch driers, for heat economy. Truck-type tunnel driers can be used for any 
material which can be dried on trays: crystals, filter cakes, pastes, pottery, and 
the like. 

There are many modifications of the tunnel drier which are essentially the 
same in principle but different in detailed design owing to the nature of the 
material being dried. For example, skeins of wet yarn may be suspended from 
poles or racks which move through the tunnel drier. Hides may be stretched on 
frames which hang from conveyor chains passing through the drier. Material in 
continuous sheets, such as cloth, may move through the drier under tension, as 
in a continuous belt over a series of rollers, or be hung in festoons from moving 
racks if it is to be dried in the absence of tension. 

Turbo-Type (Rotating ShelO Driers 

Solids which ordinarily can be dried on trays, such as powder; and granular 
materials, heavy sludges and pastes, beads and crystalline solids, can be continu
ously dried in a turbo-type drier, a form of direct drier. The simplest of these is 
shown in Fig. 12.18. The drier is fitted with a series of annular trays arranged in 
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Figure 12.18 Turbo-type drier. (Wyssmont Co., Inc.) 

a vertical stack. These rotate slowly (from a few to 60 rjs) about a vertical shaft. 
Each tray is provided with a slot cut into the tray, as well as a leveling rake for 
spreading the solid. Solid fed in at the top is spread upon the top tray to a 
uniform thickness, and as the tray revolves, the solid is pushed through the slot 
by a separate wiper rake, to fall upon the tray beneath. In this way, with 
overturning and respreading on each tray, the solid progresses to the discharge 
chute at the bottom of the drier. The drying gas flows upward through the drier, 
is circulated over the trays by slowly revolving turbine fans, and is reheated by 
internal heating pipes as shown. The rate of drying will be faster than that 
experienced in a tray-equipped tunnel drier, thanks to the frequent reloading of 
the solid on each tray [26}. Alternative arrangements are possible: external 
heating of the gas, recirculation of the gas, and arrangements for recovery of 
evaporated solvents may be 'provided. In some instaIIations the solid is carried 
upon a moving, endless conveyor, which is wound about the vertical axis of the 
drier in a close-pitched, screw-type spiral. These driers are regularly built in sizes 
ranging from 2 to 6 m (6 to 20 ft) in diameter and 2 to 7.5 m (6 to 25 It) high. A 
few installations as tall as 18 m (60 ft) have been made. 

Similar devices, without the central turbines and built like multiple-hearth 
furnaces, are known as plate driers. 

Through-Circulation Driers 

Granular solids can be arranged in thin beds for through circulation of the gas, 
and, if necessary, pastes and filter cakes can be preformed into granules, pellets, 
or noodles, as described in the case of batch driers. In the continuous through
circulation drier of Fig. 12.19 [20J, the solid is spread to a depth of 38 to 50 mm 
upon a moving endless conveyor which passes through the drier. The conveyor 
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Flgure 12.19 Continuous through-circulation (single-conveyor) drier with roller extruder. (Proctor 
and Schwartz, Inc.) 

is made of perforated plates or woven wire screens in hinged sections in order to 
avoid failure from repeated flexing of the screen. Fans blow the heated air 
through the solid, usually upward through the wet solid and downward after 
initial drying has occurred. In this way, a more uniform moisture concentration 
throughout the bed is attained. Much of the gas is usually recycled, and a 
portion is discarded continuously at each fan position in the drier. For materials 
which permit the flow of gas through the bed in the manner shown, drying is 
much more rapid than for tray-type tunnel driers. 

Rotary Driers 

This is a most important group of driers, suitable for handling free-flowing 
granular materials which can be tumbled about without concern over breakage. 
Figure 12.20 shows one form of such a drier, a direct countercurrent hot~air 
drier. The solid to be dried is continuously introduced into one end of a rotating 
cylinder, as shown, while heated air flows into the other. The cylinder is installed 
at a small angle to the horizontal, and the solid consequently moves slowly 
through the device. Inside the drier, lifting flights extending from the cylinder 
wall for the full length of the drier lift the solid and shower it down in a moving 
curtain through the air, thus exposing it thoroughly to the drying action of the 
gas. This lifting action also assists in the forward motion of the solid. At the feed 
end of the drier, a few short spiral flights assist in imparting the initial forward 
motion to the solid before the principal flights are reached. The solid must 
clearly be one which is neither sticky nor gummy, which might stick to the sides 
'of the drier or tend to ball up. In such cases, recyCling of a portion of the dried 
product may nevertheless permit use of a rotary drier. 
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gear 

Ftgure 12.20 Ruggles-Coles XW hot-air drier. (Hardinge Co., Inc.) 

The drier may be fed with hot flue gas rather than air, and if the gas leaves 
the drier at a high enough temperature, discharging it through a stack may 
provide adequate natural draft to provide sufficient gas for drying. Ordinarily, 
however, an exhaust fan is used to pull the gas through the drier, since this 
provides more complete control of the gas flow. A dust collector, of the cyclone, 
filter, or washing type, may be interposed between the fan and the gas exit. A 
blower may also be provided at the gas entrance, thus maintaining a pressure 
close to atmospheric in the drier; this prevents leakage of cool air in at the end 
housings of the drier, and if the pressure is well balanced, outward leakage will 
also be minimized. 

Rotary driers are made for a variety of operations. The following classifica
tion includes the major types. 

1. Direct heat, countercurrent flow. For materials which can be heated to high 
temperatures, such as minerals, sand, limestone, clays, etc., hot flue gas can 
be used as the drying gas. For substances which should not be heated 
excessively, such as certain crystalline chemical products like ammonium 
sulfate and cane sugar, heated air can be used. The general arrangement is 
that shown in Fig. 12.20, and if flue gas is used, the heating coils are replaced 
by a furnace burning gas, oil, or coal. 

2. Direct heat, cocurrent flow. Solids which can be dried with flue gas without 
fear of contamination but which must not be heated to high temperatures for 
fear of damage, such as gypsum, iron pyrites, and organic material such as 
peat and alfalfa, should be dried in a cocurrent-flow drier. The general 
construction is much like that of Fig. 12.20, except that the gas and solid both 
enter at the same end of the drier. 
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3. Indirect heat, countercurrent flow. For solids such as white pigments, and the 
like, which can be heated to high temperatures but which must remain out of 
contact with flue gas, the indirect drier indicated schematically in Fig. l2.21a 
can be used. As an alternative construction, the drier may be enclosed in a 
brick structure and completely surrounded by the hot flue gases. The airflow 
in such a drier can be kept to a minimum since the heat is supplied by 
conduction through the shell or central tube, and finely pulverized solids 
which dust severely can then be handled. For solids which must not be 
heated to high temperatures and for which indirect heat is desirable such as 
cattle feed, brewers' grains, feathers, and the like, the steam-tube drier, shown 
in Fig. l2.2Ib, can be used. This drier mayor may not have lifting flights and 
may be built with one, two, or more concentric rows of steam-heated tubes. 
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Ftgure 12.21 Some rotary driers (scbematic). 
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The tubes revolve with the drier, necessitating a special rotary joint where the 
steam is introduced and the condensate removed. This type of drier is 
frequently used when recovery of the evaporated liquid is necessary. 

4. Direct~indirect. These driers, more economical to operate than the direct 
driers, can be used for solids which can be dried at high temperatures by flue 
gas, especially when fuel costs are high and when large percentages of 
moisture must be removed from the solid. A typical schematic arrangement is 
shown in Fig. 12.21 c. In such a drier, the hot gas may enter the center tube at 
650 to 980'C (1200 to 1800'F), cool to 200 to 480'C (400 to 9OO'F) in its first 
passage through the drier, and on returning through the annular drying space 
cool further to 60 to 70'C (140 to 170'F) at discharge. Lignite, coal, and coke 
can be dried in the inert atmosphere of such a drier at relatively high 
temperatures without danger of burning or dust explosion. 

The Solidaire drier contains a large number of paddles attached to an axial 
shaft, the paddles extending nearly to the inside of the shell. These rotate at 
relatively high speed, 10 to 20 mls (2000 to 4000 ft/min), and the centrifugal 
force thus imparted to the solids keeps them in contact with the heated shell. 
Hot gas flowing cocurrently with the solids provides their forward motion. 

High-frequency insonation has been shown to increase the rate of drying in 
rotary driers substantially [13J. 

All these driers are available from various manufacturers in standard sizes, 
ranging from approximately I m in diameter by 4 m long to 3 m in diameter by 
30 m long. 

Holdup in Rotary Driers 

The average time of passage, or retention time, of the solid in a drier must equal the required drying 
time if the solid is to emerge at the desired moisture content. It must be recognized of course that the 
retention time of individual particles may differ appreciably from the average (36, 45], and this can 
lead to non uniformity of product quality. Several agencies bring about the movement of the solid 
particles through a rotary drier. Flight action is the lifting and dropping of particles by the flights on 
the drier shell: in the absence of air flow, each time the solid is lifted and dropped, it advances a 
distance equal to the product of the length of the drop and the slope of the drier. Kiln action is the 
forward rolling of the particles on top of each other in the bottom of the drier, as in a kiln without 
flights. The particles also bounce in a forward direction after being dropped from the flight. In 
addition, the forward motion of the solid is hindered by a counterflowing gas or assisted by paraliel 
flow. 

The holdup CPD of solid is defined as the fraction of the drier volume occupied by the solid at 
any instant, and the average time of retention 8 can be computed by dividing the holdup by the 
volumetric feed rate, 

where Ss/Ps = volumetric feed rate/cross-sectional area of drier 
Ss == mass velocity of dry solids, massj(area)(time) 
Ps == apparent solid density, mass dry solid/volume 
Z == drier length 

T D "'" drier diameter 

(12.34) 
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Although the influence of the character of the solids can be considerable (51], Friedman and 
Marshall (14] found that the holdup of a large number of solids under a variety of typical operating 
conditions could be expressed simply as 

.po = .poo ± KG (12.35) 

where .poo is the holdup with no gas flow and ± KG is the correction for influence of gas rate, G 
mass/(areaXtime). The plus sign is used for countercurrent flow of gas and solid and the minus sign 
for cocurrent flow. Holdup for conditions of no gas flow depends to some extent upon flight design 
and the nature of the solid but under typical conditions and for .pDO not exceeding 0.08 their data 
can be described byt 

where s =' slope of drier, m/m 
N ... rotational speed, rls 

T D = drier diameter, m 

0.3344Ss 
<PDO"" NO"T 

PSS 0 
(12.36) 

The constant K is dependent upon the properties of the solid, and for rough estimates it may be 
taken, for SI units, ast 

K _ 0.6085 
PS dp

1/ 2 
(12.37) 

where ~ is the average particle diameter. HoldUps in the range 0.05 to 0.15 appear to be best. Higher 
holdup results in increased kiln action, with consequent poor exposure of the solid to the gas and an 
increase in power required for operating the drier. 

These empirical relationships are applicable omy under conditions of reasonable gas rates 
which do not cause excessive dusting or blowing of the solid particles from the drier. It is ordinarily 
desirable to keep dust down to 2 to 5 percent of the feed material as a maximum. and the 
corresponding permissible gas rates depend greatly upon the nature of the solid. From 0,27 to 13.6 
kg gas/m2 • s (200 to 10 000 Ib/rt2 • h) is used, depending upon the solid; for most 35~mesh solids (~ 
approximately 0.4 mm) 1.36 kg/m2

• s (1000 lb/ft2 • h) is amply safe (14]. Dusting is less severe for 
countercurrent than for cocurrent flow, since then the damp feed acts to some extent as a dust 
collector, and il is also influenced by design of feed chutes and end breechings, In any case, it is best 
to depend upon actual tests for final design and to use the equations for initial estimates only. 

Driers are most readily built with lengthl diameter ratios ZIT D ... 4 to 10. For most purposes, 
the flights extend from the wall of the drier a distance of 8 to 12 percent of the diameter. and their 
number range from 6TD to IOTo (To in meters). They should be able to lift the entire solids holdup, 
thus minimizing kiln action, which leads to low retention time. Rates of rotation are such as 10 
provide peripheral speeds of 0.2 to 0.5 mls (40 to 100 ft/min) and the slopes are usually in the range 
o to 0.08 mlm [14]. Negative slopes are sometimes necessary in cocuITent~f1ow driers. 

Through-Circulation Rotary Driers 

Driers of the type indicated in Fig. 12.22 combine the features of the through
circulation and rotary driers. The direct drier shown, the Roto-Louvre [12], 
consists of a slowly revolving tapered drum fitted with louvers to support the 
drying solid and to permit entrance of the hot gas beneath the solid. The hot gas 
is admitted only to those louvers which are underneath the bed of solid. There is 

t Equation (12.36) is empirical. For units of feet, pounds mass, and hours (N in min-I), the 
coefficient is 0.0037, 

:j: For units of feet, pounds mass, and bours the coefficient is 9.33 X lO-s. 
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Figure 12.22 Continuous through-circulation rotary drier (Roto-Louvre), (Link-Belt Co,) 

substantially no showering of the solid through the gas stream, and consequently 
a minimum of dusting results. The device is satisfactory for both low- and 
high-temperature drying of the same materials ordinarily treated in a rotary 
drier. 

Drum Driers 

Fluid and semifluid materials such as solutions, slurries, pastes, and sludges can 
be dried on an indirect drier, of which Fig. 12.23, a dip-feed drum drier, gives an 
example. A slowly revolving internally steam-heated metal drum continuously 
dips into a trough containing the substance to be dried, and a thin film of the 
substance is retained on the drum surface. The thickness of the film is regulated 
by a spreader knife, as shown, and as the drum revolves, moisture is evaporated 
into the surrounding air by heat transferred through the metal of the drum. The 
dried material is then continuously scraped from the drum surface by a knife, 
For such a drier, heat transfer rather than diffusion is the contr911ing factor. The 
liquid or solution is first heated to its boiling point; moisture is then evolved by 
boiling at constant temperature if a solute precipitates from a solution at 
constant concentration, or at increasing temperatures if the concentration 
change is gradual; and finally the dried solid is heated to approach the 
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Figure 12.23 Dip-feed single-drum drier. 
(B1aw-Knox Co.) 

temperature of the drum surface. With slurries or pastes of insoluble solids, the 
temperature remains essentially constant at the solvent boiling point as long as 
the solid is completely wet and increases only during the last stages of drying. 
The vapors are frequently collected by a ventilated hood built directly over the 
drier. 

The ability of various slurries, solutions, and pastes to adhere to a heated 
drum varies considerably, and diverse methods of feeding the drum are accord~ 
ingly resorted to. Slurries of solids dispersed in liquids are frequently fed to the 
bottom of the drum on an inclined pan. and the excess nonadherent material is 
recycled to the feed reservoir. Vegetable glues and the like can be pumped 
against the bottom surface of the drum. The dip~feed arrangement shown in Fig. 
12.23 is useful for heavy sludges while for materials which stick to the drum only 
with difficulty, the feed can be spattered on by a rapidly revolving roll. 
Double~drum driers, consisting of two drums placed close together and revolv
ing in opposite directions, can be fed from above by admitting the feed into the 
depression between the drums. The entire drum drier may, on occasion, be 
placed inside a large evacuated chamber for low~temperature evaporation of the 
moisture. 

Cylinder driers are drum driers used for material in continuous sheet form, 
such as paper and cloth. The wet solid is fed continuously over the revolving 
drum, or a series of such drums, each internally heated by steam or other 
heating fluid. 

Spray Driers 

Solutions, slurries, and pastes can be dried by spraying them as fine droplets 
into a stream of hot gas in a spray drier [29. 32]. One such device is shown in 
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FIgure 12.24 Spray drier. (Nichols Engineering and Research Corp.) 
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Fig. 12.24. The liquid to be dried is atomized and introduced into the large 
drying chamber, where the droplets are dispersed into a stream of heated air. 
The particles of liquid evaporate rapidly and dry before they can be carried to 
the sides of the chamber, and the bulk of the dried powder which results falls to 
the conical bottom of the chamber to be removed by a stream of air to the dust 
collector. The principal portion of the exit gas is also led to a dust collector, as 
shown, before being discharged. Many other arrangements are possible, involv
ing both parallel and counterflow of gas and spray [28]. Installations may be 
very large, as much as 12 m in diameter and 30 m high (40 by 100 ft). 
Arrangements and detailed designs vary considerably, depending upon the 
manufacturer. Spray driers are used for a wide variety of products, including 
such diverse materials as organic and inorganic chemicals, pharmaceuticals, 
food products such as milk, eggs, and soluble coffee, as well as soap and 
detergent products. 

In order to obtain rapid drying, atomization of the feed must provide small 
particles of high surface/weight ratio, whose diameter is usually in the range 10 
to 60 I"m. For this purpose, spray nozzles or rapidly rotating disks can be used. 
Spray nozzles are of two major types: pressure nozzles, in which the liquid is 
pumped at high pressure and with a rapid circular motion through a small 
orifice, and two fluid nozzles, in which a gas such as air or steam at relatively 
low pressures is used to tear the liquid into droplets. Nozzles are relatively 
inflexible in their operating characteristics and do not permit even moderate 
variation in liquid-flow rates without large changes in droplet size. They are also 
subject to rapid erosion and wear. Rotating disks are therefore favored in the 
chemical industry. They may be plane, vaned, or cup-shaped, up to about 0.3 m 
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(12 in) in diameter, and rotate at speeds in the range 50 to 200 rls. The liquid or 
slurry is fed onto the disk near the center and is centrifugally accelerated to the 
periphery, from which it is thrown in an umbrella-shaped spray. Appreciable 
variation in liquid properties and feed rates can be handled satisfactorily, and 
even thick slurries or pastes can be atomized without clogging the device 
provided they can be pumped to the disk. 

The drying gas, either flue gas or air, can enter at the highest practical 
temperature, 80 to 760°C (175 to 1400°F), limited only by the heat sensitivity of 
the product. Since the contact time for product and gas is. so short, relatively 
high temperatures are feasible. The short time of drying requires effective 
gas-spray mixing, and attempts to improve upon this account in part for the 
large number~ of designs of spray chambers. Cool air is sometimes admitted at 
the drying-chamber walls in order to prevent sticking of the product to the sides. 
The effluent gas may convey all the dried product out of the drier or only the 
fines, but in either case the gas must be passed through some type of dust 
collector such as cyclones or bag filters, and these are sometimes followed by 
wet scrubbers for the last traces of dust. Recirculation of hot gas to the drier for 
purposes of heat economy is not practical, since the dust-recovery operation 
cannot usually be accomplished without appreciable heat loss. 

The drops of liquid reach their terminal velocity in the gas stream quickly, 
within inches of the atomizing device. Evaporation takes place from the surface 
of the drops, and with many products solid material may accumulate as an 
impervious shell at the surface. Since heat is nevertheless rapidly being trans
mitted to the particles from the hot gas, the entrapped liquid portion of the drop 
vaporizes and expands the still-plastic wall of the drop to 3 to 10 times the 
original size, eventually exploding a small blowhole in the wall and escaping, to 
leave a hollow, dried shell of solid as the product. In other cases, the central 
liquid core diffuses through the shell to the outside, and the reduced internal 
pressure causes an implosion. In any event, the dried product is frequently in the 
form of small hollow beads of low bulk density [8]. Some control over the bulk 
density is usually possible through control of the particle size during atomization 
or through the temperature of the drying gas (increased gas temperature causes 
decreased product bulk density by more extensive expansion of the drop 
contents). For high-density products, the dried beads can be crushed. 

Spray drying offers the advantage of extremely rapid drying for heat-sensi
tive products, a product particle size and density which are controUable within 
limits, and relatively low operating costs, especially in large-capacity driers. 
Extensive data have now been accumulated on drop sizes, drop trajectories, 
relative velocities of gas and drop, and rates of drying [32]. Logical procedures 
for design of spray driers with a minimum of experimental work have been 
outlined in detail in the work of Gauvin and coworkers [3, 15J. 

Fluidized and Spouted Beds 

Granular solids, fluidized (see Chap. II) by a drying medium such as hot air, 
can be dried and cooled in a similar fluidized bed [53], shown schematically in 
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Figure 12.25 Fluidized bed drier (schematic). (Strong Scott Mfg. Co.) 

Fig. 12.25. The principal characteristics of such beds include cross flow of solid 
and drying gas, a solids residence time controllable from seconds to hours, and 
suitability for any gas temperature. It is nocessary that the solids be free-flowing, 
of a size range 0.1 to 36 mm [59J. Since the mass flow rate of gas for thermal 
requirements is substantially less than that required for fluidization, the bed is 
most economically operated at the minimum velocity for fluidization. Mu1ti~ 

stage, cross-flow operation (fresh air for each stage) is a possibility [2J, as is a 
two-stage countercurrent arrangement, as in Fig. 11.28 [58J. A tentative design 
procedure has been proposed [40J. 

Coarse solids too large for ready fluidization can be handled in a spouted bed 
[33J. Here the fluid is introduced into the cone-shaped bottom of the container 
for the solids instead of uniformly over the cross section. It flows upward 
through the center of the bed in a column, causing a fountainlike spout of solids 
at the top. The solids circulate downward around the fluid column. Such a bed 
has found particular use in drying wheat, peas, flax, and the like [43J. 

Pneumatic (Flash) Driers 

If the gas velocity in a fluidized bed is increased to the terminal velocity of the 
individual solid particles, they are lifted from the bed and are carried along by 
the fluidizing gas. Such gas-solidMparticle mixtures are characteristic of flash, or 
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pneumatic driers. The granular, free-flowing solids are dispersed in a rapidly 
flowing (- 25 m/s) hot gas stream, as in Fig. 12.26, with an exposure time of 
the order of seconds [34J. Such short drying times limit the method to cases of 
surface moisture only, where internal diffusion of moisture within the solid is 
unimportant. Although a beginning has been made to systematize the drying
rate parameters [9J and a computer-design procedure has been prepared [5J, pilot 
tests are nevertheless necessary. 

Material and Enthalpy Balances 
A general flow diagram for a continuous drier, arranged for countercurrent flow, 
is shown in Fig. 12.27. Solid enters at the rate Ss mass dry solid/(area)(time),t is 

t For purposes of material and enthalpy balances alone. rates of flow of gas and solid can 
equally well be expressed as mass/time. 
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Figure 12.27 Material and enthalpy balances, continuous drier. 

dried from XI to Xz mass moisture/mass dry solid, and undergoes a temperature 
change Is, to Is,. The gas flows at the rate Gs mass dry gas/(area)(time) and 
undergoes a humidity change Yz to Y1 mass moisture/mass dry gas and a 
temperature change IGZ to IG). A moisture balance is then 

SsX, + GsY, = SsX, + GsY, (12.38) 

or Ss(X, - X,) = Gs( Y, - Y,) (12.39) 

The enthalpy of the wet solid is given by Eq. (11.45), 

Hs = Cs(ls - 10) + XCA(ts - 10) + l!.HA ( 11.45) 

where H; = enthalpy of wet solid at Is, referred to solid and liquid at reference 
temperature 1o, energy/mass dry solid 

Cs = heat capacity of dry solid, energy /(mass)(temperature) 
CA = heat capacity of moisture, as a liquid, energy/(mass)(temperature) 

MfA = integral heat of wetting (or of adsorption, hydration, or solution) 
referred to pure liquid and solid, at 10, energy/mass dry solid 

Bound moisture will generally exhibit a heat of wetting (see Chap. II), although 
data are largely lacking. The enthalpy of the gas, Ho energy/mass dry gas, is 
given by Eq. (7.13). If the net heat lost from the drier is Q energy/time, the 
enthalpy balance becomes 

SsHs, + GsHo, = SsHs, + GsHo, + Q (12.40) 

For adiabatic operation, Q = 0, and if heat is added within the drier to an 
extent greater than the heat losses, Q is negative. If the solid is carried on trucks 
or other support, the sensible heat of the support should also be included in the 
balance. Obvious changes in the equations can be made for parallelwflow driers. 

Illustration 12.7 An uninsulated, hot-air countercurrent rotary drier of the type shown in Fig. 
12.20 is to be used to dry ammonium sulfate from 3.5 to 0.2% moisture. The drier is 1.2 m (4 ft) 
in diameter, 6.7 m (22 ft) long. Atmospheric air at 25"C, 50% humidity, will be heated by 
passage over steam coils to 9O"C before it enters the drier and is expected to be discharged at 
32"C. The solid will enter at 25"C and is expected to be discharged at 6O"C. Product will be 
delivered at a rate of 900 kg/h. Estimate the air and heat requirements for the drier. 

SoLtmON Define the rates of flow in terms of kg/h. X 2 ... 0.2/(100 - 0.2) - 0.0020; X\ = 
3.5/(100 - 3.5) - 0.0363 kg water/kg dry solid. Ss - 900(1 - 0.0020) - 898.2 kg dry solid/h. 
The rate of drying - 898.2(0.0363 - 0.0020) ... 30.81 kg water evaporated/h. 
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At 25DC, 50% humidity, the absolute humidity of the available air =- 0.010 kg water/kg 
dry air - Yl, Since tm - 9ODC, and with to ... ODC, the enthalpy of the air entering the drier 
(fable 7.1) is 

Hb, - [1005 + 1884(0.01)J90 + 2 502 300(0.01) - 117 200 i/kg dry air 

For the outlet air, tOI ... 32DC, 

Hb, - (1005 + 1884Y,)(32) + 2 502 300Y, - 32 160 + 2504 200Y, 

The heat capacity of dry ammonium sulfate is Cs - 1507 and that of water 4187 
J/kg' K. AHA will be assumed to be negligible for lack of better information. Taking 
to - ODC, so that enthalpies of gas and solid are consistent, and since tSI - 25°C, tSl _ 60°C, 
the solid enthalpies, i/kg dry solid, are [Eq. (11.45)1: 

H" - 1507(60 - 0) + 0.002(4187)(60 - 0) - 90 922 

H" - 1507(25 - 0) + 0.0363(4187)(25 - 0) - 41 475 

The estimated combined natural convection and radiation heat~transfer coefficient from 
the drier to the surroundings [23] is 12 W /ml . K. The mean At between drier and surroundings 
is taken as [(90 - 25) + (32 - 25)1/2 - 36DC, and the exposed area Il.'i 1I'(1.2X6.7) - 25.3 ml, 
whence the estimated heat loss is' 

Q - 12(3600)(25.3)(36) - 39 350kJ/h 

Moisture balance (Eq. (12.39)1: 

898.2(0.0363 - 0.002) - G,( Y, - 0.01) 

Enthalpy balance (Eq. (12.4O)J: 

898.2(41475) + G,(117 2(0) - 898.2(90 922) + G,(32 160 + 2 504 200Y,) + 39 350 000 

When solved simultaneously, these yield 

Gs - 2682 kg dry air/h YI - 0.0215 kg water/kg dry air 

The enthalpy of the fresh air (Fig. 7.5) is 56 kJ Jkg dry air, and bence the heat load for the 
heater is 2682(117 200 - 56000) ... 164 140 kJ /h. If steam at pressure 70 kN/m2 (lO.21br/in

l) 
gauge and latent heat 2215 kJ/kg is used, the steam required is 164 140/2215 - 74.1 kg 
steam/h, or 74.1/30.81 - 2.4 kg steam/kg water evaporated. 

Rate of Drying for Continuous Direct-Heat Driers 

Direct-heat driers are best placed in two categories, according to whether high 
or low temperatures prevail. For operation at temperatures above the boiling 
point of the moisture to be evaporated, the humidity of the gas has only a minor 
influence on the rate of drying, and it is easiest to work directly with the rate of 
heat transfer. At temperatures below the boiling point, mass-transfer driving 
forces are conveniently established. In any case, it must be emphasized that our 
imperfect knowledge of the complex drying mechanisms makes experimental 
testing of the drying necessary. Calculations are useful only for the roughest 
estimate, 

Drying at high temperatures In a typical situation, three ~eparate zones are 
distinguished in such driers, recognizable by the variation in temperatures of the 
gas and solid in the various parts of the drier [14]. Refer to Fig. 12.28, where 
typical temperatures are shown schematically by the solid lines for a countercur
rent drier. In zone I, the preheat zone, the solid is heated by the gas until the 
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Figure 12.28 Temperature gradients in a continuous counter<:urrent drier. 

rate of heat transfer to the solid is balanced by the heat requirements for 
evaporation of moisture. Little actual drying will usually occur here. In zone II, 
the equilibrium temperature of the solid remains substantially constant while 
surface and unbound moisture are evaporated. At point B, the critical moisture 
of the solid is reached, and, in zone III, unsaturated surface drying and 
evaporation of bound moisture occur. Assuming that the heat-transfer 
coefficients remain essentially constant, the decreased rate of evaporation in 
zone III results in increased solid temperature, and the discharge temperature of 
the solid approaches the inlet temperature of the gas. 

Zone II represents the major portion for many driers, and it is of interest to 
consider the temperature-humidity relationship of the gas as it passes through 
this section. On the psychrometric chart (Fig. 12.29), point D represents the gas 
conditions at the corresponding point D of Fig. 12.28. If drying is adiabatic, i.e., 
without addition to, or loss of heat from, the drier, the adiabatic-saturation line 
DCI will represent the variation of humidity and temperature of the gas as it 
passes through this section of the drier, and the conditions of the gas leaving this 
zone (point C, Fig. 12.28) are shown at Cion Fig. 12.29. The surface tempera
ture of the solid, which can be estimated by the methods described earlier in the 
case of batch drying, will vary from that at SI (corresponding to point B of Fig. 
12.28) to S; (corresponding to point A). If radiation and conduction through the 
solid can be neglected, these are the wet-bulb temperatures corresponding to D 
and Cil respectively. For the system air-water, whose wet-bulb and adiabatic
saturation temperatures are the same, these will be both given by an extension of 
the adiabatic~saturation line DC I to the saturation-humidity curve. Heat losses 
may cause the gas to follow some such path as DC,. On the other hand, if heat is 
added to the gas in this section, the path will be represented by a line such as 
DC, and, if the gas is kept at constant temperature, by line DC •. In the case of 
the last, the surface temperature of the solid will vary from that at SI to that at 
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Figure 12.29 Temperature-humidity relations in a continuous drier, 

S4' For any specific drier, the temperatures and humidities can be computed by 
means of the moisture and enthalpy balances [Eqs. (12.39) and (12.40)] by 
application of these to each section separately. 

Considering only heat transfer from the gas, and neglecting any indirect 
heat transfer between the solid and the drier itself, we can e9uate the loss in heat 
from the gas gG to that which is transferred to the solid q and the losses Q. For a 
differential length of the drier, dZ, this becomes 

dgG = dq + dQ 

Rearranging giv~s 

dg = dqG - dQ = U dS(IG - Is). = Ua(IG - Is) dZ 

where U = overall heat-transfer coefficient between gas and solid 
IG - Is = temperature difference for heat transfer 

S = interfacial surface/drier cross section 
a = interfacial surface/drier volume 

Then dq = GsC, dIG = Ua(IG - Is) dZ 

(12.41) 

(12.42) 

(12.43) 

where dt~ is the temperature drop experienced by the gas as a result of transfer 
of heat to the solid only, exclusive of losses, and C, is the humid heat. 

(12.44) 
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and if the heat-transfer coefficient is constant, 

11t' Z 
NaG = ---.!Z. = --

I !lIm BraG 

GsC, 
HIOG = -----va-

where NtoG = number of heat-transfer units 
HWG = length of heat-transfer unit 

(12.45) 

(12.46) 

!lIG = change in gas temperature owing to heat transfer to solid only 
tJ.lm = appropriate average temperature difference between gas and solid 

If the temperature profiles in the drier can be idealized as straight lines, such as 
the broken lines of Fig. 12.28, then for each zone taken separately I1tm is the 
logarithmic average of the terminal temperature differences and N,OG the 
corresponding number of transfer units for each zone. In the case of zone III, 
this simplification will be satisfactory for the evaporation of unsaturated surface 
moisture but not for bound moisture or where internal diffusion of moisture 
controls the rate of drying. 

Tunnel driers In drying solids by cross circulation of air over the surface, as in 
the case of materials on trays or solids in sheet form, the surface temperature in 
zone II can be estimated through Eq. (12.18). Unless all surfaces are exposed to 
heat transfer by radiation, this feature of the heat transfer is better ignored, and 
U in Eq. (12.46) can be taken as h, + Uk' This value will also serve in zone I, 
and in zone III only for cases of unsaturated surface drying. The quantity a can 
be computed from the method of loading the drier. 

Rotary driers The surface of the solid exposed to drying gas cannot be con
veniently measured, so the group Ua must be considered together. In counter
current driers, Ua is influenced by changes in holdup due to changes in gas flow 
and solid feed rate, but effects of changes in slope or rate of rot.ation of the drier 
are small [14, 44]. The effect of gas mass velocity is somewhat uncertain. In the 
absence of experimental data, the value of Ua in Eqs. (12.43) to (12.46) for 
commercial driers manufactured in the United States is recommended [341. in SI 
units, ast 

237Go.67 

Ua ==---~-
To 

(12.47) 

Here, especially in zone II, the "appropriate" average temperature difference is 
the average wet-bulb depression of the gas since the surface of the wet solid is at 
the wet-bulb temperature. Use of temperature differences based on the bulk 
solid temperature will lead to conservative results. Obviously the character of the 
solids must also have an influence, not recognized in Eq. (12.47). 

t In units of Btu, feet, pounds mass, hours, and degrees Fahrenheit the coefficient of Eq. (12.47) 
is 0.5. 
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Illustration 12.8 A preliminary estimate of the size of a countercurrent, direct-heat, rotary drier 
for drying an ore-flotation concentrate is to be made. The solid is to be delivered from a 
continuous filter and introduced into the drier at 8% moisture, 27°C, and is to be discharged 
from the drier at 150°C, 0.5% moisture. There will be 0,63 kg/s (5000 lb/h) of dried product. 
The drying gas is a flue gas analyzing 2.5% CO2, 14.7% Oz, 76,00/0 Nz, and 6.8% HzO by volume. 
It will enter the drier at 480°C. Heat losses will be estimated at 15% of the heat in the entering 
gas. The ore concentrate is ground to 200-~m average particle diameter and has a bulk density 
of 1300 kg dry solid/m3 (81.1 Ib/ft3) and a heat capacity of 837 J/kg' K (0,2 Btu/lb· OF), 
dry. The gas rate oUght not to exceed 0,70 kg/mz. s to avoid excessive dusting, 

SOLUTION Xl "" 8/(100 - 8) = 0.0870, Xz = 0.5/(100 - 0.5) = 0,00503 kg water/kg dry solid. 
Temporarily define Ss and Gs as kg dry substance/s, Ss = 0.63(1 - 0,00503) = 0.627 kg dry 
solid/s. Water to be evaporated = 0,627(0.0870 - 0,(0503) = 0.0514 kg/so 

Basis: I lanol gas in. Dry gas"'" 1 - 0,068 = 0.932 kmoI. 

Av heat capacity, kJ/kmol . K 
kmol kg 480 O°C 

CO, 0.D25 1.10 45.6 
0, 0.147 4.72 29.9 
N, 0.760 21.3 29.9 

Total dry wt 27.1 

Av mol wt dry gas = 27.1/0.932 "'" 29.1 kg/kmol, nearly the same as that of air. 

0.068( 18.02) 
Yz = 0.932(29.1) - 0.0452 kg water/kg dry gas tG2 = 480°C 

A hI 
. fd _ 0.025(45.6) + (0.147 + 0.760)(29.9) 

v capacity 0 ry gas - 0.932(29.1) 

~ 1.042 kJ jkmol . K 

The exit gas temperature will be tentatively taken as 120°C, This is subject to revision after the 
number of transfer units has been computed. In a manner similar to that above, the average 
heat capacity of the dry gas, 120 to O°C, is 1.005 kJ/kmo!' K. Eq. (7.13): 

HG, = [1.042 + 1.97(0.0452)1(480 - 0) + 2502.3(0.0452) = 656.0 kJjkg dry gas 

Hbl = (1.005 + L884Y1){120 - 0) + 2502.3Y1 = 120.5 + 2728Y1 

Take !:J.HA = O. Eq. (11.45): 

Hi;> = 0.837(27 0) + 0.087(4.187)(27 - 0) ~ 32.43 kJ jkg dry solid 

Hs, = 0.837(150 - 0) + 0.00503(4.187)(150 - 0) = 128.7 kJjkg dry solid 

Q = heat loss"" O.l5(656)Gs "'" 98.4Gs kJ/s 

Eq. (12.39), 

0.0514 ~ Gs ( Y, - 0.0452) 

Eq. (12.40), 

0.627(32.43) + Gs (656) ... 0.627(128.7) + Gs (l20.5 + 2728 Y1) + 98.4Gs 
Simultaneous solution: 

Gs = 0.639 kg dry gas/s 

Hbl = 463 kJ /kg dry gas 

Y1 = 0.1256 kg water/kg dry gas 

Q ~ 62.9 kJjs 

Assuming that the psychrometric ratio or the gas is the same as that of air, its wet~bulb 
temperature for zone II [Eq. (7.26)] is estimated to be about 65°C, The surface of the drying 
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solid particles is subject to radiation from the hot walls of the drier, and the surface of the solid 
in zone II is then estimated to be about 68°C. Note: This should be recalculated after the 
temperature at point D, Fig. 12.28, is known. 

For lack of information on the critical moisture content of the solid, which is probably 
quite low for the conditions found in such a drier, it will be assumed that all moisture is 
evaporated in zone II at 68°C. Zone I will be taken as a preheat zone for wanning the solid to 
68°C, without drying. Enthalpy of the solid at 68°C, X = 0.0870 (point A, Fig. 12.28) "" 
0.837(68 - 0) + 0.0870(4.187)(68 - 0) = 81.7 kJ/kg dry solid. Similarly, enthalpy of the solid 
at 68'C, X = 0.00503 (point D, Fig. 12.28) = 58.3 kJ/kg dry solid. 

Assuming that heat losses in tbe three zones are proportional to the number of transfer 
units in each zone and to the average temperature difference between tbe gas and the 
surrounding air (27°C), the losses are apportioned (by a trial-and-error calculation) as 14% in 
zone I, 65% in zone II, 21 % in zone III. 

Calculation for zone III Humid heat of entering gas = 1.042 + 1.97(0.0452) = J.I31 kJ/(kg 
dry gas) . K. A heat balance: 

0.639(1.131)(480 - 100 ) = 0.627(128.7 - 58.3) + 0.21(62.9) 

laD = gas temp at D (Fig. 12.28) = 401°C 

The change in gas temperature, exclusive of that resulting from heat losses, is 

A ' = 0.627(128.7 - 58.3) = 61 I'C 
10 0.639(1.131) . 

Average temp difference between gas and solid = average of 480 - 150 and 401 - 68 = 33re 
= dtm 

dla 61.1 
N(OG "" dtm "" 332 = 0.18 

Cakulationfor zone I Huntid heat of outlet gas "" 1.005 + 1.884(0.1256) = 1.242 kJ/(kg dry 
gas) . K. A heat balance: 

0.639(1.242)(loc - 120) = 0.627(81.7 - 32.43) + 0.14(62.9) 

lac = gas temp at C (Fig. 1228) = J70°C 

A' = 0.627(81.7 - 32.43) = 389'C 
10 0.639(1.242) . 

lilm = average of 170 - 68 and 120 - 27 = 98 Ge 

lila 38.9 
N(oa = lit

m 
= 98 = 0.39 

Calculation for zone II 

1.042 + 1.242 
Average humid heat of gas = 2 1.142 kJ/kg· K 

True change in gas temp = 401 - 170 = 231°C 

.. I . h I 0.65(62.9) 56'C Change In temp resu tIng from eat oss = 0.639(1.142) = 

lita resulting from heat transfer to solid = 231 - 56 = 175°C 

(4{)1 - 68) - (170 - 68) 
At. = In[(4{)1 68)/ (170 68)J 

195'C 

lita 175 
N(oa .= F = 195 ... 0.90 

• 
Total N(oa .,. 0.39 + 0.90 + 0.18 "" 1.47 
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Size 0/ drier Standard diameters available are 1, 1.2, and 1.4 m, and larger. The I-m diameter is 
too small. For TD == 1.2 m, the cross-sectional area = 1/'(1.2)2/4 = 1.13 m2, Expressing the 
rates of flow as kg dry substance/m2. s gives Gs '" 0.639/1.13 = 0.565, Ss = 0.627/1.13 = 
0.555 kg/m'· s. 

Av G = Gs{l + Yay) = 0.565( I + 0.1256; 0.0452) = 0.613 kg/m2 • s 

For lack of more specific information, use Eg. (12.47): 

237(0.613)"" 
Ua"" 1.2 142.3 W Im l

• K 

H ~ GsC, ~ 0.565(1142) _ 45 
lOG Ua 142.3 . m Z = NtOGH,OG = 1.47(4.5) = 6.6 m (21.7 ft) 

The nearest standard length is 7.5 m (24.6 ft). 
Take the peripheral speed as 0.35 m/s (70 ft/min), whence the rate of revolution = N = 

0.35/~TD ~ 0.093 ,-I (5.6 r/min). 

4. = 200 X 10-6 m Ps =: 1300 kg/ml 

Eq. (12.37): 

K ~ 0.6085 ~ 0.0331 
1300(200 x 10-6)°.5 

Take the holdup -PD - 0.05. Eq. (12.35): .pDO "" CPD - KG = 0.05 - 0.0331(0.613) "'" 0.0297. Eq. 
(12.36): 

s... 0.3344Ss ... 0.3344(0.555) = 0.02 m/m, drier slope 
.pDO PSNO.9TD 0.05(1300)(0.093t·9 1.2 

Drying at low temperatures Continuous driers operating at low temperatures can 
be divided into zones the same as high-temperature driers. Since the surface 
moisture will evaporate at a comparatively low temperature in zone II, the 
preheat zone can generally be ignored and only zones II and III need be 
considered. Refer to Fig, 12.30, which shows an arrangement for countercurrent 
flow. In zone II. unbound and surface moisture is evaporated as discussed 
previously, and the moisture content of the solid falls to the critical value X,. 
The rate of drying in this zone would be constant if it were not for the varying 
conditions of the gas. In zone III, unsaturated-surface drying and evaporation of 
bound moisture occur, and the gas humidity rises from its initial value Y2 to Ye• 

The latter can be calculated by applying the material-balance relation (12.39) to 
either zone separately. The retention time can be calculated by integration of 
Eq. (12.3), 

(12.48) 

where A/ Ss is the specific exposed drying surface, area/mass dry solid. 

Zone II, X > X, The rate N is given by Eq. (12.17), which, when substituted in 
the first part of Eq. (12.48), provides 

O _Ss~fXI~ 11-
A ky x, Y, - Y 

(12.49) 
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Gs 
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Gs 

Y, Y, 

Zone JI Zone ill 

5s X, Ss Figure 12.30 Continuous low-tem-
x, X, perature countercurrent drier. 

Since Gs dY = Ss dX, Eq. (12.49) becomes 

o - Gs Ss I I Y, dY 
II - Ss A k y y, Y, - Y 

(12.50) 

Integration of Eq. (12.50) must take into account the vanatlOn of Y" the 
humidity of the gas at the solid surface, with Y. If the gas temperature, for 
example, is held constant in this zone by application of heat, the path of the gas 
resembles line DC, in Fig. 12.29. If, furthennore, radiation and conduction 
effects can be neglected, Ys for any value of Y on line DC4 is the saturated 
humidity at the corresponding wet-bulb temperature. Equation (12.50) can then 
be integrated graphically. 

For the case where Ys is constant, as for adiabatic drying of water into air, 
Eq. (12.50) becomes 

(12.51) 

Zone "Ill, X < Xc Some simplification is necessary for mathematical treatment. 
For the case where unsaturated-surface drying occurs and the drying rate is 
dependent strictly upon the conditions prevailing at any instant, independent of 
the immediate past history of the drying, Eqs. (12.8) and (12.17) apply. These 
provide 

N,(X - X*) k y ( Y, - Y)(X - X*) 
N=X_X*= XX , , (12.52) 

When this is substituted in the second part of Eq. (12.48), the result is 

Ss X, - X* IX, dX 
0111 = A ky x, (Y, - Y)(X - X*) 

(12.53) 

This can be evaluated graphically after determining the relationship between X, 
X·, Ys' and Y. For this purpose, the material balance can be written as 

Y = Y, + (X - X,) ~: (12.54) 

The surface humidity Ys is found in the manner previously described, and X* is 
given by the equilibrium-moisture curve for the appropriate Y. 

For the special case where the bound moisture is negligible (X* = 0) and Y, 
is constant (adiabatic drying), substitution of Eq. (12.54) and its differential 



Gs dY = Ls dX in Eq. (12.53) provides 

o - Gs Ss X, I Y, dY 
111- Ss A ky y, (Y,- Y)[(Y- Y.;)Gs/Ss+X,J 

0
111 

= Gs Ss X, I In X,( Y, - Y,) 
Ss A k y (Y, - Y,)Gs/Ss + X, X,(Y, - yo) 
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(12.55) 

(12.56) 

These methods must not be applied to solids whose internal resistance to 
movement of moisture is large, where internal diffusion controls the rate of 
drying, or where case hardening occurs. In these circumstances the instanta
neous rate of drying under variable conditions is not merely a function of the 
prevailing conditions but depends upon the immediate past drying history as 
well. For such solids, the time for drying is best determined experimentally in a 
carefully planned test which simulates the countercurrent action of the continu
ous drier [4]. 

In applying Eqs. (12.48) to (12.56), it is clear that, should drying take place 
only above or only below the critical moisture content, appropriate changes in 
the limits of moisture content and gas humidities must be made. In parallel-flow 
driers, where gas enters at humidity Y1 and leaves at Y2 while solid enters at 
moisture content X, and leaves at X" Eqs. (12.51) and (12.56) become 

0" = Gs SS ..!...IY'~ = Gs Ss ..!...In Y, - Y, 
Ss A k y y, Y, - Y Ss A k y Y, Y, 

(12.57) 

o Ss X, - X' IX, dX 
'" = A k y x, (Y, - Y)(X - X') 

= Gs Ss X, I In X,(Y, - Y,) 
Ss A k y (Y, - Y,)Gs/Ss - X, X,(Y, - yo) 

(12.58) 

Illustration 12.9 Wet rayon skeins, after centrifuging, are to be air·dried from 46 to 8.5% water 
content in a continuous countercurrent tunnel drier. The skeins are hung on poles which travel 
through the drier. The air is to enter at 82°C. humidity 0.03 kg water/kg dry air, and is to be 
discharged at a humidity 0.08, The air temperature is to be kept constant at src by heating 
coils within the drier, The air rate is to be 1.36 kg/m2 . s (1000 Ib/ft2 • h). 

The critical moisture content of rayon skeins is 50%, and its percent equilibrium moisture 
at 82e C can be taken as one-fourth of the percent relative humidity of the air. The rate of 
drying is then (Simons, Koffolt, and Withrow, TralU. AIChE. 39, 133 (1943)} 

-;/ - 0.OI3701.47(X - X')(Yw - Y) 

where Yw is the saturation humidity of the air at the wet-bulb temperature corresponding to Y. 
Nole: Here G is expressed as kg/m2 • sand 8 as seconds; for feet, pounds mass, and hours, the 
original paper gives the coerticient as 0.003, 

Detennine the time the rayon should remain in the drier, 

SoLUTION X, - 0.46/(1 - 0.46) - 0.852; X, - 0.085/(1 - 0.085) _ 0.093 kg water/kg dry 
solid. Y] ... 0,08; Y2 ... 0.03 kg water/kg dry air. A water balance [Eq. (12,39)1 is 

Ss 0.08 - 0.03 00660 k d lid/k' 
Gs - 0,S52 0,093 -. g ry so g lUf 
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Since the initial moisture content of the rayon is less than the critical, drying takes place 
entirely within zone III. The form of the rate equation is the same as that of Eq. (12.22), where 
kyA/ Ss(Xc - X·) == 0.0137Gl.47. Rearranging the rate equation gives 

o ('dO I (X, dX 
iii =)0 = 0.0137Gl.47 )x1 (X X·)(Yw Y) 

which is in the form of Eq. (12.53). On substituting G = 1.36, this becomes 

(0.852 dX 
Bm == 46.4)0.093 (X X·)( Y w Y) (12.59) 

Consider that part of the drier where the moisture content of the rayon is X = 0.4. Eq. 
(12.54), 

Y - 0,03 + (0.4 - 0.093)0.066 - 0.0503 kg wate, jkg dry gas 

At arc, Y = 0.0503, the wet~bulb temperature is 45°C, and the corresponding saturation 
humidity Y w = 0.068 (Fig. 7.5). Eq. (7.S): 

_ p 18 
0.0503 - lOt 330 _ P 29 

j"" partial pressure of water == 7584 N/m2 

The vapor pressure of water at src == p == 51 780 N/m2, and the relative hwnidity of the 
air = (7584/51 780)100 = 14.63%. The equilibrium moisture is 14.63/4 = 3.66%, and X· == 
3.66/(100 - 3.66) == 0.038 kg water/kg dry solid. Therefore 

I I 1% 
(X X')(Yw Y) (0.4 0.038)(0.068 0.0503) 

In similar fasbion, other values of this quantity are calculated for other values of X, as follows: 

Relative 
I 

X Y Yw humidity, % X' 
(X X')(Yw Y) 

0.852 0.080 0.0950 22.4 0.0594 84 
0.80 0.0767 0.0920 21.5 0.0568 88 
0.60 0.0635 0.0790 18.17 0.0488 117 
0.40 0.0503 0.0680 14.63 0.0380 156 
0.20 0.0371 0.0550 11.05 0.0284 325 
0.093 0.030 0.0490 9.04 0.0231 755 

The integral of Eq. (12.59) is evaluated either graphically or numerically; the area is 151.6, 
whence, by Eq. (12.59), 

0", - 46.4(151.6) - 7034 s - 1.95 ~ 2h Am. 

NOTATION FOR CHAPTER 12 

Any consistent set of units can be used, except as noted. 

a specific interfacial surface of the solid, L2/L3 
A crosNectional area perpendicular to the direction of flow for through-circulation 

drying, L2 
drying surface for cross·circulation drying, L2 

Am average cross~sectional area of drying solid, L2 
b const 
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CA heat capacity of moisture as a liquid, FL/MT 
Cp heat capacity at constant pressure, FL/Mf 
CJ bumid heat, heat capacity of wet gas per unit mass dry gas content, FL/MT 
Cs heat capacity of dry solid, FL/MT 
de equivalent diameter, (cross-sectional area)/perimeter, L 
4. particle diameter, L 
D diffusivity, 0:/9 
G mass velocity of gas, M/L2Q 
Gs mass velocity of dry gas, M/L2Q 
he heat-transfer coefficient for convection, FL/LlJ'a 
hit heat-transfer coefficient for radiation, FL/L2T9 
AHA integral heat of wetting (or of adsorption, hydration, or solution) referred to pure liquid 

and solid. per unit mass of dry solid, FL/M 
Hb enthalpy of moist gas per unit mass of dry gas, FL/M 
H!; enthalpy of wet solid per unit mass of dry solid, FL/M 
H ,oa length of an overall gas transfer unit, L 
jD ky s2/3/ Gs • dimensionless 
jn he Pr2/3 / CpG, dimensionless 
k,., thermal conductivity of tray, FLl/LlT9 
ks thermal conductivity of drying solid, FL:l /Ll T9 
k y gas-phase mass-transfer coefficient, mass evaporated/(areaXtime) (humidity difference), 

M/L'e{M/M) 
K const 
m const 
N flux of drying, mass of moisture evaporated/(areaXtime), M/L2S 

rate of revolution, 9- 1 

Ne constant flux of drying, MIL lQ 
N

'G 
number of gas transfer units, dimensionless 

N,oo number of overall gas transfer units, dimensionless 
P saturation vapor pressure, F /Ll 
ft partial pressure, F /Ll 
P, total pressure, F /L:l 
Pr Prandtl number ... Cpp./ k. dimensionless 
q flux of heat received at the drying surface, batch drying, FL/L%.Q 

flux of heat received by the solid/area of drier cross section, continuous drying, 
FL/L'9 

qe heat flux for convection, FL/L2S 
qG flux of heat transferred from the gas per unit drier cross section, FL/LlS 
qk heat flux for conduction, FL/LZS 
qlt heat flux for radiation. FL/L2S 
Q net flux of heat loss, per unit drier cross section, FL/LlS 
Rec Reynolds number for duct, deG / p., dimensionless . 
s slope of drier, L/L 
S interfacial surface of solid/bed cross section, L2/Ll 
Ss mass of dry solid in a batch, batch drying, M 

mass velocity of dry solid, continuous drying, M/LlS 
Sc Schmidt number, p./pD. dimensionless 
lG dry-bulb temperature of a gas. T 
lit temperature of radiating surface, T 
tJ surface temperature, T 
ls solid temperature, T 
to reference temperature, T 
TD diameter of drier. L 
TG absolute temperature of a gas, T 
Tit absolute temperature of radiating surface, T 
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T, absolute temperature of surface, T 
U overall beat-transfer coefficient, FL/LlT9 
Uk overall beat-transfer coefficient [Eq. (12.16»). FL/LlT9 
X moisture content of a solid, mass moisture/mass dry solid, M/M 
X· equilibrium moisture content of a solid, mass moisture/mass dry solid, M/M 
%M thiclaiess of tray material, L 
%s thickness of drying solid, L 
Z length of drier, L 
A difference 

emissivity of drying surface, dimensionless 
9 time, 9 
~ latent heat of vaporization at Is, FL/M 
~ viscosity, MiLe 

'II' 3.1416 
p density, MIL' 
Ps apparent density of solid, mass dry solid/wet volume, M/L3 
9D holdup of solid in a continuous drier, vol solids/vol drier, L3/L3 
tPDO holdup of solid at no gas flow, L3/L3 

as adiabatic saturation 
c 
G 

at critical moisture content 
gas 

m 
max , 

average 
maximum 
surface 

S dry gas, dry solid 
I 
2 

at beginning, batch drying; at solids-entering end, continuous drier 
at end, batch drying: at solids-leaving end, continuous drier 

I, II, III zones I, II, and III in a continuous drier 
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PROBLEMS 

12.1 A plant wishes to dry a certain type of fiberboard in sheets 1.2 by 2 m by 12 mm (4 by 6 ft by ! 
in). To determine the drying characteristics, a O.3w by O.3-m (Iw by I-ft) sample of the board, with th~ 
edges sealed so that drying took place from the two large faces only, was suspended from a balance 
in a laboratory cabinet drier and exposed to a current of hot, dry air. The initial moisture content 
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was 75%. The sheet lost weight at the constant rate of 1 X 10-4 kg/s (0.8 lb/h) until the moisture 
content fell to 60%, whereupon the drying rate fell. Measurements .of the rate of drying were 
discontinued, but after a long period of exposure to this air it was established that the equilibrium 
moisture content was 10%. The dry mass of the sample was 0.9 kg (2 lb). All moisture contents are 
on the wet basis. 

Determine the time for drying the large sheets from 75 to 20% moisture under the same drying 
conditions. 

12.2 A sample of a porous, manufactured sheet material of mineral origin was dried from both sides 
by cross circulation of air in a laboratory drier. The sample was 0.3 m square and 6 mm thick, and 
the edges were sealed. The air velocity over the surface was 3 mis, its dry-bulb temperature was 
52°e, and its wet-bulb temperature 21°C. There were no radiation effects. The solid lost moisture at 
a constant rate of 7.5 X IO- s kg/s until the critical moisture content, 15% (wet basis), was reached. 
In the falling-rate period, the rate of evaporation fell linearly with moisture content until the sample 
was dry. The equilibrium moisture was negligible, The dry weight of the sheet was l.8 kg. 

Estimate the time for drying sheets of this material 0.6 by 1,2 m by 12 mm thick from both 
sides, from 25 to 2% moisture (wet basis), using air of dry-bulb temperature 66°e but of the same 
absolute humidity at a linear velocity over the sheet of 5 m/s. Assume no change in the critical 
moisture with the changed drying conditions. ADs.: 3,24 h. 

12.3 Estimate the rate of drying during the constant-rate period for the conditions existing as the air 
enters the trays of the drier of Illustration 12.2. The solid being dried is a granular material of 
thermal conductivity when wet = 1.73 W /m . K, and it completely fills the trays. The metal of the 
trays is stainless steel, 16 BWG (1.65 m.m thick). Include in the calculations an estimate of the 
radiation effect from the undersurface of each tray upon the drying surface. 
12.4 A laboratory drying test was made on a 0.I_m2 sample of a fibrous boardlike material. The 
sample was suspended from a balance, its edges were sealed, and drying took place from the two 
large faces. The air had a dry-bulb temperature of 65°e, wet-bulb temperature 29°C, and its velocity 
was 1.5 m/s past the sample. The following are the weights recorded at various times during the test: 

Time, h Mass. kg Time,h Mass, kg Time,h 

0 4.820 3.0 4.269 7.0 
0.1 4.807 3.4 4.206 7.5 
0.2 4.785 3.8 4.150 8.0 
0.4 4.749 4.2 4.130 9.0 
0.8 4.674 4.6 4.057 10.0 
1.0 4.638 5.0 4.015 II 
1.4 4.565 5.4 3.979 12 
1.8 4.491 5.8 3.946 14 
2.2 4.416 6.0 3.933 16 
2.6 4.341 6.5 3.905 

The sample was then dried in an oven at llOoe, and the dry mass was 3.765 kg. 
(a) Plot the rate-or-drying curve. 

Mass, kg 

3.885 
3.871 
3.859 
3.842 
3.832 
3.825 
3.821 
3.819 
3.819 

(b) Estimate the time required for drying the same sheets from 20 to 2% moisture (wet basis) 
using air of the same temperature and hwnidity but with 50% greater air velocity. Assume that the 
critical moisture remains unchanged. Ans.: 8.55 h. 
12.5 A pigment material which has been removed wet from a filter press is to be dried by extruding 
it into small cylinders and subjecting them to through-circulation drying. The extrusions are 6 mm in 
diameter, 50 mm long, and are to be placed on screens to a depth of 65 mm. The surface of the 
particles is estimated to be 295 m2/m3 of bed and the apparent density 1040 kg dry solid/m3. Air at 
a mass velocity 0.95 kg dry air/m2 • s will now through the bed, entering at 120°C, hwnidity 0,05 kg 
water/kg dry air. 
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(a) Estimate the constant rate of drying to be expected. Nole: For long cylinders it is best to 
take the equivalent diameter as the actual cylinder diameter. ADs.: 0.0282 kg/tIl2 • s. 

(b) Estim.;lte the constant rate of drying to be expected if the filter cake is dried on trays by 
cross circulation of the air over the surface at the same mass velocity, temperature, and humidity. 
Neglect radiation and heat conduction through the solid. ADs.: 4.25 X 10-4 kg/m2 • s. 

12.6 A louver~type continuous rotary drier (Fig. 12.22) was used to dry wood chips from 40 to 15% 
moisture [Horgan, Traru, Inst. Chern. Eng., 6, 131 (1928)]. The wood was at 33°P (0.56°C), while the 
dried product was discharged at l000 P (37.8°C) at a rate of 3162 Ib/h (0.398 kg/s). The drying 
medium was the gas resulting from the combustion of fuel, but for the present calculation it may be 
assumed to have the characteristics of air. It entered tbe drier at 715°F (380°C), with a humidity 
0.038 kg water vapor/kg dry gas, at a rate of 275 lb/min (2.079 kg/s) wet. The gas was discharged 
at 175°P (77°C). The heat capacity of the dry wood can be taken as 0.42 Btu/lb· °P (1758 
J /kg . K), and the heat of wetting can be ignored. Estimate the rate of beat loss. 

12.7 A direct~beat, cocurrent-flow rotary drier, 8 ft diameter, 60 ft long (2.44 by IS.3 m), was used to 
dry chopped aHaHa [see Gutzeit and Spraul, Chern. Eng. Prog., 49, 380 (1953)]. Over a 5-b test 
period, the drier delivered an average of 2200 Ib/h (0.2S kg/s) of dried product at 11% moisture and 
145°P (63°C) when fed with aHalfa containing 79% moisture at SO°F (26.7°q. The drying medium 
was the combustion products resulting from the burning of 13074 ftl/h (80°F, 4 oz/in2 gauge 
pressure) [0.1029 m3/s (26.7°C, 862 N/m2 gauge pressure)] of natural gas (85% methane, 10'% 
ethane, 5% nitrogen by volume) with air at 80"F (26.rq, 50'% humidity, The 'gas analyzed 2.9% 
CO2, 15.8%°2,81.3% N2 by volume on a dry basis; it entered the drier at 1500c P (SI6c C) and left at 
195°F (91°q. The heat capacity of dry alfalfa is estimated to be 0.37 Btu/lb· OF (1549 J/kg· K), 
and the heat of wetting can be neglected. Compute the volumetric rate of gas flow through the 
exhaust fan and the heat losses. ADs.: 6.4 m3/s (13 550 ft3/Inin), 1500 kW (5.12 X 106 Btu/h), 

12,8 A direct-heat countercurrent rotary hot-air drier is to be chosen for drying an insoluble 
crystalline organic solid. The solid will enter at 20cC, containing 20% water. It will be dried by air 
entering at 155 c C, 0.01 kg water/kg dry air. The solid is expected to leave at l20"C, with a moisture 
content 0.3%. Dried product delivered will be 450 kg/h. The heat capacity of the dry solid is 837 
J/kg· K, and its average particle size is 0.5 mm. The superficial air velocity should not exceed 1.6 
m/s in any part of the drier. The drier will be insulated, and heat losses can be neglected for present 
purposes. Choose a drier from the following standard sizes and specify the rate of airflow which 
should be used: 1 by 3 m, 1 by 9 m, 1.2 by 12 m, 1.4 by 9 m, 1.5 by 12 m. ADS.: 1.2 by 12 m. 

12.9 A manufactured material in the form of sheets 0.6 by 1.2 m by 12 nun is to be continuously 
dried in an adiabatic countercurrent hot-air tunnel drier at the rate of 100 sheets per hour. The 
sheets will be supported on a special conveyor carrying the material in tiers 30 sheets high, and they 
will be dried from both sides. The dry mass of each sheet is 12 kg, and the moisture content will be 
reduced from 50 to 5% water by air entering at t20°C, humidity 0,01 kg water/kg dry air; 40 kg dry 
air will be passed through the drier per kilogram dry solid, 

In a small-scale ex.periment, when dried with air at constant drying conditions, dry-bulb 
temperature 95"C, wet-bulb temperature 50°C, and at the same velocity to be used in the large drier, 
the constant-drying rate was 3.4 X 10-4 (kg water evaporated)/m2 • s and the critical moisture 
content 30%. The equilibrium-moisture content was negligible. 

(a) Calculate the value of k y from the data of the small-scale experiment. 
ADs.: 0,01545 kg/m2 • s . 6. Y. 
(b) Por the large drier, calculate the humidity of the air leaving and at the point where the solid 

reaches the critical moisture content. 
(c) Estimate the time of drying in the large drier. ADS.: 9.53 h. 
(d) How many sheets of material will be in the drier at all times? 

12.10 A continuous countercurrent hot~air tunnel drier is to be designed to dry a filter-press cake of 
coarse crystals of an inorganic substance, insoluble in water. The filter-press cake will be placed on 
trays 1.0 m long by 0.9 m wide by 25 nun, 20 trays to·a truck, with 50 mm between trays. The tunnel 
drier will have a cross section 2 m high by 1 m wide. The trays have a reinforced screen bottom, so 
that drying takes place from both top and bottom of each tray. Production permits introducing one 
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truck load per hour. Each tray contains 30 kg dry solid, which will enter the drier at 25"'C, 50% 
moisture, and will be dried to negligible moisture content. The critical moisture content is 15%, and 
the eqUilibrium moisture is negligible. The trucks are steel, each weighing about 135 kg. The air is to 
enter at 150°C, humidity 0.03 kg water/kg dry air, and the discharged solid is expected to leave at 
135°C. The air is to be blown over the trays so that the average velocity at the air entrance is to be 
4.5 m/s over the trays. The heat capacity of the dry solid is 1.255 kJ/kg· K. The drier is to be well 
insulated. 

(0) Calculate the length of the drier required. ADs.: 8.5 m by Eq. (12.200), 6.5 m by Eq. 
(12.20). 

(b) The entering air is to be prepared by recycling a portion of the discharged air with 
atmospheric air (25"'C, humidity 0,01 kg water/kg dry air) and heating the mixture to 150"'C. 
Calculate the percentage of discharge air to be recycled and the·heat requirement. Calculate the heat 
also expressed per unit mass of water evaporated. ADs.: 3515 kJ/kg. 



CHAPTER 

TmRTEEN 

LEACHING 

Leaching is the preferential solution of one or more constituents of a solid 
mixture by contact with a liquid solvent. This unit operation. one of the oldest in 
the chemical industries, has been given many names, depending to some extent 
upon the technique used for carrying it out. Leaching originally referred to 
percolation of the liquid through a fixed bed of the solid, but is now used to 
describe the operation generally, by whatever means it may be done. Lixiviation 
is used less frequently as a synonym for leaching, although originally it referred 
specifically to the leaching of alkali from wood ashes. The term extraction is also 
widely used to describe this operation in particular, although it is applied to all 
the separation operations as well, whether mass-transfer or mechanical methods 
are involved. Decoction refers specifically to the use of the solvent at its boiling 
temperature. When the soluble material is largely on the surface of an insoluble 
solid and is merely washed off by the solvent, the operation is sometimes called 
elutriation or elution. This chapter will also consider these washing operations, 
since they are frequently intimately associated with leaching. 

The metallurgical industries are perhaps the largest users of the leaching 
operation. Most useful minerals occur in mixtures with large proportions of 
undesirable constituents, and leaching of the valuable material is a separation 
method which is frequently applied. For example, copper minerals are preferen
tially dissolved from certain of their ores by leaching with sulfuric acid or 
ammoniacal solutions, and gold is separated from its ores with the aid of sodium 
cyanide solutions. Leaching similarly plays an important part in the metallurgi
cal processing of aluminum, cobalt, manganese, nickel, and zinc. Many natur
ally occurring organic products are separated from their original structure by 
leaching. For example, sugar is leached from sugar beets with hot water, 
vegetable oils are recovered from seeds such as soybeans and cottonseed by 
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leaching with organic solvents, tannin is dissolved out of various tree barks by 
leaching with water, and many pharmaceutical products are similarly recovered 
from plant roots and leaves. Tea and coffee are prepared both domestically and 
industrially by leaching operations. In addition, chemical precipitates are fre
quently washed of their adhering mother liquors by techniques and in equip
ment quite similar to those used in true leaching operations, as in the washing of 
caustic soda liquor from precipitated calcium carbonate following the reaction 
between soda ash and lime. 

Preparation of the Solid 

The success of a leaching and the technique to be used will very frequently 
depend upon any prior treatment which may be given the solid. 

In some instances, small particles of the soluble material are completely 
surrounded by a matrix of insoluble matter. The solvent must then diffuse into 
the mass, and the resulting solution must diffuse out, before a separation can 
result. This is the situation with many metaIlurgical materials. Crushing and 
grinding of such solids will greatly accelerate the leaching action, since then the 
soluble portions are made more accessible to the solvent. A certain copper ore, 
for example, can be leached effectively by sulfuric acid solutions within 4 to 8 h 
if ground to pass through a 60-mesh screen, in 5 days if crushed to 6-mm 
granules, and only in 4 to 6 years if l50-mm lumps are used [43]. Since grinding 
is expensive, the quality of the ore will have much to do with the choice of size 
to be leached. For certain gold ores, on the other hand, the tiny metallic 
particles are scattered throughout a matrix of quartzite which is so impervious to 
the leaching solvent that it is essential to grind the rock to pass through a 
IOO-mesh screen if leaching is to occur at all. When the soluble substance is 
more or less uniformly distributed throughout the solid or even in solid solution, 
the leaching action may provide channels for the passage of fresh solvent and 
fine grinding may not be necessary. Collapse of the insoluble skeleton which 
remains after solute removal may present problems, however. 

Vegetable and animal bodies are cellular in structure, and the natural 
products to be leached from these materials are usually found inside the cells. If 
the cell walls remain intact upon exposure to a suitable solvent, the leaching 
action involves osmotic passage of the solute through the cell walls. This may be 
slow, but it is impractical and sometimes undesirable to grind the material small 
enough to release the contents of individual cells. Thus, sugar beets are cut into 
thin, wedge-shaped slices called cosseltes before leaching in order to reduce the 
time required for the solvent water to reach the individual plant cells. The cells 
are deliberately left intact, however, so that the sugar will pass through the 
semipermeable cell walls while the undesirable colloidal and albuminous materi
als largely remain behind. For many pharmaceutical products recovered from 
plant roots, stems, and leaves, the plant material is frequently dried before 
treatment, and this does much toward rupturing the cell walls and releasing the 
solute for direct action by the solvent. Vegetable seeds and beans, such as 
soybeans, are usually rolled or flaked to give particles in the size range 0.15 to 
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0.5 mm. The cells are, of course, smaller than this, but they are largely ruptured 
by the flaking process, and the oils are then more readily contacted by the 
solvent. 

When the solute is adsorbed upon the surface of solid particles or merely 
dissolved in adhering solution, no grinding or crushing is necessary and the 
particles can be washed directly. 

Temperature of Leaching 

It is usually desirable to leach at as high a temperature as possible. Since higher 
temperatures result in higher solubility of the solute in the solvent, higher 
ultimate concentrations in the leach liquor are possible. The viscosity of the 
liquid is lower and the diffusivities larger at higher temperatures, leading to 
increased rates of leaching. With some natural products such as sugar beets, 
however, temperatures which are too high may lead to leaching of excessive 
amounts of undesirable solutes or chemical deterioration of the solid. 

Methods of Operation and Equipment 

Leaching operations are carried out under batch and semibatch (unsteady-state) 
as well as under completely continuous (steady-state) conditions. In each cate
gory, both stagewise and continuous-contact types of equipment are to be 
found. Two major handling techniques are used: spraying or trickling the liquid 
over the solid, and immersing the solid completely in the liquid. The choice of 
equipment to be used in any case depends greatly upon the physical form of the 
solids and the difficulties and cost of handling them. This has led in many 
instances to the use of very specialized types of equipment in certain industries. 

UNSTEADY-STATE OPERATION 

The unsteady-state operations include those where the solids and liquids are 
contacted in purely batchwise fashion and also those where a batch of the solid 
is contacted with a continuaBy flowing stream of the liquid (semi batch method). 
Coarse solid particles are usually treated in fixed beds by percolation methods, 
whereas finely divided solids, which can be kept in suspension more readily, can 
be dispersed throughout the liquid with the help of some sort of agitator. 

III-Place (in Situ) Leaching 

This operation, also called solution mining, refers to the percolation leaching of 
minerals in place at the mine, by circulation of the solvent over and through the 
ore body. It is used regularly in the removal of salt from deposits below the 
earth's surface by solution of the salt in water which is pumped down to the 
deposit. It has been applied to the leaching of low-grade copper ores containing 
as little as 0.2 percent copper [34] and to ores as deep as 335 m (1100 It) below 
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the surface [3}. In the solution mining of uranium, the ore must be oxidized in 
place in order to solubilize it in carbonate solutions. The reagent may be 
injected continuously through one set of pipes drilled down to the ore and the 
resulting liquor removed through a different set. Alternatively, the reagent may 
be pumped into the ground intermittently and withdrawn through the same well. 

Heap Leaching 

Low-grade ores whose mineral values do not warrant the expense of crushing or 
grinding can he leached in the form of run-of-mine lumps built into huge piles 
upon impervious ground. The leach liquor is pumped over the ore and collected 
as it drains from the heap. Copper has been leached from pyritic ores in this 
manner in heaps containing as much as 2.2 X 10' t of ore, using over 20 000 m' 
(5 X 10< gal) of leach liquor per day. It may require up to 7 or more years to 
reduce the copper content of such beaps from 2 to 0.3 percent. In a typical case 
of heap leaching of uranium, after laying a pattern of perforated drain pipe on 
an impervious clay base, the ore is built into piles on top of the pipes, in heaps 
some 6 to 8 m tall, trapezoidal in cross section and 120 m wide at the base, as 
much as 800 m (0.5 mil long. The leach solution, introduced into ponds in the 
top of the heap, percolates down to the drain pipes at the base, whence it is led 
away. 

Percolation Tanks 

Solids of internJediate size can conveniently be leached by percolation methods 
in open tanks. The construction of these tanks varies greatly, depending upon 
the nature of the solid and liquid to be handled and the size of the operation, 
but they are relatively inexpensive. Small tanks are frequently made of wood if it 
is not chemically attacked by the leach liquid. The solid particles to he leached 
rest upon a false bottom, which in the simplest construction consists of a grating 
of wooden strips arranged parallel to each other and sufficiently close to support 
the solid. These in turn may rest upon similar strips arranged at right angles, 
150 mm or more apart, so that the leach liquor flows to a collection pipe leading 
from the bottom of the tank. For supporting fairly fine particles, the wood 
grating may be further covered by a coconut matting and a tightly stretched 
canvas filter cloth, held in place by caulking a rope into a groove around the 
periphery of the false bottom. Small tanks may also be made entirely of metal, 
with perforated false bottoms upon which a filter cloth is placed, as in the 
leaching of pharmaceutical products from plants. Very large percolation tanks 
(45 by 34 by 5.5 m deep) for leaching copper ores have been made of reinforced 
concrete and lined with lead or bituminous mastic. Small tanks may be provided 
with side doors near the bottom for sluicing away the leached solid, while very 
large tanks are usually emptied by excavating from the top. Tanks should be 
filled with solid of as uniform a particle size as practical, since then the 
percentage of voids will be largest and the pressure drop required for flow of the 
leaching liquid least. This also leads to uniformity of the extent of leaching 
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individual solid particles and less difficulty with channeling of the liquid through 
a limited number of passageways through the solid bed. 

The operation of such a tank may follow any of several procedures. After 
the tank is filled with solid, a batch of solvent sufficient to immerse the solid 
completely may be pumped into the tank and the entire mass allowed to steep or 
soak for a prescribed period of time. During this period the batch of liquid may 
or may not be circulated over the solid by pumping. The liquid is then drained 
from the solid by withdrawing it through the false bottom of the tank. This 
entire operation represents a single stage. Repetition of this process will eventu
ally dissolve all the solute. The only solute then retained is that dissolved in the 
solution wetting the drained solid. This can be washed out by filling the tank 
with fresh solvent and repeating the operation as many times as necessary. An 
alternative method is continuously to admit liquid into the tank and continu
ously to withdraw the resulting solution, with or without recirculation of a 
portion of the total flow. Such an operation may be equivalent to many stages. 
Since the solution which results is usually denser than the solvent, convective 
mixing is reduced by percolation in the downward direction. Upward flow is 
sometimes used, nevertheless, in order to avoid clogging the bed or the filter 
with fines, but this may result in excessive entrainment of the fines in the 
overflow liquid. Still a further modification, less frequently used, is to spray the 
liquid continuously over the top and allow it to trickle downward through the 
solid without fully immersing the solid at any time. An excellent review of the 
processes, techniques, and chemistry of leaching of ores is available [6[. 

Retention of Liquid after Drainage 

Imagine a bed of granular solids whose void space is completely filled with liquid. When the liquid is 
allowed to drain under the influence of gravity, with admission of air to the voids from the top of the 
bed, the rate of liquid flow is at first very rapid. The rate gradually falls, and after a relatively long 
period of time no additional drainage occurs. The bed still contains liquid. however. The fraction of 
the void volume still occupied by liquid is tenned the residual saturation s. Figure 13.1 shows the 
variation of s with height of the bed [llJ. In the upper part of the bed the value' of s is constant at so. 
and this represents the liquid which remains in the crevasses and small angles between the particles 
as fillets. held in place by surface tension. In the lower part of the bed, the liquid is held up in the 
voids. filling them completely (s = 1.0) by capillary action. The drain height ZD is defined as the 
height where the value of s is the average in the range So to unity, as shown in the figure. The average 
value of s for the entire bed will be the area between the ordinate axis and the curve of the figure, 
divided by the bed height Z, 

(13.1) 

A large number of measurements of ZD under a wide variety of conditions showed that, 
approximately III), 

where K ... "penneability" of bed 
PI. - liquid density 
a ... surface tension of liquid 

z _ O.275(gJg) 

D "( K"/7g") ''''''C(p'''d'''o''') 
(13.2) 

The value of So was found to depend upon the group (Kpd gaXg/gc)' called the capi/lary number, as 
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s = froction of void volume occupied by liquid Figure 13.1 Drainage of packed beds {II]. 

follows: 

1
0.075 

S -
o 0.0018 

(Kpd galt g/ g,) 

KPL.!.. < 0.02 
go g", 

KPL.!.. > 0.02 
go g, 

(13.3) 

(13.4) 

In these ex.pressions it is assumed that drainage has occurred under the action of the force of gravity 
only and that the contact angle between liquid and solid surfaces is 180". 

The permeability K is the proportionality constant in the flow equation for laminar flow 
through the bed. 

(13.5) 

where ap is the drop in pressure across the bed and G is the mass velocity of flow based on the 
entire cross section of the bed. Equation (6.66) describes the flow through beds of granular solids, 
and for laminar flow only the first term of-the rightMhand side of this ex.pression is used. If ilp/Z 
from thls equation is substituted in Eq. (13.5). with Re replaced by d"G/JJ.L> simplification leads to 

d,.,<,g 
K - 2 (13.6) 

150(1 - ,) 

where d,. is the diameter of a sphere of the same surface/volume ratio as the particles of the bed and 
e is the fraction-void volume. For fibrous material and others whose value of ~ may be difficult to 
estimate, K can be obtained from Eq. (13.5) after experimental measurement of the pressure drop for 
laminar flow through the bed. 

Illustration 13.1 The sugar remaining in a bed of bone char used for decolorization is leached 
by flooding the bed with water, following which the bed is drained of the resulting sugar 
solution. The bed diameter is I m, the depth 3.0 m, the temperature is 65"C. The sugar solution 
which drains has a density 1137 kg/m3 (71 Ib/ftJ) and a surface tension 0,066 N/rn. The bulk 
density of the char is 960 kg/m3 (60 lb/ft) and the individual particle density 1762 kgjm' 
(110 lb/ft3), ,The particles have a specific external surface 16.4 m2/kg (80 ft2 lIb). 

Estimate the mass of solution still retained by the bed after dripping of the solution has 
stopped, Express this also as mass solution/mass dry bone char. 
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SOLUTION The fractional void volume = £ = I - (bulk density/particle density) = I -

960/1762 = 0.455 m3 voids/m3 bed. The particle surface = Qp = (16.4 m2/kg)(96O kg/mJ
) = 

15744 m2/mJ bed. Eq. (6.67): 

d ~ 6(1 - ,) ~ 6(1 - 0.455) 2.077 X 10-' m 
POp 15744 

Eq. (13.6): 

K = dp2e
3
g = (2.077 X 10-

4 )2(0.455)3(9.807) = 8.94 X 10-10 mJ /s 
150(1 - ,)' 150(1 - 0.455)' 

KPL JL "" (8.94 X 10- 1°)(1137) 9.81 = 154 X 10-5 
go gc 9.81(0.066) 1 . 

Eq. (13.3): 

Eq. (13.2): 

Eq. (13.1): 

So = 0.075 

Z 
0.275(1/9.81) 

D-
[(8.94 X 10 ")/9.81]°·'(1137/0.066) 

0.1705 m 

z = 3.0m 

~ (3 - 0.1705)(0.075) 0.1705 ~ 0 1276 
s,w 3 + 3 . 

Vol liquid retained 0.1276£ = 0.1276(0.455) = 0.0581 m3/m3 
Vol bed 

Mass liquid in bed = 0.0581 1[( ~)23 (1137) = 155.6 kg 

Massliquid = 0.0581(1137) = 0.069k /k 
Mass dry solid 1(960) g g 

Countercurrent Multiple Contact; the Shanks System 

Leaching and washing of the leached solute from the percolation tanks by the 
crosscurrent methods described above will inevitably result in weak solutions of 
the solute. The strongest solution will result if a countercurrent scheme is used, 
wherein the final withdrawn solution is taken from contact with the freshest 
solid and the fresh solvent is added to solid from which most of the solute has 
already been leached or washed. In order to avoid moving the solids physically 
from tank to tank in such a process, the arrangement of Fig. 13.2, shown 
schematically for a system of six tanks, is used. This Shanks .syslem,t as it is 
called, is operated in the following manner: 

l. Assume at the time of inspecting the system at Fig. 13.2a that it has been in 
operation for some time. Tank 6 is empty, tanks I to 5 are filled with solid, 
tank 5 most recently and tank I for the longest time. Tanks I to 5 are also 

t Named after James Shanks, who first introduced tM system in 1841 into England for the 
leaching of soda ash from the "black ash" of the Le Blanc process. It was, however, apparently a 
German development. 
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FIgure 13.2 Countercurrent multiple contact, Shanks system. 

A Spent 

ciS' 

Ibl 

filled with leach liquid, and the most concentrated is in tank 5 since it is in 
contact with the freshest solid. Fresh solvent has just been added to tank 1. 

2. Withdraw the concentrated solution from tank 5, transfer the liquid from 
tank 4 to tank 5, from 3 to 4, from 2 to 3, and from I to 2. Add fresh solid to 
tank 6. 

3. Refer to Fig. 13.2b. Discard the spent solid from tank 1. Transfer the liquid 
from tank 5 to tank 6, from 4 to 5, from 3 to 4, and from 2 to 3. Add fresh 
solvent to tank 2. The circumstances are now the same as they were at the 
start in Fig. 13.2a, except that the tank numbers are each advanced by one. 

4. Continue the operation in the same manner as before. 

The scheme is identical with the batch simulation of a multistage counter~ 
current operation shown in Fig. 10.38. After several cycles have been run 
through in this manner, the concentrations of solution and in the solid in each 
tank approach very closely the values obtaining in a truly continuous counter
current multistage leaching. The system can, of course, be operated with any 
number of tanks, and anywhere from 6 to 16 are common. They need not be 
arranged in a circle but are better placed in a row, called an extraction battery, 
so that additional tanks can conveniently be added to the system if desired. The 
tanks may be placed at progressively decreasing levels, so that liquid can flow 
from one to the other by gravity with a minimum of pumping. 

Such leaching tanks and arrangements are used extensively in the metal
lurgical industries, for recovery of tannins from tree barks and woods, for 
leaching sodium nitrate from Chilean nitrate-bearing rock (caliche), and in many 
other processes. 

Percolation in Closed Vessels 

When the pressure drop for flow of liquid is too high for gravity flow, closed 
vessels must be used and the liquid is pumped through the bed of solid. Such 
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Figure 13.3 Sugar~beet diffuser [12]. (Courtesy of the 

Institution of Chemical Engineers.) 

vessels are sometimes called diffusers. Closed tanks are also necessary to prevent 
evaporation losses when the solvent is very volatile or when temperatures above 
the nonnal boiling point of the solvent are desired. For example, some tannins 
are leached with water at 120°C, 345 kN/m' (50 lb,/in') pressure, in closed 
percolation tanks. 

Designs vary considerably, depending upon the application. In leaching 
sugar from sugar-beet slices, or cossettes, a diffuser of the type shown in Fig. 
13.3 is used. They are arranged in a battery containing up to 16 vessels, and the 
beets are leached with hot water in the countercurrent fashion of the Shanks 
system. Heaters are placed between the diffusers to maintain a solution tempera
ture of 70 to 78°C. In this manner 95 to 98 percent of the sugar, in beets 
containing initially about 18 percent, can be leached to form a solution of 12 
percent concentration. Countercurrent, continuous equipment is also used in the 
sugar-beet industry [4, 20J. 

Filter-Press Leaching 

Finely divided solids, too fine for treatment by percolation in relatively deep 
percolation tanks, can be filtered and leached in the filter press by pumping the 
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solvent through the press cake. This is, of course, common practice in washing 
mother liquor from precipitates which have been filtered. 

Agitated Vessels 

Channeling of the solvent in percolation or filter-press leaching of fixed beds, 
with its consequent slow and incomplete leaching, can be avoided by stirring the 
liquid and solid in leaching vessels. For coarse solids, many types of special 
stirred or agitated vessels have been devised [36J. In such cases, closed cylindri
cal vessels are arranged vertically (Fig. 13.4a) and are fitted with power-driven 
paddles or stirrers on vertical shafts, as well as false bottoms for drainage of the 
leach solution at the end of the operation. In others, the vessels are horizontal, 
as in Fig. I3.4b, with the stirrer arranged on a horizontal shaft. In some cases, a 
horizontal drum is the extraction vessel, and the solid and liquid are tumbled 
about inside by rotation of the drum on rollers, as in Fig. 13.4c. These devices 
are operated in batchwise fashion and provide a single leaching stage. They can 
be used singly but frequently are also used in batteries arranged for countercur
rent leaching. They have been used extensively in the older European and South 
American installations for leaching vegetable oils from seeds but relatively little 
in the United StateE. 

Finely divided solids can be suspended in leaching solvents by agitation, 
and for batch operation a variety of agitated vessels are used (see Chaps. 6 and 
11). The simplest is the Pachuca tank (Fig. 13.5), which is employed extensively 
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Figure 13.4 Agitated batch leaching vessels (see also Chap. 11). 
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Figure l3.S Pachuca tank. (Fran 
Liddell, "Handbook of Non-Jerrous 
Metallurgy," 2d ed, McGraw-Hill 
Book Company, New York, 1945. Used 
by permission of lhe publisher.) 

in the metallurgical industries. These tanks are constructed of wood, metal, or 
concrete and may be lined with inert metal such as lead, depending upon the 
nature of the leaching liquid. Agitation is accomplished by an air lift: the 
bubbles of air rising through the central tube cause the upward flow of liquid 
and suspended solid in the tube and consequently vertical circulation of the tank. 
contents [26J. The standard mechanical agitators, with turbine-type impellers, for 
example, can also be used to keep the finely divided solids suspended in the 
liquid. After the leaching has been accomplished, the agitation is stopped, the 
solid is allowed to settle in the same or a separate vessel, and the clear, 
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supernatant liquid is decanted by siphoning over the top of the tank or by 
withdrawal through discharge pipes placed at an appropriate level in the side of 
the tank. If the solids are finely divided and settle to a compressible sludge, the 
amount of solution retained in the settled solids will be considerable. Agitation 
and settling with several batches of wash solvent may then be necessary to 
recover the last traces of solute, and this may be done in a countercurrent 
fashion. Rates of leaching, provided diffusivities within the solid are known, can 
be computed in the manner described for adsorption in such vessels, Chap. I I. 
Alternatively, the solid may be filtered and washed in the filter. 

Batch Settling 

The settling characteristics of a slurry consisting of a finely divided solid, of uniform density and 
reasonably uniform particle size, which is dispersed in a liquid are easily followed by observing a 
sample of the slurry allowed to stand undisturbed in a vertical cylinder of transparent glass. If the 
slurry is initially very dilute, the particles will be observed to settle down through the liquid 
individually, each at a rate dependent upon the particle size, the relative density of solid and liquid, 
and the viscosity of the liquid, eventually to collect in a pile at the bottom. Ultimately the liquid 
becomes clear, but at no time until the end is there a sharp line of demarcation between clear liquid 
and the settling slurry. For more concentrated slurries, of the sort usually encountered in leaching 
and washing operations, the behavior is different. however. It will usually be observed that the 
particles settle more slowly owing to mutual interference (hindered settling). Furthermore, except for 
a few particles of relatively large size which may be present, there is little classification according to 
size, and the particles largely settle together. As a result there is usually a reasonably sharp line of 
demarcation between the clear, supernatant liquor in the upper part of the cylinder and the settling 
mass of solids in the lower part. 

Consider the cylinder of Fig. 13.6, initially filled to a height Zo with a slurry of uniform 
concentration Wo weight fraction solids, in which some settling has already taken place. At the time 

Liquid 
level f--"~-+---I20 

Zone A 

8 2 

W.::weight froction solids Figure 13.6 Batch settling. 
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of observation, there is a zone A of clear liquid at the top. Directly beneath this is zone B, 
throughout which the solids concentration is reasonably uniform at the initial value wo, as shown by 
the accompanying graph [IOJ. In zone D at the bottom, usually called the compression zone, the 
particles accumulating from above have come to rest upon each other, and, owing to their weight, 
liquid is squeezed out from between the particles. For compressible sludges, this results in increasing 
solids concentration with depth in this zone, as shown by the curve. Zone C is a transition zone 
between Band D which may not always be clearly defined. As settling continues beyond the time 
corresponding to that in the figure, the line of demarcation between zones A and B falls and the 
height of zone D rises, until eventually zone B disappears and only a compression zone containing 
all the solids remains. This then slowly subsides to some ultimate height. 

The rate of settling is usually followed by plotting the height of the line of demarcation between 
zones A and B against time, as shown by the solid curve of Fig. 13.7. The broken curve represents 
the position of the upper level of zone D. The top of zone B settles at constant rate (curve of Z vs. 
time straight) from the beginning until zone B has nearly disappeared and all the solids are in the 
compression zone. The rate of settling of the compression zone to its ultimate height Z .... is then 
relatively slow and is not constant. In a few cases, two constant-rate settling periods can be 
observed, with substantially no compression period. The appearance of the cwves depends not only 
upon the type of slurry (nature and particle size of the solid, and nature of the liquid) but also upon 
the initial height and concentration of the slurry, as well as the extent of flocculation and whether or 
not any stirring is done during settling. 

Flocculadon If the finely divided solid particles are all similarly electrically charged, they repel each 
other and remain dispersed. If the charge is neutralized by addition, for example, of an electrolyte 
(flocculating agent) to the mixture, the particles may form aggregates, or flocs. Since the flocs are of 
larger size, they settle more rapidly. Slurries and suspensions encountered in chemical operations are 
usually flocculated. 

Stirring Very slow stirring, so slow that eddy currents are not formed within the liquid, changes the 
character of the settling profoundly. The floc structure is altered so that the solids concentration in 
zone B is no longer uniform at the initial value and zone D may not be clearly defined. The ultimate 
height of the settled slurry may be only a fraction of that obtained without stirring [21], owing to 
breakdown of bridged floc structures in the compression zone, and the ultimate concentration of 
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solids in the settled mass is correspondingly greater. Generally. however. the zones of constant- and 
falling-rate settling are still observed. although the rates will be different from those obtained 
without stirring [44J. 

Coneenmdon The rate of settling decreases with increased initial concentration of the solids owing 
to the increase of the effective density and viscosity of the medium through which the particles settle. 
Figure 13.8 illustrates the effect usually to be experted when slurries of increasing concentration of 
the same substance are settled in columns of the same height. Various attempts have been made to 
predict the effect of concentration on the settling rate, from knowledge of the curves at one or more 
concentrations. This has been successful only for slurries which are not at one or more concentra
tions. This has been successful only for slurries which are not compressible (39]. 
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initial heights. 
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Height Refer to Fig. 13.9, which shows settling curves for the same slurry begun at different initial 
heights. The initial constant settling rate is independent of height, and provided some critical 
minimum value of 20 is exceeded, the ultimate value of 2a,/20 will apparently also be constant. 
The constant~settling~rate lines both tenninate on a line OA radiating from the origin, and in general 
any line [44J radiating from the origin such as DB will be cut so that line DC/line DB = 20/20' It 
follows that the time for a slurry to settle to a fixed fractional height 2/20 is proportional to the 
initial height 2 0 , In this way it is possible reasonably well to predict the settling curves for deep tanks 
from results obtained in small laboratory cylinders. In making such laboratory tests, however, it is 
important [21J to use cylinders at least I m tall and at least 50 mm in diameter and to maintain all 
other conditions in the laboratory test identical with those expected to prevail on the large scale. 

Percolation vs. Agitation 

If a solid in the form of large lumps is to be leached, a decision must frequently 
- be made whether to crush it to coarse lumps and leach by percolation or 
whether to grind it fine and leach by agitation and settling. No general answer 
can be given to this problem because of the diverse leaching characteristics of 
the various solids and the values of the solute, but among the considerations are 
the following. Fine grinding is more costly but provides more rapid and possibly 
more thorough leaching. It suffers the disadvantages that the weight of liquid 
associated with the settled solid may be as great as the weight of the solid. or 
more, so that considerable solvent is used in washing the leached solute free of 
solute and the resulting solution is dilute. Coarsely ground particles, on the other 
hand, leach more slowly and possibly less thoroughly but on draining may retain 
relatively little solution, require less washing, and thus provide a more con
centrated final solution. 

For more fibrous solids, such as sugar cane, which is leached with water to 
remove the sugar, it has been shown [35J that leaching is generally more efficient 
in a thoroughly agitated vessel than by percolation, probably because the large 
amount of static liquid holdup (see Chap. 6) makes important amounts of solute 
unavailable. 

STEADY-STATE (CONTINUOUS) OPERATION 

Equipment for continuous steady~state operations can be broadly classified into 
two major categories, according to whether it operates in stagewise or in 
continuous~contact fashion. Stagewise equipment is sometimes assembled in 
multiple units to produce multistage effects, whereas continuous~contact equip
ment may provide the equivalent of many stages in a single device. 

Leaching during Grinding 

As pointed out earlier, many solids require grinding in order to make the soluble 
portions accessible to the leaching solvents, and if continuous wet grinding is 
practiced, some of the leaching may be accomplished at this time. As much as 
50 to 75 percent of the soluble gold may be dissolved by grinding the ore in the 
presence of cyanide solution, for example. Similarly, castor seeds are ground in 
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an attrition mill with solvent for the castor oil. The liquid and solid flow through 
a grinding mill in parallel and consequently tend to 'Come to a concentration 
equilibrium. Such operations are therefore single-stage leachings and are usually 
supplemented by additional agitation or washing operations, as described later. 

Agitated Vessels 

Finely ground solids which can be readily suspended in liquids by agitation may 
be continuously leached in any of the many types of agitated tanks or vessels. 
These must be arranged for continuous flow of liquid and solid into and out of 
the tank and must be carefully designed so that no accumulation of solid occurs. 
Thanks to the thorough mixing ordinarily obtained, these devices are single~ 
stage in their action, the liquid and solid tending to come to equilibrium within. 
the vessel. 

Mechanically agitated vessels may be used, for which the turbine-type 
agitator is probably most generally suitable (see Chaps. 6 and II). Pachuca tanks 
are frequently used in the metallurgical industries. The Dorr agitator (Fig. 13.10) 
utilizes both the air-lift principle and mechanical raking of the solids and is 
extensively used in both the metallurgical and the chemicat industry for continu
ous leaching and washing of finely divided solids. The central hollow shaft of 
the agitator acts as an air lift and at the same time revolves slowly. The arms 
attached to the bottom of the shaft rake the settled solids toward the center of 
the tank bottom, where they are lifted by the air lift through the shaft to the 
revolving launders attached to the top. The launders then distribute the elevated 
mixture of liquid and solid over the entire cross section of the tank. The rake 
arms can be lifted to free them of solids which may settle during a shutdown, 
and they are also provided with auxiliary air lines to assist in freeing them from 
settled solid. For unevenly sized solids, operation of the agitator can be adjusted 
so that coarse particles, which may require longer leaching time, remain in die 
tank longer than the finer. These agitators are regularly built in sizes ranging 
from 1.5 to 12 m diameter. 

The average holding time in an agitated vessel can be calculated by dividing 
the vessel contents by the rate of flow into the vessel. This can be done 
separately for solid and liquid, and the holding time for each will be different if 
the ratio of the amounts of one to the other in the vessel is different from that in 
the feed. The average holding time of the solid must be sufficient to provide the 
leaching action required. Individual solid particles, of course, may short-circuit 
the tank (axial mixing), i.e., pass through in times much shorter than the 
calculated average, and this will lead to low stage efficiency. Short circuiting can 
be eliminated by passing the solid-liquid mixture through a series of smaller 
agitated vessels, one after the other, the sum of whose average holding time is 
the necessary leach time. This can readily be accomplished with gravity flow of 
the slurry by placing the individual tanks in the series at progressively lower 
levels. Three vessels in series are usual1y sufficient to reduce short circuiting to a 
negligible amount. It should be noted that since liquid and solid pass through 
these vessels in parallel flow, the entire series is still equivalent to only a single 
stage. 
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Oroln 

Figure 13.10 Darr agitator. (Dorr·Oliver, Inc.) 

The effluent from continuous agitators may be sent to a filter for separating 
liquid from solid, upon which the solid may be washed free of dissolved solids, 
or to a series of thickeners for countercurrent washing. 

Thickeners 

Thickeners are mechanical devices designed especially for continuously increas~ 
ing the ratio of solid to liquid in a dilute suspension of finely sized particles by 
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settling and decanting. producing a clear liquid and a thickened sludge as two 
separate products. Thickeners may be used before any ordinary filter in order to 
reduce filtering costs, but since both effluents are pumpable and consequently 
readily transported, thickeners are frequently used to wash leached solids and 
chemical precipitates free of adhering solution in a continuous multistage 
countercurrent arrangement, and it is in this application that they are of interest 
here. 

A typical single-compartment thickener of the DOff-Oliver Company's de
sign is shown in Fig. 13.11. The thin slurry of liquid and suspended solids enters 
a large settling tank through a feed well at the top center. in such a manner as to 
avoid mixing the slurry with the clear liquid at the top of the tank. The solids 
settle from the liquid which fills the tank, and the settled sludge is gently 
directed toward the discharge cone at the bottom by four sets of plow blades or 
rakes, revolving slowly to avoid disturbing the settled solid unduly. The sludge is 
pumped from the discharge cone by means of a diaphragm pump. The clear, 
supernatant liquid overflows into a launder built about the upper periphery of 
the tank. Thickeners are built in sizes ranging from 2 to 180 m (6 to 600 ft) in 
diameter, for handling granular as well as flocculent solids, and of varying detail 
design depending upon the size and service. In order to reduce the ground-area 
requirements, several thickeners operating in parallel and superimposed as in 
Fig. 13.12 may be used. Such a device delivers a single sludge product. 
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Figure 13.12 Dorr balanced-tray thickener. (Dorr-Oliver, Inc.) 



736 MASS-TRANSFER OPERATIONS 

The liquid content of the sludge is greatly dependent upon the nature of the 
solids and liquid and upon the time allowed for settling but in typical cases 
might be in the range 15 to 75 percent liquid. The less liquid retained, the more 
efficient the leaching or washing process being carried on. 

Continuous Countercurrent Decantation (CCD) 

Leaching equipment such as agitators or grinding mills may discharge their 
effluent into a cascade of thickeners for continuous countercurrent washing of 
the finely divided solids free of adhering solute. The same type of cascade can 
also be used to wash the solids formed during chemical reactions, as in the 
manufacture of phosphoric acid, by treatment of phosphate rock with sulfuric 
acid. or of blanc fixe, by reaction of sulfuric acid and barium sulfide, or of 
lithopone. 

A simple arrangement is shown in Fig. I3.13a. The solids to be leached (or 
the reagents for a reaction), together with solution from the second thickener, 
are introduced into the leaching agitators at the left, and the strong solution thus 
produced is decanted from the solids by the first thickener. The agitators 
together with the first thickener then constitute a single stage. The sludge is 
passed through the cascade to be washed by the solvent in true countercurrent 
fashion, and the washed solids are discharged at the right. There may, of course, 
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Figure 13.13 Continuous countercurrent decantation (CCD): (a) simple flowsheet; (b) flowsheet 
with intermediate agitation and filtration of washed solids. 
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be more or fewer than the four stages shown, and the agitators may be replaced 
by any continuous-leaching device, such as a grinding mill. Many variations in 
the flowsheet are regularly made. For example, the sludge from each stage can 
be repulped, or vigorously beaten with the solvent, between stages in order to 
improve the washing efficiency. Figure 13.13b shows an arrangement whereby 
the underflow from the first thickener is agitated with overflow from the third, 
for the purpose of bringing about the additional leaching possible with dilute 
solution. The sludge from the final stage can be filtered, as shown, when the 
solid is valuable and is to be delivered reasonably dry or when the solute is 
valuable and solution adhering to the washed solids must be reduced to a 
minimum. For successful operation of these plants, very carefully controlled 
rates of flow of both sludges and solution are necessary to avoid disturbing the 
steady-state conditions prevailing. 

For small decantation plants, where ground area may be limited, it is 
possible to obtain a countercurrent cascade of thickeners built in superimposed 
fashion into a single shell. 

Continuous Settling 

The concentrations existing at the various levels of a continuous thickener under steady-state 
operation differ considerably from those found in batch settling. The solid curve of Fig. 13.14 shows 
typical concentrations during normal operation [lOaJ, and four clearly defined zones are found in 
the thickener corresponding to the various sections of the curve. The feed slurry is diluted as it issues 
from the feed well of the thickener, and the bulk of the liquid passes upward to overflow into the 
launder about the thickener periphery. The solid concentration in the top zone is negligible if the 
overflow is clear. The solids and the remainder of the feed liquid move downward through the lower 
three zones and leave in the thickened underflow. The solids concentration in the settling zone is 
much lower than that in the feed, because of the dilution, but rises rapidly in the compression zone 
immediately below. In the bottom zone, the action of the rake disturbs arched structures which the 
settling solids may form, the weight of the solids presses out the liquid, and the concentration rises to 
the value in the underflow. If the feed rate to the thickener is increased, the concentration of solids 
in the settling zone rises and reaches a constant max.imum value not related to the feed concentra
tion when the settling capacity of this zone is ex.ceeded. The excess solids, which cannot settle, 
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Figure 13.14 Continuous thickener characteristics [10]. (Courtesy of Industrial and Engineering 
Chemistry.) 
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c = solids concentrotion 
Figure 13.15 Determination of 
thickener area from flux curve. 

overflow with the liquid, as indicated by the broken curve of concentrations in Fig. 13.14 for this 
condition. 

The concentration of solids in the underflow sludge for a given rate and concentration of feed 
can be increased by reducing the rate of withdrawal of sludge. This increases the depth of the 
compression zone and increases the detention time of the solids within the thickener, although it is 
important not to raise the level of the compression zone to such an extent that solids appear in the 
overnow liquid. 

The capacity of continuous thickeners, or their cross-sectional area required for a given solids 
throughput, can be roughly estimated from batch-settling tests [13, 39]. Initial settling velocities V for 
slurries of the solid at various initial uniform concentrations c are determined from the slopes of 
curves like those of Fig. 13.8, covering the entire range of solids concentration to be dealt with (it is 
best to determine these curves for slurries made by suspending a given weight of solids in varying 
amounts of liquid by adding and subtracting liquid). The nux of solids during settling, Gs = cV, is 
then plotted against c to produce a curve like that of Fig. 13.15. The tangent of smallest negative 
slope is then drawn to the curve from point (Gs = 0, c := cv), where Cv is the desired under·now 
concentration, to intersect the ordinate at GSL> the limiting solids nux. The minimum required 
thickener cross section for handling W mass/time of solids is then 

A = ~ (13.7) 
GSL 

Concentration cL is that at the point of compression and Cs that in the settling zone. 

Hydrocyclones (Hydroclones) 

Hydrocyclones, similar to those used for size classification of solids (Fig. 13.16) 
can also be used as liquid-solid separators in place of thickeners in countercur~ 
rent washing of solids in a slurry. 

Continuous Leaching of Coarse Solids 

Many ingenious devices have been used for moving the solids continuously 
through a leaching device so that countercurrent action can be obtained. With 
the exception of the classifiers, which are used mainly in the metallurgical 
industries, these machines were principally developed for the special solids~han~ 
dling problems arising in the leaching of sugar beets and of vegetable seeds such 
as cottonseed, soybeans, and the like. Donald [12] has described many of the 
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early devices used for sugar beets. Only the more important of the currently 
used machines can be described here. 

Classifiers 

Coarse solids can be leached, or more usually washed free of adhering solution 
or solute, in some types of machinery ordinarily used in the metallurgical 
industries for classification according to particle size. One such device is shown 
in Fig, 13,17, The solids are introduced into a tank, made with a sloping bottom 
and partly filled with the solvent. The rakes, which are given a reciprocating and 
circular lifting motion by the driving mechanism, rake the solids upward along 
the bottom of the tank and out of the liquid, In the upper part of the tank the 
solids are drained and discharged, The liquid overflows at the deep end of the 
tank, The solute concentration in the liquid is reasonably uniform throughout 
the tank as a result of the agitation by the rakes, so that the apparatus produces 
a single-stage action. Several classifiers can be placed in a cascade for continu
ous multistage countercurrent action, however, in which case they are operated 
by a single drive mechanism. 

Fitch has presented an excellent review of the techniques of separating 
liquids and solids [14], 

Leaching of Vegetable Seeds 

Cottonseeds, soybeans, linseeds (flaxseeds), peanuts, rice bran, castor beans, and 
many other similar products are regularly leached, or extracted, with organic 
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figure 13.17 Single Dorr classifier for washing coarse solids. (Dorr-Glioer, Inc.) 

solvents for removing the vegetable oils they contain. The seeds must usually be 
specially prepared for most advantageous leaching, and this may involve dehull
ing, precooking, adjustment of the moisture (water) content, and rolling or 
flaking. Sometimes a portion of the oil is first removed mechanically by 
expelling or expression. Leaching solvents are usually petroleum naphthas, for 
most oils a fraction corresponding closely to hexane; chlorinated hydrocarbons 
leave too toxic a residue for the leached meal to be used as an animal feed. The 
oil-solvent solution, which usually contains a small amount of finely divided, 
suspended solids, is called miscella and the leached solids marc. The various 
leaching devices are usually called extractors in this industry. 

The Rotocel [2, 27] is essentially a modification of the Shanks system 
wherein the leaching tanks are continuously moved, permitting continuous 
introduction and discharge of the solids. Figure 13.18 is a schematic representa
tion of the device, simplified to show the working principle. A circular rotor, 
containing 18 cells, each fitted with a hinged screen bottom for supporting the 
solids, slowly revolves above a stationary compartmented tank. As the rotor 
revolves, each cell passes in turn under a special device for feeding the prepared 
seeds and then under a series of sprays by which each is periodically drenched 
with solvent for leaching. After nearly one revolution, the leached contents of 
each cell are automatically dumped into one of the lower stationary compart
ments, from whif:h they are continuously conveyed away. The solvent from each 
spray percolates downward through the solid and the supporting screen into the 
appropriate compartment of the lower tank, from which it is continuously 
pumped to the next spray. The leaching is countercurrent, and the strongest 
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Figure 13.18 Schematic arrangement of the Rotocel. 
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liquid 

solution is taken from the freshest seeds. A number of ingenious mechanical 
devices are necessary for maintaining smooth operation, and the entire machine 
is enclosed in a vaportight housing to prevent escape of solvent vapors. 

The French stationary-basket extractor is a variant of this. The flakes are 
contained in stationary, compartmented beds filled by a rotating spout to feed 
the solids and are leached with solvent and miscella countercurrently [15, 33]. 

The Kennedy extractor [38], a modern arrangement of which is indicated 
schematically in Fig. 13.19, is another stagewise device which has been in use 
since 1927, originally for leaching tannins from tanbark. It is now used for 
oilseed and other chemical leaching operations. The solids are leached in a series 

+-- Liquid flow 
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Figure 13.19 Kennedy extractor. (The Vulcan Copper and Supply Co.) 
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of tubs and are pushed from one to the next in the cascade by paddles, while the 
solvent flows in countercurrent. Perforations in the paddles pennit drainage of 
the solids between stages, and the solids are scraped from each paddle as shown. 
As many tubs may be placed in a cascade as are required. 

The Bollman extractor [38] (Fig. 13.20) is one of several basket-type 
machines. Solids are conveyed in perforated baskets attached to a chain con
veyor, down on the right and up on the left in the figure. As they descend, they 
are leached in parallel flow by a dilute solvent-oil solution (half miscella) 
pumped from the bottom of the vessel and sprayed over the baskets at the top. 
The liquid percolates through the solids from basket to basket, collects at the 
bottom as the final strong solution of the oil (full miscella), and is removed. On 
the ascent, the solids are leached countercurrentIy by a spray of fresh solvent to 
provide the half miscella. A short drainage time is provided before the baskets 
are dumped at the top. There are many variants of this device, e.g., the 
horizontal arrangement of Fig. 13.21. 
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Figure 13.20 Bollman extractor. 
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Continuous tilting-pan filters and horizontal filters [16] are also commonly 
used. Figure 13.22 shows a typical flowsheet arrangement for a horizontal filter. 
The filter, in the form of a circular wheel, is divided into a number of sectors 
and revolves in the horizontal plane. Prepared seeds are slurried with solvent 
which has already been used for leaching, and the slurry is sent to the filter. The 
first filtrate is passed again through the filter cake to remove finely divided 
solids (polishing) before being discharged as miseell •. The principle is mueh the 
same as that of the Rotoce!' Horizontal moving screen-type belts [40] are also 
used for conveying the solids during leaching. 
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Figure 13.22 Flowsheet for horizontal-filter leaching. 
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The recovery of solvent from both the miscella and the leached seeds or 
beans is an essential part of the vegetable-oil leaching process. In a typical 
arrangement, the filtered miscella is passed to an evaporator for removal of 
solvent, sometimes followed by final stripping in a tray column, to produce the 
solvent-free oil. The wet seeds are steamed to remove residual solvent and 
air-cooled. Vented gas from condensers may be sent to an absorber to be 
scrubbed with petroleum white oil, and the resulting solvent-white-oil solution 
stripped to recover any solvent. 

METHODS OF CALCULATION 

It is important to be able to make an estimate of the extent of leaching which 
can be obtained for a given procedure, i.e., to calculate the amount of soluble 
substance leached from a solid, knowing the initial solute content of the solid, 
the number and amount of washings with leaching solvent, the concentration of 
solute in the leaching solvent, if any, and the method, whether batch or 
continuous countercurrent. Alternatively, it may be necessary to compute the 
number of washings, or number of stages, required to reduce the solute content 
of the solid to some specified value, knowing the amount and solute concentra
tion of the leaching solvent. The methods of calculation are very similar to those 
used for liquid extraction. 

Stage Efficiency 

Consider a simple batch leaching operation, where the solid is leached with more 
than enough solvent to dissolve all the soluble solute and there is no preferential 
adsorption of either solvent or solute by the solid. If adequate time of contact of 
solid and solvent is permitted, all the solute will be dissolved, and the mixture is 
then a slurry of insoluble solid immersed in a solution of solute in the solvent. 
The insoluble phases are then separated physically by settling, filtration, or 
drainage, and the entire operation constitutes one stage. If the mechanical 
separation of liquid and solid were perfect, there would be no solute associated 
with the solid leaving the operation and complete separation of solute and 
insoluble solid would be accomplished with a single stage. This would be an 
equilibrium stage, of 100 percent stage efficiency. In practice, stage efficiencies 
are usually much less than this: (I) the solute may be incompletely dissolved 
because of inadequate contact time; (2) most certainly it will be impractical to 
make the liquid-solid mechanical separation perfect, and the solids leaving the 
stage will always retain some liquid and its associated dissolved solute. When 
solute is adsorbed by the solid, even though equilibrium between the liquid and 
solid phases is obtained, imperfect settling or draining will result in lowered 
stage efficiency. 

Practical Equilibrium 

In the general case, it will be easiest to make calculations graphically, as in other 
mass-transfer operations, and this will require graphical representation of 
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equilibrium conditions. It is simplest to use practical equilibrium conditions 
which take stage efficiencies into account directly. either entirely or in part, 
much as was done in the case of gas absorption and distillation. In the simplest 
cases, we must deal with three-component systems containing pure solvent (A). 
insoluble carrier solid (B), and soluble solute (C). Computations and graphical 
representation can be made on triangular coordinates for any ternary system of 
this sort, and the details of this have been worked out [17, 37J. Because of 
frequent crowding of the construction into one corner of such a diagram. it is 
preferable to use a rectangular coordinate system patterned after that used for 
fractional adsorption. 

The concentration of insoluble solid B in any mixture or slurry will be 
expressed as N mass Blmass (A + C), whether the solid is wet with liquid 
solution or not. Solute C compositions will be expressed as weight fractions on a 
B-free basis: x = wt fraction C in the effluent solution from a stage (B-free 
basis), andy = wt fraction C in the solid or slurry (B-free basis). The value of y 
must include all solute C associated with the mixture, including that dissolved in 
adhering solution as well as undissolved or adsorbed solute. If the solid is dry, as 
it may be before leaching operations begin, N is the ratio of weights of insoluble 
to soluble substance, and y = 1.0. For pure solvent A, N = 0, x = O. 

The coordinate system then appears as in Fig. 13.23. Consider first a simple 
case of a mixture of insoluble solid from which all the solute has been leached, 
suspended in a solution of the solute in a solvent, as represented by point M J on 
the figure. The concentration of the clear solution is x, and the insoluble 
solid/solution ratio is NM1 • Let the insoluble solid be nonadsorbent. If this 
mixture is allowed to settle, as in a batch-settling tank, the clear liquid which can 
be drawn off will be represented by point R, and the remaining sludge will 
consist of the insoluble solid suspended in a small amount of the solution. The 
composition of the solution in the sludge will be the same as that of the clear 
liquid withdrawn, so thaty* = x. The concentration of solid B in the sludge NEI 

will depend upon the length of time 0, allowed for settling, so that point E, then 
represents the slurry. Line E,R, is a vertical tie line joining the points represent
ing the two effluent streams, clear liquid and slurry. If the circumstances 
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described are maintained in an actual leaching, points E] and R] can be taken as 
the practical conditions of equilibrium for that leaching. Clearly if less time is 
allowed for settling, say 0;, the sludge will be less concentrated in insoluble 
solids and may be represented by point E 1. There will be some maximum value 
of N for the sludge, corresponding to its ultimate settled height, in accordance 
with the description of batch settling given earlier, but usually in practice 
insufficient time is allowed for this to be attained. Since the concentration of 
insoluble solid in a sludge settled for a fixed time depends upon the initial 
concentration in the slurry, a mixture M2 settled for time Ot might result in a 
sludge corresponding to point E2• If the solid does not settle to give an 
absolutely clear solution, if too much solution is withdrawn from the settled 
sludge so that a small amount of solid is carried with it, or if solid B dissolves to 
a small extent in the solution, the withdrawn solution will be represented by 
some point such as R2, somewhat above the lower axis of the graph. Similar 
interpretations can be made for compositions obtained when wet solids are 
filtered or drained of solution rather than settled, or when continuously thick
ened. 

The settling or thickening characteristics of a slurry depend, as shown 
earlier, upon the viscosity and relative density of the liquid in which the solid is 
suspended. Since these in turn depend upon the solution composition, it is 
possible to obtain experimental data showing the variation of compositions of 
thickened solids with composition of solution and to plot them on the diagram 
as practical equilibrium conditions. It is evident, however, that in every case they 
must be obtained under conditions of time, temperature, and concentrations 
identical with those pertaining in the plant or process for which the calculations 
are being made. For drained beds of impervious solids, the equilibrium corre
sponding to the residual saturation after long-time drainage can be estimated by 
the methods of Illustration 13.1. Data for short-time drainage must be obtained 
experimentally. 

In washing operations where the solute is already dissolved, uniform concentration throughout all 
the solution is rapidly attained. and reduced stage efficiency is most likely to be entirely the result of 
incomplete drainage or settling. In leaching an undissolved solute interspersed throughout the solid, 
on the other hand, lowered stage efficiency may be the result of inadequate time of contact as well as 
incomplete mechanical separation of liquid and solid. In this case it is possible (but not necessary) to 
distinguish experimentally between the two effects by making measurements of the amount and 
composition of liquid retained on the solid after short and after long contact time and to use the 
latter to establish the equilibrium conditions. 

Let us now examine a few of the types of equilibrium curves which may 
occur. Figure 13.24a represents data which might be obtained for cases where 
sui ute C is infinitely soluble in solvent A, so that x and y may have values over 
the entire range from 0 to 1.0. This would occur in the case of the system 
soybean oil (C)-soybean meal (B)-hexane (A), where the oil and hexane are 
infinitely soluble. The curve DFE represents the separated solid under condi
tions actually to be expected in practice, as discussed above. Curve GHJ, the 
composition of the withdrawn solution, lies above the N = 0 axis, and in this 
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Figure 13.24 Typical equilibrium diagrams. 

case, therefore. either solid B is partly soluble in the solvent or an incompletely 
settled liquid has been withdrawn. The tie lines such as line FH are not vertical, 
and this will result (1) if insufficient time of contact with leaching solvent to 
dissolve all solute is pennitted, (2) if preferential adsorption of the solute occurs, 
or (3) if the solute is soluble in the solid B and distributes unequally between 
liquid and solid phases at equilibrium. The data may be projected upon a plot of 
x VS. y, as in the manner of adsorption or liquid-extraction equilibria. 

Figure 13.24b represents a case where no adsorption of solute occurs, so 
that withdrawn solution and solution associated with the solid have the same 
composition and the tie lines are vertical. This results in an xy curve in the lower 
figure identical with the 45° line, and a distribution coefficient m, defined as 
y'/ x, equals unity, Line KL is horizontal, indicating that the solids are settled 
or drained to the same extent at all solute concentrations. It is possible to 
regulate the operation of continuous thickeners so that this will occur, and the 
conditions are known as constant underflow. The solution in this case contains no 
substance B, either dissolved or suspended. Figure 13.24c represents a case 
where solute C has a limited solubility Xs in solvent A. No clear solution 
stronger than Xs can be obtained, so that the tie lines joining slurry and 
saturated solution must converge, as shown. In this case any mixture M to the 
right of line PS will settle to give a clear saturated solution S and a slurry U 
whose composition depends on the position of M. Point T represents the 
composition of pure solid solute after drainage or settling of saturated solution. 
Since the tie lines to the left of PS are shown vertical, no adsorption occurs, and 
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overflow liquids are clear. It will be appreciated that combinations of these 
various characteristics may appear in a diagram of an actual case. 

Single-Stage Leaching 

Consider the single real leaching or washing stage of Fig. 13.25. The circle 
represents the entire operation, including mixing of solid and leaching solvent 
and mechanical separation of the resulting insoluble phases by whatever means 
may be used. Weights of the various streams are expressed as mass for a batch 
operation or as mass/time [or mass/(area)(time)] for continuous flow. Since for 
most purposes the solid B is insoluble in the solvent and a clear liquid leach 
solution is obtjiined, the B discharged in the leached solids will be taken as the 
same as that in the solids to be leached. By definition of N, 

B = NFF = EINI (13.8) 

A solute (C) balance gives 

FYF + Roxo = EIYI + Rixi 

and a solvent (A) balance gives 

(13.9) 

F(I - YF) + Ro(l - xo) = EI(I - YI) + RI(I - XI) 

and a "solution" (solute + solvent) balance gives 

(13.10) 

F + Ro = EI + RI = MI (13.11) 

Mixing the solids to be leached and leaching solvent produces a mixture of 
B-free mass MI such that 

(13.12) 

(13.13) 

These relations can be shown on the coordinate system of Fig. 13.26. Point F 
represents the solids to be leached and Ro the leaching solvent. Point M I, 

representing the overall mixture, must fallon the straight line joining Ro and F, 
in accordance with the characteristics of these diagrams described in Chap. 9. 
Points EI and R 1, representing the effluent streams, are located at opposite ends 
of the tie line through M I , and their compositions can be read from the diagram. 

SOUD TO BE LEACHED LEACHED SOUD 
B moss Insolubles B moss insoluble 

F moss (A+C) QElmOSS(A+C) 
~ moss B/moss (A + C) N, moss B/moss(A + C) 
YF moss Clmoss (A + C) Y, moss C/moss (A + C) 

LEACHING SOLVENT LEACH SOLUTION 
Ro moss solution (A + C) R, moss solution (A + C) 
xo moss C/moss (A + C) x1 moss C/moss (A + C) 

Figure 13.25 Single-stage 
leaching or washing. 
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x,y= weight fraction C, 8-1ree bosis orwasrung. 

Equation (13_8) permits calculation of the weight of E, and Eq_ (13_11) that of 
R,_ Modification to allow for the presence of B in the liquid withdrawn, 
necessitating an equilibrium diagram of the type shown in Fig. 13.24a, is readily 
made by analogy with the corresponding problem in liquid extraction. 

If the equilibrium data of Fig. 13.26 were obtained experimentally after long contact time of solid 
and liquid and therefore represent inefficiency of mechanical separation of liquid and solid only. 
then in a real stage there may be an additional inefficiency owing to short time of contact. The 
efnuent streams can then be represented by points E; and R; on the figure, and a stage efficiency 
(YF - yD/(YF - YI) can be ascribed to this cause. If the equilibrium curve was obtained under 
conditions of contact time corresponding to the actual leaching, the tie line E]R] will give the 
effluent composition directly. 

Multistage Crosscurrent Leaching 

By contacting the leached solids with a fresh batch of leaching solvent, addi
tional solute can be dissolved or washed away from the insoluble material. The 
calculations for additional stages are merely repetitions of the procedure for a 
single stage, with the leached solids from any stage becoming the feed solids to 
the next. Equations (13.8) to (13.13) apply, with only obvious changes in the 
subscripts to indicate the additional stages. When the number of stages for 
reducing the solute content of a solute to some specified value must be 
determined, it must be recalled that we are dealing with real stages, owing to the 
use of "practical" equilibrium data, and that the number found must therefore 
be integral. This may require adjustment by trial of either the amount of solute 
to be leached or the amount and apportioning of solvent to the stages. 

Illustration 13.2 Caustic soda is being made by treatment of slaked lime, Ca(OHh, with a 
solution of sodium carbonate. The resulting sluny consists of particles of calcium carbonate, 
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CaCOJ, suspended in a 10% solution of sodium hydroxide, NaOH, 0.125 kg suspended solid/kg 
solution. This is settled, the clear sodium hydroxide solution withdrawn and replaced by an 
equal weight of water, and the mixture thoroughly agitated. After repetition of this procedure (a 
total of two freshwater washes), what fraction of the original NaOH in the slurry remains 
unrecovered and therefore lost in the sludge? The settling characteristics of the slurry, 
determined under conditions representing the practice to be followed in the process [Armstrong 
and Kammermeyer, lnd Eng. Chern., 34, 1228 (1942)], show adsorption of the solute on the 
solid. 

x = wt fraction NaOH 
in clear soln 

0.0900 
0.0700 
0.0473 
0.0330 
0.0208 
0.01187 
0.00710 
0.00450 

N = kg CaCOJ/kg soln 
in settled sludge 

0.495 
0.525 
0.568 
0.600 
0.620 
0.650 
0.659 
0.666 

y. = wt fraction NaOH in 
soln of the settled sludge 

0.0917 
0.0762 
0.0608 
0.0152 
0.0295 
0.0204 
0.01435 
0.01015 

SOLUTION The equilibrium data are ploued in Fig. 13.27. Basis: I kg solution in the original 
mixture, containing 0.1 kg NaOH (C) and 0.9 kg H20{A). B = 0.125 kg CaCO). 

The original mixture corresponds to M I with N M I = 0.125 kg CaCOl/kg soln, YMI = 0.10 
kg NaOH/kg soln. MI is plotted on the figure, and the tie line through this point is drawn. At 

o .8 

I E, 

~ ./NVS.f 

6 

Ij II -r---.". 
~ / 

E, 

/ -----. 
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V 
II V 

o 

J / 
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~r:r !/NiSI 

'< 0 

M, M, 

il V R, 

J R, 0.02 R, 0.04 0.06 0.08 0.10 0.1 2 
x, Y '" weight traction NoOH in liquld 

Figure 13.27 Solution to Illustration 13.2. 



point EI representing the settled sludge, N] = 0.47,y] = 0.100. Eq. (13.8): 

E] = ~] - ~.~i = 0,266 kg soln in sludge 

I - 0,266 = 0.734 kg clear soln withdrawn 
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Stage 2 Ro = 0.734 kg water added, Xo = 0 kg NaOH/kg soln. Eq. (13.11) adapted to this 
stage: 

M2 = E] + Ro = E2 + R2 = 0.266 + 0.734 = 1.0 kg liquid 

Eq. (13.12), 

B B 0.125 
NM2 = E] + Ro = M2 = IF = 0.125 

M2 is located on line ROE] at this value of N, and the tie line through M2 is drawn, At E2, 
N2 = 0,62, Y2 = 0.035. Eq. (l3.8): 

B 0.125 
E2 = N2 = 0.62 = 0.202 kg 

I - 0.202 = 0.789 kg soln withdrawn 

Stage 3 Ro = 0.798 kg water added. Xo = 0, Eq. (13.11): 

M) = E2 + Ro = 0.202 + 0.798 = 1.0 

N B - 0.125 0 125 
M)= M3 --1-- . 

Tie line E3R3 is located through M3 as in the case of stage 2, and. at E). N) == 0.662, 
Y3 - 0.012. By Eq. (13.8), E) = B/ N3 = 0.125/0.662 = 0.189 kg soln in final sludge. E 3Y3 = 
0.189(0.012) = 0.00227 kg NaOH in sludge, or (0.00227/0.1)100 = 2.27% of original. 

The process pennits an appreciable loss and produces three solutions, two of which (R2 
and R3) are quile dilute. It should be compared with the countercurrent washing operation of 
Illustration 13.3. 

Multistage Countercurrent Leaching 

A general flowsheet for either leaching or washing is shown in Fig. 13.28. 
Operation must necessarily be continuous for steady~state conditions to prevail, 
although leaching according to the Shanks system will approach the steady state 
after a large number of cycles have been worked through. In the flowsheet 
shown, it is assumed that solid B is insoluble and is not lost in the clear solution, 

,)OLlDS TO BE 
l.EACHED 

8 moss/lime InsOluble 
F moss (A '"" C)/hme 

N;: moss B/moss (A + C) 
YF mass Clmoss(A + C) 

STRONG LEACH 
SOLUTION 

R\ moss \A + C)/Ilme 
x 1 moss '::/moss (A + C) 

Figure 13.28 Multistage countercurrent leaching or washing. 

'. 

LEACHED SOLIDS 
8 
[" N., '., 
LEACHING SOLVENT 
RNpH 

sNp .' 
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but the procedure outlined below is readily modified to take care of cases where 
this may not be true. t 

A solvent balance for the entire plant is 

F+R"+I=RI+E" =M , , (13.14) 

and a "solution" (A + C) balance is 

FYF + R" x" = Rixi + E"y" = M YM ,+1 ,+1 , , 
(13.15) 

M represents the hypothetical B-free mixture obtained by mixing solids to be 
leached and leaching solvent. Refer to Fig. 13.29, the operating diagram for the 
plant. The coordinates of point Mare 

B 
N M = ~:-";;-

F+RN,+I 

FYF + RN,+IXN,+l 
YM = 

F+ RN,+I 

(13.16) 

(13.17) 

The points EN. and RI , representing the effluents from the cascade, must lie 
on a line passing'through M, and EN will be on the "practical" equilibrium 
curve. Equation (13.14) can be rearranged to read 

(13.18) 

Similarly, a solution balance about any number of stages, such as the first three, 
can be arranged in this form, 

F - RI = E, - R, = t>. (13.19) 

!1R represents the constant difference in flow E - R (usually a negative quan
tity) between each stage. In Fig. 13.29 it can be represented by the intersection 
of lines FRI and EN, RN, + I extended, in accordance with the characteristics of 
these coordinates. Since I'the effluents from each stage are joined by the practical 
tie line for the particular conditions which prevail, EI is found at the end of the 
tie line through R I. A line from EI to t>. provides R" and so forth. Alternatively 
the stage constructions may be made on the x, y coordinates in the lower part of 
the figure after first locating the operating line. This can be done by drawing 
random lines from point !1R and projecting their intersections with the 
equilibrium diagram to the lower curve in the usual manner. The usual staircase 
construction then establishes the number of stages. The stages are real rather 
than equilibrium, the practical equilibrium data having already taken into 
account the stage efficiency, and hence there must be an integral number. 
Especially when the number of stages required is the unknown quantity, some 
trial-and-error adjustment of the concentrations of the effluents or amount of 
soivent will be required to obtain an integral number. 

t See Illustration 13.4, for example. 
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1.0 

wrf----t---j-----+-----j-" 
~H---t---j-----+----~ 

y,H------h~~L---------~ 

1.0 

Figure 13.29 Multistage countercurrent leaching or washing. 
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If the equilibrium curve of Fig. 13.29 represents inefficiency of mechanical separation of liquid and 
solid only. and not that resulting from short contact time of solvent and solid, the effect of the latter, 
if known, may be taken care of by drawing a new equilibrium curve on the x, y coordinates. This 
should be located between the equilibrium curve shown and the operating line, at a fractional 
distance from the operating line corresponding to the stage efficiency due to the short contact time, 
in the manner used earlier in gas absorption and distillation. 

In the special case where cons/alit underflow, or constant value of N for all 
sludges, pertains, the operating line on the xy diagram is straight and of constant 
slope R/ E. If in addition the practical equilibrium curve on this plot is straight, 
so that m ~ y* / x ~ const, then Eqs. (5.54) and (5.55) apply. Adapting the 
former to the present situation gives 

YF - YN, (R/mEt,+I- R/mE 

YF mXN,+1 (R/mE)N,+I_ 1 
(13.20) 

Figure 5.16 can be used to solve this rapidly, with (y" - mx" )/(YF- mx" + I) 
as ordinate, R/ mE as parameter. If in addition the tie lines '~f the equilibrium 
diagram are vertical, m = 1.0. The form of the equation shown is that which is 
applicable when the value of F for the feed solids is the same as E, so that R/ E 
is constant for al1 stages, including the first. It frequently may happen, especial1y 
when dry solids constitute the feed, that the ratio RI/ EI for stage I wil1 be 
different from that pertaining to the rest of the cascade. In this case Eq. (13.20) 
or Fig. 5.16 should be applied to that part of the cascade excluding the first 
stage, by substitution of YI for YF and Np for Np + 1. In general, the equation or 
chart can be applied to any part of the cascade where operating line and 
equilibrium line are both straight, and this may be particularly useful for cases 
where the solute concentration in the leached solution is very small. Just as in 
liquid extraction and gas absorption, there is an economic optimum combina
tion of treating solvent/solids ratio, number of stages, and extent of leaching [8, 
9]. 

The calculations of these stagewise separation operations have been adapted 
to the digital computer [24, 41]. 

mustration 13.3 Sodium hydroxide, NaOH, is to be made at the rate of 400 kgjh (dry weight) 
by reaction of soda ash, Na2CO). with slaked lime, Ca(OH)2' using a nowsheet of the type 
shown in Fig. 13.13a. The reagents will be used in stoichiometric proportions, and for 
simplicity it will be assumed that reaction is complete. Pure water is to be used to wash the 
calcium carbonate, CaCO). precipitate, and it is desired to produce as overflow from, the iirst 
thickener a solution containing 100/0 NaOH. It will be assumed that the settling data of 
Illustration 13.2 apply. 

Ca) If three thickeners are used, determine the amount of wash water required and the 
percentage of the hydrox.ide lost in the discharged sludge. 

(b) How many thickeners would be required to reduce the loss to at least 0.1% of that 
made? 

SOLUTION (a) Mol wt of CaCO) (B) "" 100, of NaOH (C) = 40. NaOH produced = 400 kgjh 
or 400/40 ~ 10 kmol/h. Caco, produced ~ 10/2 ~ 5.0 kmol/h or 5.0(100) ~ 500 kg/h ~ B. 
The water required is that leaving in the strong solution plus that in the final sludge. The 
amount in the final sludge. according to the settling data, depends upon the NaOH concentra
tIOn in the final sludge, which is not known. After a trial calculation, it is assumed that the 
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solution in the final sludge will contain 0.01 wt fraction NaOH (Y3 = 0.01), and the settling 
data indicate N) = 0.666 kg Cae03/kg soln in the final sludge. 

E - !!... - 500 _ 750 kg/h soln list NaOH lost - E,Y, - 750(0.01) - 7.50 kg/h 
N3 0.666 

Water in sludge = 750 - 7.5 = 742.5 kg/h NaOH in overflow = 400 - 7.5 = 392.5 kg/h 

392.5 
XI == 0.1 wt fraction NaOH in overflow R] = (f.l = 3925 kg overflow or strong soln/h 

Water in R\ = 3925 - 392.5 = 3532.5 kg/h 

Fresh water required = RN, + I = 3532.5 + 742.5 = 4275 kg/h 

For purposes of calculation, it may be imagined that the agitators are not present in the 
flowsheet and that the first thickener is fed with a dry mixture of the reaction products, Caco3 
and NaOH, together with overflow from the second thickener. 

B 500 
F - 400 kg NaOH/h NF - F - 400 - 1.25 kg CaeO,/kg NaOH 

YF .". 1.0 wt fraction NaOH in dry solid, Cae03-free basis 

Plot points Rh E), RN, + h and F on Fig. 13.30, and locate the difference point f:lR at the 
intersection of lines FR\ ~d E3RN, + \ extended. The coordinates of point D.R are N aR = 
- 0.1419'YaR "'" - 0.00213. (These c"a.n be determined analytically. if desired, by simultaneous 
solution of the equations representing the intersecting lines.) Further computations must be 
done on an enlarged section of the equilibrium diagram (Fig. 13.31). Point f:lR is plotted and the 
stages stepped off in the usual manner. The construction can be projected onto the xy diagram 
as shown, if desired. Three stages produce a value 13 = 0.01, so that the assumed value of 13 is 
correct. The NaOH lost in the sludge == (7.5/400)100 = 1.87% of that made. 

(b) NaOH lost - 0.001(400) - 0.4 kg/h 

kg CaC03/kg NaOH in final sludge = 50~ = 1250 "" NN, 
. YN, 

6 

F 
.2 

./ 
/ .8 

E, 

/ 
V 

4 

KN"YO 

/ 
O;:lNp+y 
VR, 0.2 OA 0.6 0.8 1.0 

6 = R x, y weight fractIOn NaOH In liqUid 

Figure 13.30 Solution to Illustration 13.3. 
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FIgure 13.31 Solution to Illustration 13.3. 

, , 
, 

0.10 0.12 

In order to determine the liquid content of the final sludge, convert the equilibrium data for 
dilute mixtures into the following form: 

N 0.659 0.666 0.677 0.679 0.680 

y' 0.01435 0.01015 0.OO2t O.OOlt 0.OOO5t 

N/y· 45.6 65.6 338 679 1360 

t Estimated values. 
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By interpolation for N /y • ... 1250. NN ... 0.680 kg CaC03/kg soln, and YN~ ... 
0.680/1250'" 0.000544 wt fraction NaOH in th; liquid of the final sludge. 

B 500 
EN~ ... NN - 0.680 ... 735 kg/h Water in EN, ... 735 - 0.4 ... 734.6 kg/h , 
NaOH in overflow == 400 - 0.4 == 399.6 kg/h R, _ 399.6 _ 3996 kgjh 

0.1 

Water in R] == 3996 - 399.6 ... 3596 kg/h Fresh water = RN,+] -= 3596 + 734.6 => 4331 kg/h 

On the operating diagram (Fig. 13.32) point 1lR, is located in the same way as before. and 
tbe stages are constructed in the usual fashion. It becomes impractical to continue graphical 
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construction beyond the fourth stage unless considerable magnification of the chart is made, 
but computations beyond this point can be made with the help of Fig. 5.16. Beyond the fourth 
stage, the ratio of overflow to liquid in the sludge becomes substantially constant and equal to 
RN,+II EN, "" 43311735 = 5.90 = RI E. This is the initial slope of the operating line on the 
lower part of Fig. 13.32. The slope of the equilibrium curve at these low concentrations is also 
substantially constant, m "'" y. 1 x "" 0.01015/0.00450 =< 2.26 and R/ mE = 5.90/2.26 = 2,61. 
xN,+l "" O. and y,,'" 0,007, Therefore (YN, - mxN,+l)/(Y" - mXN,+I) = 0,000 544(0,007 = 
0,0777. From Fig. 5.16, an additional 2.3 stages beyond the 4 computed graphically are 
required. 

An additional two stages (six thickeners) would make YN./y~ = 0.099, or YN. "'" 
0.099(0.007) "'" 0.000 693, corresponding to 0.51 kg NaOH lost/h, "';hile an additional three 
stages (seven thickeners) would makeyN. = 0.0365(0.007) = 0.000 255, corresponding to 0.187 
kg NaOH lost/h. ' 

It must be emphasized that the cost of these numbers of thickeners probably could not be 
justified when balanced against the value of the lost NaOH. The very low NaOH loss was 
specified in order to demonstrate the computation methods. 

Dlustratlon 13.4 Flaked soybeans are to be leached with hexane to remove the soybean oil. A 
O.3-m-thick layer of the flakes (0.25-mm flake thickness) wiU be fed onto a slowly moving 
perforated endless belt which passes under a series of continuously operating sprays [4O}. As the 
solid passes under each spray, it is showered with liquid which percolates through the bed, 
collects in a trough below the belt, and is recycled by a pump to the spray. The spacing of the 
sprays is such that the solid is permitted to drain 6 min before it reaches the next spray. The 
solvent also passes from trough to trough in a direction countercurrent to that of the moving 
belt. so that a truly continuous countercurrent stagewise operation is maintained, each spraying 
and draining constituting one stage. Experiments [40} show that the nakes retain solution after 
6 min drain time to an extent depending upon the oil content of the solution, as follows: 

Wt % oil in soln o 20 30 

kg soln retained/kg insoluble solid 0.58 0.66 0.70 

It will be assumed that the retained solution contains the only oil in the drained flakes. 
The soybean flakes enter containing 20% oil and are to be leached to 0.5% oil (on a 

solvent-free basis). The net forward flow of solvent is to be 1.0 kg hexane introduced as fresh 
solvent per kilogram nakes, and the fresh solvent is free of oil. The solvent draining from the 
nakes is generally free of solid except in the first stage: the rich miscella contains 10% of the 
insoluble solid in the feed as a suspended solid, which faJls through the perforations of the belt 
during loading. How many stages are required? 

SOLlmON The tie lines are vertical, x = y •. Rearrange the drainage data as follows: 

Percent oil in 
soln ... 100y· 

o 
20 
lO 

kg soln retained I 
kg insoluble solid = N 

0.58 
0.66 
0.70 

Basis: I kg flakes introduced. 

N 

1.725 
1.515 
1.429 

kg oil y. 
kg insoluble solid N 

o 
0.ll2 
0.210 

Soybean feed B = 0.8 kg insoluble; F = 0.2 kg oil; NF = 0,8/0.2 = 4.0 kg insoluble solid/kg 
oil; YF = 1.0 mass fraction oil, solid-free basis. 
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20,----,-----,-----.----,-----,-----,----,-----, 

o 
OJ2 016 0.20 

R, 

Toy,.. = 1.0 
NF"'4.0 

--" 

024 0.28 0.32 
x, y ::: weight fraction 

oil in solution 

Figure 13.33 Solution to Illustration 13.4. 

Solvent RN, + I "'" 1.0 kg hexane; xN, + I = 0 mass fraction oil. 

Leached solids kg oil/kg insoluble solid = 0.005/0.995 = 0.00503, By interpolation in the 
equilibrium data, NN, = l.718 kg solid/kg soIn. 

Insoluble solid lost to miscella = 0.8(0.1) = 0.08 kg 

Insoluble solid in leached solids = 0.8(0,9) = 0.72 kg 

EN, = 1~;128 == 0.420 kg soln retained 

Oil retained - 0.00503(0.72) - 0.00362 kg 

Hexane retained = 0.420 - 0.00362 = 0.416 kg 

0.00362 00086 f· ·1 . . ed ti ·d YN,'" 0.420 "". mass rachon OJ tn retam qUi 

MisceliD Hexane.,. 1 - 0.416 "" 0.584 kg; oil- 0.2 - 0.00362 "" 0.196 kg. RI = 0.584 + 0.196 
... 0.780 kg clear miscella; XI "" 0.1%/0.780 = 0.252 mass fraction oil in liquid. NR1 ... 

0.08/0.780 ... 0.1027 kg insoluble solid/kg soIn. 
The operating diagram is shown in Fig. 13.33. Point R\ represents the cloudy miscella and 

is therefore displaced from the axis of the graph at NR1 • Point tlR is located as usual and the 
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stages determined with the N - 0 axis for all stages but the first. Between four and five stages 
are necessary. Adjustment of the amount of solvent or the amount of unextracted oil, by trial, 
will provide an integral number. 

Rate of Leaching 

The many diverse phenomena encountered in the practice of leaching make it 
impossible to apply a single theory to explain the leaching action. As has been 
shown, leaching may involve simple washing of the solution from the surface of 
a solid, or dissolving of a solute from a matrix of insoluble matter, osmosis, and 
possibly other mechanisms. Our knowledge of them is very limited. Washing a 
solution from the surface of impervious solid particles may be expected to be 
very rapid, requiring only the blending of solution and solvent, and stage 
efficiencies are then quite likely to be governed entirely by the completeness of 
the mechanical separation of liquid from solid. 

Leaching a solute from the internal parts of a solid, on the other hand, will 
be relatively slow. Solids made up of a skeletal structure of insoluble substance, 
with the pores impregnated with the solute, can be described in terms of a 
pore-shape factor, as outlined in Chap. 4. The factor is a function of the solid, 
independent of the nature of the ~olute and solvent, and is a measure of the 
complexity of the path through which the solute diffuses. In natural products 
such as plant materials, the complexity of the structure may make application of 
these methods difficult. For sugar-beet cossettes [45J, for example, about one
fifth of the cells are ruptured in producing the cossettes, and leaching of sugar 
from these cells is probably a simple washing process. The remaining cells lose 
sugar by a diffusion process, and the combination of events produces curves on 
coordinates such as Fig. 4.2, which deviate considerably from those developed 
from simple diffusion with constant effective diffusivity or pore-shape factor 
[25]. Many mechanisms have been considered in an attempt to explain such 
observations [7J. In another example, wood will show different rates of leaching 
of an impregnating solute depending upon whether diffusion is in a direction 
parallel to or across the grain of the wood [30J. If solutes must pass through cell 
walls by dialysis, it may not be possible to apply the concepts at all. The rates of 
diffusion of soybean oil from soybean flakes, which do not permit simple 
interpretation, have been attributed to the presence of several types of structures 
in the matrix [23J as well as to the presence of a slowly dissolving constituent in 
the oil [18, 22J. Whole seeds cannot be leached; rolling and flaking evidently 
crushes cell walls and opens up passageways for penetration of the solvent by 
capillary action [28, 29J. The fact that the rate of leaching increases with increased 
surface tension of the solvent-oil solutions and that even for flaked seeds there is 
a residue of unextractable oil which increases with flake thickness supports this 
view. That the leached oil is composed of several different substances is evident 
from the different properties of oil obtained after short and long leaching times. 
A method of dealing with such differently leached substances has been sug
gested [19J, but these examples serve at least to indicate the complexity of many 
practical leaching processes. Very little study has been given most of them. 
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When solids like those described above are immersed in leaching solvents, it 
is reasonable to suppose that the resistance to mass transfer within the solid 
itself is likely to be the controlling resistance and that of the liquid surrounding 
the solid to be quite minor [45]. In such cases increasing the rate of movement of 
liquid past the solid surface will not appreciably influence the rate of leaching. 
Applications of the theory of unsteady-state diffusion within solids of various 
shapes (see Chap. 4) to leaching calculations, including those associated with 
multistage cascades and those associated with chemical reaction in the solid, 
have been worked out in considerable detail [I, 31, 32, 42]. 

NOTATION FOR CHAPTER 13 

Any consistent set of units may be used, except as noted. 
a const 
4 specific surface of particles, area/packed space, Ll/Ll 
A pure leaching solvent 
A thickener cross section, Eq. (13.7), L2 
b canst 
B pure insoluble carrier solid 
B insoluble carrier solid, mass (batch operation), M; mass/time, M/S. or mass/(area) 

(time), M/LlS (continuous operation) 
c solids concentration in a slurry, M/Ll 

Co underflow solids concentration, M/Ll 
C soluble solute 
4 diameter of a sphere of same surface/volume ratio as a particle. L 
E solvent and solute associated with the leached solids, mass (batch operation), M; 

mass/time. M/S, or mass/(areaXtime). M/LlS (continuous operation) 
F solute and solvent in solids to be leached, mass (batch operation), M; mass/time, M/9, 

or mass/(area)(time), M/Lle (continuous operation) 
8 acceleration of gravity, L1/9 
&, conversion factor, ML/Fez 
G mass velocity, M/LlS 
Gs flux of settling solids. MILlS 
GSL limiting solids flux, MILlS 
K permeability, LJ /&2 
m slope of equilibrium curve, dy·1 dx. dimensionless 
M solvent and solute content of a slurry or mixture, mass (batch operation), M; mass/ 

time, M/S. or mass/(area)(time), M/LlS (continuous operation) 
N mass of insoluble solid B/(mass of solute A and solvent q, M/M 
Np number of stages. dimensionless 
6p pressure drop. FILl 
R solvent and solute in a leaching solution. mass (batch operation). M; mass/time, MIS. 

or mass/(area)(time), MILlS (continuous operation) 
s residual saturation of a bed of drained solids. fraction of void volume occupied by 

liquid, dimensionJess 
So residual saturation in the upper part of a packed bed, dimensionless 
s.v average residual saturation. dimensionless 
V initial settling rate, L/e 
w concentration of insoluble solids in a slurry, mass fraction 
W rate of solids flow, M/S 
x concentration of solute in solution. mass fraction, S-free basis 
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y concentration of solute in a mixture, mass fraction, BMfree basis 
y. y at equilibrium 
2 height of a percolation bed or of settled solid, L 
2D drain height, L 
200 ultimate height of settled solids, L 
e fractional void volume of a packed bed, dimensionless 
8 time, e 
J1L liquid viscosity, MiLe 
PL liquid density, MILl 
a surface tension, F IL 

Subscripts 

F feed; solids to be leached 
S saturated 
1, 2, etc. stage I, stage 2, etc. 
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PROBLEMS 

13.1 A l-m-diameter tank fitted with a false bottom and canvas filter is partly filled with 1000 kg 
(dry weight) of sea sand wet with seawater. The sand is allowed to drain until it stops dripping, 
whereupon 750 kg fresh water is added and recirculated to reach a unifonn salt concentration. The 
sand is again allowed to drain until dripping stops and is then removed from the tank and dried. 
Estimate the salt content of the dried sand. 

The sand particles have an average size q, ... 0.4 mm, a particle density 2660 kg/ m3, and a bulk 
density 1490 kg (dry weight)/m3• Seawater contains 3.5% salt; its density is 1018 kg/m3 and surface 
tension 0,0736 N/m. The surface tension of water is 0.728 N/m, 

13.2 Derive expressions for the coordinates of point 6.R(hR' N tJ.R) (Fig, 13.29), and check the 
results by determining the numerical values in the case of lliustration 13,3a. 

13.3 In order to eliminate the solids in the final miscella of Illustration 13.4, it is decided to pass 
liquid from stage 3 to stage I. where the liquid will contact fresh solids. The drained liquid from 
stage I, containing the suspended solids, wilI then be passed to stage 2, where it is filtered by passage 
of the liquid through the bed of solids in this stage. The final miscella is then withdrawn as a clear 
solution from stage 2. How many stages will then be required for the same solvent/seeds ratio and 
the same oil concentration in the discharged solids? Ans.: 6. 

13.4 A mineral containing 20% elemental sulfur is to be leached with hot gas oil, in which the sulfur 
is soluble to the extent of 10% by weight. The solvent will be repeatedly pumped over the batch of 
ground mineral, using 1.5 kg fresh solvent/kg minerai. After no further solution of sulfur is 
obtained, the liquid will be drained and replaced with a fresh batch of 1.5 kg oil/kg original mineral, 
and the operation repeated. On drainage, the solid materials retain the solution to the extent of 
one-tenth the weight of undissolved solid (sulfur and gangue). No preferential adsorption takes 
place. 

(0) Calculate the equilibrium data and plot them in the usual manner. 
(b) Determine the amount of sulfur unextracted and the sulfur concentration of the com

posited leach liquors, 
(c) Repeat part (b) if a two-stage Shanks system is used, with 3 kg fresh solvent/kg unleached 

solid. Assume steady state has been reached. 
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13.5 Aluminum sulfate, AI2(S04h, is to be produced by action of sulfuric acid, H2S04, on bauxite in 
a series of agitators, with a cascade of continuous thickeners to wash the insoluble mud free of 
aluminum sulfate. 

The flowsheet is similar to that of Fig. 13.13a. The reaction agitators are fed with (1) 25 t 
bauxite/day, containing 50% A120 3 and the rest insoluble; (2) the theoretical quantity of aqueous 
acid containing 60% H2S04; and (3) the overflow from the second thickener. Assume the reaction is 
complete. The strong product solution is to contain 22% Al2(S04h, and no more than 2% of the 
Al2(S04h produced is to be lost in the washed mud. The last thickener is to be fed with pure wash 
water. The underflow from each thickener will contain 4 kg liquid/kg insoluble solid, and the 
concentration of solubles in the liquid of the underflow for each thickener may be assumed to be the 
same as that in the overflow, Calculate the number of thickeners required and the amount of wash 
water required per day. Ans,; 3 thickeners. 

Nole: In solving this problem, be certain to account for the water in the acid as well as that 
produced by the reaction. Adapt Fig, 5.16 to all but the first thickener in the cascade, 

13.6 Barium, occurring naturally as the sulfate, BaS04, is put in water-soluble form by heating with 
coal, thus reducing the sulfate to the sulfide, BaS. The resulting reaction mixture, barium "black 
ash" containing 65% soluble BaS, is to be leached with water, Black ash is fed to a tube mill at 100 
tJday, together with the overflow from the second of a cascade of thickeners, and the effluent from 
the mill is fed to the first thickener, All the barium is dissolved in the mill. The strong solution 
overflowing from the first thickener is to contain 20% BaS by weight. The thickeners will each 
deliver a sludge containing 1.5 kg liquid/kg insoluble solid. The solution in the overflow and that in 
the sludge leaving any thickener may be assumed to have the same BaS concentration. It is desired 
to keep the BaS lost with the final sludge to at most 1 kg/day. 

(a) How many thickeners are required? [Adapt Eq. (5,55) to all except the first thickener.] 
Ans,: 6. 
(b) It is decided to pass the final leached sludge to a continuous filter, as in Fig. 13, 13b, where 

the liquid content of the filtered solids will be reduced to 15% by weight, The filtrate will be returned 
to the last thickener, but the filter cake will not be washed. How many thickeners will then be 
required? Ans,; 5, 

13.7 In the manufacture of potassium nitrate, KN03• potassium chloride, KCI is added to a hot, 
concentrated aqueous solution of sodium nitrate, NaNO), 

KCI + NaNO),.::: KNO) + NaCI 

Because of its relatively low solubility, part of the sodium chloride, NaCl, precipitates and is filtered 
off. A little water is added to the filtrate to prevent further precipitation of NaCI, the mixture is 
cooled to 20°C, and pure KN03 crystallizes, The resulting slurry contains, per 100 kg precipitated 
KNO), 239 kg of a solution analyzing 2l.3% KNO), 21.6% Nael, and 57.1% water, The slurry is fed 
to the first of a cascade of four continuous classifiers, where each 100 kg of crystals is countercur
rcntly washed with 75 kg of a saturated solution of KNOJ , containing 24.0% KN03, in order to free 
them of NaC!. The wet crystals leaving each classifier retain 25% liquid, and the liquid overflows are 
clear, The washed crystals discharged from the fourth classifier. containing 25% liquid, are sent to a 
continuous drier. All liquid except that discharged with the washed crystals leaves in the overflow 
from the first classifier. Equilibrium between solid and liquid is attained in each classifier, and the 
clear overflows have the same composition as the liquid retained by the crystals. The solubility of 
KN03 in NaCI solutions (KN03 is the equilibrium solid phase) at the prevailing temperature is given 



by the following table: 

% NaCI o 

24.0 

6.9 

23.3 
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12.6 17.8 21.6 

22.6 22.0 21.3 

(a) Plot the equilibrium data {N = kg KN03/kg (NaCl + HP) for both clear overflow and 
wet crystals; x andy ... kg NaCl/kg (NaCl + HP)]. 

(b) Calculate the percentage NaCI content which can be expected on the dried KN03 product. 
Ans.: 0.306%. 
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Absolute humidity: 
mass and molal, defined. 227 
percentage. defined, 229 

Absorbers (see Gas absorption: Gas-liquid 
operations, equipment for) 

Absorption (see Gas absorption) 
Absorption factor: 

in absorption of muhicomponent systems, 
323-326 

defined, 124 
in distillation, 422, 450-453 
estimating most economical, 291-293 
transfer units and, 3/0 
in Iray absorbers. 291-292, 324-331 

Absorption section of fractionators (see Enrichmg 
section of fractionators) 

Accumulators, rerlu;.;;, 397 
Acid gases, absorption of. 275. 281-282 
Activated adsorption (chemisorption), 566-567 
Activated days (see Clays) 
Activilted diffusion through polymers. 93 
Activity (chemical potential): 

in diffusion, 22 
in interphase mass transfers, 105 

Adductive crystalllzat1On, described, 4 
Adhesion in drying, 679 
Adiabauc operations: 

gas absorption by: interface conditions and, 
316-322,319-321 

mass-transfer coefficients for, 314-315 
nonisothermal, 295 

gas-liquid contact in, 236 
humidification by, 241-263 

dehumidifLcation of air-water vapor<~, 252 
equipment for, 259, 260-263 
fundamental relationships in, 242-245, 

24J 
general methods of. 255-259, 258 
recLrculating liquid and gas humidLfication

cooling, 252-255,253 
of vapor-gas mLxtun:s. 236, 237 

INDEX 

Adiabatic operations: 
humidification by: for water cooling with air, 

245-252,246,249,250 
mass-transfer coefficients for, 261 

absorption, 314-315 
humidification, 261 

Adiabatic saturation: 
curves of, 236, 237 
enthalpy for pure substances in, 225 

Adiabatic-saturation temperature: 
defined, 237 
Lewis relation and, 241 
(See also Wet-bulb temperature) 

Adsorbents (see Adsorption) 
Adsorption, 5, 565-641 

by continuous contact, 612-646 
under steady-state conditions, 612-623 

eqULpment, 612, 613 
one component absorbed, 614, 615, 616-617 
two components absorbed, 617-623, 618, 

620, 622 
under unsteady-state conditions, 623-640 

adsorption of liquids by percolation, 630-631 
adsorption of vapors, 625, 626-630 
adsorption wave, 623, 624 
by chromatography, 631, 632 
by elution, 631 
rate of adsorption, 632-641, 633, 635, 

637-639 
defined, 4 
dehumidification by, 263 
eqUilibrium Ln, 569-584 

of liquids, 580, 581-584 
of single gases and vapors, 569- 575, 570-573 
of vapor_gas mixtures, 575-580, 577-579 

fractional, defmed, 4 
by ion eXChange, 641-646, 645 
nature of adsorbents, 567-569 
by stagewise operations, 585-611 

adsorption of vapor from nuidized beds, 
609-611. 6/0 

767 
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AdsorptLon: 
by stagewise opera lIOns: agitated vessels for, 

599-608, 600, 607 
contact hltra\Jon of liquids, 585-599, 586, 588, 

589,591-598 
In fluidized beds, 608-611 

by ion exchange, 642 
of vapors, 609-61 1,610 

slurry adsorption of gases and vapors, 609 
10 leeter beds, 608-609 

types of, 566-567 
Adsorption rate under unsteady-state conditions, 

632-641,633,635,637-639 
Adsorpuvlty, rc:Jative (separatIOn factor), 576-584 
Agllated pan dners, 666 
Agitated vessc:Js: 

absorption in, ! 58 
adsorption in, 599-608, 600, 607 
for gas-liqUid operations, 146-15g 

for gas.llquld contact, 153-158, 155 
for smgle-phase liqUids, 146-153,147,148, 152 

leachmg 10, 726-730 
under steady.state condillons, 732, 733 
under unsteady-state conditions, 73 I 

hquld extractlon in, 521-526, 524 
mass· transfer coeffiCients 10: for adsorptlon, 

602-606 
for gas-hquld contact operations, 156-158 
in stage-type extractors, 523, 524 

Air conditIOning, 262, 263, 664 
Air-cooling of water, 245-252, 246, 249, 250 
Air-water vapors: 

dehumidification of, 252 
m humidiflcation operations, 231-236, 232-235 

Alumina as adsorbent, 568, 626, 627 
Animal oils: 

adsorptIOn of, 568 
dlStlllauon of, 460 
(See abo Fish oLls) 

Anion exchange, 642-643 
AtmolySiS, deflred, 6 
Atmosphenc pressure, dlffusivlty of gascs at 

standard, 31 
AtomIC and molecular volumes of gases, 33 
AXIal disperSion, defmed, 210 
Axial mixmg: 

in differentIal extractors, 541, 542, 544-546 
10 packed towers, 542 

end effects and, 209-210 
10 spray towers, 542 

in sieve-tray towers, 530-531 
Azeotroplc dIstillatIOn, 455-457, 456 
Az.eotroplc mixtures (constant-boIling miXtureS): 

heteroazeO\rOplC mixtures, 352-353 
maximum-bolhng, 355-357, 356 
mimmum-boIlmg, 350-352, 351 
rectifIcatIon of, 419-421 

Back mixing, 181 
in packmg towers, defmed, 210 
(See also Axial mixmg) 

Baffled turbulence in open tanks. 149 
Ballast Iray, 177,178 
Batch operations: 

adsorption by: JOn exchange, 642 
mass-transfer coefficient in, 604-606 
(See also Adsorption, by stagewise opera lions) 

Balch operlllions: 
contact filtration by, 586 
differential distillation by, 367-371 
stages of interphase mass transfers in, 124 
as unsteady.state operations, 9 

(See also Leaching, under unsteady-state 
conditions) 

(See also Drying, batch) 
Batch settling in leaching, 728, 729 
Battery, extraction, defined, 724 
Bauxite as absorbent, 568,626 
Beds (see specific types of bedr) 
Ber! saddles, 189,190,198,203,205,206,210, 

261 
Bernoulli's equation, 145 
BET equatIon (Brunauer-Emmett-Tellcr equation), 

'" Bidisperse catalyst particles, defined, 95 
Bmary systems: 

adsorption equilibria in binary vapor-gas 
mixtures, 576-578 

continuous rectification of, 371-374 
molecular diffusion in, 24 
(See also Distillallon, vapor-liquid equilibrium 

in) 
Blowdown, makeup water to replace, 248 
BOiling point: 

of liqUids, defined, 222 
vapor-llquid equilibrium and. 345-346 

Bollman extractors, 742 
variants of, 743 

Bone char as adsorbent, 568 
Bottoms (see Residues) 
Bound moisture (bound water): 

defined, 657, 660 
drying of, 684-686 

Boundary (flux at phase interface): 
defined, 47 
grain, 95 

Boundary-layer theory, 64-66 
Box extractors, 529, 530 
BreakpOint, adsorbc:rs, 623, 633 
Breakthrough curve, adsorption, 623. 633-641, 

638. 639 
Brunauer-Emmetl·Teller equation (BET equation). 

571 
Bubble(s): 

in gas-liquid contact operations, 154 
diameter, gas holdup and interfacial area, 

15' 
in gas·liquid operations with gas dispersed, 144 

diameter of. 140-141 
rising velocity of single bubbles, 141.142 
specific interfacial area of, 144 
swarms of, 142 

Bubble.cap trays and towers, 158-160,159, 
165-167 

overall effiCiency of, 185 
(See also Tray towers) 

Bubble columns (sparge vessels), 140-146.142, 

'" Bubble point in vapor-liqUid equilibnum, 361-363 
computation of, 362-363, 366-367, 436-439 

Bubble·point temperature curve, 345 
Bubbhng promoters, 176. 177 

Cabinet driers (see Tray driers) 
Capillary movement, drymg and, 679 



capillary number, 721-722 
carbon: 

for adsorption. decolorizing, 568 
equilibrium of, 569-575, 570, 572, 573, 

584 
gas, 568, 612, 625-628 
liquid adsorption, 586, 587, 592, 594, 596 

diffusion of, 95 
drying of coal, 692 
(See also Hydrocarbons) 

cascade(s): 
in interphase mass-transfer operations, 125-127, 

128-130, 129 
in mixer-settler operations, 529, 530 
of stagewise operations, defmed, 10 

cascade rings, 189 
case hardening, 665, 709 
catalyst particles, bidisperse, defined, 95 
Cation exchange, 641-643, 645, 646 

cation exchanger, defined, 641 
CBM (see Azeotropic mixtures) 
CCD (continuous countercurrent decantation), 

736-738 
Centrifugal extractors, 547, 548 
Centrifugal stills, 461, 462 
Centrifugation, 6 
Charcoal (see Carbon) 
Chemical(s): 

purification of, 478 
recovery of: by extraction, 478 

by leaching, 732 
(See also Phannaceuticals) 

Chemical methods, liquid extraction as substitute 
for, 478 

Chemical potential (see Activity) 
Chemical reaction, absorption by, 333 
Chemical reactivity of solvents, 489 
Chemisorption (activated adsorption), 566-567 
Chilton-Colburn analogy, 70 
Chromatography, 631, 632, 642, 643 
Circular pipes, mass-transfer coefficients and 

turbulent now in, 70-72, 71 
Circulating drops, eigenvalues for, 524 
Classifiers, leaching In, 739, 740 
Clausius_Clapeyron equation, 222 
Clays: 

as adsorbents, 568, 582, 583, 587 
drying of, 678, 679 

Closed tanks, prevention of vortex fonnation in, 
149 

Closed vessels (diffusers), 724, 725 
Coal, drying of, 692 
Coalescence: 

in sieve-Iray towers, 535 
(See also Drops) 

Coalescers, 528, 529 
Coarse solids, leaching of, 738-744, 740-743 
Cocurrent flow, gas adsorption in, 286-289 
Cocurrent operations: 

direct-heat, cocurrent·flow drying, 690 
(See also Continuous cocurrent operations) 

Cold reflux in Mccabe-Thiele distillation method, 
419 

Collision function, diffusion, 32 
Color removal, 565, 582, 583, 623 
Combination film-surface renewal theory, 62, 6) 
Compartment driers (see Tray driers) 
Compression zone in leaching, defined, 729 

INDEX 769 

Concentrated solutions, adsorption from, 582-584 
Condensation: 

differential, differential distillation and, 369 
partial, flash vaporization by, 365 
(See also Adsorption; Distillation) 

Condensers of fractLOnators, 377, 378, 381 
with McCabe-Thiele method, 404-405, 417, 

418 
with Ponchon-Savant method, 397 

Confined flUids, mass transfers to, 47, 48 
Coning, defined, 161 
Constant(s), 14 

force, of gases, as detennined from VIscosity 
data, 33 

mass-action-Iaw, 643 
Constant-boiling mixtures (CBM; see Azeotropic 

mixtures) 
Constant drying conditions, defined, 667, 668 
Constant-pressure equilibrium, vapor-hquid, 

344-346 
Constant-rate drying, 669, 670 

cross-circulallon drying and, 672-677, 673 
(See also Falling-rate penod of drying) 

Constant-temperature eqUilibrium: 
solutes and, 93 
vapor-liquid, 347, 348 

Constant total pressure and diffusion through 
porous solids, 96-99 

Constant underflow in leachmg, 747, 754 
Contact filtration (see MIxer-settler operations) 
Continuity, equation of, 24-26, 25 
Continuous COCUTTent operations: 

adsorption, with liquid- and solid-phase mass
transfer resistances, 606-608, 607 

stages of interphase mass transfers in, 124 
Continuous-contact adsorption (see Adsorption, 

by continuous contact) 
Continuous-contact equipment: 

distillation by fractionation with, 426-431, 
m 

(See also Gas absorption, in continuous-contact 
equipment; LiqUId extraction, in differential 
e)(traclors; Packed towers) 

Continuous-contact operations (differential-contact 
operations), 10 

(See also specific continuous-contact operations) 
Continuous countercurrent operations: 

adsorption of one component, 614, 615 
continuous countercurrent decantation, 736-738 
extraction with reflux, 507-514, 509, 51/-513 

Continuous operations: 
adsorption by, 618 
drying (see Drying, continuous) 
leaching of coarse solids, 738-744, 740-743 
(See also Distillation, by fractionation) 

Convection, natural, Grashof number and, 68 
Cooling and cooling lowers (see HumidIfication) 
Corrosion in tray and packing towers, 211 
Corrosiveness of solvents, 282 
Countercurrent cascades: 

in interphase mass-transfers, 126-130, 127, 
129 

in mixer-settler operations, 529 
Countercurrent extractors (mechanically-agitated 

extr.!lctors), 544-547 
Countercurrent operations: 

adiabatic, continuous drying by, 686 
direct-heat, countercurrent-flow drying, 690 
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Countercurrent operations: 
gas absorption by, 282, 283-285 

(See also Gas absorption, one component 
transferred, in countercurrent multistage 
operations) 

leaching by multiple contact, 723, 724 
two-stage countercurrent adsorption, 595, 596, 

'99 
(See also Continuous countercurrent operations; 

Multistage countercurrent operations) 
Counterdiffusion; 

in gases. 29, 30 
in interphase mass transfers, 113 
in liquids, 34-35 

Counterflow trays, 177-178 
Critical moisture content, 669, 682 
Critical packing size. 544 
Critical point (critical state) of vapor-liquid 

equilibrium, 221 
Critical pressure of vapor-liquid equilibrium, 221 
Critical temperature, vapor.liquid equilibrium 

and, 221 
Cross-circulation drying (see Drying, batch, by 

cross circulation) 
Cross-flow cascades in interphase mass-transfers, 

1]5 

Crosscurrent operations: 
two-stage crosscurrent adsorption, 598-599 
(See also Multistage crosscurrent operations) 

Crowd-ion mechanism of diffusion through metals, 
OS 

Crude oil, distHlation of, 453-455, 454 
Crystal-filter driers (rotary filters), 684 
Crystalline solids, diffusion through, 95 
Crystallization, 4 
Cut, defined, 367 
Cylinder(s): 

analogies between momentum, heat and mass 
transfers in, 70-72, 71 

diffusion through, 89, 91, 92 
Cylinder driers. 695 
Cylinder oil, decolorization of, 582, 583 

Danckwerts' theory of mass transler. 61-62 
Dead-end pores of solids, diffusion through. 95 
Decantation: 

continuous-countercurrent, 736-738 
(See also liqUid extraction) 

Decoction, defined. 717 
Decolorization, 565, 568, 582,583, 586, 588, 623 
Dehumidification (see Adsorpllon; Humidification) 
Dehydration. 623 

(See also Drying) 
Deliquescence, defined, 660 
Density of solvents, 489 
Depth of liquids in sieve trays, 169, 170 
Desorption (stripping); 

adiabatic, 314-322, 315, 319-321 
defined, 3 
interfacial area for, of aqueous liqUids, 205 
through-circulation drying and, 682 

(See also Drying) 
(See also Adsorption; Strippers; Stripping factor) 

Detergents: 
drying of, 696 
separation of, 6 

Deviating velocity (nuctuating velocity), defined, 

" Dew point: 
in humidirication of unsaturated vapor-gas 

mixtures, 229, 230 
in vapor-liquid equllibrium, 361-363 

Dialysis, defined, 5-6 
Differential condensation, 369 
Differential-contact operations (see Continuous-

contact operations) 
Differential distillation (simple distillation), 

367-371 
Differential energy balance, 26 
Differential extractors (sec Liquid extraction, in 

differential extractors) 
Differential heat of adsorption. defined. 574 
Differential mass balance, 24_26 
Diffusers (dosed vessels), 724, 725 
Diffusion: 

in drying: intemal-diffusion controlling, 681-682 
of liquid moisture, 678 
of vapors, 679-680 

eddy, 54_59, 55 
defined, 22 

gaseous. defined,S 
in Ion exchange, 643-644 
molecular (see Molecular diffusion) 
between phases of interphase mass transfers,' 

106-117 
average overall coefficients for, 113-117, J U 
local coefficients for, 11 1-113 
local overall coefficients, /09, 110-111,113 
local two-phase mass transfers, 107-109 

in solids, 88-103 
through crystalline solids, 95 
Fick's law applied to. 88-93 

unsteady-state diffusion, 89-93, 90, 91 
through polymers, 93-95 
through porous solids, 95-100 

sweep, 6 
thennal, 6 

Diffusion-controlled falling rate of drying, 678 
internal-diffusion controlling, 681-682 

Diffusional sublayer, defined, 59 
Dirfusivity (diffusion coefficient), 23 

atomic and molecular volumes, 33 
eddy heat and mass, 58-59 
effective, 29 
of gases, 31-33, 34 
of hquids, 35-37, 36 
momentum eddy, 58 
(See also Diffusion) 

Dilute solutions: 
absorption of, 290-291 

mass-transfer coefficients of, 308-309 
adsorption of solutes from, 580_582 
extraction from, 551-552 

Dip-feed single.drum driers, 695 
Direct driers, 661-666, 662-664 

tunnel driers as, 687, 704 
Direct-heat drying: 

cocurrent-flow drying, 690 
continuous, rate of, 701-710,702,703,708 
countercurrent-flow drying, 690 

DirecHndirect driers, 692 
Direct operations; 

makmg use of surface phenomena, 7 
(See also specific direCI operations) 



Dispt:rsed-phase hOldup, 522, 535, 536 
Dispersion: 

in stage-type extractors, 521-526, 514 
(See also Gas-liquid operations, equipment for, 

with gas dispersed: Gas-liquid operallons, 
equipment for, with liquid dispersed) 

Distillate, defmed, 372 
Distillation (fraChonal distillation) 342-473 

defined, 3 
dIfferential, 367-371 
by flash vaponz.ation, 363-367, 364 
by fractIOnation, 371-431 

in continuous-contact equipment, 426-43/, 
427 

McCabe-ThIele method of. 4Q2-431 
cold reflux in, 419 
condensers in, 404-405, 417, 4/8 
enriching section of fractionators, 404-4Q5, 

422-423 
exhausting sectIOn of fractionators, 405, 

406,422 
feed introduction in, 406-409, 408 
feed-tray location in, 409, 4/0 
hIgh-purity products with, 422-423 
minimum reflux ratio in, 411, 412_ 413 
multiple feeds in, 421-422 
optimum reflux ratio in, 412-416, 415 
rectification of azeotroplc mLxtures in, 

419-421 
tolal reflux ratio in, 410, 411 
Iray efficiency in, 423-426, 425 
use of open steam with, 416, 417 

Ponchon-Savant method of, 374-4Q2 
complete fractLonators used, 380-382, 381 
condensers and reflux accumulators used, 

397 
enriching section of fractionators, 374-378, 

376 
feed-tray location in, 382-384, 383 
heat loss in, 400-4Q2, 401 
high-purity products and tray efficiency 

with, 4Q2 
multiple feeds in, 397-400, 398, 399 
reboilers in, 392-394, 393 
reflux ratio in (see Reflux ralLo) 
sLde streams in, 400 
stripping section in, 378-380 
use of open steam in, 394-397, 395, 396 

low-pressure, 460-402 
of multicomponent systems, 431-460 

azeolropic dLstillation, 455-457, 456, 459-460 
compoSLtion correctior sin, 445-447 
differential distillation of, 370-371 
extractive dlstl!lation .;If, 457-460 
feed-tray location In, 442-443 
by flash vaporization, 366-367 
key components in, 434-435 
Lewis and Matheson calculat10n for, 434, 

443-445,447, 459 
liquid/vapor ratios in, 447-449 
minimum reflux ratio in, 435-439 
product compositions in, 440-441 
specific limitations of, 434 
of ternary systems, 432 
Thiele-Geddes method of, 433-434, 439, 

442-443, 445, 449-455, 454 
total reflux in, 439-440 
vapor-liquid equilibrium in, 360-363 
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Distillation: 
vapor-liquid equilibrium in, 343-363 

constant-pressure equihbrium, 344-346 
constant-temperature equilibrium, 347, 348 
enthalpy in, 357-360, 358, 359 
at increased pressure, 346,347 
in multicomponent systems, 360-363 
pressure-tempera ture-concentra tion phase. 

343-344 
Raoult's Jaw of, 348, 349 

negative deviations from, 355-357 
positive deViations from, 350-354, 351,353 

relative volatility and, 346 
Distribution coefficient (sec Equilibrium distribu

tion) 
Dobbins theory (combination film-surface-renewal 

theory), 62, 63 
Dorr agitators, 732,733 
Dorr thickeners, 734 

balance-tray, 735 
Double-solvent extraction (fractional extraction), 

4,478,514,515-518 
Downspouts (downcomers): 

multiple, 176,178 
in sieve-tray towers, 534-535 

backup in, 172, J 76 
in tray towers, 163, 164 

Draft lowerS, 259-261, 260 
Drag coefficient of drops, 150,533 
Drainage from percolation tanks, 721, 722, 723 
Driers (see Drying; and specific types af driers) 
Drift (see Liquid entrainment) 
Drops: 

in agitated vessels, 521-524 
coalescence of, 538-539 
drag coeffIcient of, 150,533 
in emulsions and dispersions, 526-527 
in sieve-tray towers: formation of, 532, 533 

mass transfers during, 536-537 
tennmal velocity of, 533, 534 

(See also Liquid extraction) 
Drum driers, 694, 695 
Dry-bulb temperature: 

in adiabatic operations, 248 
defined, 228 

Drying, 655-716 
batch,661-686 

by cross circulation, 672-682 
COnstant-rate penod of, 672-677, 673 
critical mOisture content, 682 
internal-diffusion controlling and, 681-682 
movement of moisture withm solids in, 

677-680,678, 679 
unsaturated-surface drying, 670-681 

in direct driers, 661-666, 662-664 
in indirect driers, 661, 666-667 
rate of, 667-672, 668 
through-circulation drying, 682-686, 688, 689 

in rotary driers, 693, 694 
continuous, 661, 686-710 

in drum driers, 694, 695 
in fluidized and spouted beds, 697, 698 
material and enthalpy balances in, 699-70\, 

70() 

in pneumatic driers, 698, 699 
rate of drying, 701-710, 702, 703, 708 
in rotary driers, 689-693, 690, 69/ 

rate of drying, 704-707 
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Drying: 
continuous: in spray driers, 695-697, 696 

in through-circulation driers, 688, 689 
in through-circulation rotary driers, 693, 694 
in tunnel driers, 687 

rate of drying in, 704 
in turbo-type driers, 687, 688 

defined,4 
eqUilibrium in, 655-661 

definitions, 660, 661 
hysteresis and, 657, 658 
of insoluble solids, 656, 657 
of soluble solids, 658-660, 659 

Dumping. defined, 161 
"Dusty gas" cquation, 98 
Dynamic Similarity of agitated vessels, 

defined, 150 

Economic balances in liquid extraction, 514 
Eddy(ies): 

defined,45 
energy-containing, 55 

Eddy diffusion (turbulent diffusion), 54-59, 55 
defined, 22 

Eddy motions, 45, 46 
Edmister method, 329, 449-451 
Effective diffusivity, 29 
Efficiency (see Stage efficiency; Tray efficiency) 
Efflorescence, defined, 660 
Effusion (.fee DiffUsion) 
Eigenvalues for circulating drops, 514 
Electrodialysis, defined, 6 
Elemental fluid volume, 25 
Eliminators, entrainment, 193 
Eluate, defined, 631 
Elutant, defined, 631 
Elution (elutriation): 

adsorption by, 631 
defined, 717 

Emulsions in stage-type extractors, 526-527 
End effects, axial mixing and, in packing towers, 

209-210 
Energy balance, dirterential, 26 
Energy-containing eddies, 55 
Energy requirements, design principles and, 11-12 
Enriching section of fractionators (rectifying 

section of fractionators), 372 
in McCabe-Thiele method of distillation, 404, 

405, 422-423 
in Ponchon-Savarit method of distillation, 

374-378,376 
Enthalpy: 

in adiabatic adsorption, 315, 316 
balance of, in continuous drying, 699-701, 700 
in distillation, 357-360, 358, 359 
fractionation: overall balances of, 372-374, 373 

in Ponchon-Savarit distillation method, 390 
in humidification: evaporative cooling, 265 

for pure substances, 224-226, 225 
of unsaturated vapor-gas mixtures, 230-231 

(See also Heat) 
Entrainer, dcfined, 455 
Entrainment (see Liquid entrainment) 
Equilibrium: 

adsorption, 569-584 
of liquids, 580-584 
of single gases and vapors, 569-575, 570-573 
of vapor-gas mixtures, 575-580,577_579 

Equilibrium: 
distillation: reboiled vapor in equilibrium with 

residue, 405-406 
(See also Distillation, vapor-liquid equilibrium 

in) 
drying (see Drying, equilibrium in) 
in interphase mass transfers, 104-106 

departure of bulk-phase concentrations from, 
JOB 

equilibrium-distribution curvc, 105 
ion exchange, 643 
leaching, 744-748, 745, 747 
liquid extraction (see Liquid extraction, liquid 

equilibrium in) 
vapor-liquid, for pure substances, 220-224, 221 
(See also Hcnry's law; Multicomponent systems) 

Equilibrium distillation (flash vaporization), 363, 
364,365-367 

Equilibrium distribution (distribution coefficient; 
partition coefficient): 

liquid extraction, 483, 488 
of solutes at constant temperature, 93 

Equilibrium moisture, 656-660 
defined, 656, 660 
hysteresis and, 657, 658 
in insoluble solids, 656, 657 
in soluble solids, 658-660 

Equilibrium solubility of gases into liquids (see 
Gas absorption, equilibrium solubility of 
gases into liquids and) 

Equilibrium stages (ideal stages; theoretical stages): 
in absorption, 301-307, 305 
defined, 10, 123-124 
number of, II 
in stagewisc operations, 10 

Equimolal counterdiffusion: 
in gases, 29, 30 
in interphase mass transfers, I \3 
in liquids, 34-35 

Equimolal overflow in McCabe-Thiele distillation 
method, 402-403 

Equipment (see specijit' tnass-tran.rJer operatiol1.f 
and types oj equipment) 

Ergun equation, 200 
Evaporation: 

distillation compared with, 342 
drying versus, 655 
liquid extraction and, 478 

Evaporative cooling, enthalpy in, 245 
Exhausting section of fractionators, 372 

in McCabe-Thiele distillation method, 405, 4{)6, 
422 

in Ponchon-Savarit distillation method, 378-380 
Extract: 

defined, 477 
(Sl'e also Leaching; Liquid extraction) 

Extraction: 
defined, 717 
(See also Leaching; Liquid extraction) 

Extraction banery, derined, 724 
Extractive distillation: 

liquid extraction versus, 479 
of multicomponent systems, 457-460 

Extractors (see Liquid extraction; and specific types 
oj extractors) 

Falling-film stills, 462 
Falling liquid films, gas into, mass-transfer 

coefficients in, SO-54 



Falling-rate period of drying, 669-672, 677-682 
diffusion-controlled, 678 

internal-diffusion controlling, 681-682 
movement of moisture within solids and, 677-679 
in unsaturated-surface drying, 680, 681 

Fanning friction factor, 56, 171 
Feed: 

defined, 477 
in McCabe-Thiele distillation method: feed 

introduction, 406-409, 408 
feed-tray location, 409, 410 
multiple feeds, 421-422 

in multicomponent systems, feed-tray location, 
442-443 

in Ponchon-Savarit distillation method: feed_tray 
location, 382-384, 383 

multiple feeds, 397-400, 398, 399 
Fenske equation, 385, 439 
Fermentation by gas-liquid operations, 139 
Fick's Jaw, 23, 26 

applied to diffusion in solids, 88-93 
unsteady-state diffusion, 89-93, 90, 91 

Fill for towers (see Packed towers) 
Film(s), gas into falling liquid, mass-transfer 

coefficients of, 50-54 
Film coefficients (see Heat-transfer coefficients; 

Mass-transfer coefficients) 
Film theory: 

of mass-transfer coefficients in turbulent flow, 
59,60 

two-film theory, 107, 110 
Filter(s): 

percolation, 630 
rotary, 684 
(See also Mixer_settler operations) 

Filter-press leaching, 725-726 
Filtration, contact (see Mixer-settler operations) 
Fish oils: 

distillation of, 460 
vitamins from, 395 

Fixed-bed adsorbers (see Adsorption, by continu
ous contact, under unsteady-state conditions) 

Fixed-bed operations (see specific rru.us-transjer 
operations) 

Flash driers (pneumatic driers), 698, 699 
Flash vaporization: 

distillation by, 363-367, 364 
freezing by, 666 

Flat-bed turbines, adsorption in, 599, 600 
Flexirings (Pall rings), 189, 190, 197, 261 
Flocculation, 129 
Flooding: 

in packed lowers, 194, 195 
in tray towers, 160 

Floor loading in tray and packed towers, 211 
Flow mixers (line mixers), 190, 521 
Fluctuating velocity (deviating velocity), defined, 

" Fluid(s): 
mass-transfer coefficients on fluid surfaces, 

60-64, 62, 63 
mass transfers to confined, 47, 48 
mechanics of, and mechanical agitation of 

single-phase liquids, 150-153, 152 
(See also Molecular diffusion; and specific 

nwss-transjer operatiolU) 
Fluid surfaces, mass-transfer coefficients of 

turbulent now on, 60-64, 62, 63 
Fluid volume, elemental, 25 

Fluidized beds: 
adsorption in, 608-611 

ion exchange, 642 
of vapors, 609-611, 610 

continuous drying in, 697, 698 
Flux: 

at phase interface, defined, 41 
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variations in, mass-transfer coefficients and, 
77-78 

(See also Reflux; Reflux ratio) 
Foam separation, defined, 6 
Foaming systems of tray and packing towers, 211 
Foodstuffs: 

drying of, 666-667 
(See also Fish oils; Sugar and sugar beets; 

Vegetable oils) 
Force constants of gases as determined from 

viscosity data, 33 
Fourier's equation, 92 
Fractional adsorption, defined, 4 
Fractional crystallization, defined, 4 
Fractional dialysis, defined, 6 
Fractional distillation (see Disti!lation) 
Fractional extraction (double-solvent extraction). 

4,418,514-518 
Fractional sublimation, defined, 3 
Fractionation (continuous rectification), 8-9 

adsorption by, 617-623, 618, 620, 622 
of vapor mixtures, 611 

disti1!ation by (see Distillation, by fractionation) 
Fractionators, 372 

complete, 380-382, 381 
condensers of, 377, 378, 381 

with McCabe-Thiele method, 404-405, 417, 
418 

with Ponchon-Savant method, 397 
enriching section of, 372 

with McCabe-Thiele method. 404, 405, 
422-423 

with Ponchon-Savarit method, 374-378, 376 
exhausting section, 372 

with McCabe-Thiele method, 405, 406, 422 
with Ponchon-Savarit method, 378-380 

(See also Distillation, by fractionation) 
Francis weir formula, 170 
Free moisture, defined, 660 
Freeze drying (sublimation drying), 666-667 
Freezing point of solvents, 489 
French stationary-basket extractors, 741 
Freundlich equation, 581-583, 597-598 

applied to contact filtration, 589, 590 
applied to multistage countercurrent adsorption, 

594-599, 595-598 
applied to multistage crosscurrent adsorption, 

590-592 
Freundlich isotherms, 571 
Froude number, 151 
Fuller's earths, 561-568 
Fully baffled turbulence in open tanks, 149 

Oas(es): 
adsorption equilibrium of single, 569-515, 

570-573 
atomic and molecular volumes of, 33 
diffusivity of, 31-34 
effects of humidity and temperature on constant

rale drying of, 615 
into falling liquid films, mass-transfer coefficients 

in, 50-54 
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Gas(es): 
kinetic theory of, 21, 30, 40 
slurry adsorption of, 609 
steady-state molecular diffusion in, 27, 28-30 
(See also specific masS-lransfer operalions) 

Gas absorption, 275-341 
by chemical reaction, 333 
in continuous-contact equipment, 300-322 

for absorption of one component, 301-304 
height equivalent to theoretical plate, 301-307, 

305, 307 
overall coefficients and transfer units in, 

307-322 
for dilute solutions, 308-309 
graphical construction for transfer units, 

309-31/ 
for nonisothennal operations_ 313-322, 315, 

3/9-321 
overall heights of transfer units, 311-313, 

JI2 
defined, 3 
equilibrium solubility of gases in liquids and, 

275-282 
choice of solvents for absorption, 281, 282 
in multicomponent systems, 277-279 
in nonideal liquid solutions, 279-281, 280 
in two-component systems, 276, 277 

interfacial area for, 205 
in multicomponcnt systems, 322-332, 324, 

cqulhbrium solubility in, 277-279 
multistage, in ag!lated vessels, 158 
one component transferred, 282-300 

in cocurrent flow, 286-289 
in countereurrent flow, 282, 283-285 
in countercurrent multistage operations, 

289-300 
absorption factor A, 291-293, 292 
dilute gas mix,tures, 290-291 
in nonisothennal operatIOns, 293-298, 294, 

297 
overall coeffiCIents for, 313-314 

real trays and tray effiCiency, 298-300 
minimum liqUid-gas ratIO, 285, 286 

Gas-adsorbent carbon (see Carbon) 
Gas bubbles (see Bubbles) 
Gas-enthalpy transfer units, number of, 247 
Gas·gas operations, 3, 5 
Gas holdup, 143, 144, 156 
Gas-liquid operations, 3 

equipment for, 139-319 
WIth gas dispersed, 139-158 

agItated, for single-phase liquids, 146-/52, 
147, 148 

agitated vessels for gas-liquid contact. 
153-158.155 

sparge vessels. 140-146, 142. /43 
with liquid dIspersed, 186-211 

packed towers (see Packed towers, gas.liquid 
operations in) 

S1eve trays (see Sieve trays and SIeve-tray 
towers, gas-liquid operal1ons In) 

spray towers and chambers, 187 
Venturi scrubbers, 186, 187 
welled_wall towers, 187 

gas-liquid contact adiabatic, 236 
separated by membranes. 5 
(See also Ad1abatic operat1ons, hum1diflcat1On 

by; Desorption: Distillation; Gas absorpl1on: 
HumIdIfIcation; Nonadlabalic operations) 

Gas-liquid ratio in absorption, 285, 286 
Gas-solid operations, 3-4 

(See a/so Adsorption; Desorption: Drying) 
Gaseous diffusion, defined,S 
Gasoline, recovery of, 322 
Gelatins, drying of, 678 
Geometric similarity of agitated vessels, defined, 

150 
Glitsch Ballast Tray valve design, 177, 178 
Glues, drying of, 678, 695 
Goodloe packings, 190 
Graesser ex,traetors, 546 
Grain boundaries, diffusion through metals along, 

95 
Grashof number, 68 
Grids (hurdles), 190, 259 
Grinding, leaching during, 731-732 
Grosvenor humIdity (mass absolute humidity), 

227 

Heap leaching, 720 
Heat: 

of adsorption, 574-575 
differential, defined, 574 
heat of wetting, 580 

for drying operations, 661-662 
in continuous direct-heat drying. 701-710 

702, 703 
in direct driers, 664, 666 
in direct-heat: eocurrent-flow drying. 690 

countercurrent-flow drying, 690 
in freeze drying, 667 

humid; in adiabauc gas-liquid contact, 236-237 
in air-water systems, 235 
defined. 230 

for humidificat10n operations: heat balance. 
defined, 225 

latent heal of vaporization, defined, 222 
sensible heat, defined, 222 
of unsaturated vapor-gas mix,tures, 230 

losses of, in Ponchon-Savarit distillation method, 
400, 401, 402 

(See also under Thermal) 
Heat capacity, defined. 226 
Heat eddy diffusivity, 58-59 
Heal transfers and heat-transfer cocfficient~, 60 

analogies with mass-transfer coefficients. 66-72 
corresponding dimensionless groups of mass 

and heat transfers and, 68 
turbulent flow in circular pipes and, 70-72, 

71 
mass-transfer coefficients for simultaneous mass 

and, 78-82, 79, 81 
Heatless adsorbers (pressure SWing), 628-630 
Heavy components of mu]ticomponent systems, 

43' 
Heavy key components of multicomponent 

systems, 435 
Height: 

of slurries, in leaching, 731 
of transfer units: in absorption, 311-313, 312 

in adsorption, 615-616 
Height equivalent to theoretical plate (HETP), 

301-307,305 
Henry's law, 93, 279, 291. 299, 300, 309, 551 
Heteroazeotropie mix,tures, 352-353 



HETP (heIght equivalent to theorehcal plate), 
30/-307,305 

Hickman centrifugal molecular suUs, 46/ 
HigbIe theory (penetratIon theory), 60, 61 
Hlggms contactors, 6/3 
High-purity products: 

with McCabe-ThIele dlsttUallon method, 422-423 
with Ponchon_Savant dlstlUauon method, 402 

Hlrsehfelder-Blrd-SpolZ method, WIlke-Lee modlfl' 
catIOn of, 31 

Holdup: 
dIspersed-phase, 522, 535, 536 
gas, /43, 144, 156 
IIqUld; In packing towers, 202-203, 206. 207 

in tray towers versus packing towers, 210-21 I 
solid, 692-693 

Honzontal extractors, 743 
Horton-Franklin equauon, 323, 326. 327, 330 
HTU (.1' .... Height, of transfer umts) 
Hu-Kintner correlation, 533 
Humid heat; 

in adiabatIc gas-ltquld contact, 236-237 
in air-water systems, 235 
defined, 230 

Humid volume; 
in aIr-water systems, 231 
defined, 230 

HumidIfIcation, 220-274 
defined, 3 
enthalpy In: evaporallve coohng, 265 

for pure substances, 224-226, 225 
of unsaturated vapor-gas mixtures. 230-231 

by gas-hquld contact (s .. e Admbauc operal1ons, 
humIdIfIcatIOn by: Nonadlabahc operations) 

of vapor-gas mIxtures, 227-241 
with absolute humidIty, 227 
by adIabatIc operatIOns. 236, 237 
of aIr-water vapors, 231.232-236 
of saturated vapor-gas mIxtures, 227-228 
of unsaturated vapor-gas mIxtures, 228-231, 

229 
wet-bulb temperature and, 237-241. 238 

vapor-hqUld equlhbnum for pure substances 
in, 220-224. 22/ 

HumIdIty: 
absolute and mass absolute, defined, 227 
relallve. defined. 228 
(See a/so Drying: Humidification: MOIsture: 

Wet-bulb lemperature) 
Hurdles (gnds). 190. 259 
Hydrauhc(s), sIeve-tray. 532-536 
Hydraulic head of SIeve -trays. 171-172, 176 
Hydrocarbons: 

decolorization of, 582.583 
as leaching solvents. 740 
separatIon of; by absorplJon, 295-298. 297. 

327-331 
by adsorptIOn, 565, 570, 571, 586, 608 
by distillatton, 436-439, 457-459 
by extraction. 478-479, 510-514, 511-513, 

519-520 
by fracllonation, 612 

Hydrocyclones (hydroclones), leachmg 10, 738, 
739 

HydrodynamiC movement of diffUSIOn through 
porous soltds, 95, 99-100 

Hydrogen from waste rdmery gases, 94 
Hy-Pak rings, 189 
Hyperfil packmgs, 190 

Hypersorber, 612 
HystereSiS: 

adsorption, 571-573, 572 
drying, 657, 658 

Ideal-gas law, 145. 222, 279 
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Ideal solullons (see Mulucomponent systems: 
Raoult's law) 

Ideal stages (see Equihbrium st:lges) 
Ideal trays (theorencal trays), 289-293 
ImmISCIble phases, mass_transfer operallons by 

direct contact of twO, 2-5 
Impellers; 

for gas-liqUid contact, 154. 155-158 
power of, 601-602 
single-phase liquids agitated by, 146-148 

In-place leachmg {in-situ leachmg: solution 
mlning),719-720 

Indirect drying, 661, 666-667 
IndIrect-heat, countercurrent-flow drying, 691, 

692 
IndIrect operatIOns makmg use of surface phenolll-

ena, 7 
Induced-draft towers, 261 
Inorganic chemIcals, punflcation of. 478 
Insoluble liquids: 

continuous mulustage countercurrent extraction 
of,505-507 

multistage crosscurrent extraction of, 496, 497 
steam dlslIllauon of, 354-355 

InsolubIlity of solvents, 488, 489 
Insoluble sohds, drying eqUIlibrium of, 656, 657 
Intalox saddles, 189,190,199, 26! 
Integra! heat of adsorptIon, dcfmed, 574 
Interconnected pores of solids, diffUSIOn through, 

95 
Interfacial absorption, adlabahc, 316-322, ]19-321 
InterfaCIal area: 

10 agitated vessels of stage-type extractors, 
522-523 

in gas-liqUId operations, 144, 156,204,205,207 
Interfacial tension in hquld extraction: 

and drop coalescence, 538-539 
and drop tenUlnal velOCIty, 533, 534 
emulSions and, 527 
in flow mIxers, 521 
solvents and, 489 

Interfacial turbulence (Marangoni effect), 113 
Internal-diffUSIon controlhng m batch drymg, 

681-682 
Internal rebollers, 393 
Interphase mass transfers. 104-136 

diffUSIOn between phases of, 106-117 
average overall coeffICIents for, 113-117. 114 
local coefficients, 111-113 
local overall coeffiCients for, 109-111, 113 
localtwa--phase masS transfers, 107-109 

equilibnum 10, 104-106 
departure of bulk-phase concentratIOns from. 

JOS 
equllibrium-dlstnbutJon curve. 105 

material balances in. 117 -123 
in steady-state cocurrent processes, 117-121, 

119,120 
in steady-state continuous cocurrent processes, 

12' 
10 steady-state countercurrent processes, 

121-124 
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Interphase mass transfers: 
stages of, 123-133 

in batch pr~esses, 124 
cascades and, J 15-1 30 
in continuous caCUl'Tcnt processes, 124 
mass-transfer rates and, 130-133 
stage defined, 123 

Interstitial mechanism of diffusion through melals, 
95 

Interstitialcy mechanism of diffusion through 
metals, 9S 

Ions: 
crowd·ion mechanism, 9S 
ion exchange, 641-646, 6.fS 
ion exclusion, 643 

Isolated pores of solids, diffusion through, 9S 
Isostere. defined, 574 

Jacketed kettle rcboilers, 393 
lD. 68, 70 
JH. 68, 70 

Karr reciproclUing-platc extractors, 546 
Kennedy extractors. 741. 742 
Kerr·McGee uranium extractors, 530 
Kettle rcboilers, 392, 393 
Key components of multicomponent systems, 

434-435 
Kiln action, described, 692 
Kinematic similarity of agitated vessels, defined, 

150 
Kinetic theory of gases, 21, 31,.d0 
Kittel trays, 177 
Klee-Treybal equation, 534 
Knudsen's law, 97-100 
Koch Flexitray, 177 
Koch-Sulzer packings, 190 
Kremser-Brown-Sonders equations (Kremser 

equations), 128,291,323,326-327,422,594 

Laminar flow: 
mass-transfer coefficients in, 50-54 
molecular diffusion in: momentum and heat 

transfers in, 38-41, 39 
(See also Moleeular diffusion, steady-state) 

Langmuir equation, 460, 571 
Lalent heal of vaporization, defined, 222 
Leaching, 717-764 

calculation methods for, 744-761 
in multistage countercurrent leaching, 751-760, 

753,755-757, 759 
in multistage crosscurrent leaching, 749-751, 

750 
rate of leaching, 760-76 I 
in single-stage leaching, 748, 749 
stage efficiency, 744 

defined, 5, 717 
preparation of solids for, 718-719 
under steady-state conditions, 731-744 

in agitated vessels, 732, 7J3 
continuous, of coarse solids, 738-744, 740-743 
by continuous countercurrent decantation, 

736-738 
during grinding, 731-732 
in hydrocyc!ones, 738, 739 
in thickeners, 733-738, 734, 735, 737 

Leaching: 
under unsteady-state conditions, 719-731 

in agitated vessels, 726-730, 731 
in closed vessels, 724, 725 
by countercurrent multiple contact operations, 

723, 724, 740 
in filter-press leaching, 725-726 
in heap leaching, 720 
in in-place leaching, 7 I 9-720 
in percolation tanks, 720-722, 723 

~ngth of unused bed (LUB), 639, 640 
Lessing rings, 189, 190 
Leva trays, 177-178 
Lewis-Matheson calculation, 434, 443-445, 447, 

4" 
Lewis number, 41, 240, 252 
Lewis relation, 240-241, 245 
Lewis-Whitman theory (tWO_film theory; two-resis

tance theory), 107, 110 
Light components of muiticomponent systems, 

434 
Light key components of multicomponent systems, 

434 
Lightfoot theory (surface-stretch theory), 63, 64 
Linde Irays, 176, 177 
Line mixers (flow mixers), 190,521 
Linear falling-rate period of drying, 680 
Liquid(s): 

boiting point of, defined, 222 
diffusivity of, 35-37, 36 
saturated, defined, 221 
steady-state molecular diffusion in, 34-35 
(S~~ also sp~cific mass-transfer operations) 

Liquid entrainment: 
makeup water to replace, 248 
in packing towers, eliminators of, 193 
in sieve-tray towers, 166, 173, 174, 176 
and tray efficiency, 182 

Liquid eqUilibrium: 
in adsorption, 580, 581-584 
(Su also Gas absorption, equilibrium solubility 

of gases into liquids; Liquid extraction, 
liquid equilibrium in) 

Liquid extraction, 477-561 
defined,4 
in differential extractors, 541-553 

centrifugal extractors, 547, 548 
design of, 548-551, 549 
for dilute solutions, 551-552 
mechanically-agitated extractors, 544-547 
in packed towers, 542-544, 543 
performance of, 552-553 
in spray towers, 542 

fields of usefulness of, 478-479 
liquid equilibrium in, 479-489 

choice of solvents and, 488, 489 
equilateral-triangular coordinates of, 480, 481 
in mutticomponent systems, 488 
notation scheme for, 479-480 
rectangular coordinates- of, 486, 487 
in systems of three liquids: with one pair 

partially soluble, 482-484 
with two pairs partially soluble, 484, 485 

in systems of two partialIy soluble liquids and 
one solid, 485, 486 

stage efficiency in, 520, 521, 537-539, 538 
in stage-type extractors, 521-541 



Liquid elltraction: 
in stage-type extractors: agitated vessels, 

521-516,524 
of emulsions and dispersions, 526-527 
mixer-settler cascades in, 529, 530 
settlers in, 527-529, 528 
sieve-tray towers, 530-541, 531-534, 536, 538 

by stagewise contact, 490-521 
continuous countercurrent with reflux, 507-

514,509,5IJ-5J3 
continuous multistage countercurrent extrac-

tion, 497-507, 498-501, 503-506 
economic balances in, 514 
fractional extractIOn, 514, 515-518 
in multicomponent systems, 518-520, 519 
multistage crosscurrent extraction, 493-497, 

495 
single-stage elltraction, 490-493, 491, 492 
stage efficiency in, 520, 521 

Liquid films, gas into falling, mass-transfer 
coefficients In, SO, 51-54 

Liquid flow in tray towers, 164, 165 
Liquid/gas ratio: 

minimum, in absorption, 285, 286 
and use of tray towers, 211 

Liquid holdup: 
in packing towers, 202-203, 206, 207 
in tray towers versus packing towers, 210-21 I 

Liquid-liquid operations, 4, 476 
phases separated by membranes, 5 
(See also Liquid extraction) 

Liquid miscibility, partial, in positive deviations 
from ideality, 352, 353 

Liquid-solid equilibrium (see Adsorption, 
equilibrium in) 

Liquid-solid operations, 4-5 
(See also Adsorption; Leaching) 

Liquid/vapor ratio in distillation of mUlticompo-
nent systems, 447-449 

Lixiviation, defined, 717 
Loading in packing towers, 194, 195 
Local mass-transfer coefficients, 48 
Local two-phase mass transfers, 107-109 
Low-pressure distillation, 460-462 
LUB (length of unused bed), 639, 640 
Luwesta extractors, 548 

McCabe-Thiele method (see Distillation, by 
fractionation, McCabe-Thiele method of) 

Macropores, 95 
Marangoni effect (interfacial turbulence), 113 
Marc, defined, 740 
Marine-type propellers, single-phase liquids 

agitated by, 146, 147 
Mass absolute humidity (Grosvenor humidity), 

227 
Mass balance in adiabatic absorption, 315 
Mass-action-law constant, 643 
Mass eddy diffusivity, 58-59 
Mass-transfer coefficients, 18-19,45-87 

in adiabatic operatIOns, 261 
adiabatic absorption, 314-315 

in agitated vessels: adsorption, 602-606 
gas-liquid contact, 156-158 
in stage-type extractors, 523, 524 
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Mass-transfer coeffIcients: 
analogies with heat- and momentum-transfer 

coefficients, 66-72 
corresponding dimensionless groups of mass 

and heat transfers, 68 
turbulent flow in circular pipes and, 70-72, 

71 
eddy motions and, 45, 46 
fractionation, in packed towers, 429-431 
in gas absorption (see Gas absorption, overall 

coefficients· and transfer units in) 
in gas-liquid operations, 202-209, 205, 206 
in interphase mass transfers: average overall 

coefficients, 113-117, 114 
loca! coefficients, 111-113 
local overall coefficients, 109-111, 113 
stages and, 130-133 

in laminar flow, 50-54 
in liquid extraction, 536-541, 538 
relations between, 49 
for simple situations, 72-78, 74-75 
for simultaneous mass and heat transfers, 78-82, 

79,81 
in transfers to conflned fluids, 47, 48 
in turbulent flow, 54-66 

boundary layers and, 64-66 
in circular pipes, 70-72, 71 
eddy diffusion and, 54-59, 55 
film theory of, 59, 60 
flow past sohds, 64-66 
on fluid surfaces, 60-64, 62, 63 

Mass-transfer operations, 1-18 
choice of separation method for, 7-8 

(See also specific muss-trallS!er operatiQIIS) 
classificatIOn of, 2-7 
design prinCiples, 11-12 
method of conducting, 8-10 
unit systems used, 12-18, 13-17 

Mass-transfer resistances in adsorption, 604, 
606-608, 607 

Material balances: 
in continuous drying, 699-701, 700 
in Interphase mass transfers (see Interphase mass 

transfers, material balances in) 
Maximum boiltng azeotropism, 355-357, 356 
Mechanical agitatIon (see Liquid extraction) 
Mechanical-draft towers (induced-draft towers), 

259-261 
Mechanical separation, 8 

by drainage, 721-723,722 
in settlers, 527-529, 528 

Mechanically-agitated extractors (countercurrent 
extractors),544-547 

Membrane(s), separator, 529 
Membrane operations, 5-6 
Metals: 

diffusion through, 95 
recovery of: by ion exchange, 642-646, 645 

by leaching, 5, 717-720, 724, 727, 731, 732, 
7J9 

by liqUid extraction, 478 
by zone refining, 4 

Micropores, 95 
Minerals recovery: 

choice of method for, 7-8 
by leaching, 717 

Mimmum-boiling azeotropism, 350-352, 351 



778 INDEX 

Minimum reflux ratio: 
countercurrent extraction and, 510, 5f} 
in McCabe-Thiele method, 411-413 
in multicomponent systems, 435-439 
in Ponchon-Savarit method, 385-387, 386 

MisceUa: 
in Bollman extractors, 742, 744 
defined, 740 

Miscibility, partial liquid, in positive deviations 
from ideality, 352, 353 

Miscible phases, mass transfers by direct contact 
of,6 

Mixco Ljghtnin CMContractor (Oldshue-Rushton 
extractor), 544, 545 

Mixer(s): 
static, 190 
(Sec also Liquid extraction, in stage-type 

extractors; and specific types of mixers) 
Mixer-settler(s), described, 521 
Mixer-settler operations (contact filtration): 

adsorption of liquids by, 585-599, 586, 588, 
589,591-598 

cascades in stage-type extractors, 529, 530 
Mixing (see Axial mixing; Back mixing; and specific 

mass-rrfJlISjer operariollS) 
Mixing length (Prandtl mixing length), 56 
Moisture: 

critical, 669, 682 
diffusion of, 678 
types of, 660, 661 
unbound, 683-684 
(See also Drying; Water) 

Moisture con ten!. 
critical, dcfined, 669, 682 
dry basis, defined, 660 
wet basis, defined, 660 

Molal absolute humidity, defined, 227 
Molecular diffusion, 21-44 

in binary solutions, 24 
equation of continuity and, 24-26, 25 
momentum and heat transfers in laminar flow 

and, 38-4\, 39 
steady-state, 26-38 

applications of, 37-38 
diffusivity of gases and, 31-34 
diffusivlty of liqUids and, 35-37, 36 
in gases, 27-30, 28 
in liquids, 34-35 

Molecular distmation, 460-462, 461 
Molecular-screenmg activated carbon, 568 
Molecular sieves as adsorbents, 568-569 
Molecular volumes of gases, 33 
Momentum eddy diffusivity, 58 
Momentum-transfer coefficients (see Mass-transfer 

coefficients, analogies with heat- and momen
tum-transfer coefficients) 

Moving-bed adsorbers (see Adsorption, by 
continuous contact, under steady-state condi
tions) 

Multibeam support plates, 192 
Multicomponent absorbers, 324 
Multicomponent strippers, 324 
Multicomponent systems (ideal solutions): 

distillation of (see Distillation, of multicompo
nent systems) 

gas absorption in, 322-332, 324 
equilibrium solubility of gases into liquids, 

277-279 
liquid extraction in, 518-520, $19 

liquid equilibrium, 488 

Multicomponent systems (ideal solutions): 
steady-state molecular diffusion in, 29-30 
vapor-liquid equilibnum in, 360-363 
(See also Raoult's law) 

Multiple downspouts, 176, 178 
Multistage countercurrent opcrations: 

adsorption by, 592-594 
in fluidized beds, 610 
Freundlich equation applied to, 594-5<>9, 

595-598 
continuous countercurrent multistage extraction, 

497-507,498-501,503-506 
gas absorption by (see Gas absorption, one 

component transferred, in countercurrent 
multistage operations) 

leaching by, methods of calculating, 751-760, 
753, 755-757, 759 

(See also Fractionation) 
Multistage crosscurrent operations: 

adsorption by, Freundlich equation applied to, 
590-592 

extraction by, 493-497, 495 
leaching by, 749-751, 750 

Multistage operations, absorption by, in agitated 
vessels, 158 

Multistage tray towers (see Disti!lation, by 
fractionation, McCabe-Thiele method of; 
Distillation, by fractionation, Ponchon-Savarit 
method of) 

Murpnree stage efficiency, 124, 254, 423 
in adsorption, 606, 607 
in cross-flow cascades, 125 
in humidification, 254 
in liquid extraction, 520, 521, 524 
(See also Stage efficiency) 

Murphree tray efficiency, 181_183 
in absorption, 298-300 

Natural-draft towers (natural-circulation towers), 
259, 260 

Navier-Stokes equation, 51, 56 
Neo-Kloss packings, 190 
Nonadiabatic operations, 242 

evaporative cooling with, 263-269, 264, 265 
Nondiffusing liquids: 

mass-transfer codficients in, 48-50 
steady-state molecular diffusion in, 28, 29, 34 

Nonideal solutions, equilibrium solubility of gases 
in, 279-281. 280 

Nonisotnermal operations, gas absorption by, 
293-298, 294, 297 

overall coefficients in, 313-322, 315, 319-321 
Nontoxicity of solvents, 489 
Nonvortexing systems in agitated vessels, 151-153, 

152 
Normal boiling point of liquids, defined, 222 
Nusselt number, 67, 69 
Nutter float-valves, 177 

Odor removal (see Adsorption) 
Oils: 

crude, 453-455, 454 
cylinder, 582, 583 
(See also Animal oils; Fish oils; Vegetable oils) 

Oldshue-Rushton extractors (Lixco Llghtnin 
CMContrac\or),544, 545 

Open steam: 
in McCabe-Thiele distillation method, 416, 417 



Open steam: 
in Ponchon-Savant distillation method, 394-397, 

395, 396 
Open tanks, gas_liquid surfaces and, in prevention 

of vortex formation, 149 
Operating line in Interphase mass transfers. 

lJ9-121 
Optimum renux ratio: 

in McCabe-Th1ele distillation method, 412-416, 
415 

in Ponchon-Savant distmation method, 387-392, 
388,390,391 

Ordinary binary mixtures, vapor-liquid equilibrium 
in, 343-344 

Ore(s) (see Metals) 
Ore slurries, adsorption of, by ion exchange, 642 
Osmosis, defined, 6 
Overall gas transfer units, number and height of, 

308,311-313,312 
Overall mass-transfer coefficients (see Mass-trans

fer coefficients) 
Overa!! stage efficiency (see Stage efficiency) 
Overall tray efficiency (see Tray efficiency) 

Pachuca tanks, 140, 726, 727, 732 
Packed absorbers, 315 
Packed strippers, 315 
Packed towers: 

distillation in, 426-431, 427 
gas absorption in, 301, 302 
gas-liquid operations in. 187-2\0,188 

cocurrent flow of gas and liquid in, 209 
countercurrent flow of liquid and gas in, 194 
end effects and axial mixing in, 209-210 
flooding and loading in, [94, 195 
liquid distribution in, 192 
mass-transfer coefficients for, 202-209, 205, 

206 
packing characteristics, 189 
packing restrainers and entrainment elimin"a

tors, 193 
packing supports, 191,192 
pressure drop in: for single-phase flow, 200 

for two-phase flow, 200-201 
random packings in. 189, 190 

characteristics of, /96-199 
flooding and pressure drop in, 194, 195 
size of, and liquid redistribution, 192, 193 

regular packings in, 190,191 
shells of, 191 

for humidification, differenhal section of, 243 
leaching in, 721, 722 
liquid extraction in, 542-544, 543 
tray towers versus, 210-211 

(See also Tray towers) 
Paint pigments, drying of, 679 
Pall rings (flexirings), 189-191, 190, /97, 261 
Pan driers, agitated, 666 
Paper: 

chlorination of, 139 
drying of, 678 

Parallel adiabatic operations, continuous drying 
by, 686-687 

Parallel-now trays, 176, 178 
Partial condensation, flash vaporization by, 365 
Partial condensers in McCabe-Thiele distillation 

method, 417, 418 
Partial liquid miscibility in positive deviations from 

ideality, 352, 353 
Partial pressure of gas eqUilibrium, 277 
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Partition chromatography, 632 
Partition coefficient (see Equilibrium distnbution) 
Partition rings, 189, 190 
Pedet number, 68, 182 
Penetration theory (Higbie theory), 60, 61 
Percentage saturat10n (percentage absolute humid-

ity),229 
Percolation and percolation tanks: 

leaching in, 720-723, 722 
liqUid adsorption in, 630-631 

Perforated trays (see Sieve trays and sieve-tray 
towers) 

Penneability: 
diffusion and, 94 
leaching and, 721 

Penneation separations, defined, 5 
Pennisstble flow rate, 11 
Petroleum (see Hydrocarbons) 
Petroleum topping plant, 454 
Pharmaceuticals: 

decolorization of, 568 
drying of, 666, 696 
leaching to obtain, 718 
liquid extraction of, 479, 547 

Physical adsorption (van der Waals adsorption), 
566 

Pitch of impellers, defined, 146 
Pitched-blade turbines for adsorption, 599, 600 
Plait point, 482 
Plasticizers, defined, 92n, 
Plate(s): 

analogies between mass, heat and momentum 
transfers in, 66-70 

boundary layers on nat, 64 
momentum transfers in, 38, 39 
(See also Slabs) 

Plate driers, 688 
Plate towers (see specific fO~'ers) 
Pneumatic driers (nash driers), 698, 699 
Podbie1niak extractors, 547, 548 
Point efficiency of trays, 178-181, 179 
PoiseUtile's law, 99 
Polymers, diffusion through, 93-95 
Ponchon-Savarit method (see Dist1l1ation, by 

fractionation, Ponchon-Savarit method of) 
Porous solids, diffusion through, 95-100 
Power: 

adsorption: batch adsorption, 605 
in implellers, 60 1-602 

agitation, 150-/55,152 
in stage-type e~tractors, 522 

supplied to sparge vessels, 145-146 
Prandtl mixing length, 56 
Prandtl number, 40-41, 56, 70, 71, 73 
Preforming of solids, 663 
Pressure: 

constant total, and diffusion through porous 
solids, 96-99 

critical, of vapor-liquid equilibrium, 221 
in cross-circulation drying, 680 
diffusivity of gases at standard atmospherie, 

31 
drop in: in packing towers, 200-201 

in random packings, 194, 195 
in sieve.tray towers, 170-172, 175 
in tray and packing towers, 210 

effects of, on equilibrium of ternary systems 
with one pair partially soluble, 484 

effects of change of, on adsorption equilibrium, 
579, 580 
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Pressure: 
low_pressure distillation 460-462 
partial, of gas equilibrium, 277 
vapor-liquid equilibrium and: constant-pressure 

vapor-liquid equilibrium, 344-346 
at increa~ed pressure, 346, 347 

Pressure swing (heatless adsorbers), 628-630 
Pressure_temperature_concentration phase of 

vapor-liquid equilibrium, 343-344 
Priming in tray towers, 160 
Products obtained by distillation: 

compositions of, 440-441 
with McCabe-Thiele method, 422-423 
with Ponchon-Savarit method, 402 

Propei!ers, single-phase liquids agitated by marine
type propellers, 146, 147 

Proprietary trays, 176-178 
Psychometric charts for humIdification, 229, 231, 

232-234 
Psychometric ratio of wet-bulb temperature, 239 
Pulsed columns, 546, 547 

q and q line, 407-409, 408, 412 
Quiescent nuidized beds, 608-609 

Radial diffusion, 89, 91-92 
Raffinate: 

defined, 477 
(Sec also Liquid elltraction) 

Random packings, 189,190 
characteristics of, 196-199 
nooding and pressure drop in, 194, 195 
size of, and liquid redistribution, 192, 193 

Raoult's law, 578 
equilibrium solubility of gases in liquids and, 

278-279 
of vapor-liquid equilibrium, 348, 349 
(See also Multicomponent systems) 

Raschig rings, 158, 189-191,203,205,206,210 
Rate-of-drying curve, 667-670, 668 
Rayleigh equation, 369 
Rayleigh number, 157 
ROC (rotating-disk contactors), 545 
Reboiled absorbers, 332 
Reboilers. fractionation in, 392-394, 393 
Recirculating llquids and gas-humidification 

cooling, 252-255, 253 
Recoverability of solvents, 489 
Recovery of solvents by elltraction, 502, 503-505 
Rectification, continuous (see DIstillation, by 

fractionation) 
Rectifying sectiOn of fractionators (see Ellhausting 

section of fractionators) 
Recycling: 

of gases, in drying, 663-664, 688-689 
of liquids. 524 

RenUll: 
countercurrent elllraction with, 507-514, 509, 

5J/-513 
III McCabe-Thiele distillation method: at bubble 

point, 404-405 
cold,419 

in multicomponent systems, 332 
Renull accumulators, 397 

Renull ratio, 373 
minimum: countercurrent elltraction and, 510, 

511 
in McCabe-Thiele distillation method, 41/-413 
in multicomponent systems, 435-439 
in Ponchon-Savarit distillation method, 

385-387 
optimum; in McCabe-Thiele distillation method, 

412-416,415 
in Ponchon-Savarit distillation method, 

387-392,388,390,391 
total; in countercurrent elltraction, 511,512 

in McCabe-Thiele distillation method. 410, 
411 

in multicomponent systems, 439-440 
in Ponchon-Savarit distillation method. 384 

385 
Regain, defined, 657 
Regular packings (stacked packings), 190,191 
Regular vapor.liquid solutions, equilibrium of. 

349 
Relative adsorptivity (separation factor), 346, 

576-5<14 
Relative saturation (relative humidity), defined, 

228 
Repulping of sludge, 737 
Residual saturation in leaching, 721 
Residues (bottoms): 

defined, 372 
reboiled vapor in equilibrium with, 405-406 

Resins for ion exchange, 642-646, 645 
Resting fluids, steady.state molecular diffusion 

in (see Molecular diffusion, steady-state) 
Reversible adsorption, 566 
Reynolds number; 

in adsorption, 601-603 
gas-liquid operations and, 144, 149-153, 156 
in humidification, 240 
mass-transfer coefficients and, 52, 56, 68-70 
terminal velocity of drops and, 533 

Ripple trays, 177 
Rising velocity (see Terminal velocity) 
Rotary-disk contactors (ROC), 545 
Rotary driers, 689-693, 690, 691 

rate,of drying in, 704-707 
through-circulation, 693, 694 

Rotary (illers (crystal-filter driers), 684 
Rotating fixed-bed adsorbers. 628 
Rotating shelves (turbo-type driers), 687, 688 
Rotocel,leaching in, 740, 741,743 
Ruggles-Coles XW hot-air driers, 690 

Saddle packings (see Berl saddles; Intalox saddles) 
Sand, drying of, 679 
Saturated liquids, defined, 221 
Saturated vapor(s), defined, 221 
Saturated vapor-gas mixtures, humidification of, 

227-228 
Saturation: 

percentage, defined, 229 
relative, defined, 228 
residual, in leaching, 721 
(See also Humidification) 

Scheibel correlation, 36 
Scheibel elltractors, 546 
Schmidt number: 

in adsorption, 603 



Schmidt number: 
in gas-liquid operations, 151 
in humidification, 240 
mass-transfer coefficients and, 40, 58, 68, 73 

Seal pots, 164 
Selectivity: 

of adsorbents, 567 
of solvents, 488 

Semibatch operations, 9 
(See also Batch operations: and speCIfic mars

transfer operations) 
Sensible heat, defined, 222 
Separation factor (relative adsorptivity), 346, 

576-584 
Separator membranes, described, 529 
Settlers: 

in stage-type extractors, 527-529, 528 
(See also Mixer-settler operations) 

Shanks system of leaching, 723, 724, 740 
Shelf driers (see Tray driers) 
Shells: 

of packing towers, 191 
of tray towers, 161 

Sherwood number, 52, 67, 68, 70, 72, 151 
SI units (Systeme International d' Unites), 12-18, 

/3-17 
Side streams: 

in distillation of multicomponent systems, 433 
in Ponchon-Savarit dIstillation method, 400 
removal of, 211 

Sieve(s), molecular, 568-569 
Sieve trays and sieve-tray towers: 

gas-liquid operations in, 166-176,168,169,171, 
m 

activated area of, 167-/69 
efficiency of, 183,184 
operating charactenstics of, 163 

liquid extraction in, 530-541, 531-534, 536, 
538 

Silica gel as adsorbent, 567, 568, 581, 609, 626 
Simple distillation (differential distillation), 367-

m 
SimulatIon of moving beds, 622, 623 

leaching and, 724 
Single DOTT classifiers, 740 
Single gases, adsorption eqUilibrium for, 569-575, 

570-573 
Single-phase liquids, mechanical agitation of, 

146-153, /47, 148, 152 
Single-stage operations: 

adsorption by, 587-589, 588, 597 
Freundlich equation applied to, 589, 590 

defined, 123 
distillation by (see Flash vaporization) 
leaching by, 748, 749 
liquid extraction by, 490-493. 49/, 492 

Single vapors, adsorption eqUilibrium for, 569-575, 
570-573 

Slabs: 
diffusion through, 88, 92-93 

with sealed edges, 90 
[See also Plate(s)j 

Slip vehx:ity, 143 
Slotted trays, 176, 177 
Slurries: 

carbonation of lime, 139 
in leaching: effects of concentration of, 730 

effects of height of, 731 

Slurries: 
in leaching: settling of 728, 729 

settling characteristics, 746 
stirring and, 729 
of vegetable seeds, 743 
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slurry adsorption of gases and vapors, 609 
Soap, drying of, 678, 696 
Solid(s): 

diffusion (see Diffusion, in solids) 
mass-transfer coefficients in flow past, 

64-66 
preparation of, for leaching, 718-719 

(See also Leaching) 
(See also speCIfic mass-transfer operations) 

Solid-fluid operations (see Adsorption; Drying; 
Leaching) 

Solid holdup, 692-693 
Solid-solid operations, 5 
Solid suspensions, adsorption of, 600-601 
Solid-vapor equilibrium (see Adsorption, 

eqUilibrium in) 
Solubility, equilibrium (see Gas absorption, 

equilibrium solubility of gases in liquids 
and) 

Soluble solids, drying of, 658-660, 659 
Solutes, 8-9 

adsorption: from dilute solutions, 580-582 
solute co!!e.!'\ions, 614-617, 615 
(See also Adsorption) 

separation of two, 515-518 
(See also Liquid extraction, Membrane opera

tions) 
Solution mining (in-place leaching: in·situ leach

ing), 719-720 
Solutropic systems, defined, 482 
Solvents: 

chojce of: for gas absorption, 281, 282 
(See also Gas absorption) 

for liquid extraction, 488, 489 
(See also Liquid extraction) 

cost of, 282, 489 
defined, 457, 477 
recovery of, 502,503-505 

Spacing of trays, 161, 162 
Sparge vessels (bubble columns), 140-146, /41, 

143 
Spheres: 

diffusion through, 89, 91 
of ion-exchange resins, 642 

Split.reed treatment, 590-592, 59/ 
Spouted beds, continuous drying in, 698 
Spray chambers, 187 

adiabatic operations in, 262, 263 
Spray driers, 695-697, 696 
Spray ponds for adiabatic operations, 262-263 
Spray towers, 187 

liquid extraction in, 542 
Square pitch of impellers, defined, 146 
Stacked packings (regular packings), 190,191 
Stage(s): 

defined. 10 
equilibrium, defined, 10, 123-124 

(See also Equilibrium stages) 
of interphase mass transfers (see Interphase mass 

transfers, stages of) 
(See also Cascade(s): Single.stage operations: 

Two-stage adsorption: specific mars-transfer 
operations and under Multistage) 
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Stage efficiency: 
in adsorption, 606, 607 
defined, 10, 124 
in leaching, 744 
in liquid extraction, 520, 521, 537-539, 538 
Murphree (see Murphree stage effIciency) 
(See also Tray efficiency) 

Stage-type extractors (see liqUId extraction, in 
stage-type extractors) 

Stagewise equipment (see Liquid extraction, in 
diHerential extractors: Liquid extraction, in 
stage-type extractors; Liquid extraction, by 
stagewise contact) 

Stagewise operallons, 10 
adsorption by (see Adsorption, by stagewise 

operations) 
ion exchange by, 642 
liquid extraction by (see Liquid extraction, by 

stagewise contact) 
Stanton number, 68 
Static mixers, 190 
Steady state, 9-10 

interphase mass transfers in: COCUTrent, JJ 7-121. 
119, 120 

continuous cocurrent, 124 
countercurrent, 121-124 

(See also Adsorption, by continuous contact, 
under steady-state condillortS; Continuous 
operatIOns; Leaching, under steady-state 
conditions; Molecular diffusion, steady-state) 

Steady-state equlmolal counterdlffusion: 
in gases, 29, 30 
lfl liquids, 34-35 

Steam, open: in McCabe-ThIele diSllllallon method, 
416,417 

In Ponchon-Savant dIstillatIOn method, 
394-397, 395, 396 

Steam disullation, 354-355 
Stills: 

falling-film. 4<>2 
Hickman centrifugal molecular, 461 

Stokes' law, 142 
Straight opeTatmg line, 119, 120 
Streams (see SIde streams) 
Stnppers and strippmg, 283, 284 

in countercurrent multistage absorpllon opera-
tions, 291-293 

HETP apphed to, 304-307, 305 
material balances m, 282-289, 283, 284 
number of transfer units fOf_ 310 

Stripping factor, defined. 124 
Stripping secllon of fractlonators (see Exhaustmg 

section of fractlOnators) 
Subhmation, fractional. defined, 3 
SublimalJon drying (freeze drymg). 666-667 
Sugar and sugar beets: 

drying of, 690 
leaching of. 717, 718_ 725, 731. 738-739, 760 
productIOn of dlnc aCId from. 139 
refining of, 565, 582. 585, 631 
separation of crystalhne substance In solutIons 

of,5-6 
Superheated vapor, defmed. 221 
Surface(s), mass-transfer coeffICIents on, 60-64, 

62.63 
Surface diffUSIon tn porous solids, 95, 99 
Surface phenomena. mass-transfer operatIOns 

making use of. 6- 7 
Surface-renewal theory. 6 I -62 

Surface stretch theory (lightfoot theory), 63, 64 
Sweep diffusion, described, 6 
Synthetic polymeric adsorbenlS, 568 
Sysleme In/unational d' Unius (SI units), 12-18, 

13-17 

Tannins, recovery of, by leaching, 724, 725 
Teeter beds, 608-609 
Te!lerettes, 190 
Temperature: 

adsorption equilibrium and, 573-574, 579, 580 
distillation: bubble-point temperature curve, 

345 
(See also ConstanHemperature equilibrium) 

dry-bulb: in adiabatic operations. 248 
defined, 228 

drying: in constant-rate drying, 675 
rate of drying at high, 701-707, 702, 703 
rate of drying at low, 707-710, 708 

in gas absorption, 32J, 322 
in gas-liquid operations, fluctuations in, 21 I 
humidification: critical, of vapor-liquid 

equilibrium, 221 
evaporative cooling, 265 
(See also AdiabatIc-saturation temperature) 

leaching, 719 
in liqUid extraction: effects on equilibrium of 

lernary systems: with one pair partially 
soluble, 483 

with two paIrs partially soluble, 484, 485 
wet-bulb: in adiabatic operatlons, 248 

in humidification of vapor-gas mixtures, 
237-241, 238 

Lewis relatIOn and, 241 
(See also Heat) 

Terminal velocity (rising velocity): 
of drops, 533, 534 
of single-gas bubbles, 141,142 

Ternary systems: 
distillation of, 432 
with one pair parually soluble, liquld equihbrium 

of, 482-484 
with two pairs partla!ly soluble, liqUId 

eqUIlibrium of, 484, 485 
Textiles, drying of, 663, 670, 678, 687, 709-710 
Theoretical stages (see Equlhbrium stages) 
TheoreHcal trays (ideal trays), 289-293 
Thermal conditions for feed, in McCabe-ThIele 

distillation method, 4Gb 
Thermal dIffusion, described, 6 
Thermal-swing procedures, defmed, 626 
Thermoslphon reboilers. 392-394,393 
Thickeners, leaching in, 733-738,734,735,737, 

747 
Thickness of drytng solids, effects on constant-rate 

drymg, 675-676 
ThIele-Geddes method of distillatIOn, 433-434, 

439,442-443,445,449-455,454 
Through-circulation drying and driers_ 663, 664, 

682-686, 688. 689 
in rotary dners, 693, 694 

Time: 
drying, 670-672 
as requirement, deslgn and, II 

Total condensers in McCabe-ThIele distillatIOn 
method, 404-405 

Total pressure, constant, diffusion through porous 
sohds and, 96-99 



Total reflu;w; ratio (infinite n:rlu;w; ratio): 
in countercurrent e;w;traction, 511, 512 
in McCabe-ThIele distillatIOn method, 4/0, 411 
in multicomponent systems, 439-440 
in Ponchon-Savant distillation method, 384, 

m 
Towers (see specific to .... ers and specific mass-trails fer 

operatiOlls) 
Transfer units: 

in absorption (see Gas absorption, in 
continuous-contact equipment, overall 
coefficients and transfer units in) 

in adsorption, 619, 636, 615-616 
in distillation, 426-431, 427 
in drying, 704-707 
height of (see HeIght, of transfer units) 
in humidifIcation, 247-253, 250 
in liqUid e;w;traction, 548-552 

Tray absorbers, 282, 289, 290 
Tray driers (shelf driers; cabinet driers: compart

ment driers), 662, 663 
vacuum shelf driers as, 666 

Tray efficiency: 
in distillation, 402, 423-426, 425 
in gas-liquid operations, 159-160, 178-186, 181, 

184,185 
Murphree, 181-183 

in absorption, 298-300 
Tray towers: 

adiabatic operatIons, 262 
for gas-liquid operations: bubble-cap trays, 158, 

159, 165-167, 166 
proprietary trays, 176-178 
(Set! also Sieve trays and sieve-tray towers, 

gas-liquid operations m) 
general characteristics of, 161,162-165 
multistage (see Distillation, by fractionation, 

McCabe-Thiele method of; Dlsli!latlon, by 
fractionation, Ponchon-Savar;t method of) 

packing towers versus, 210-211 
Treyba1 extractors, 546 
Trickle-bed reactors, 209 
Truck driers, 661 
Tunnel driers, 687, 704 
Turbines: 

flat-bed and pitched-blade, 599, 600 
single-phase hquids agitated by, 147 

Turbo·Grid, 177 
Turbo.type driers (rotating shelves), 687, 688 
Turbulence: 

in circular pipes, 70-72, 71 
fully-barned, in open tanks, 149 
interfacial, 113 
mass-transfer coefficients in (see Mass-transfer 

coefficients, in turbulent flow) 
Turbulent diffusion (see Eddy diffusion) 
Turndown ratIO, defined, 165 
Two-component systems, equilibrium solubility 

of gases in, 276, 277 
TWo-feed fractionators, 397-399, 198 
Two-film theory (LeWis-Whitman theory; two-resis

tance theory), /07, 110 
Two-stage adsorption: 

countercurrent, 595, 596, 599 
crosscurrent, 598-599 

Two-truck driers, 663 

Unbound moisture, rate of drying of, 683-684 
Unbound water, defined, 657 

INDEX 783 

Underflow in leachlllg, 747, 754 
Unit systems, 12-18, iJ-17 
Universal range, defilled, 55 
Unsaturated~surface drying, 670, 680, 681 
Unsaturated vapor·gas mixtures, humidification 

of. 228-231, 229 
Unsteady state, 9 

adsorption in (see Adsorption, by continuous 
contact, under unsteady·state condilions) 

diffusion in, 89, 90, 91,92-93 
leaching in (sec Leaching, under unsteady-state 

conditions) 
(See also Batch operations) 

Uranium recovery, 5
b 

6 
by extracllon, 478, 510 
by leachmg, 720 

Vacancy mechanism of diffusion through metals, 
95 

Vacuum rotary driers, 666 
Vacuum shelf driers, 666 
Valve trays, 177 
Van der Waals adsorption (phySical adsorption), 

566 
Van't HoWs law, 277 
Vapor(s): 

adsorption of: adsorptLon eqUilibrium of single 
vapors, 569-575, 570-571 

from fluidized beds, 697, 698 
by fractionation, 61 1 
under unsteady-state conditions, 625, 626-610 
(See also Adsorption) 

air-water: dehumidIfication of, 252 
in humldlflcallon operations, 231-236, 232-

m 
distillation of, 405-406 
drying of, 679-680 
saturated, defined, 221 
superheated, defllled, 221 
(Sec also Gas absorptIOn; Humidlfu;,ation) 

Vapor-gas mi;w;tures: 
adsorption equihbrium of, 575-580, 577-579 
humidification of (sec Humidiflcalion, of 

vapor-gas mixtures) 
Vapor-liquid eqUilibrium: 

for pure substances, 220-224, 221 
(See also Distillation, vapor-liqUid equilibnum 

in) 
Vapor pressure: 

in humidification, 221, 222 
solvents and, 489 

Vaporization: 
flash: distillation by, 163-367, 364 

freezing by, 666 
latent heat of, defined, 222 
in McCabe-Thiele distiJIation method, 402-403 
(See also DistIllation) 

Vegetable oils: 
adsorption of, 568 
decolorization of, 586, 623 
recovery of, by leaching, 7 17-719,726,731-732, 

738-744,741-741,760 
Velocity: 

deviating, defined, 55 
effects of gas, on constant-rate drying, 675 
slip, 143 
terminal: of drops, 533, 514 

of single-gas bubbles, 141, 142 
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Venturi scrubbers, 186, 187 
Vessels (su specific types oj vessels) 
Viscosity: 

force constants of gases as determined by, 33 
of solvents, 489 

for gas absorption, 282 
Vitamins: 

from fish oils, 395 
low.pressure distillation to obtain, 460 

Volatility: 
constant relative, in differential distillation, 

369-370 
in Ponchon·Savant distillation method, 384-385 
relative, vapor.liquid equilibpum and, 346 
of solvents for gas absorption, 281-282 

Volumetric overall mass·transfer coefficients, 202 
Vortex fonnation, prevention of, 147-149, 148 

Water: 
air-cooling of, 245-252, 246, 249, 250 
bound and unbound, defined, 657 
deionization of, 642 
deodorization of, 565 
desalinization of, 6, 342 
makeup fresh, in humidification, 248 

(Su also Humidification) 
softening of, 641, 642 
solubility of gases in, 276 
(See also Drying) 

Water-coolin8 towers, 259, 260 
Weber number, 151, 533 
Weeping: 

defined, 161 
in sieve trays, 173 

Weir(s): 
of sieve-tray towers, 170,171, 175 
of tray towers, 164 

Weir.through liquid distributors, 193 
Wet-bulb approach, defined, 248 
Wel·bulb depression, defined, 239 
Wet·bulb temperature: 

in adiabatic operations, 248 
in humidification of vapor-gas mixtures, 237-241, 

238 
Lewis relation and, 241 

Welled·wall towers, 71, 187 
Wetting, heat of, 580 
Wilke·Chang correlation, 35 
Wilke·Lee modification of Hirschfelder.Bird.Spotz 

method,31 
Wood: 

for cooling towers, 259 
drying of, 657, 663, 678 
leaching of, 724 

Wood grids (hurdles), 190 

Zenz correlation, 535, 536 
Zeolites, 641 
Zone refining, described, 4 
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