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Series Introduction 

Many textbooks have been written on control engineering, describing 
new techniques for controlling systems, or new and better ways of 
mathematically formulating existing methods to solve the ever- 
increasing complex problems faced by practicing engineers. However, 
few of these books fully address the applications aspects of control en- 
gineering. I t  is the intention of this new series to redress ths situation. 

The series will stress applications issues, and not just the 
mathematics of control engineering. I t  will provide texts that  present 
not only both new and well-established techniques, but also detailed 
examples of the application of these methods to the solution of real- 
world problems. The authors will be drawn from both the academic 
world and the relevant applications sectors. 

There are already many exciting examples of the application of 
control techniques in the established fields of electrical, mechanical 
(including aerospace), and chemical engineering. We have only to look 
around in today’s highly automated society to see the use of advanced 
robotics techniques in the manufacturing industries; the use of auto- 
mated control and navigation systems in air and surface transport sys- 
tems; the increasing use of intelligent control systems in the many arti- 
facts available to the domestic consumer market; and the reliable sup- 
ply of water, gas, and electrical power to the domestic consumer and to 
industry. However, there are currently many challenging problems 
that could benefit from wider exposure to the applicability of control 
methodologies, and the systematic systems-oriented basis inherent in 
the application of control techniques. 

T h s  series presents books that draw on expertise from both the 
academic world and the applications domains, and will be useful not 
only as  academically recommended course texts but also as handbooks 
for practitioners in many applications domains. Noidinear Control Sys- 
tems is another outstanding entry to Dekker’s Control Engineering se- 
ries. 

... 
111 



Preface 

Nonlinear control designs are very important because new technology asks for 
more and more sophisticated solutions. The development of nonlinear 
geometric methods (Isidori, 1995), feedback passivation (Fradkov and Hill, 
1998), a recursive design - backstepping (Sontag and Sussmann, 1988; Krstik et 
al, 1995), output feedback design (Khalil, 1996) and unconventional methods of 
fuzzyheuro control (Kosko, 1992), to mention just few of them, enriched our 
capability to solve practical control problems. For the interested reader a 
tutorial overview is given in Kokotovik, 1991 and Kokotovic and Arcak, 2001. 
Analysis always precedes design and this book is primarily focusing on 
nonlinear control system analysis. The book is written for the reader who has 
the necessary prerequisite knowledge of mathematics acquired up to the 31d or 
4th year in an undergraduate electrical and/or mechanical engineering program, 
covering mathematical analysis (theory of linear differential equations, theory of 
complex variables, linear algebra), theory of linear systems and signals and 
design of linear control systems. The book evolved from the lectures given at 
the University of Zagreb, Croatia and the University of Maribor, Slovenia for 
undergraduate and graduate courses, and also from our research and 
development projects over the years. 

Fully aware of the fact that for nonlinear systems some new and 
promising results were recently obtained, we nevertheless decided in favor of 
classical techniques that are still usehl in engineering practice. We believe that 
the knowledge of classical analysis methods is necessary for anyone willing to 
acquire new design methods. The topics covered in the book are for advanced 
undergraduate and introductory graduate courses. These topics will be 
interesting also for researchers, electrical, mechanical and chemical engineers in 
the area of control engineering for their self-study. We also believe that those 
engineers dealing with modernization of industrial plants, consulting, or design 
will also benefit from this book. The main topics of the book cover classical 
methods such as: stability analysis, analysis of nonlinear control systems by use 
of the describing function method and the describing function method applied to 
fuzzy control systems. Many examples given in the book help the reader to 
better understand the topic. Our experience is that with these examples and 
similar problems given to students as project-type homework, they can quite 
successfully-with the help of some computer grograms with viable control 
system computational tools (such as MATLAB , by The Mathworks, 1nc.)- 
learn about nonlinear control systems. The material given in the book is 
extensive and can’t be covered in a one-semester course. What will be covered 

V 



v1 Preface 

in a particular course is up to the lecturer. We wanted to achieve better 
readability and presentation of this difficult area, but not by compromising the 
rigor of mathematics. This goal was not easy to achieve and the reader will 
judge if we succeeded in that. The basic knowledge necessary for the further 
study of nonlinear control systems is given, and we hope that readers will enjoy 
it. 
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Chapter 1 

Properties of Nonlinear 
Systems 

Nonlinear systems behave naturally. Our experience and experiments are proving 
that every day. However, our students are indoctrinated by the linear theories 
throughout their first years of study. We have to admit that we also contribute 
to that through our lectures. So, it seems appropriate, at the beginning of this 
book, to briefly present properties or dynamical phenomena of nonlinear systems 
in order to refresh our knowledge about some types of dynamic behavior which we 
all experience more or less in our surroundings or in the laboratory. Some basic 
definitions and theorems which will be useful for understanding the subsequent 
text are also given here. Definitions have to be mathematically rigorous and maybe 
for some of our readers not so appealing. 

1.1 Problems in the Theory of Nonlinear Systems 

Physical systems in general, and technical systems in particular, are as a rule non- 
linear, i.e. they comprise nonlinearities. By nonlinearities we imply any deflec- 
tions from linear characteristics or from linear equations of the system’s dynamics. 

In general, analysis of automatic control system dynamics starts with the math- 
ematical description of the individual elements of the closed-loop system. The 
description involves linear or nonlinear differential equations, which - combined 
with the external quantities acting on the system - form the mathematical model 
of the dynamic performance of the system. 

If the dynamic performance of all elements can be described by linear dif- 
ferential equations, then the system as a whole can be described by a linear dif- 
ferential equation. This is called a linear control system. Linear control theory 
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2 Chapter 1 

based on linear models is useful in the beginning stages of research, but in general 
cannot comprise all the diversities of the dynamic performance of a real system. 
Namely, it is well known that the stability of the equilibrium state of the linear 
system depends neither on initial conditions nor on external quantities which act 
on the system, but is dependent exclusively on the system's parameters. On the 
other hand, the stability of the equilibrium states of a nonlinear system is predom- 
inantly dependent on the system's parameters, initial conditions as well as on the 
form and magnitude of acting external quantities. Linear system theory has signif- 
icant advantages which enable a relatively simple analysis and design of control 
systems. The system is linear under three presumptions: 

(i) Additivity of zero-input and zero-state response, 

(ii) Linearity in relation to initial conditions (linearity of zero-input response), 

(iii) Linearity in relation to inputs (linearity of zero-state response'). 

DEFINITION 1.1 (LINEARITY OF THE FUNCTION) 
The function f (x) is linear with respect to independent variable x i fand only if it 
satisJies two conditions: 

I .  Additivity: f (x1 +xz) = f (XI) + f ( x ~ ) ,  Vxl ,x2 in domain of thefunction f, 

2. Homogeneity: f (ax) = a f (x), Vx in domain of the function f, and all 
scalars a. 

The systems which don't satisfy the conditions (i), (ii) and (iii) are nonlinear 
systems. 

A linear system can be classified according to various criteria. One of the most 
important properties is stability. It is said that a linear system is: 

Stable if after a certain time the system settles to a new equilibrium state, 

Unstable if the system is not settled in a new equilibrium state, 

Neutral if the system state obtains the form of a periodic hnction with constant 

An important class of the linear systems are time-invariant systems2. Mathemati- 
cally, they can be described by a linear function which does not depend on time, 
i.e. a first-order vector differential equation: 

amplitude. 

k ( t )  = f [ x ( t ) , u ( t ) ] ;  v t  2 0 
Y ( t )  = " ( t ) , u ( t ) l ;  v t  2 0 

'The principle of linear superposition is related only to the zero-state responses of the system. 
'Many authors use the notion stationary systems instead of time-invariant systems, when the system 

is discussed through input and output signals. The other term in use is autonomous systems. 



Properties of Nonlinear Systems 3 

where x(t) is n-dimensional column state vector of the system states, x E 31'; u(t )  
is rn-dimensional column input vector of the system excitations, u E 31"; y(t) is r- 
dimensional column output vector of the system responses, y E 31'; f, h are linear 
vector functions of independent variables x and u and t is a scalar variable (time), 

Among the linear time-invariant systems, of special interest are the systems 
whose dynamic behavior is described by differential equations with constant co- 
efficients. Such systems are unique since they are covered by a general mathemat- 
ical theory. 

When the physical systems are discussed, it is often not possible to avoid vari- 
ous nonlinearities inherent to the system. They arise either from energy limitations 
or imperfectly made elements, or from intentionally added special nonlinear ele- 
ments which improve dynamic properties of the system. All these nonlinearities 
can be classified either as nonessential, i.e. which can be neglected, or essential 
ones, i.e. which directly influence the system's dynamics. 

Automatic control systems with at least one nonlinearity are called nonlinear 
systems. Their dynamics are described by nonlinear mathematical models. Con- 
trary to linear system theory, there doesn't exist a general theory applicable to 
all nonlinear systems. Instead, a much more complicated mathematical appara- 
tus is applied, such as functional analysis, differential geometry or the theory of 
nonlinear differential equations. From this theory is known that except in some 
special cases (Riccati or Bernouilli equations, equations which generate elliptic 
integrals), a general solution cannot be found. Instead, individual procedures are 
applied, which are often improper and too complex for engineering practice. This 
is the reason why a series of approximate procedures are in use, in order to get 
some necessary knowledge about the system's dynamic properties. With such ap- 
proximate procedures, nonlinear characteristics of real elements are substituted by 
idealized ones, which can be described mathematically. 

Current procedures for the analysis of nonlinear control systems are classified 
in two categories: exact and approximate. Exact procedures are applied if approx- 
imate procedures do not yield satisfying results or when a theoretical basis for 
various synthesis approaches is needed. 

t E 3,. 

The theory of nonlinear control systems comprises two basic problems: 

1. Analysisproblern consists of theoretical and experimental research in order 
to find either the properties of the system or an appropriate mathematical 
model of the system. 

2. Synthesis problem consists of determining the structure, parameters, and 
control system elements in order to obtain desired performance of a nonlin- 
ear control system. Further, a mathematical model must be set as well as 
the technical realization of the model. Since the controlled object is usually 
known, the synthesis consists of defining a controller in a broad sense. 
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1.2 Basic Mathematical and Structural Models of 
Nonlinear Systems 

Nonlinear time-variant continuous systems can be described by first-order vector 
differential equations of the form: 

X(t) = f[ t ,x( t ) ,u( t ) l  
Y ( t )  = h[ t , x ( t ) , u ( t ) l  

or in the case of discrete nonlinear systems, by difference equations: 

where x is n x 1 state vector, x E 3"; u is m x 1 input vector, u E Srn and y is r x 1 
output vector, y E W. 

The existence and uniqueness of solutions are not guaranteed if some limita- 
tions on the vector function f(t) are not introduced. By the solution of differential 
equation (1.1) in the interval [0, T ]  we mean such x ( t )  that has everywhere deriva- 
tives, and for which (1.1) is valid for every t .  Therefore, the required limitation is 
that f is n-dimensional column vector of nonlinear functions which are locally Lip- 
schitz. With continuous systems, which are of exclusive interest in this text, the 
function f associates to each value t ,  ~ ( t )  and u ( t )  a corresponding n-dimensional 
vector k(t) .  This is denoted by the following notation: 

f :  %, x %" x %" H 3" 

and also: 
h :  %+ x %" x9Irn H Sr 

There is no restriction that in the expressions (1.1) only differential equations of 
the first order are present, since any differential equation of n-th order can be 
substituted by n differential equations of first order. 

DEFINITION 1.2 (LOCALLY LIPSCHITZ FUNCTION) 
The function f is said to be locally Lipschitz for  the variable x ( t )  ifnear thepoint 
x ( 0 )  = xg it satisjies the Lipschitz criterion: 

for all x and y in the vicinity of xg, where k is a positive constant and the norm is 
Euclidian3. 

'Euclid norm is defined as / / X I /  = d m .  
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Lipschitz criterion guarantees that (1.1) has an unique solution for an initial con- 
dition x(t0) = XO. 

The study of the dynamics of a nonlinear system can be done through the 
input-output signals or through the state variables, as is the case with equation 
(1.1). Although in the rest of this text only systems with one input and out- 
put4 will be treated, a short survey of the mathematical description of a multi- 
variable5 nonlinear system will be done. For example, the mathematical model 
with n state variables x = [ x ~ x z . .  .xnIT, m inputs u = [ul u2.. . u,IT and r outputs 
y = bl y2 . . .y,.] can be written: 

y i ( t )  = hi[x(t)]; 1 5 i 5 r 

where f,gl , g 2 , .  . . ,gm are real functions which map one point x in the open set 
U c Tin, while hl , h2,. . . , h, are also real functions defined on U. These functions 
are presented as follows: 

fi (x1, . . . ,xn) 

fn(x1,.  . . ,xn) gni (XI , . . . i xn) 

h i ( X )  = hi (X1, .  . . , x n )  

The equations (1.4) describe most physical nonlinear systems met in control engi- 
neering, including also linear systems which have the same mathematical model, 
with the following limitations: 

1. f(x) is a linear function of x, given by f(x) = Ax, where A is a square matrix 
with the dimension n x n ,  

2. gl (x) ,  . . . ,gm(x) are constant functions of x, g;(x) = bi; i = 1 , 2 , .  . . ,m, 
where bl , b2,. . . , b, are column vectors of real numbers with the dimen- 
sion n x 1. 

3. Real functions hl (x),  . . . ,h,(x) are also linear functions of x, i.e. h;(x) = 
cix; i = 1,2, .  . . , r ,  where C I  ,c2,. . . ,cy are row vectors of real numbers with 
the dimension 1 x n.  

With these limitations - by means of state variables - a linear system can be 
described with the well-known model: 

%(t )  = Ax(t) +Bu(t); x E %',u E %, 
t 1.5) 

y ( t )  = Cx(t); y E Tir 

4For the system with one input and one output the term scalar system is also used. 
'In the text the term multivariable system means that there is more than one input or/and output. 
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The input-output mathematical description of the dynamics of the linear system 
can be obtained by convolution: 

y(t) = y W(f - z)u(z)dz = . -cc I: [- W(t- z)u(z)dz+ W(t  - z)u(z)dz 

(1.6) 
The first integral in the above expression represents a zero-input response, 

while the second one stands for the zero-state response of a linear system. The 
weighting matrix under the integral W(t) = CeATB becomes for scalar systems 
the weighting function, which is the response of the linear system to unit impulse 
input 6 ( t ) .  The total response of a linear multivariable system can be written: 

With initial conditions equal to zero, x ( t O - )  = 0, Laplace transform of the above 
equation yields: 

where G(s )  is transfer function matrix, with the dimension r x m. It is the Laplace 
transform of the weighting matrix W(t). The transfer function matrix of the linear 
system is: 

The element gi;(s) of the matrix G(s)  represents the transfer function from u j  to 
y;,  with all other variables equal to zero. If the monic polynomial6 g(s) is the least 
common denominator of all the elements of the matrix G(s) :  

Y&) = G(s)U(s) (1.8) 

G ( ~ )  = C(SI - A)-'B (1.91 

g(s) = s4 f g p - '  + . . . +g, 

then the transfer function matrix can be written as: 

(1.10) 

(1.11) 

where N(s) is a polynomial7 matrix with the dimension r x m. If v is the highest 
power of the complex variable s which can occur anywhere in the elements of the 
polynomial matrix N(s), then N(s) can be expressed as: 

(1.12) N(s) = NOS" +Nls"-' +.  . . +Nv-ls+NV 

where Ni are constant matrices with dimension r x m, while v represents the de- 
gree of the polynomial matrix N(s). Transfer function matrix G(s) is strictly 
proper if every element gi;(s) is a strictly proper transfer function. 

6Monic polynomial has the coefficient of the highest power equal to one 
'Every element of the polynomial matrix is a polynomial. 
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EXAMPLE 1.1 
For a linear system which has following matrices: 

the transfer function matrix is: 

1 3 ( ~ - 2 )  S - 2  
s - 2  -8(s- 1) 

- - 

where: 

It must be observed that g(s)  differs from the characteristic polynomial of the 
matrix A, i.e. g ( s )  # Is1 - A /  = (s - 1)2(s - 2). Beside such external description 
by means of a transfer function matrix (1.9) and (1.1 l), the linear system can be 
represented by the external matrix factorized description: 

G(S) = N(s)D;' (s) = D;' ( ~ ) N ( s )  (1.13) 

where N(s)  is r x m coprime' polynomial matrix, Dr(s) is m x m right coprime 
polynomial matrix, ID,.(s)l # O;D,(s) = g(s)I,, Dl(s) is r x r left coprime poly- 
nomial matrix; IDl(s) I # O;D,(s) = g(s)I ,  and g(s )  is monic polynomial of order 
q, given by (1. lo), which is the least common denominator of all the elements of 
the transfer function matrix G(s ) .  

The expression (1.13) is called the right, respectively the left, polynomial fac- 
torized representation, depending whether the right or the left coprime polynomial 
matrix is used. Polynomial matrix N(s) is the numerator while DY(s) or Dl(s) are 
called denominators. The notations follow as a natural generalization of the scalar 
systems for which G(s)  is a rational function of the complex variables, while N(s) 
and Dr(s) or Dl(s) are scalar polynomials in the numerator and denominator, re- 
spectively. 

By applying inverse Laplace transform to the expression (1.13), with left poly- 
nomial factorized representation, a set of n-th order differential equations with 
input-output signals is obtained: 

'Elements of a coprime polynomial matrix are coprime polynomials or polynomials without a 
common factor. 



8 Chapter 1 

where p = $. The expression (1.14) is an external representation of the linear 
multivariable system (1.5). For scalar systems (1.14) becomes: 

(aflpn +a,,-1pfl-' +. . . +ao)y(t)  = (bmpm + b,-~pmn-' +. . . + bo)u(t) 

[ ~ , ( t ) p " + a , - l ( t ) p ~ - '  +...+ ~ r j ( t ) ] y ( t )  = [bm(t)pM+bm-i(t)p"- '  +...+ 
+bo(t)l u ( t )  

(1.15) 

where ai and bj,  i = 0,  1, . . . , n; j = 0,1,2, .  . . ,m, are constant coefficients, while 
with time-variant linear systems a, ( t )  and b,(t) are time-variant coefficients. Anal- 
ysis of the linear time-variant systems (1.15) is much more cumbersome. Namely, 
applying Laplace or Fourier transform to convolution of two time functions leads 
to the convolution integral with respect to the complex variable. In general case, 
solving the equations with variable parameters is achieved in the time domain. 

From the presented material, it follows that for linear systems there exist sev- 
eral possibilities to describe their dynamics. Two basic approaches are: 

1. External description by input-output signals of a linear system, given by 
(1.7),(1.8),(1.11),(1.13)and(1.14), 

2. Internal description by state variables of the linear system, given by (1.5). 

These internal descriptions are not unique, for example they depend on the choice 
of state variables. However, they may reliably describe the performance of the 
linear system within a certain range of input signals and initial conditions changes. 
The conversion from internal to external description is a direct one, as given in 
(1.9). 

If the differential equation for a given system cannot be written in the forms of 
(1.14) or (1.15), the system is nonlinear. Solving the nonlinear equations of higher 
order is usually very difficult and time-consuming, because a special procedure is 
needed for every type of the nonlinear differential equation. Moreover, nonlinear 
relations are often impossible to express mathematically; the nonlinearities are in 
such cases presented nonanalytically. The basic difficulty in solving nonlinear dif- 
ferential equations lies in the fact that in nonlinear systems a separate treatment of 
stationary and transient states is meaningless, since the signal cannot be decom- 
posed to separately treated components; the signal must be taken as a whole. Like 
linear systems, the dynamics of nonlinear systems can be described by external 
and internal descriptions, or rather with mathematical model. The internal de- 
scription (1.1) and (1.4) is the starting point to find the external description, which 
- like the linear systems - can have several forms. 

As the dynamics of the nonlinear systems is "richer" than in the case of linear 
ones, the mathematical models must be consequently more complex. Nonlinear 
expansion of the description with the weighting matrix is known as the description 
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with Wiener-Volterra series. Modified description (1.1) by means of a series is also 
Fliess series expansion of the functionals, which can be used for the description 
of the nonlinear system. In further text neither Wiener-Volterra series nor Fliess 
series expansion of functionals will be mentioned, and the interested reader can 
consult the books of Nijmeijer and Van der Schaft (1990) and Isidori (1995). 

DEFINITION 1.3 (FORCED AND UNFORCED SYSTEM) 
A continuous system is said to be,forced f a n  input signal is present: 

X(t) = f [ t , x ( t ) , u ( t ) ] ; V t  2 O , U ( t )  # 0 (1.16) 

A continuous system is said to be unforced ifthere is no input (excitation) signal: 

.it) = f [ t , x ( t ) ] ; Y t  2 O,u(t) = 0 (1.17) 

Under the excitation of the system, all external signals such as measurement noise, 
disturbance, reference value, etc. are understood. All such signals are included in 
the input vector u ( t ) .  A clear difference between a forced and an unforced system 
does not exist, since a function f ,  : %+ x 3" H 3" can be always defined with 
f u ( t , x )  = f [ t , x ( t ) , u ( t ) ]  so that a forced system ensues x ( t )  = f u [ t , x ( t ) ] ; Y t  2 0. 

DEFINITION 1.4 (TIME-VARYING AND TIME-INVARIANT SYSTEM) 
A system is time-invariant' f t h e  junction f does not explicitly depend on time, i,e. 
the system can be described with: 

% ( t )  = f [ x ( t ) , u ( t ) ] ;  v t  2 0 (1.18) 

A system is time-varying" (f the function f explicitly depends on the time, i.e. the 
system can be described with: 

% ( t )  = f [ t , x ( t ) , u ( t ) ] ;  Yt 2 0 (1.19) 

DEFINITION 1.5 (EQUILIBRIUM STATE) 
An equilibrium state can be defined as a state which the system retains ifno exter- 
nal signal u ( t )  is present. Mathematically, the equilibrium state is expressed by 
the vector x, E %". The system remains in equilibrium state ifat the initial moment 
the state was the equilibrium state, i.e. at t = to- x(t0) = x,. In other words, f t h e  
system begins from the equilibrium state, it remains in this state x ( t )  = x,,Yt 2 to 
under presumption that no external signal acts, i.e. u ( t )  = 0. 

'In the literature the term autonomous is also used for time-invarianl systems. The authors decided 
to use the latter term for such systems. In Russian literature the term autonomous is used for unforced 
nonlinear systems. 

"For such system the term nonautonomous is sometimes used. 
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It is common to choose the origin of the coordinate system as the equilibrium 
state, i.e. x,  = 0. If this is not the case, and the equilibrium state is somewhere 
else in %", translation of the coordinate system x' = x - x,  will bring any such 
point to the origin. For an unforced continuous system, the equilibrium state will 
be f(t,x,,O) = 0;'dt 2 to. Unforced discrete-time systems described by x(k+ 1) = 
f [ k , x ( k ) , u ( k ) ]  will have the equilibrium state given by f(k,x,,O) = x,; 'dk 2 0. 

DEFINITION 1.6 (SYSTEM'S TRAJECTORY-SOLUTION) 
An unforced system is described by the vector differential equation: 

% ( f )  = f [ t , x ( t ) ]  ;'dt 2 0 (1.20) 

where x E %", t E %+ and continuousfunction f : %+ x %" H 3". 

It is supposed that (1.20) has a unique trajectory (solution), which corresponds 
to a particular initial condition x(t0) = X O ,  where xo # x,. The trajectory can be 
denoted by s(t,to,xo), and the system's state will be described from the moment 
to as: 

x ( t )  = s(t,to,xo); Yt 2 to 2 0 (1.21) 

where the function s : %+ x %" H %". If the trajectory is a solution, it must satisfy 
its differential equation: 

+,to,xo) = f[t,s(t,to,xo)l; Yt L 0; s(to,to,xo) =xo (1.22) 

Trajectory (solution) has the following properties: 

(a) s(to,to,xo) = xo; 'dxo E 3" 

(b) S[t,tl,S(tl,t0,X0)1 = s(t,to,xo); v t  L t l  2 to L 0; 'dxo E 93" 

The existence of the solution of the nonlinear differential equation (1.20) is not 
guaranteed if appropriate limitations on the function f are not introduced. The 
solution of the equation in the interval [0, T ]  means that x ( t )  is everywhere dif- 
ferentiable, and that differential equation (1.20) is valid for every t .  If vector x ( t )  
is the solution of (1.20) in the interval [0, TI, and i f f  is a vector of continuous 
functions, then x ( t )  statisfies the integral equation: 

x ( t )  = X O +  l : f [ ~ , x ( ~ ) ] d ~ ;  t E [O,T] (1.23) 

Equations (1.20) and (1.23 j are equivalent in the sense that any solution of (1.20) 
is at the same time the solution of (1.23) and vice versa. 

Local conditions which assure that (1.20) has an unique solution within a finite 
interval [0, Z] whenever z is small enough are given by the following theorem: 
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THEOREM 1.1 (LOCAL EXISTENCE AND UNIQUENESS) 
With the presumption that f from (1.20) is continuous on t and x, and finite con- 
stants h, r, k and T exist, so that: 

Ilf(t,x) - f( t ,y)l l  5 kllx-yll; YX,Y E B,Yt E [O,TI (1.24) 
(1.25) Ilf(t,XO)ll 5 h; trt E [O, TI 

where B is a ball in '31" of the form: 

B = { x E ' ~ ~ ' ; \ \ x - x ~ ~ \  5.) (1.26) 

then (1.20) has just one solution in the intewal [0, z] where the number z is sufi- 
ciently small to satisfv the inequalities: 

hZekZ 5 r (1.27) 

z s m i n  T , -  - { i ' h i k r }  
(1.28) 

for  some constant p < 1 

Proof of the theorem is in Vidyasagar (1993, p. 34). 
Remarks: 

1. Condition (1.24) is known as the Lipschitz condition, and k as the Lips- 
chitz constant. If k is a Lipschitz constant for the function f ,  then so is any 
constant greater than k. 

2. A function f which statisfies the Lipschitz condition is a Lipschitz continu- 
ous function. It is also absolutely continuous, and is differentiable almost 
anywhere. 

holds only for trx, y in a ball around xo for trt E [0, TI. 
3. Lipschitz condition (1.24) is known as a local Lipschitz condition since it 

4. For given finite constants h, r ,  R,  T ,  the conditions (1.27) and (1.28) can be 
always satisfied with a sufficiently small z. 

THEOREM 1.2 (GLOBAL EXISTENCE AND UNIQUENESS) 
Suppose that for  each T E [ o , ~ )  there exist$nite constants hT and kT such that 

I l f( t ,x)-f( t ,y)Il  < k r I l x - y l I ; ~ x , y  E%*,Vt E [O,T] (1.29) 
(1.30) Ilf(t,xo)ll 5 hT;vt  E [O, TI 

Then (1.20) has only one solution in the intewal [0,00]. 

Proof of the theorem is in Vidyasagar (1993, p. 38). 
It can be demonstrated that all differential equations with continuous functions 

f have an unique solution (Vidyasagar, 1993, p. 469), and that Lipschitz continuity 
does not depend upon the norm in '31" which is used (Vidyasagar, 1993, p. 45). 



12 Chapter 1 

Figure 1.1 : Block diagram of a nonlinear system. 

Basic Structures of Nonlinear Systems 

A broad group of nonlinear systems are such that they can be formed by combin- 
ing a linear and a nonlinear part, Fig. 1.1. The notations in Fig. 1.1 are: 

r ( t )  - reference signal or set-point value, 

y ( t )  - output signal, response of a closed loop control system to r ( t ) ,  

w ( t )  - external or disturbance signal ', 

x ( t ) ,  U I  ( t )  - input to nonlinear part of the system12, 

y ~ ( t ) ,  u2 ( t )  - output of nonlinear part of the systemI3, 

v ( t )  - random quantity, noise present by measurement of output quantity, 

G1 ( p ) ,  G2(p) - mathematical models of linear parts of the system, 

F ( x , p x )  - mathematical description of the nonlinear part of the system, 

p = $ - derivative operator. 

The block diagram of the system in Fig. 1.1 can be reduced to the block diagram 
in Fig. 1.2, which is applicable for the approximate analysis of a large number of 
nonlinear systems. 

~~~ 

" Various notation will be used for this signal, depending on the external signal. The so-called dither 
signal will be d ( t )  instead of w(t). while the harmonic signal for forced oscillations will be f ( t )  instead 

'*With x ( t )  is denoted input signal to the nonlinear part - the same notation is reserved for state 
variables. Which one is meant will be obvious from the context. 

"For simplicity, the output signal of nonlinear element will also be denoted by y ( t )  if only the 
nonlinear element is considered. In the case when closed-loop system is discussed, the output of 
nonlinear element is denoted by y,,(t) or u ( t ) ,  while the output signal of the closed loop will be y ( t ) .  
From the context it will be clear which signal isy(t) ory,(t), respectively. 

of w(t ) .  
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Figure 1.2: Simplified block diagram of a nonlinear system. 

The block diagram in Fig. 1.2 is presented by the dynamic equation of non- 

(1.31) 
linear systems: 

f ( t )  = x ( t )  + GL(P)F(x,PX) 
respectively: 

A ( P ) f ( t )  = A ( p ) x ( t )  +B(P)F(x>Px) (1.32) 

where f ( t )  = r ( t )  + w(t ) ,  for v ( t )  = 0 and G L ( ~ )  = A ( P )  R(p). 

1.3 Basic Specific Properties of Nonlinear Systems 

Dynamic behavior of a linear system is determined by the general solution of the 
linear differential equation of the system. In a system with time-invariant (con- 
stant) parameters, the form and the behavior of the output signal doesn’t depend 
upon the magnitude of the excitation signals - also the magnitude of the output 
signal of a stable system in the stationary regime does not depend upon the initial 
conditions. 

However, dynamic performance of a nonlinear system depends on the system’s 
parameters and initial conditions, as well as on the form and the magnitude of 
external actions. The basic solutions of the differential equation of a nonlinear 
system are generally complex and various. Of special interest are: 

Unboundedness of Reaction in Finite Time Interval 

The output signal of an unstable linear system increases beyond boundaries, when 
t + - . With a nonlinear system, the output signal can increase unboundedly in 
finite time. For example, the output signal of the nonlinear system described by 
the differential equation of the first order 1 = x2 with initial condition x(0) = xo 
tends to infinity for t = l/xo. 



14 Chapter 1 

8 -  
7 -  

1 -  

-2 - 
0 0.5 1 1.5 2 2.5 3 3.5 4 

tbl  

Figure 1.3: State trajectories of a nonlinear system in Example 1.2. 

Equilibrium State of Nonlinear System 

Linear stable systems have one equilibrium state. As an example, the response of 
a linear stable system to the unit pulse input is damped towards zero. 

Nonlinear stable systems may possess several equilibrium states, i.e. a pos- 
sible equilibrium state is determined by a system's parameters, initial conditions 
and the magnitudes and forms of external excitations. 

EXAMPLE 1.2 
(DEPENDENCY OF EQUILIBRIUM STATE ON INITIAL CONDITIONS) 

Thejrst-order nonlinear system described by x ( t )  = -x( t )  + x 2 ( t )  with initial 
conditions x ( 0 )  = xo, has the solution (trajectory) given by: 

xoe-' 
1 - xo + xoect 

x ( t )  = 

Depending on initial conditions, the trajectory can end in one of two possible 
equilibrium states x, = 0 and x, = 1, as illustrated in Fig. 1.3. 

For all initial conditions x ( 0 )  > 1, the trajectories will diverge, while for  
x ( 0 )  < 1 they will approach the equilibrium state x, = 0. For x(0) = 1 the tra- 
jectory will remain constant x ( t )  = 1 ,Vt, and the equilibrium state will be x, = 1. 
Therefore, this nonlinear system has one stable equilibrium state (x, = 0) and one 
unstable equilibrium state, while the equilibrium state x, = 1 can be declared as 
neutrally ~ t a b l e ' ~ .  The linearization of this nonlinear system for  1x1 < 1 (by dis- 

I4Exact definitions of the stability of the equilibrium state will be discussed in Chapter 2 
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carding the nonlinear term) yields i ( t )  = -x(t)  with the solution (state trajectory) 
x ( t )  = x(0)e-'. This shows that the unique equilibrium state x, = 0 is stable,for all 
initial conditions, since all the trajectories - notwithstanding initial conditions 
- will end at the origin. 

EXAMPLE 1.3 (DEPENDENCE OF EQUILIBRIUM STATE ON THE INPUT) 
A simplijied mathematical model of an unmanned underwater vehicle in,forward 
motion is: 

mx(t)  +d Ix( t ) )x( t )  = ~ ( t )  

where v ( t )  = x ( t )  is the velocity of the underwater vehicle and z ( t )  is the thrust of 
thepropulsor: The nonlinear term Iv(t)l v ( t )  is due to the hydrodynamic effect, the 
so-called added inertia. With m = 2OO[kg] and d = 50[kg/m], and with apulse for  
the thrust (Fig. 1.4a), the velocity of the underwater vehicle will be as in Fig. 1.4b. 
The diagram reveals the fact that the velocity change is faster with the increase 
of thnist than in reverse case - this can be explained by the inertialproperties of 
the underwater vehicle. If the experiment is repeated with ten times greater thrust 
(Fig. 1.5a), the change of velocity will be as in Fig. 1.5b. The velocity has not 
increased ten times, as would be the case with a linear system. Such behavior 
of an unmanned underwater vehicle must be taken into account when the control 
system is designed. I f the underwater vehicle is in the mission of approaching an 
underwaterfied mine, the thrust of the underwater vehicle must be appropriately 
regulated, in order that the mission be successful. 

Self-Oscillations - Limit Cycles 

The possibility of undamped oscillations in a linear time-invariant system is linked 
with the existence of a pair of poles on the imaginary axis of the complex plane. 
The amplitude of oscillations is in this case given by initial conditions. 

In nonlinear systems it is possible to have oscillations with amplitude and 
frequency which are not dependent upon the value of initial conditions, but their 
occurrence depends upon these initial conditions. Such oscillations are called self: 
oscillations (limit  cycle^)'^ and they belong to one of several stability concepts of 
the dynamic behavior of nonlinear systems. 

Subharmonic, Harmonic or Periodic and Oscillatory Processes with Har- 
monic Inputs 

In a stable linear system, a sinusoidal input causes a sinusoidal output of the same 
frequency. A nonlinear system under a sinusoidal input can produce an unex- 
pected response. Depending on the type of nonlinearity, the output can be a signal 
with a frequency which is: 

I5The term limit cycles will be used for the type of a singular point, when the state (or phase) 
trajectory enters this shape in case of self-oscillatory behavior of a system. 
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Figure I .4: Thrust (a) and velocity (b) of an underwater vehicle 

I 

I00 

Figure 1.5: Thrust (a) and velocity (b) of an underwater vehicle. 
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- generally proportional to the input signal frequency, 

- higher harmonic of the input signal frequency, 

- a periodic signal independent of the input signal frequency, or 

- a periodic signal with the same frequency as the input signal frequency. 

With the input harmonic signal, the output signal can be a harmonic, subharmonic 
or periodic signal, depending upon the form, the amplitude and the frequency of 
the input signal. 

Nonuniqueness of Dynamic Performance 

In some cases, in a nonlinear system a pulse (short-lived) excitation provokes a 
response which - under certain initial conditions (energy of the pulse) - tends 
to one or more stable equilibrium states. 

Resonance Jump 

Resonance jump was investigated more in the theory of oscillation of mechanical 
systems than in the theory of control systems. The term “resonance jump” is used 
in case of a sudden jump of the amplitude andlor phase andor frequency of a 
periodic output signal of a nonlinear system. This happens due to a nonunique re- 
lation which exists between periodic forcing input signal acting upon a nonlinear 
system and the output signal from that system. It is believed that resonance jump 
occurs in nonlinear control systems with small stability phase margin, i.e. with 
small damping factor of the linear part of the system and with amplitudes of exci- 
tation signal that force the system into the operating modes where nonlinear laws 
are valid, particularly saturation. Higher performance indices such as maximal 
speed of response with minimal stability degradation, high static and dynamic ac- 
curacy, minimal oscillatory dynamics and settling time as well as power efficiency 
and limitations (durability, resistivity, robustness, dimensions, weight, power) boil 
down to a higher bandwidth of the system. Thanks to that, input signals can have 
higher frequency content in them and in some situations can approach closer to the 
“natural” frequency of the system. As a consequence this favors the occurrence 
of the resonance jump. Namely, the fulfillments of the aforementioned conditions 
can bring the forced oscillation frequency (of the nonlinear system operating in the 
forced oscillations mode) closer to the limit cycle frequency of some subsystems, 
which together with the amplitude constraints creates conditions for establishing 
the nonlinear resonance. Resonance jump can occur in nonlinear systems oper- 
ating in forced oscillations mode and is often not a desirable state of the system. 
Resonance jump can not be seen from the transient response of the system and can 
not be defined by solving nonlinear differential equations. It is also not recom- 
mended to use experimental tests in plant(s) during operation in order to resolve 
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Figure 1.6: Frequency characteristics of linear (L) and nonlinear (N) system. 

if the system might have this phenomenon. For that purpose it is best to use the 
frequency and simulation methods. To reduce or eliminate the resonance jump, 
higher stability phase margin is needed as well as the widening of the operating 
region of a nonlinear part of the system where the linear laws are valid. 

Synchronization 

When the control signal is a sinusoidal signal of “small” amplitude, the output of 
a nonlinear system may contain subharmonic oscillations. With an increase of the 
control signal amplitude, it is possible that the output signal frequency “jumps” 
to the control signal frequency, i.e. synchronization of both input and output fre- 
quencies occurs. 

Bifurcation l 6  

Stability and the number of equilibrium states of a nonlinear system may change 
as a result either of changing system parameters or of disturbances. Structurally 
stable systems have the desirable property that small changes in the disturbance 
yield small changes in the system’s performance also. All stable linear systems 
are structurally stable. This is not the case with nonlinear systems. If there exist 

~~ 

I6The term originates from the latin bi + f i r m  - meaning pitchfork, bifurcation, branched The word 
was first used by Poincart- to describe the phenomenon when the behavior branches in two different 
directions in bifurcation point 
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Figure 1.7: Fork bifurcation (a) and Hopf bifurcation (b). 

points in the space of system parameters where the system is not structurally sta- 
ble, such points are called bifurcation points, since the system’s performance “bi- 
furcates”. The values of parameters at which a qualitative change of the system’s 
performance occurs are called critical or bifurcational values. The theory which 
encompasses the bifurcation problems is known as bifurcation theory (Gucken- 
heimer and Holmes, 1983). 

The system described by Duffing’s equation x ( t )  + ax(t)  + x 3 ( t )  = 0 has equi- 
librium points which depend on the parameter a. As a varies from positive to 
negative values, one equilibrium point (for a < 0) is split into three equilibrium 
points (xe = 0, &, fi), as illustrated in Fig. 1.7a. The critical bifurcational 
value here is a = 0, where a qualitative change of system’s performance occurs. 
Such a form of bifurcation is named pitchfork bihrcation because the form of 
equilibrium points reminds one of a pitchfork. Hopf bifurcation is illustrated in 
Fig. I .7b. Here a pair of conjugate complex eigenvalues A1,2 = IS * jo crosses 
from the left to the right half-plane, and the response of the unstable system di- 
verges toward self-oscillations (limit cycle). A very simple example of a system 
with bifurcation is an inverted rigid pendulum where a spring sustains it in a ver- 
tical position. If the mass at the top of the pendulum is sufficiently small, a small 
disturbance from the vertical position will be corrected by a spring when the dis- 
turbance disappears. With greater mass, a critical value mo is reached, dependent 
on the spring constant and length of the pendulum. For m > mo, the spring can no 
longer correct a small disturbance - the pendulum will move to the left or right 
side, and after several oscillations will end up at the equilibrium state which is 
opposite to the starting vertical equilibrium state. In this case mo is the bifurcation 
point, and the branches of the pitchfork bifurcation are to the left or right side 
along which the pendulum reaches a new equilibrium point, which is-contrary 
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to Fig. I .7a - stable for both branches. 
If the bifurcation points exist in a nonlinear control system, it is important to 

know the regions of structural stability in the parameter plane and in the phase 
plane and it is necessary to ensure that the parameters and the states of the system 
remain within these regions. Structural instability can be expected with control 
systems whose objects (processes) are nonlinear, with certain types of adaptive 
control systems, and generally with the systems whose action and reaction forces 
cannot reach the equilibrium state. If a bifurcation appears, the system can come 
to a chaotic state - this is of mostly theoretical interest since for safety reasons 
every control system has built-in activities which prevent any such situation. The 
consequence of bifurcation can be the transfer to a state with unbounded behavior. 
For the majority of technical systems this can lead to serious damages if the system 
has no built in protection. 

Chaos 

With stable linear systems, small variations of initial conditions can result in small 
variations in response. Not so with nonlinear systems-small variations of initial 
conditions can cause large variations in response. This phenomenon is named 
chaos. It is a characteristic of chaos that the behavior of the system is unexpected, 
an entirely deterministic system which has no uncertainty in the modes of the sys- 
tem, excitation or initial conditions yields an unexpected response. Researchers 
of this phenomenon have shown that some order exists in chaos, or that under 
chaotic behavior there are some nice geometric forms which create randomness. 
The same is true for a card player when he deals the cards or when a mixer mixes 
pastry for cakes. On one side the discovery of chaos enables one to place bound- 
aries on the anticipation, and on the other side the determinism which is inherent 
to the chaos implies that many random phenomena can be better foreseen as be- 
lieved. The research into chaos enables one to see an order in different systems 
which were up to now considered unpredictable. For example the dynamics of 
the atmosphere behaves as a chaotic system which prevents a long-range weather 
forecast. Similar behaviors include the turbulence flow in fluid dynamics, or the 
rolling and capsizing of a ship in stormy weather. Some mechanical systems (stop- 
type elements, systems with aeroelastic dynamics, etc.) as well as some electrical 
systems possess a chaotic behavior. 

EXAMPLE 1.4 
(CHAOTIC SYSTEM-CHUA ELECTRIC CIRCUIT (MATSUMOTO, 1987)) 
A very simple deterministic system with just afew elements can generate chaotic 
behavior, as the example of Chua electric circuit shows. 

The schematic of the Chua circuit is given in Fig. 1.8a, while the nonlinear 
current vs. voltage characteristic of a nonlinear resistor is given in Fig. 1.8b. 
With nominal values of the components: Cl = 0.0053[pF], C2 = 0.047[pF], L = 



Properties of Nonlinear Systems 21 

Figure 1.8: Electrical scheme of Chua circuit (a), nonlinear characteristic of the 
resistor (b), modified resistor characteristic (c). 

6.8[mH] and R = 1.21 [kQ], the dynamics of the electric circuit can be described 
by the following mathematical model: 

Simulation with normalizedparameters 1/CI = 9; 1/C2 = 1; 1/L = 7; G = 0.7; 
mg = -0.5; ml = -0.8; B, = 1, and with initial conditions iL(0) = 0.3, v , ~  ( 0 )  = 
-0.1 and v,.(O) = 0.5 gives thestate trajectory of this nonlinearsystem in Fig. 1.9 
(initial state is denoted with point A). The equilibrium state with such attraction 
of all trajectories has the appropriate name - attractor. In the Chua electric 
circuit the attractor is of the type double scroll attractor (Fig. 1.9). Such a circuit 
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Figure 1.9: State trajectory (i~,vc1 , V C ~ )  of Chua circuit in chaos. 
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Figure 1.10: State trajectories ( i ~ ,  V C I  , V C ~ )  of Chua circuit with modified nonlin- 
ear resistor characteristics. 
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with given initial conditions behaves as a chaotic system. Depending on initial 
conditions, a chaos is formed, and it is inherent to such systems that the trajectory 
never follows the same path (Chua, Kamoro and Matsumoto, 1986). 

By introducing a small modiJication into the characteristic of the nonlinear 
resistor; i.e. adding the positive resistance segments as shown in Fig. 1.8c, other 
interesting aspects of nonlinear systems can be observed. In Fig. 1.10 the trajec- 
tory of such system is shown for  the same initial conditions as in previous case 
(point A) where the behavior of the system is chaotic. rfwe change the initial con- 
ditions to iL(0) = 3, v,.1(0) = -0.1 and v,2(0) = 0.6 (point B) the system settles to 
the stable limit cycle outside the chaotic attractor region. Here one can observe 
qualitatively completely different behaviors of the nonlinear system which depend 
only on initial conditions. 

1.4 Stability and Equilibrium States 
Very often the dynamic behavior of a system is characterized by the phrase “the 
system is stable”. Under the concept of system stability, in practice it is under- 
stood that by small variations of input signals, initial conditions or parameters of 
the system, the state of the system does not have large deviations, i.e. these are 
minimal requirements which the system must satisfy. Whereas the linear systems 
have only possible stable equilibrium state, nonlinear systems can generally 
have several stable equilibrium states and dynamic performances. 

DEFINITION 1.7 (ATTRACTIVE EQUILIBRIUM STATE - ATTRACTOR) 
Equilibrium state xe is attractive i f f o r  every to E %+, there exists a number 
r7 (to) > 0 such that: 

DEFINITION 1.8 (UNIFORMLY ATTRACTIVE EQUILIBRIUM STATE) 
Equilibrium state x, is uniformly attractive i f for  every to E %+, there exists a 
number TJ > 0 so that the following condition is true: 

llxoll < 7 7 ,  to 2 0 * s(t0 +t,to,xo) -+ x, as t -+ 00 uniformly inxo and to (1.34) 

Attraction means that for every initial moment to E %+, the trajectory which starts 
sufficiently close to the equilibrium state x, approaches to this equilibrium state 
as to + t ---f m. A necessary (but not sufficient) condition for the equilibrium state 
to be attractive is that it is an isolated equilibrium state, i.e. that in the vicinity 
there are no other equilibrium states. 

I7Linear systems with more than one equilibrium state are exceptions. For example, the system 
i+i = 0 has infinite number of equilibrium states (signal points) on the real axis. 
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DEFINITION 1.9 (REGION OF ATTRACTION) 
! fan  unforced nonlinear time-invariant system described by k ( t )  = f [ x ( t ) ]  has an 
equilibrium state x, = 0 which is attractive, then the region of attraction D(xe) is 
deJined by: 

D ( O ) = { x ~ ~ % ~ : s ( t , O , x ~ ) + O w h e n t - + ~ }  (1.35) 

Every attractive equilibrium state has its own region of attraction. Such a region 
in state space means that trajectories which start from any initial condition inside 
the region of attraction are attracted by the attractive equilibrium state. 

The attractive equilibrium states are called attractors. The equilibrium states 
with repellent properties have the name repellers, while the equilibrium states 
which attract on one side and repel on the other side are saddles. 

EXAMPLE 1.5 

A nonlinear system ofJirst order is described by x ( t )  = f (x ,  u )  = x - x3 + u. With 
the input signal u ( t )  = 0, the equilibrium states of the system will be at the points 
where i ( t )  = 0 and f ( x )  = x - x3 = 0, respectively (Fig. 1.11). 

Equilibrium states are x , ~  = 0, x,2 = + 1 and x,3 = - 1. Local stability of these 
states can be determined graphically from the gradient (slope of the tangent) at 
these points. So at every equilibrium point: 

(ATTRACTORS AND REPELLERS (HARTLEY, BEALE AND CHICATELLI, 1994)) 
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Figure 1.1 1 : State trajectory of the system i = x - x3. 
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and further: 

Therefore x,~ is an unstable equilibrium state or repellel; while x,2 and x,3 aye 
stable equilibrium states or attractors. Every attractor has his own region of 
attraction. For the equilibrium state x,2 = + 1, the region of attraction is the right 
halfplane where x > 0, while,for xe3 = - 1 it is the left haljLplane where x < 0. 
It must be remarked that the tangents at equilibrium states are equivalent to the 
poles of the linearized mathematical model of the system. 

1.5 Basic Properties of Nonlinear Functions 

Nonlinearities which are present in automatic control system belong to two groups: 

1. Inevitably present - inherent nonlinearities of the controlled process, 

2. Intended - nonlinearities which are built in the system with the purpose to 
realize the desired control algorithm or to improve dynamic performance of 
the system. 

In every nonlinear control system one or more nonlinear parts can be separated- 
these are the nonlinear elements. In analogy to the theory of linear systems, the 
theory of nonlinear systems presents the system elements with unidirectional ac- 
tion (Fig. 1.12) (Netushil, 1983). 

Nonlinear elements with the output as a function of one variable (Fig. 1.12a) 
comprise typical nonlinear elements described by a nonlinear function which de- 
pends on the input quantity x ( t )  and on its derivative 1 = $: 

Ylv = F (.la) (1.36) 

Figure 1.12: Nonlinear element presented in block diagrams of nonlinear systems. 
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Besides nonlinearities with one input, there are nonlinearities with more input 
variables (Fig. 1.12b), described by the equation: 

When the nonlinear characteristic depends on time, the nonlinear element is called 
time-varying, and the equations (1.36) and (1.37) take the form: 

YN = F ( t , x , i )  (1.38) 
YN =F( t , x l , i l , x2 , i2 r .  . . ,xrn,Xm) (1.39) 

Inherent nonlinearities include typical nonlinear elements: saturation, dead zone, 
hysteresis, Coulomb friction and backlash. Intended nonlinearities are nonlin- 
ear elements of various characteristics of relay type, A/D and D/A converters, 
modulators, as well as dynamic components designed to realize nonlinear control 
algorithms. 

Nonlinearities can be classified according to their properties: smoothness, 
symmetry, uniqueness, nonuniqueness, continuity, discontinuity, etc. It is de- 
sirable to have a classification of nonlinearities, since the systems with similar 
properties can be treated as a group or class. 

DEFINITION 1.10 (UNIQUENESS) 
Nonlinear characteristic yN(X) is unique or single-valued i f t o  any value of the 
input signal x there corresponds only one specijic value of the output quantity YN.  

DEFINITION 1.11 (NON-UNIQUENESS) 
Nonlinear characteristic Y N ( X )  is non-unique or multi-valued when some value 
of the input signal x provokes several values of the output signal Y N .  depending 
on the previous state of the system. The number of possible quantities Y N  can 
be from 2 to 00. Multi-valued nonlinearities include all nonlinearities of the type 
hysteresis. 

DEFINITION 1.12 (SMOOTHNESS) 
Nonlinear characteristic Y N ( X )  is smooth i fat  every point there exists a derivative 
9, Fig. 1.14 (Netushil, 1983). 

DEFINITION 1.13 (SYMMETRY) 
From the viewpoint of symmetry, two groups are distinguished: 

I .  rfthe function yIy(x) satisfies the condition: 

(1.40) 
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Figure 1.13: Static multi-valued nonlinear characteristics of course unstable ships. 

Figure 1.14: Examples of smooth and single-valued static characteristics. 

the nonlinearity is symmetrical to the y-axis, i.e. the characteristic is even 
symmetrical. In the cases when the function (1.40) is unique, the nonlinear- 
ity can be described by: 

ca 

YN(X) = CC2iX2’ 
i=O 

(1.41) 

where C2i are constant coeficients. 

2. rfthe function y ~ ( x )  satisfies the condition: 

YN(.) = -yiy(-.) (1.42) 

nonlinearity is symmetrical to the coordinate origin, i.e. the characteristic 
is odd symmetrical. When the function (1.42) is unique, the nonlinearity 
can be written as: 

YN(X) = CC*i+,X2i-l (1.43) 

The characteristics which do not satisfj either of the above conditions are 
asymmetrical ones. 

ca 

i= 1 
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A 

Y N l  

YNO 

Figure 1.15: Asymmetrical characteristic becomes even (a) and odd (b) symmet- 
rical. 
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In the majority of cases, by shift of the coordinate origin, the asymmetrical charac- 
teristics can be reduced to symmetrical characteristics. The shift of the coordinate 
origin means the introduction of additional signals at all inputs and the output of 
the nonlinear element, Fig. I .  15a and 1.15b. 

In Fig. I .  15a, assymetrical characteristic yr~ ,  (XI )  with the coordinate transfor- 
mation x1 = xo +x becomes even symmetrical, i.e. symmetrical with respect to 
y-axis. Similarly, asymmetrical characteristic from Fig. 1.15b by additional sig- 
nals X I  = xo + x and y r ~ ,  = y r ~ ~  + y r ~  becomes odd symmetrical, i.e. symmetrical 
with respect to the coordinate origin. 

1.6 Typical Nonlinear Elements 
Typical nonlinear elements are most often seen in automatic control systems 
where static characteristics can be normalized and approximated by straight line 
segments. If classified, such elements can be symmetric, asymmetric, unique, 
nonunique and discontinuous functions. 

1.6.1 Nonlinear Elements with Single-Vaiued Continuous 
Characteristics 

Dead zone. Presented with static characteristic as in Fig. 1.16, a dead zone is 
present in all types of amplifiers when the input signals are small. The mechanical 
model of the dead zone (Fig. 1.16e) is given by a fork joint of the drive and 
driven shaft. Vertical (neutral) position of the driven shaft is maintained by a 
spring. When the drive shaft (input quantity) is rotated by an angle x, the driven 
shaft remains at a standstill until the deflection x is equal to xu. With x > xn, the 
driven shaft (output quantity) rotates simultaneously with the drive shaft. When 
the drive shaft rotates in the opposite direction, because of the spring action, the 
driven shaft will follow the drive shaft until the moment when neutral position is 
reached. During the time the output shaft doesn’t rotate, it goes through the dead 
zone of 2xu. Static characteristic of the dead zone element (Fig. 1.16a) is given 
by the equations: 

0 for 1x1 5 xu 

K(x+x,) forx < -xu 
Y N =  { K(x - x,) for x > x,  (1.44) 

By introducing the variables p = 5 and 77 = &, a normalized characteristic of 
the nonlinearity is obtained (Fig. 1.16d): 

0 forlpl 5 1 
p-1 f o r p > l  
p + l  f o r p c - 1  

(1.45) 
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Y 

Figure 1.16: Nonlinear characteristic of the type dead zone. 
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Figure 1.17: Nonlinear characteristic of the type saturation. 

Saturation (limiter). Figure 1.17a shows the static characteristic of the nonlin- 
earity of the type saturation (limiter). Similar characteristics are in practically all 
types of amplifiers (electronic, electromechanic, pneumatic, hydraulic, combined 
ones) where the limited output power cannot follow large input signals. As an 
example of a simple mechanical model of the nonlinear element of the type sat- 
uration is a system which couples two shafts with a torsional flexible spring and 
with limited rotation of the driven shaft (Fig. 1.17b). The linear gain of the driven 
shaft is 2yb. The static characteristic of this element is described by the equations: 

(1.46) 

Introducing in (1.46) the variables p = $ ; 11 = x, the normalized equations are 
obtained: 

K X b  

(1.47) 

Saturation with dead zone. The static characteristic of this type of nonlinearity 
(Fig. 1.18) describes the properties of all real power amplifiers, i.e. with small 
input signals such element behaves as dead zone, while large input signals cause 
the output signal to be limited (saturated). 

Static characteristic from Fig. 1.18 is described by the equations: 

(1.48) 
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Figure 1.18: Static characteristic of saturation with dead zone. 

Normalized form of the equation (1.48) is obtained by introducing p = 5 ,  17 = 
YK andm = 4: 
Kx, Xa 

0 for 1p1 I 1 

(1.49) f o r m > p >  1 
for - m  < x <  -1 

( m - l ) . s i g n p  for /pLJ>m 

1.6.2 Nonlinear Elements with Single-Valued Discontinuous 
Characteristics 

Typical elements with single-valued discontinuous characteristics are practically 
covered by the two-position and three-position relay without hysteresis. 

Two-position relay without hysteresis. 
two-position polarized relay is shown in Fig. 1.19. 

Single-valued static characteristic of 

Figure 1.19: Static characteristic of a two-position polarized relay without hys- 
teresis. 
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Figure 1.20: Static characteristic of a three-position relay without hysteresis. 

From this static characteristic it is seen that the relay contacts are open in the 
interval 1x1 < xb, i.e. the output signal y~ is undefined. In the region 1x1 > xb, the 
output signal has the value +yb or -yb, depending on the sign of the input signal 
x. The corresponding equation for the two-position relay without hysteresis is: 

(1.50) 

Three-position relay without hysteresis. Single-valued static characteristic of 
a three-position relay without hysteresis is shown in Fig. 1.20. The equations 
which describe the static characteristic from Fig. I .20 are: 

Y h .  sign x for 1x1 2 Xb 
y N = {  0 for 1x1 5 x, (1.51) 

undefined forx, < 1x1 < Xb 

Ideal two-position relay. For the analysis and synthesis of various relay control 
systems, use is made of the idealized static characteristic of a two-position relay. 
Here at our disposal are equations (1.46), (1.48), (1.50) and (1.51). With the 
boundary conditions xb + 0 and K ---f 00 for Kxb = Y b  substituted into equation 
(1.46), we obtain: 

(1.52) 

A graphical display of an ideal relay characteristic described by (1.52) is given in 
Fig. 1.21a. 

By inserting the boundary conditions in (1 .SO), the static characteristic in Fig. 
1.2 1 b is obtained, together with the equation: 

yb . signx for 1x1 > 0 
yN={ undefined for x = 0 (1.53) 
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Figure 1.2 1 : Ideal static characteristics of a two-position relay. 

By analogy, if the boundary conditions are inserted in (1.48) and (1.5 l), the static 
characteristic in Fig. 1.2 1 c ensues and the equation is as follows: 

yb.  signx for 1x1 > 0 
Y N = {  0 forx = 0 (1.54) 

For the analysis of relay systems with feedback loops, it is indispensable to exam- 
ine various conditions of the system behavior for x = 0, for every characteristic 
from Fig. 1.21. 

The characteristics from Fig. 1.21 described by the equation (1.52) are called 
nonlinearity of the signum type. The signum function can be defined analytically 
as: 

yN = yb.  sign x = yb lim x-(2n+') (1.55) 
n+- 

respectively: 

(1.56) 

1.6.3 Nonlinear Elements with Double-Valued Characteristics 

Two-position relay with hysteresis. The discussed single-valued relay static 
characteristic represents an idealized characteristic of real systems. In reality, the 
values of the input signal at the discontinuity in the value of the output signal y~ 
are different, depending on whether the relay switches in one or the other direc- 
tion. For example, with a two-position polarized relay with symmetric control, 
closing of the contacts in one direction comes with an input voltage x, and the 
closing in the reverse direction requires the input voltage -x. The characteristic 
of a two-position relay with double-valued characteristic is shown in Fig. 1.22, 
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Figure 1.22: Static characteristics of a two-position relay with hysteresis. 

and the equivalent mathematical expression is: 

(1.57) 

On the part of the characteristic -xu < x < xu, the output quantity YN has two 
values +yb or -Yb, depending on the previous value of the input quantity x. The 
conditions for a jump of the output quantity from -Yb to +Yb and vice versa are 
determined by x = x,, YN = -Yb, dxldt > 0 and x = -xu, YN =yb, dxldt < 0, 
respectively. 

The properties of such an element as two-position relay with hysteresis exhibit 
the amplifiers with positive feedback (Fig. 1.22b). 

For the part of the static characteristic in Fig. 1 . 2 2 ~  given by the input signal 
-xu < x < x,, -Yb < Y N  < Y b  has a negative slope and is usually unstable. Namely, 
in the above-mentioned interval to any value of x correspond three values of Y N ,  
where the values y~ = dzyb are stable, while the values -yb < y~ < Yb are unstable. 
In such a way, this characteristic is treated as a double-valued nonlinear element. 

Three-position relay with hysteresis. The static characteristic of a three-posi- 
tion relay with hysteresis is shown in Fig. 1.23, and the corresponding equation 
is: 

(1.58) 

In the part of the characteristic from Fig. 1.23a, when 1x6 I < 1x1 < Ix, 1, the output 
signal YN has three possible values, 0 and *yb. An analogous characteristic is 
obtained with positive feedback with amplifiers which have dead zone and satu- 
ration (Fig. 1.23b). The third characteristic in Fig. 1 . 2 3 ~  is a continuous function 
with two (usually unstable) regions of negative slope, inside which a jump of the 
output quantity occurs. This is equivalent to the characteristic in Fig. 1.23a. 
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Figure 1.23: Static characteristics of a three-position relay with hysteresis. 

1.6.4 Nonlinear Elements with Multi-Valued Characteristics 

Backlash (play-type element). This nonlinear element is very often inherent in 
mechanical systems which transmit motion. The static characteristic and mechan- 
ical models of this type of nonlinearity are presented in Fig. 1.24. 

The analysis of the equation YN = y ~ ( x )  on the model of Fig. 1.24a leads 
to the conclusion that a change in the value of the input quantity x (deflection 
of the driving shaft) up to x I: x, doesn’t result in transmission of the motion to 
the driven shaft (there is no change in the output quantity y ~ ) .  For x > x, the 
transmission of the motion takes place along the line AB. When the motion of 
the driving shaft changes direction at any place on the line AB, at the beginning 

J X  

(4 (b) 

Figure 1.24: Nonlinear element of the type backlash. 
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the driven shaft will not move, up to the moment that the driving shaft fulfils the 
rotation on the horizontal part of the characteristic from the line AB to the line 
CD. Thereafter, the transmission of the angular motion takes place along the line 
CD. Such a nonlinearity is called backlash or play-type element (Fig. 1.24a) and 
in the analytical form is given by: 

Coulomb friction. The Coulomb friction (also called dryfriction) is presented 
in Fig. 1.2.5. The static characteristic in Fig. 1.2% shows the force or torque as a 
function of the velocity of the input quantity x. 

The performance of such type of nonlinear element can be reasonably approx- 
imated by ideal relay characteristic (1.2.5a) for the situation when the momentary 
passage of the input quantity x through zero results in a momentary change of the 
sign for force or torque of Coulomb friction. 

In the case when the value of the input quantity .i = 0 is not momentary, the 
motion stops in the Coulomb friction element-the approximation of the static 

Coulomb friction 

Figure 1.25: Static characteristics of Coulomb friction. 
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* 
X 

Figure 1.26: Static characteristics of a nonlinear stop-type element. 

characteristic of this element by the relay characteristic leads to wrong conclu- 
sions in determining the parameters of oscillatory processes. The transmission of 
motion stops at the moment when the change of the input quantity becomes zero, 
and forces or torques which act at the input are smaller than forces or torques of 
the Coulomb friction. 

The consequences of stopping, which comes at the moment when X = 0, can 
be easily determined in two specific cases. 

In the first case the static characteristic of the element of the type Coulomb 
friction can be approximated by the static characteristic of the element of the type 
dead zone (Fig. 1.25b). This is justified when the counterforce and the mass of 
the moving parts of the element are negligible (small inertial forces). The output 
quantity of the element (velocity) is equal to zero in the region -x, 5 x 5 x,. 
When the input quantity 1x1 > lxul, the output quantity YN becomes proportional 
to the difference 1x1 - Ixu I. 

In the second case when inertial forces are negligibly small and a balance 
is established within the element between the equilibrium forceitorque and the 
input forcehorque (mechanical model in Fig. 1.25d), the static characteristic of 
the element Coulomb friction can be approximated by the static characteristic of 
backlash (Fig. 1.25~).  On the mechanical model of the element, the torque of 
the drive shaft (x = M) is at equilibrium with the countertorque of the spring ~ Y N  
( p  is coefficient of proportionality) and the Coulomb friction torque Ax,. This is 
mathematically formulated: 

x = h'f = pyN *xu 

Substitution of k = 1 / p  yields: 

yN = k ( x ' f x a )  (1.60) 

Stop-type element. In many mechanical systems, the motion of the output quan- 
tity is limited in two directions, while at the sime time the motion of the input 
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Figure 1.27: Schematic of ship’s rudder driven by an electromotor. 

quantity is unbounded and can be of constant direction. This is typical for the 
nonlinearity of the stop-type. Fig. 1.26 gives the mechanical model and the static 
characteristics. 

On the mechanical model (Fig. 1.26a) the motion of the drive shaft is trans- 
fered to the driven shaft by means of the friction clutch which disengages at the 
moment when resisting torque becomes larger than the boundary value. The 
driven shaft has stops on both sides. When the driven shaft turns to the stop, a 
large resistance torque arises and the clutch is disengaged from the drive shaft. 
The latter rotates further while the driven shaft is at a standstill. For a change 
of direction of the motion of the input quantity x, the resistance torque rises, the 
clutch is closed and the driven shaft rotates simultaneously with the drive shaft. 

Analytical description of the nonlinearity of the stop-type is (Fig. 1.26b and 
1.26~):  

Nonlinear elements of the stop-type describe processes in pneumatic and hy- 
draulic amplifiers, as well as in electromechanical processes with electromotors 
and actuating mechanisms with contacts in the armature circuit. Fig. 1.27 illus- 
trates this with the schematic of a ship’s rudder driven by the electromotor with 
contacts KD1 and KD2 in the armature circuit. 

When one of the contacts is closed, the velocity of the motor shaft is propor- 
tional to the armature voltage: j~ = Ku. When the motor shaft turns to one of 
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Figure 1.28: Nonlinear characteristics of backlash (a) and stop-type element (b) 
at high gains. 

the stop-elements on the excentricity E ,  the contacts reopen, the motor is discon- 
nected from the power supply, and the velocity of the motor shaft becomes zero. 
When the inertia of the motor is neglected, the relation between u = i and YN is 
equal to the characteristic of the nonlinear element of stop-type. 

With a high gain K + 00, the characteristics of the nonlinear elements of the 
backlash and stop-type become rectangular (Fig. 1.28). 

The comparison of the characteristic for backlash (Fig. 1.28a) and stop-type 
element (Fig. 1.28b) shows that any cyclic change of the input quantity x results in 
the cyclic change of the output quantity y~ with reversed direction of movement 
arround the characteristic. For the characteristic of the type backlash jylydx < 0, 
while for the characteristic of the stop-type jylydx > 0. 

Comparing these two nonlinearities it follows that the characteristic of the 
stop-type can be realized from characteristic of the backlash according to the 
structure from Fig. 1 . 2 8 ~  and vice versa, the characteristic for backlash is ob- 
tained from the characteristic for stop-type (Fig. 1.28d). 

Rectangular characteristics of backlash and stop-type elements (Figures 1.28a 
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Backlash 

Backlash 

Y N  - 
Figure 1.29: Possible realizations of nonlinear characteristics of backlash and 
stop-type element. 

and 1.28b) can be realized with a single-valued dead zone element, or with the 
nonlinear signum element (Fig. 1.29). 

Magnetic hysteresis. Static characteristics of the nonlinearity of the type mag- 
netic hysteresis are presented in Fig. 1.30. Magnetic hysteresis is approximated 
by piecewise straight lines, and is described by the following equation: 

(1.62) 

where pi and p2 are Constants, -yb < C < Y b .  Inside the hysteresis loop, the 
quantity JJN can assume the values p2x - y b  < Y N  < p2x + y b  depending on initial 
conditions. From the static characteristic in Fig. 1.30a for pl + w and p2 i 0 a 
rectangular hysteresis loop is obtained (Fig. 1.30b). The structural block diagram 
of the magnetic hysteresis nonlinear element is shown in Fig. 1 . 3 0 ~ .  

1.7 Atypical (Non-Standard) Nonlinear Elements 

Atypical nonlinear elements are built in control systems in order to realize nec- 
essary nonlinear algorithms. One of most used elements is for the operation of 
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Figure 1.30: Static characteristic of a magnetic hysteresis. 

multiplication, which has the name modulator. Depending on the input quantites, 
the output quantity can be linear or nonlinear (Fig. 1.3 1) (Netushil, 1983). 

If at the input there are two mutually independent quantities x i  and x2 (Fig. 
1.31a), the output quant i tyy~ = ~1x2  characterizes any change of system param- 
eters but does not disturb the system linearity. If the input quantities to the modu- 
lator are mutually dependent (Fig. 1.3 1 b), the system becomes nonlinear, i.e. the 
output quantity of the system with linear component G(s)  is a nonlinear function 

For the realization of extremal control systems, an even-parabolic function 
(1.32a) is realized by the multiplying element as shown in the block diagram (Fig. 
1.32b). 

Combining the multiplying element with typical nonlinear elements, a non- 
linear element is obtained with an odd-parabolic function (Fig. 1.33). The cha- 
racteristic of the nonlinearity YN = x2signx (Fig. 1.33a) can be realized either by 
the structure in Fig. 1.33b or the structure in Fig. 1 . 3 3 ~ .  Various control laws 
in extremal systems and the systems with variable structure are achieved with the 

Y N  = x2G(s) .  

I x 2  

Figure 1.3 1 : Element for multiplication. 
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Figure 1.32: Realization of an even-parabolic function. 

X 

(b) (c) 

Figure 1.33: Realization of an odd-parabolic function. 
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Figure 1.34: Various realizations of special nonlinear elements. 

combination of multiplying and relay elements (Fig. 1.34). Nonlinear element in 
Fig. 1.34b is called y-element, y = = rpo(xlx2) - it is applied in the systems 
with variable structure. With such an element, an element with negative hysteresis 
(Fig. 1 . 3 3 ~ )  similar to the stop-type element can be built. 

1.8 Basic Nonlinearity Classes 
The concept “basic nonlinearity classes” is understood to include single-valued 
nonlinear functions yN = F ( x ) ,  time-varying nonlinear functions yN = F ( t , x )  
and multi-valued nonlinear characteristics which can be combined from elements 
with single-valued nonlinear characteristic and from the linear part of the system: 
Figs.1.22, 1.29, 1.30, 1.33, 1.34, etc. 

In the following text a broad class of nonlinear functions, i.e. nonlinear sys- 
tems which can be represented by the mathematical model-structure as in Fig. 1.2, 
will be treated. Here the nonlinear part of the system can be generalized by a set 
of nonlinear functions with some common properties. This basic classes include 
the nonlinear functions belonging to the sectors [kl k2], [0, k] and [0, -1 (Fig. 1.35) 
(Voronov, 1979; Nelepin, 197 1). 

DEFINITION 1.14 (NONLINEAR FUNCTION OF THE SECTOR [kl 1k2])  
The nonlinear continuous function Y N  = F ( x )  is said to belong to the sector or 
class [kl , k2] if there exist nonnegative constants kl and k2 so that the following 
equations are satisfied: 

(1.63) 

The condition (1.63) is equivalent to the condition: 

(1.64) 
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Figure 1.35: Nonlinear functions of class [kl , k2] (a) and of class [O,k] (b) 

The conditions (1.63) and (1.64) imply two properties. The nonlinear characteris- 
tic touches the origin F ( 0 )  = 0, andxF(x) 2 0, i.e. the curve F ( x )  lies in the first 
and the third quadrants (Fig. 1.35a) between two straight lines with slopes kl and 
k2- both of them crossing the origin. 

DEFINITION 1.15 (NONLINEAR FUNCTION OF THE SECTOR [0, k ] )  
The nonlinear continuous function Y N  = F ( x )  is said to belong to the sector or 
class [0, k] ifthere exists a nonnegative constant 0 < k 5 00 so that the following 
equations are satisfied: 

F ( x )  = o ;  x = o  

The nonlinear characteristic of the sector [0, k] is shown in Fig. 1.35b. 
The condition (1.65) is equivalent to the condition: 

(h - Y N ) Y N  2 0 

For k -7' 00, the conditions (1.65) and (1.66) obtain the form: 

osF("); X # O  
X 

(1.65) 

(1.66) 

(1.67) 
F ( x )  = o ;  x = o  

or: 
x . F ( x )  2 0 (1.68) 
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Characteristics F ( x )  of the sector [kl ,k2] can be deduced to the sector [0, k]  by 
substituting in (1.63): 

Fl ( x )  = F ( x )  - kx (1.69) 

From (1.63) and (1.69) follows: 

o<W; X # O  
X (1.70) 

It is obvious from the above that the nonlinear functions which were analyzed 
in Sections 1.6 and 1.7, are classified in the nonlinearities of sector [O,  k] .  Thus, 
a generalized approach to the analysis and the synthesis of the dynamics of the 
nonlinear systems of this class is made possible. 

1.9 Conclusion 
Properties (dynamical phenomena) of nonlinear systems briefly presented in this 
chapter characterize nonlinear systems. Of course not all properties will be present 
in a particular system. Of all presented properties stability is the most important 
one, because every control system should at least possess the stability of all equi- 
librium states in which it can operate. Some properties at first glance look strange 
and do not seem to possess any useful application. For instance, looking at the 
chaotic property we will agree that this property is not wanted in any tracking 
control system. However, pathological state due to fault(s) or some other reason 
can push the system into chaotic behavior. A control engineer should therefore 
analyze his system in order to see if this is at all possible. Technical systems 
are built in such a way that chaos should not be encountered except in some spe- 
cific situations, like in mixers where chaotic behavior is welcome for the blending 
purpose. 

Typical structure of nonlinear single-input single-output control systems with 
unity feedback as well as typical nonlinear elements encountered quite often in 
nonlinear control systems are also presented. Simplicity of the structure enables 
the use of conventional analysis and design methods. If our nonlinear control 
system doesn’t have the same structure, we have to reduce it, if possible, to rec- 
ommended structure in order to apply analysis methods presented in this book. 

Nonlinear dynamical phenomena impact system behavior. Our goal in control 
engineering is to obtain specified objectives by altering nonlinear phenomena or 
by using them to obtain the goal. It should be mentioned here that traditional linear 
control strategies for nonlinear systems are very often used with good results. 
However, the linear control theory can not be always used, so in those situations 
we are left with our knowledge of nonlinear control systems to obtain the specified 
goal. In the rest of the book we will concentrate on some phenomena which are 
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very common in nonlinear systems such as self-oscillations or oscillatory behavior 
of nonlinear systems. Stability as the basic and most important property will be 
covered in the following chapter. 
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Stability 

Stability is the basic property of any useful system. It is necessary to be cautious 
here, because when we talk about stability we are talking about the property of an 
equilibrium state of a system. This distinction should be obvious after reading this 
chapter. The chapter is fairly extensive and should be digested in small amounts. 
Hopefully, whoever adopts the material offered in this chapter will improve their 
knowledge about stability in general. 

Stability is the most important qualitative property of automatic control sys- 
tems. Unstable systems have no practical significance. The concept of stability is 
so important since every control system must be primarily stable, and only then 
other properties can be studied. The theory of stability was the preoccupation 
of scientists from the beginning of the theory of differential equations. The key 
problem is to obtain information on the system’s behavior (state trajectory) with- 
out solving the differential equation. The theory considers the system’s behavior 
over a long period of time, i.e. as t + M . One of the first scientists to investigate 
the stability of conservative mechanical systems in the “modern” sense was J.L. 
Lagrange - his observation was that the equilibrium state of an unforced system 
is stable if it has a minimum of potential energy. The first discussion about the in- 
stability of a control system according to Fuller (1 976a) was given in Airy (1 840), 
who was a mathematician and astronomer, first at Cambridge University (between 
1826 and 1835) and later at Greenwich Observatory (1835-1881). He proposed 
that the telescope should rotate contrary to Earth’s rotation in order to make pos- 
sible longer observation times of stars. The prerequisite condition for that was to 
have a qualitative control system for the telescope’s angular velocity. At that time 
the centrifugal governor was available for control purposes. Airy observed that 
such a controller can bring the system to an unstable state, with “wild” behavior. 
According to Fuller, Airy was the first to analyze the control system’s dynamics 
by means of a differential equation. A basic step forward was made by Russian 
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mathematician A.M. Lyapunov (1 892)’, who defined the general concepts of sta- 
bility, for both linear and nonlinear systems. Beside Lyapunov, there were others 
who studied stability problems: J.C. Maxwell (1 868), E.J. Routh (1 877), I.A. Wis- 
chnegradskii (1 876), A. Stodola (1 893) and A. Hurwitz (1 895). They studied the 
conditions which the coefficients of the linear differential equation must fulfil so 
that the system is stable. While Maxwell and Wischnegradskii considered that 
such conditions are possible only for systems of third order, Routh in his awarded 
paper (Adam Prize Essay2) generalized this to linear systems of any order. Later 
followed the works of A.M. Lyapunov (1892), A. Hurwitz (1895), H. Nyquist 
(1932), et al. A. Hurwitz, not knowing about Routh’s work, came to the same 
conclusion. An interested reader can consult the books of Tsypkin (195 l), Fuller 
(1975), Kharitonov (1979, 1994), Popov (1973), Isidori (1995), Slotine and Li 
(1991), Vidyasagar (1993), et al., which enable a deeper insight to this interesting 
research area. 

Stability can be treated from the viewpoint of the systems input-output be- 
havior, namely when it is expected that the response is “well-behaved’’ when the 
excitation is “well-behaved”. The other viewpoint is to observe the asymptotic 
behavior of the state of the system in the vicinity of the equilibrium state or os- 
cillatory states. Then stability can be referred to as the stability in the Lyapunov 
sense, as he studied the stability in the vicinity of equilibrium states. “Stability is 
in itself such a clear concept that it speaks for itself’ wrote La Salle and Lefschetz 
(1 96 1). Nevertheless, mathematical analysis of stability requires a quantitative 
characteristic. Although the concept of stability is associated with the system, this 
is not the complete contents of the idea. Stability is a property required for a sys- 
tem in order to function for a long period of time. In dynamics and control theory 
it is correct to speak of the system’s state (equilibrium or motion) and not of the 
system itself. Only if the system possesses a single equilibrium state does the 
concept “stability of the system” have meaning. With several equilibrium states, 
it is appropriate to speak about “stability of equilibrium states”. As linear systems 
have usually3 only one equilibrium state, in the theory of linear systems it is com- 
mon to speak about the stability of the system. Nonlinear systems have possibly 
more equilibrium states, as revealed by the next example of a nonlinear system 
described by the differential equation: 

X(t) - O.Sx(t)l( t)  + ~ ( t )  = 0 

Phase trajectories for different initial conditions are shown in Fig. 2.1. The sep- 
aratrix (phase trajectory which divides phase space into regions with different 

‘Shcherbakov published in 1992 an interesting article on occasion of the centennial of Lyapunov’s 

’It is interesting to note that Maxwell was in the jury for the award. It was a bienndl competition 

3 A  linear system described with x+x = 0 has an infinite number of equilibrium states (singular 

dissertation (Shcherbakov, 1992). 

for the best scientific contribution to the theme “stability of motion”( 1877). 

points), all on the real axis. Linear systems with more than one equilibrium state are the exception. 
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Figure 2.1: Phase trajectories for system (2.1). 

behavior) is in this example a straight line parallel to the x-axis and with equation 
X = 2. For all initial conditions bellow this line, the phase trajectory is a limit cycle 
- above the line the phase trajectory is of the type unstable focus4. Therefore, 
in this example, stable and unstable equilibrium states are present. Obviously the 
stability in this example depends on initial conditions. 

In this chapter a short survey of the theory of stability will be given, and espe- 
cially the part that treats the stability of equilibrium states of nonlinear systems. 
Input-output stability will not be considered, since such a stability concept re- 
quires the reader to be familiar with Lebesque theory. An interested reader should 
consult Sandberg (1964), Zames (1966a, 1966b), Desoer and Vidyasagar (1979, 
Kharitonov (1994), Naylor and Sell (1982), Vidyasagar (1993), et al. 

2.1 Equilibrium States and Concepts of Stability 

The concept of stability can be best understood after the possible equilibrium 
states are defined and explained. As an example, a simple system is taken with a 
free rolling ball on an uneven surface (Fig. 2.2). The ball can be at a standstill 
at the points with zero slope, such as the points A ,  E ,  F ,  G and the interval be- 
tween points B and D, for example the position C. Every point where the ball can 
remain stationary is called an equilibrium point or equilibrium state. An infinites- 
imal change of position, because of a small (local) disturbance at the points A and 
F, will result in the ball not returning to the starting position. The equilibrium 
states A and F are therefore unstable equilibrium states (points) of the system. If 
a small disturbance moves the ball from the position E and G, it can eventually re- 
turn to the starting equilibrium state-these are stable equilibrium states (points) 

4More about singular points of the nonlinear system will be said in Chapter 5. 
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A B C U E  F G  

Figure 2.2: Possible equilibrium states of a sphere on a wavelike surface. 

of the system. A small disturbance of the ball in position C will bring the ball 
somewhere between B and D. Such equilibrium states are called neutrally stable. 
In all these situations the disturbances were small, and stability can be referred 
to as local stability. Another situation arises with large disturbances: the ball at 
position G may not return to the starting position, but to a new equilibrium state. 
The conclusion is that stability depends on the system characteristics, amplitude 
of the disturbance, the nature of the disturbance and the initial conditions of the 
system before the disturbance. It can be envisioned, that the profile is changing 
with time (such as during an earthquake) or that the mass of the ball changes with 
time. For example, the E might change in such a way that it is at one moment a lo- 
cal minimum and at another moment local maximum maintaining the zero slope 
(gradient). The point E will remain the equilibrium point - whether it will be 
stable or not depends on the moment at which the system is observed. A similar 
consideration may be applied when the mass of the ball is changing (dynamics is 
time-varying) and the ball is for instance in equilibrium position G. In this case, 
the small disturbance will bring the ball to a new equilibrium position (if the mass 
is small) or back to the same equilibrium position (if the mass is big). 

All the discussion up to now emphasizes that analyzing the stability is a very 
demanding task, especially when everything is subject to change. It is therefore 
necessary to restrict the observations to certain categories of the system, to which 
mathematical apparatus enables a solution of the problem to be found. The stabil- 
ity of a linear time-invariant system is easiest to deal with and has been researched 
for a long time. Such systems possess some advantages - stability depends nei- 
ther on initial conditions nor on the magnitudes of excitations such as actuating 
signals, disturbances, measurement noise, etc. 

A nonlinear system can be described by a differential equation of the first 
order: 

X(t) = f [ t , x ( t ) , u ( t ) ] ;  vt  2 0,  u ( t )  # 0 (2.2) 

where x(t) is n-dimensional state vector (x ( t )  E %'), u ( t )  is m-dimensional input 
vector (u ( t )  E siM), t is time (t E 9Ix) and f is n-dimensional vector of nonlinear 
functions which are locally Lipschitz (f : %+ x %' x 9IM + 93'). 

The function f associates to every value of t ,  x ( t ) ,  and u( t ) ,  a corresponding 
n-dimensional vector x; f : %+ x 31" x Yirn --f %'. The fact that (2.2) is a group of 
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first-order differential equations is not a restriction, as every differential equation 
of n-th order can be rearranged in n differential equations of first order. They can 
be written in compact form as in (2.2). When the system (2.2) is studied, two 
problems are possible-analysis and synthesis. If in (2.2) input u(t )  is known, the 
study of the behavior of x ( t )  in (2.2) is called analysis. On the other hand, if (2.2) 
as well as the desired behavior of x(t) are known, and input ~ ( t )  is sought, we 
speak of a synthesis problem. Generally, the input can contain reference signals, 
disturbances, measurement noise, etc. 

If the function f(x) is locally Lipschitz5 with respect to the variable x ( t )  at the 
point XO, then the differential equation (2.2) has an unique solution for an initial 
condition x(t0) = XO. 

2.1.1 Stability of a Nonlinear System Based on Stability of the 
Linearized System 

Stability of a nonlinear system can be analyzed through the stability of a linearized 
one, but caution must be taken. The linking of the equilibrium states of a linearized 
system and the original nonlinear system can be seen in an example of an unforced 
system of second order, with equations: 

Linearizing the nonlinear system in the vicinity of the equilibrium state6, and 
considering the behavior of the obtained linear system, it is possible - except in 
specific situations - to analyze the behavior of the nonlinear system in the vicin- 
ity of the equilibrium state. Supposing that the equilibrium state of the nonlinear 
system described by (2.3) is at the origin [xle ~ 2 ~ 1 ~  = [0 O l T ,  and that f i  and f 2  
are continuously differentiable near the origin (equilibrium point), then the Taylor 
expansion near the origin (equilibrium point) gives: 

i l  ( t )  = fi (X1 ,X2) 

=f1(0 ,0 )  +allxl + a l 2 X 2 + r l ( x l , ~ z )  

=f2(010)+a21x1 +a22x2+r2(x1,x2) 

= a21x1 +a22x2+r2(xl1x2) 

where ri (XI ,x2) and r2(x1 ,x2) are higher-order terms of the Taylor series or re- 
mainders. As the equilibrium point at the origin is J(0,O) = 0 for i = 1,2 the 

'See Definition 1.2. 
6For analytical procedure of linearization see Section 3.3 
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linear system (2.5) 

Real and negative 
Real and positive 
Real of omosite sign 

Chapter 2 

[zIe z2,1T oflinear [xle qe] of nonlinear 
system (2.5) system (2.3) 
Stable node Stable node 
Unstable node Unstable node 
Saddle Saddle 

Table 2.1: Types of singular points of a nonlinear and a linearized system. 

Conjugate complex 
with negative real part 
Conjugate complex 
with positive real part 
Imaginary (single) 

1 Eigenvalues (&) of I Equilibrium state I Equilibrium state 

Stable focus Stable focus 

Unstable focus Unstable focus 

Center Undefined 

linearized model follows: 

or: 

where: 

i ( t )  = Az(t)  

z =  [zl z21 T ai, = [g 
a22 a12 1 ; i , j =  1,2. 

x=o 

The analytical procedure of linearization is based on the fact that if the matrix 
A has no eigenvalues with Re{&} = 0, the trajectories of the nonlinear system 
(2.3) in the vicinity of the equilibrium state [xle qeIT = [0 0IT have the same form 
as the trajectories of the linear system (2.5) in vicinity of the equilibrium state 
[zl, zzeIT = [0 O l T .  Table 2.1 shows the types of equilibrium states (points) that 
are determined from the singular points7. 

If the equilibrium state of the linearized mathematical model (2.5) is of the 
type center, then the linearized system oscillates with constant amplitude. The 
behavior of the trajectory of the original nonlinear system (2.3) is determined by 
the remainder of Taylor series ~1 (XI ,x2) and ~ ( x l  ,x2) that were neglected during 
the linearization process. Analysis of the linearized system alone gives in this case 
no final answer about the behavior of the nonlinear system. In order to clarify this 
situation, the following example can be offered. 

'See Chapter 5 .  
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EXAMPLE 2.1 (VAN DER POL OSCILLATOR) 
The Van der Pol oscillator is described with the following nonlinear differential 
equation: 

j - p ( ~  -y2)Jj+y(t) = 0; p = const. > o (2.7) 

After choosing the state variables X I  = y,  x2 = y the state-space model is: 

i] ( t )  = x2 

i 2 ( t )  = -XI +p(1 - X i ) X 2  

Linearization at the equilibrium point [xl, x2,IT = [0 0IT gives: 

i, ( t )  = z2 
i2 ( t )  = -21 + pz2 

and the linearized system matrix is: 

Eigenvalues of the matrix A followfrom the characteristic equation p 2  - p a  + 1 = 
0. lj”p > 0, the eigenvalues have a positive real part, and the equilibrium point of 
the linearized mathematical model [zl, z2,] = [0 01 is of the type unstable focus 
(p # 1 > 0). The original nonlinear system (2.8) will have, according to Table 
2.1, also an equilibrium state at the origin [xle xzeIT = [0 0IT of the type unsta- 
ble focus. Howevel; the phase trajectory of the Van der Pol oscillator drawn in 
Fig. 2.3 demonstrates that the phase trajectory ends in a limit cycle fo r  all initial 
conditions except for  those which are at the origin [0 0IT. For p = 1 a MATLAB 
program for  the simulation of Van der Pol equation with Euler ’s integrator is: 

% Simulation of Van der Pol oscillator 
% (Euler’s integrator) 

axis(’square’, I); 
axis([-4 4 - 4 41); 
plot(0, 0, ’ . ’ ) ;  
hold 

T = 0.05; % Integration Interval 
mi = 1.0; % Constant 

f o r  xi0 = -1.5:1:1.5 
for x20= - 1.5:1:1.5 

xi = x10; 
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Figure 2.3: Phase trajectories of Van der Pol equation. 

x2 = x20; 

% Main loop 
f o r  n = 1:200 

fl = x2 
f2 =-xi + mi*(i - xi*xi); 
xi = xi + T*fl; 
x2 = x2 + T*f2; 

end 
plot(x1, x2, ' . ' I ;  

end 
end 
xlabel ( ' Posit ion ' ) ; 
ylabel('Ve1ocity') 
title ('Simulation of Van der Pol equation 

(Euler method: T=O. 05 with different XI (0) and x2 ( 0 )  '1 ; 

2.2 Lyapunov Stability 
Lyapunov introduced the concept of stability in the vicinity of an equilibrium 
state. It is known that if the unforced system starts from initial conditions which 
are equal to equilibrium states, the state of the system will not change, i.e. the 
system will permanently retain its initial equilibrium state under the assumption 
that no excitation disturbs the system. Therefore if analysis of stability is to be 
made, the system must start in the vicinity of the equilibrium state. This is justi- 
fied by the fact that any system can move from the equilibrium state under external 
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signals (measurement noise, disturbances, etc). The Russian mathematician A.M. 
Lyapunov (1 892)' proved his theorems by which different stability concepts are 
defined. Up to now more than twenty definitions of stability have been estab- 
lished, the most important are local stability9, global stability'O, local asymptotic 
stability, global asymptotic stability, uniform stability and exponential stability. 

The dissertation of A.M. Lyapunov offers two methods for the analysis of sta- 
bility. The first is the linearization method, where the stability of the nonlinear 
system is found by analyzing the stability of a linear model that is obtained by 
linearization of the nonlinear system in the vicinity of the equilibrium state. This 
method is apt to analyze only the local stability of the nonlinear system. The other 
method is known as the direct method and is not limited just to local stability. 
With this method the analysis of stability is made indirectly by analyzing the time 
behavior of a scalar function that is defined for the given system and that must 
have certain properties. As the direct method is more general, it will be elaborated 
in detail in the later text. The first method of linearization was presented in Sec- 
tion 2.1, where in the example of the Van der Pol oscillator (Example 2.1) some 
problems when applying this method are mentioned. However, it must be empha- 
sized that the method of linearization is nowadays used to justify theoretically the 
application of the theory of linear systems to real (nonlinear) processes, when the 
conditions of local deflections from the operating point and of the existence of 
only one equilibrium state are met. 

2.2.1 Definitions of Stability 
In this subsection the most important definitions of stability will be presented, 
accompanied by examples for better understanding. Unforced systems will be 
described by the vector differential equation (1.17). Lyapunov stability theory 
considers the behavior of the solution of differential equation (1.17) given by 
s(t,tO,xo) when the initial state is not an equilibrium state (i.e. when xo # xe),  
but is in the vicinity of the equilibrium state. In such cases, local stability or the 
stability in the small of the equilibrium state is observed. A case can be also con- 
sidered when the initial state is quite far from the equilibrium state, or when the 
so-called stability in the whole is treated. 

DEFINITION 2.1 (STABILITY IN THE LYAPUNOV SENSE) 
Equilibrium state x ,  = 0 is stable in the Lyapunov sense iffor every E > 0 and for  
evely to E %+, there exists apositive number 6 = a(&, to) > 0, so that 

Ilx(to)ll < 6(E,tO) =+ IjS(t,tO,XO)lj < E ;  w 2 to (2.9) 
'English translation of the dissertation was published as late as 1949 and again in 1992, on occasion 

'Local stability is also known as stability in the small. 
"Global stability is often called stability in the large or in the whole. 

of the centennial of this significant work (Fuller, 1992). 
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is valid. 

DEFINITION 2.2 (ASYMPTOTIC STABILITY IN THE LYAPUNOV SENSE) 
Equilibrium state x, = 0 is asymptotically stable in the Lyapunov sense $ 

1. It is stable in the Lyapunov sense and 

2. apositive number 6 = 6(to) > 0,  to E %+ exists, so that 

In other words, the disturbed state of the system has a tendency to return to the 
equilibrium state from which it was disturbed, as t -+ 00. For asymptotic stability 
we can write: 

lim (lx(t)  11 = 0 (2.1 1) 
t+m 

Asymptotic stability is more rigorous than stability in the Lyapunov sense, since 
it requires that the system returns to the equilibrium state from which it was dis- 
turbed at to when observation of the unforced system starts. 

In the definitions of stability, the norm llxll represents any norm in %", as all 
the norms in 3' are topologically equivalent. That means that the stability of the 
equilibrium state doesn't depend on type of the norm that is used in the condition 
of stability. 

Stability in the Lyapunov sense can be interpreted graphically in three-dimen- 
sional space in the way shown in Fig. 2.4. In the vicinity of the equilibrium 
state (origin) one can conceive two spheres, one inside the other. The smaller 
one has radius 6, which depends on the initial time of observations to as well 
as on the radius of the larger sphere E .  Therefore 6 = 6(E,t0) > 0, where the 
necessary condition is 6 = 6 ( ~ , t 0 )  5 E .  It follows that the initial disturbance of 
the equilibrium state which is by norm smaller than 6 = 6 ( ~ , t 0 ) ,  leads to the 
conclusion that the initial state is somewhere inside or on the smaller sphere. The 
equilibrium state of the system (origin) is stable in the Lyapunov sense if the state 
of the system (state trajectory) remains inside the sphere of larger radius E .  This 
means that the state trajectory will remain in the vicinity of the equilibrium state, 
and will not depart from it - it will not increase in norm. In other words, a 
small excitation (disturbance) around the equilibrium state will result in a small 
disturbance of the state trajectory. 

If the system is asymptotically stable in the Lyapunov sense, then a small 
disturbance (excitation) will result in the return of the state of the system to its 
initial equilibrium state from where it was disturbed. 

Therefore, the smaller sphere B6 in Fig. 2.4 may be considered as the region 
of initial conditions or the permissible region for the excitation, while the larger 
sphere B, is the permissible region of new equilibrium states of the system. De- 
pending on 6, we can speak of local stability or stability in the small if 6 is a small 
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Figure 2.4: Spheres of initial conditions (BB)  and of new equilibrium states ( B E ) .  

positive number, while the global stability or stability in the whole is linked with 
a large positive number 6. 

DEFINITION 2.3 (UNIFORM STABILITY) 
Equilibrium state x ,  = 0 is uniformly stable iffor every E > 0 there exists a positive 
number 6 = a(&) so that: 

Ilx(to)ll < 6 ( E ) ,  to 2 0 * 1IS(t,tO,XO)Il < E ;  v t  2 to (2.12) 

If 6 # &(to), we speak of uniform stability. If the system is time-invariant, there 
is no difference between stability and uniform stability, since the change of initial 
time to only translates the solution or the trajectory s(t,tO,xo), respectively, by the 
same amount. Therefore, nothing changes except for its initial time. 

EXAMPLE 2.2 
(STABILITY AND UNIFORM STABILITY FOR A TIME-INVARIANT SYSTEM ARE 
THE SAME) 
I f a  pendulum (Fig. 2.5) is examined, then the motion of the pendulum with mass 
m can be described by: 

G ( t )  + 7 sin@ = o 
where g is Earth 's graviQ, 1 is the length of the pendulum and 0 is the dejection 
angle of pendulum from the equilibrium state. By choosing the state variables 
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Figure 2.5: Pendulum with the length 1 and mass m. 

xi = 0, x2 = 6, the equation transforms to: 

I l ( t )  =x2(t)  
g 
1 

& ( t )  = -- sinxl 

The solution (trajectory) has the form: 

(2.13) 

(2.14) 

The stability of the equilibrium state [O, & I T  = [0 0IT can be examined by the 
direct verijication of conditions from Defnition 2.3. r f ~  > 0 is given, then the 
constant ao > 0 can be chosen so that the trajectory (2.14) lies completely inside 
the sphere B E .  I f 6  > 0 is chosen so that the sphere B6 lies completely within 
the curve (trajectory), then the condition from the definition of uniform stability is 
satisfied: 

llxell < ( Y E ) ,  to L 0 =+ I)s(t,to,xo)ll < E ;  v t  2 to (2.15) 

The equilibrium state is stable in the Lyapunov sense, since the procedure can be 
repeated for  every E > 0. Figure 2.6 shows the state trajectory of the pendulum 
with xl(0) = 3, x2(0) = 0. This example also shows that ifao is constant (time- 
invariant), then the condition from Definition 2.1 will also be satisfied because the 
state trajectory will not be different for  various to. We can conclude that stability 
and uniform stability are the same for  time-invariant systems. MATLAB program 
for  simulation ofpendulum with double Halijak integrator: 

% Simulation of pendulum (Halijak double integrator) 

axis  ([-4 4-4 4 1 ) ;  
T = 0.08; % integration step [sl 
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Figure 2.6: State trajectory of a pendulum. 

g = 9.81; % Earth’s  g rav i ty  [m/s^{2)] 
1 = I; % length of pendulum [m] 

% I n i t i a l  condi t ions 

t h  = 3; % t he t a (0 )  - i n i t i a l  angle 
thdot=O ; % the tadot (0)  - angle r a t e  
p l o t ( t h e t a ,  ( t h e t a  - thdot) /T,  ’ . ’) ; 
hold 

% Main loop 

f o r  n = 1:300 
f=-(g-{*) s i n ( t h e t a ) ) / l ;  
theta=2^{*} t h e t a  -th+T^{*}T^{*)f; 
t h=the t a ; 
t he t  a=the t  a ; 
thdot= ( the ta - th)  /T; 
p l o t  ( t h e t a ,  t hdo t ,  ’ . ’1 ; 

end 

x labe l  (’Angular de f l ec t ion  [rad] ’) ; 
ylabe l  ( ’Change of angle [rad/sl  ’1 ; 
t i t l e  (’Simulation of pendulum 

(Hal i jak in t eg ra to r :  T=0.08) with t h e t a  (0)=3’) ; 
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EXAMPLE 2.3 
(STABILITY AND UNIFORM STABILITY DIFFER FOR A TIME-VARYING SYSTEM) 
The system is given by Massera (1949): 

i ( t )  = (6t sint - 2t)x(t) 

The solution (trajectoiy) is of the form: 

x(t) = x(t0) exp [6 sint - 6t cost - t2 - 6 sinto + 6t0 cost0 +ti] (2.16) 

with a selected to 2 0 we have: 

1 - 1 = exp[6sint - 6tcost - t2 - 6sinto + 6focosto + to21 

If-to > 6, the exponential function on the right side of the equation will have an 
upper limit given by: 

exp[ 12 + T (6 - T)] 

where T = t - to. Since this is a continuous function oft, it is also limited in the 
interval [to, TI. Therefore, ifthe function c(t0) is defined by: 

c(t0) = sup exp [6sint - 6t cost - t2  - 6sinto + 6to cost0 + t i ]  
[ l [ O  

c(t0) will bejinite for everyJixed to. As a result, jor  any E > 0, the condition 
(2.9) is satisjied $6 = E/c(t0) is chosen, which shows that the origin is a stable 
equilibrium point in the Lyapunov sense. 

On the other hand, ifto = 2nn, from (2.16) follows: 

x[(2n+ l )n]  =x(2nn)exp[(4n+ 1 ) ( 6 - ~ ) ~ ]  

and 
c(2nn) 2 exp [ (4n + 1) (6 - n)n] 

c(2nn) is not limited as the function of to. The result is that for a given E > 0 it 
is notpossible to jnd  suck 6 ( ~ ) ,  independent of to, so that (2.12) is valid. That 
means the origin is not a uniformly stable equilibrium point. 

When we speak of instability, then the equilibrium state of the system is unstable 
if Definition 2.1 is not satisfied or the expression (2.9) is not valid. It is wrong 
to consider that the instability is only when Ilx(t)ll -+ 00 as t 4 00 because that 
is not the only possible behavior of the unstable equilibrium state of the system. 
Namely, if the origin is an unstable equilibrium state - with E > 0, 6 > 0 cannot 
be determined so that 6 5 E and (2.9) is valid. The trajectory which leaves the 
smaller sphere Bg, where x(t0) = xo # x, in the vicinity of the equilibrium state, 
will leave the larger sphere BE if the equilibrium state is unstable. It can happen 
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t 

Figure 2.7: Behavior of stable and unstable state trajectory with time. 

that the trajectories from B6 are expanding, but it is not a rule with unstable equi- 
librium states, as is the case with the Van der Pol equation (Example 2.1) when 
p 1. In Example 2.1 x, = [0 0IT. Trajectories which start with .(to) = xo # x,, 
regardless of how near they are to the equilibrium state, will finish in a limit cycle 
(self-oscillations), as can be seen in Fig. 2.3 for Van der Pol equation. If Defini- 
tion 2.1 is proved, we can see that for sufficiently small E > 0 can be ascertained 
that the larger sphere is completely within the limit cycle. Therefore all the trajec- 
tories which start from xo # x, inside the sphere BE will leave this sphere, and it 
will be impossible to find such 6 > O which will satisfy (2.9). This means that the 
equilibrium state (origin) is unstable. It can be noticed that all the trajectories of 
the system are bounded and none is expanding, i.e. Ilx(f) 1 1  -+ 00 when t 4 00 is not 
valid. Essentially, stability in the Lyapunov sense implies that all state trajectories 
can remain close to the origin (equilibrium state), if their motion starts sufficiently 
near the origin. That guarantees only that the trajectory will finish at the equilib- 
rium state. If the system is subject to disturbance, it is normal to expect that the 
system returns to the original equilibrium state, and not to remain in a new equi- 
librium state. Such stability is called asymptotic stability in the Lyapunov sense. 
Fig. 2.7 gives the possible state trajectories with their behavior. The difference 
between stable and unstable equilibrium states is clearly demonstrated. 

DEFINITION 2.4 (EXPONENTIAL STABILITY) 
Equilibrium state x, = 0 is exponentially stable if there exist positive constants 6, 
a and p so that the following expression holds: 

I ls( fo, to+t,x~) l l  I a llxollexp(-P t>; W , b  2 0, YXO E Ba (2.17) 

Exponential stability is more strict then uniform asymptotic stability. If the sphere 
B6 has a small radius 6, then local exponential stability is meant. Otherwise 
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when 6 + 00, global exponential stability is obtained. Exponential stability always 
implies uniform asymptotic stability. 

EXAMPLE 2.4 (LINEAR TIME-VARYING FIRST ORDER SYSTEM) 
A linearjrst order system is considered, given with: 

i ( t )  = -a( t )x( t )  

The zero-input response is given by: 

The system will be stable i f a ( t )  > 0, Vt 3 to. The system will be asymptotically 
stable i f J r a ( z ) d z  = i--. The system will be exponentially stable i f  there exists 
some positive number T such that Vt 2 0, the expression J;t+T a( z ) d z  2 y is valid, 
where y is a positive constant. 

For a ( t )  = 1/( 1 + t ) 2  the system is stable, but not asymptotically stable. 

For a ( t )  = I / (  1 + t )  the system is asymptotically stable. 

For a(q=t the system is exponentially stable. 

In order for an equilibrium state to be globally uniformly asymptotically stable or 
globally exponentially stable, it is necessary that this is the only possible equilib- 
rium state, so that no other equilibrium states exist. This condition is the chief 
argument while with the linear systems we speak only of the global asymptotic 
stability when we discuss either stability of the equilibrium state or we say that 
the linear system is stable. With nonlinear systems with possibly several equi- 
librium states, it makes no sense to speak of the system stability. Only with one 
equilibrium state does the concept of system stability have meaning. 

2.2.2 Lyapunov Direct Method 
At the end of the 19th century A.M. Lyapunov (1892) developed a method for sta- 
bility analysis, which is known as the direct method or Lyapunov second method. 
The concept of energy, which is much used in engineering practice, can be used for 
stability analysis. In the I 8thcentury J.L. Lagrange demonstrated how the quantita- 
tive behavior of a conservative mechanical system about the equilibrium state can 
be analyzed by means of potential energy. According to Lagrange, if a function of 
potential energy of a conservative mechanical system is at a local minimum, the 
equilibrium state is stable - if it is at a local maximum, the equilibrium state is 
unstable. Lyapunov's greatness is that he has generalized such reasoning by intro- 
ducing a function, with certain properties which are similar to those of a function 



Stability 65 

of energy of the equilibrium state. This function is known as the Lyapunov func- 
tion in his honor. Moreover, the Lyapunov function may not be a function of the 
energy (e.g. of a mechanical system) but it can represent a generalized function 
of energy of a mechanical system and as such is applicable to the stability analy- 
sis of the equilibrium states for any differential equation or systems which can be 
described by differential equation. 

If an unforced system is considered, its dynamics can be described by equation 
(1.17). If the system possesses more equilibrium states, one of which is the equi- 
librium state at the origin (x ,  = 0) ,  and if it is possible to define the total energy 
of the system by a function depending on the state variables, which is everywhere 
positive except at the origin, then the behavior of the system can be analyzed in- 
directly by following this function in time. If the analyzed system which is at the 
equilibrium state x, = 0 is disturbed at the moment t = to to a new initial state 
which is not at the origin (x(t0) # x,  = 0), the energy of the system should be at 
any moment t positive. For t > to, the state of the system can behave in several 
ways. If the dynamics are such that the energy does not increase with time, then 
the energy level of the system will not increase above the initial positive value at 
the moment to. Depending on the nature of the function of energy, this is enough 
to conclude that the equilibrium state x, = 0 is stable. However, if the energy of 
the system is monotonically decreasing with the time, even coming to zero, the 
right conclusion is that the equilibrium state x, = 0 is asymptotically stable. The 
third possibility is that after the disturbance the energy increases above the initial 
value, which means that the equilibrium state x,  = 0 is unstable. Such consid- 
erations led Lyapunov to a function which has the characteristics of a function 
of energy, but is more general than the later one. By checking the properties of 
this function (Lyapunov function) we can draw conclusions about the stability of 
the equilibrium state. This can be illustrated in two examples of second-order 
systems, a linear electrical system and a nonlinear mechanical system. 

EXAMPLE 2.5 (UNEXCITED LC OSCILLATOR) 
The electrical circuit of an unexcited LC oscillator is shown in Fig. 2.8. The 
voltage v ( t )  at the contacts of the capacitor and the current i ( t )  through the coil 
are possible state variables. The mathematical model of this circuit is: 

1 
L 

i1 ( t )  = --x2(t) 

where x = [XI x2IT = [ i ( t )  ~ ( t ) ] ~ .  The total energy (the sum of electrical and 
magnetic) at any moment is given by: 



66 Chapter 2 

I 
T 

Figure 2.8: Unexcited LC oscillator, 

Figure 2.9: Mechanical oscillator. 

EXAMPLE 2.6 (MECHANICAL OSCILLATOR) 
The mechanical oscillator consists of the mass and the spring (Fig. 2.9). In this 
example the possible state variables are position of the mass y ( t )  measured from 
the end of the relaxed spring and the velocity of the mass dyldt.  Coulomb friction 
force between the mass and the base is denoted by b( t ) .  The mathematical model 
is: 

I1 ( t )  = x2(t)  

i * ( t )  = - h l  ( t )  + b( t )  
m 

where x = [ X I  x2IT = b ( t )  dy(t)/dt] ' .  The total enerm (the sum of kinetic and 
potential) of this system at any moment is: 

1 1 
V ( t , x )  = ? M ( t ) j ( t )  + Zk(t)y2(t)  

From both examples can be concluded that the total energy is a quadratic function 
of the state variables, which in the case of a time-invariant and unforced system 
has the form: 

V ( x )  = x T Px (2.19) 
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where P is a symmetric and positive definite matrix. P = 0.5 [ 
LC oscillator, and P = 0.5 

] for the 

for the mechanical oscillator. [ o  m l  
The total energy is positive, i.e. V(x) > 0,b'x # 0; also V ( x )  = 0 if and only if 

x = 0. If the energy decreases with time, the energy gradient is always negative: 

(2.20) 

except for x = 0. The conclusion is that V(x) will continually decrease and eventu- 
ally approach zero. Thanks to the nature of the energy function, V(x) = 0 implies 
that x = 0. Therefore, if dV(x)/dt < 0; b't, except for x = 0, it can be said that 
x(t) -+ 0 for a sufficiently large t .  The equilibrium state is asymptotically stable 
in the Lyapunov sense. The same is true if the gradient of the function V(x) is 
never positive, i.e. p(x) 5 0 - it means that the energy will never increase. This 
may not signify that the energy will be consumed, i.e. to reach zero. In other 
words, the energy V(x) and the state x remain in a certain sense limited, and the 
equilibrium state is stable in the Lyapunov sense. 

The total energy for both oscillators is: 

V(X) = X'PX = O.S(pllx; + p 2 2 ~ : )  (2.21) 

In case the coefficients p1 I and p22 are constants independent of time (the systems 
are time-invariant), the gradient is: 

(2.22) 

The knowledge of the mathematical model or of equations X I  = f i  ( X I )  and n2 = 
f2(x2), respectively, enables V(x) and p(x) to be expressed as functions of the 
state variables. 

Therefore, if we use this method, the knowledge of the solution of the differ- 
ential equation is not necessary to conclude about stability. Therefore, it is termed 
the Lyapunov direct method. 

The energy gradient for the LC oscillator (Example 2.5) will be: 

(2.23) -x2 x1 
P(x) = Lx1(-) L + Cx2( -) C = 0, b't 

The LC oscillator is therefore stable in the Lyapunov sense, but is not asymp- 
totically stable. If a resistor is included in the circuit, the system will become 
dissipative as the energy will be spent in the resistor, p(x) will be always negative 
except for x = 0, and the system will be asymptotically stable in the Lyapunov 
sense. 
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With the mechanical oscillator, the energy gradient is: 

k(x) = k~iii + mx2i2 = k~Ix2 - /wcIx2 +x2b = x2b (2.24) 

It is obvious that the sign of k(x) depends on the signs of the friction force b( t )  
and of the velocity of the mass x2 = $(t) .  k(x) is not positive if the friction force 
is always opposite to the motion of the mass - the equilibrium state is stable in 
the Lyapunov sense. Moreover, it is asymptotically stable in the Lyapunov sense, 
as can be shown in the example. However, if b ( t )  and xz ( t )  have the same sign, 
then the gradient k(x) is positive, k(x) > 0. This means that V(x) can increase. 
In a specific case, since the spring is moving the mass left and right, the stability 
problem cannot be judged without additional analysis. 

Stability of Time-Invariant Systems 

A.M. Lyapunov introduced the scalar fimction V(x) which can be conceived as 
a generalized energy function. The fact is that the energy function is often used 
as a possible Lyapunov function. On the other hand, if the system is described 
by a mathematical model, it may not be always clear what “energy” means. The 
conditions which the function V(x) must fulfil in order to be a Lyapunov function 
are based on mathematical and not physical considerations. 

DEFINITION 2.5 

A scalar continuous function V(x) which has continuous partial derivatives is 
positive dejnite in a region Cl around the origin of state space if 

(POSITIVE DEFINITE AND POSITIVE SEMIDEFINITE FUNCTION) 

1. V ( 0 )  = o  
2. V(x) > 0, vx # 0, x E Cl 

The function is positive semidejnite if condition 2 weakens, and instead of 2: 

3. V(x) 2 0, vx E Q, 

Definitions for negative definite and negative semidefinite functions are the same 
as above, only in 2 greater than zero is replaced by smaller than zero, and in 3 2 0 
is replaced by 5 0. 

The Lyapunov theorems are given without proof, which can be found in Vi- 
dyasagar (1 993). 

THEOREM 2.1 

If it is possible to find a continuous scalar function V(x) which has continuous 
j r s t  derivatives and which satisjes: 

(GLOBAL STABILITY IN LYAPUNOV SENSE-LYAPUNOV DIRECT METHOD) 
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1. V(x) > 0, vx # 0 

2. k(x) 5 0 

3. V(x) + 00 as llxll 4 00 

V(x) is positive definite 

V(x) is negative semidefinite 

V(x) is radially unbounded 

then the equilibrium state x, which satisjes f(xe,O) = 0 is globally stable in the 
Lyapunov sense. 

Conditions 1 and 2 imply that the equilibrium state is stable in the Lyapunov 
sense-these are the conditions of local stability in the vicinity of the origin. In 
order that the equilibrium state be globally stable, condition 3 is also necessary. 

THEOREM 2.2 
(ASYMPTOTIC STABILITY IN LYAPUNOV SENSE-LYAPUNOV DIRECT METHOD) 
If it is possible to jind a continuous scalar function V(x) which has continuous 
first derivatives and which satisjies: 

1. V(x) > 0, vx # 0 

2. V(x) < 0 

3. V(x) --+ w a s  llxll --f M 

V (x) is positive definite 

V(x) is negative dejnite 

V(x) is radially unbounded 

then the equilibrium state xe which satisjies f(x,, 0) = 0 is globally asymptotically 
stable in the Lyapunov sense. 

A scalar function which satisfies conditions 1, 2 and/or 3 is called a Lyapunov 
function. For the stable equilibrium state at the origin of coordinates, and for 
two-dimensional systems, one possible form of Lyapunov function is given in 
Fig. 2.10. The graph shows a globally asymptotic equilibrium state, since for 
every initial condition the trajectory is converging to the origin (equilibrium state). 
The graphical display which explains different kinds of stability, defined by the 
Theorems 2.1 and 2.2, and their differences are shown in Fig. 2.11. Here are 
presented the curves (isohypses) V(x1 ,xz) = Ci where Ci are positive constants. 
Such a display for V(x) = Ci, for Ci > 0 in the plane with the state variables as 
coordinates, is called Lyapunovplane (n  = 2) or space (n > 2). 

The curves (isohypses) in the Lyapunov plane never intersect since the Lya- 
punov function is unique. The curves are continuous because the Lyapunov func- 
tion is continuous as well as all its first partial derivatives. In the example in Fig. 
2.11 it is seen that condition 3 is not satisfied. Namely, it is possible that llxll --j 00, 

while V(x) remains bounded, as is the case with the curve V(x) = C4 in the figure. 
It may happen that V(x) continually decreases - the state trajectory which starts, 
e.g. from initial condition xN(t0) on c6, over C, approaches C4, while llxll ---t 00 

the condition of global stability 3 must be valid if such behavior of the trajectory 
is to be excluded. If the trajectory starts from the initial condition xs(t0) on C3 
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i 

Figure 2.10: Possible form of Lyapunov function for a second-order system. 

Figure 2.1 1 : Example of a possible Lyapunov plane for a second-order system. 
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and ends at [XI xz]' = [C2 O]', then the equilibrium state x, = 0 is locally stable in 
the Lyapunov sense because of V ( x )  5 0. In this example local stability allowed 
only those initial states in the vicinity of the origin which are inside the region 
bounded by the curve C,. As can be seen, in this case the new equilibrium state 
is bounded, but the trajectory may not end at the origin. On the other hand, the 
trajectory which starts from x ~ ( t 0 )  on C2 and ends at the origin suggests that the 
origin is the equilibrium state, which is locally asymptotically stable in the Lya- 
punov sense since a strict condition 2 of the Theorem 2.2, i.e. V ( x )  < 0, V x  # 0, 
must be respected. 

If we only know that V ( x )  5 0, it cannot be concluded with confidence that 
the trajectory will approach to the origin - nevertheless, we can conclude that the 
origin is stable in the Lyapunov sense, as the trajectory remains inside the sphere 
BE (the vicinity of origin) and the initial conditions x(t0) were in Lyapunov space 
which includes the vicinity of origin. When p ( x )  5 0, the asymptotic stability 
of the origin is presumed only if we can prove that no solution (trajectory) can 
forever remain in the set { V ( x )  = O}, except for the trivial case x ( t )  = 0. Under 
this condition V ( x )  must decrease towards zero -therefore x ( t )  --+ 0 when t + 

m. Such extension of the basic stability Theorem 2.1 is called the principle of 
invariance. 

THEOREM 2.3 (LA SALLE PRINCIPLE OF INVARIANCE) 
Ifthere exists a positive definite scalar continuous function V : %+ x Sn + %+, 
whose gradient is also a continuous but negative semidejnite scalar function, and 
supposing the origin is the only equilibrium state of the system f ( t ,  0) = 0, Vt, and 
zf supposing that the 

n = { x  E n"; P ( x )  = o} (2.25) 

does not include the trivial solution (trajectory) of the system, then the origin is 
globally asymptotically stable. 

The problem with the Lyapunov direct method is that there is not just one Lya- 
punov function. It is possible to find several Lyapunov functions - the conse- 
quence is that if a Lyapunov function was not found, that doesn't mean that it is 
nonexistent, or that the equilibrium state under investigation is unstable. In order 
to make a clear difference between the chosen function V ( x )  which is a possible 
choice for the Lyapunov function and Lyapunov function itself which satisfies the 
conditions 1, 2 and/or 3, every function which is a candidate for Lyapunov func- 
tion will be called a possible Lyapunov function or Lyapunov function candidate. 

Only when the possible Lyapunov function satisfies conditions 1, 2 andlor 3 
it becomes a Lyapunov function. Lyapunov theorems give no indication how to 
find a Lyapunov function. As there are several Lyapunov functions for a specific 
system, obviously some will be better than others. It can happen that for a partic- 
ular system, Lyapunov function V1 (x) which indicates local asymptotic stability 
in the Lyapunov sense is found for initial states in the vicinity of the equilibrium 
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state (origin), some other Lyapunov function V2 (x) may indicate local stability 
in the Lyapunov sense and a third Lyapunov function indicates global asymptotic 
stability in the Lyapunov sense. 

We can say that if the equilibrium state is stable, there surely exists a Lyapunov 
function, and the question is if we can find it. 

There doesn’t exist a universally accepted method to seek a Lyapunov func- 
tion. The form of a possible Lyapunov function is usually assumed, either by a 
mere presumption or by knowing the physical system or by analyzing the system. 
After an assumed form of V(x), the gradient of the function is tested by means of 
a mathematical model of the system x ( t )  = f(x). 

EXAMPLE 2.7 (PENDULUM FROM EXAMPLE 2.2 ) 
For a pendulum described by the equation (2.13), a possible Lyapunov function 
can be sought in the form of a function of a total system’s energy (sum of the 
potential and the kinetic one), which can be expressed as: 

V ( X l  , x2 )  = g - (1 - COSXl) + -x2 1 2  
1 2 

where thejrst  term represents potential, and the second kinetic energy. The cho- 
sen scalar junction V(xl , x2 )  is continuous with continuous j r s t  partial deriva- 
tives, and is positive dejnite. Therefore, it is a possible Lyapunov function. The 
gradient of V(x) is: 

g g .  g .  P(xl,x2) = -sinxl .XI + x 2 . ~ 2  = -sinxl(x2)+x2(--sinx1) = O  
1 1 1 

The gradient of the possible Lyapunov function is a negative semidejnite function. 
It can be concluded that V(xl ,x2)  is a Lyapunov function as it satisjes the neces- 
sary conditions. Equilibrium state x, = 0 is locally stable as the conditions 1 and 
2 of the Theorem 2. I are satisjed, while the condition 3 is not. 

It is also possible to anticipate in the first place the form of the gradient of a 
possible Lyapunov function, either p ( x )  or V,V(x). The form of V(x) can be 
obtained by integration. Thereafter, the conditions for a Lyapunov function are 
tested. 

For linear systems it is easier to determine a Lyapunov function, since it must 
belong to the class of quadratic functions V(x) = x‘Px. For nonlinear systems 
various methods to find Lyapunov function are developed. All of them assume a 
certain form of the mathematical model. Here are mentioned the methods of A.I. 
Lur’e (1957), N.N. Krasovskii (1963), D.G. Schultz and J.E. Gibson (1962), V.I. 
Zubov (1961), V.M. Popov (1973), etc. 

Forming of Possible Lyapunov Functions 

To find a Lyapunov function is quite a demanding task, especially with nonlinear 
systems. Here are given some procedures which make it easier. Once again it 
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must be emphasized that no general procedure exists to find a simple Lyapunov 
function for a nonlinear system. 

1. Method - Linear System 

For a linear unforced system described by x ( t )  = Ax(t), x E 5Rn a possible Lya- 
punov function can be sought in the form V(x) = xTPx, where P is a positive 
definite symmetric matrix. As a positive definite scalar continuous function is in 
question, which has continuous first partial derivatives, it is necessary to see the 
condition for this system in order to be stable in the Lyapunov sense. The gradient 
of a possible Lyapunov function is: 

V(X) = XTPx + xTPX = xTATPx + xTPAx = xT(ATP +PA). (2.26) 

If it must be a negative definite function, then it can be said that: 

P(x) = X ~ ( A ~ P + P A ) X  = - X ~ Q X  < 0 (2.27) 

V(x) < 0 if and only if Q is a positive definite symmetric matrix. Then a possible 
Lyapunov function becomes a true one. Therefore for a linear unforced system 
the equilibrium state (origin) x, = 0 will be globally asymptotically stable in the 
Lyapunov sense if: 

A ~ P + P A =  -Q (2.28) 

where P and Q are positive definite symmetric matrices. Equation (2.28) is known 
as the Lyapunov equation. 

The stability analysis of the linear system by the Lyapunov direct method un- 
folds in the following manner: first a symmetric matrix Q is chosen, which must 
be positive definite. Usually is Q an identity matrix. Secondly, from (2.28) a 
symmetric matrix P is calculated. If it is positive definite, the system is globally 
asymptotically stable in the Lyapunov sense. 

DEFINITION 2.6 (POSITIVE DEFINITE MATRIX) 
Necessary and sujicient conditions for  a real (P) and symmetric (P = PT) matrix 
to be positive deJinite are: 

1. XTPX > 0, vx # 0, 

2. All eigenvalues of the matrix P satisfy &(P) > 0, 

3. All upper left minors (submatrices) Pk have positive determinants, 

4. A matrix W exists, such that P = WTW is valid. 

A positive dejnite matrix is both symmetric and strictly positive. 
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DEFINITION 2.7 (POSITIVE SEMIDEFINITE MATRIX) 
A real symmetric matrix is positive semidejinite if the scalar (quadratic form) 
satisjies a = X ~ P X  2 0, Y X  E nn. 
DEFINITION 2.8 (STRICTLY POSITIVE MATRIX) 
An asymmetric real matrix A # AT is strictly positive if 4 ( A  + AT)  is a positive 
dejinite matrix. The matrix A can be expressed in the following way: 

(2.29) 
1 1 
2 2 

A =  - ( A + A ~ ) + - ( A - A ~ )  

where theJirst addend ( 0 . 5 A f  0.5A)T is a symmetric matrix, and the second one 
(0.5A - 0.5A)T is skew symmetric matrix (AT = -A, or aij = -a,i, Yi ,  j with 
all the elements on the main diagonal equal to zero). Quadratic form x T A x  = 
0 . 5 x T ( A f  A T ) x  must be apositive scalar, for  all x # 0, in order that the matrix 
A should be strictly positive. 

The importance of a symmetric strictly positive matrix can be illustrated on the 
example of the stability analysis of a linear time-varying system. 

EXAMPLE 2.8 (STABILITY OF TIME-VARYING SYSTEM) 
Examined is a linear time-varying system: 

k ( t )  = A ( t ) x ( t )  (2.30) 

given by: 
1 1  ( t )  ( t )  [ & ( t )  ] = [ i1 "I ] [ X2(t) ] 

It is well known that the linear time-invariant systems are asymptotically stable 
i f the system matrix A has eigenvalues in the open left halfplane ofthe complex 
plane, or Re{ Ai} < 0. Such properties of the linear time-invariant system lead to 
the conclusion that the linear time-varying system will be stable when for  every 
t 2 0 the eigenvalues of the matrix A ( t )  have negative real values. This suggests 
that the stability analysis of the linear time-varying systems is very simple. Alas, 
this is not true as this example demonstrates. Namely, for  all t 2 0 the eigenvalues 
of the matrix A ( t )  are the same, i.e. A1.2 = -1. However, when the differential 
equations of the system are solved for the state xZ(t): 

i * ( t )  = -x2(t) - - + x * ( t )  =x:!(O)e-' (2.3 1) 

and for  the state XI ( t ) :  

By substitution of (2.31) in (2.32) follows: 

11 ( t )  + X I  ( t )  = e2tx2(t) 

X I  ( t )  +XI ( t )  = xz(0)e' 

(2.32) 
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which gives unstable behavior ofxl ( t ) .  The function X I  ( t )  can be conceived as the 
output of afirst-orderfilter whose input is unbounded, i.e. equal to x*(O)e'. The 
example shows that the logic that was valid for  the time-invariant systems cannot 
be applied to the time-varying ones. 

A linear time-varying system given by (2.30) will be asymptotically stable if the 
eigenvalues of the symmetric matrix A ( t )  +AT ( t )  which are all real remain strictly 
in the left half of the complex plane. There exist such Aj > 0, 'v'i,'v't 2 0,  so that: 

This can be demonstrated by means of the Lyapunov function in the quadratic 
form V ( x )  = xTx, because: 

P(X) = XTi+ iTX = xT [A@) + ~ ~ ( t ) ]  x 5 -aXTX = - aqx)  
and then: 

Vt 2 0, o 5 xTx = v(t) 5 V(O)e-'l 

As x decays exponentially to zero the system is asymptotically stable. 

EXAMPLE 2.9 
(STABILITY OF A LINEAR SYSTEM BY THE LYAPUNOV DIRECT METHOD) 
Investigated is a linear system given by: 

11 ( t )  = -XI ( t )  - 2X2(t) 
& ( t )  =X,(t)-4X2(t)  

The equilibrium state of the system at the origin is X, = 0. I fQ = I is chosen, the 
Lyapunov equation will be: 

Under assumption ' I  of p12 = p22 follows: 

A ~ P + P A  = -I 

Therefore the matrix P is: 

23 -1 

PI2 p22 60 60 

Positive defmiteness of the matrix P can be examined in several ways (see DeJini- 
tion 2.6). I f the left subdeterminants of the matrix (Sylvester method - see 3 in 

"P matrix is symmetric. 
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Figure 2.12: Display of Lyapunov function V(x) for Example 2.9. 

Dejinition 2.6) are examined, which is not a recommendedprocedure'2, the result 
is that det(P1) = p n  = 23/60 > 0 and also det(P2) = det(P) = 302160 > 0. It can 
be concluded that P is apositive dejnite matrix, or the equilibrium state xe = 0 is 
asymptotically stable in the Lyapunov sense. The Lyapunov function is: 

while the gradient i/(x) is: 

A graphical display of V(x) is given in Fig. 2.12. 

(2.33) 

I2For numerical reasons, due to calculation of subdeterminants 
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2. Method - Krasovskii procedure (Krasovskii, 1963) 

In an attempt to generalize the procedure for a linear system, Krasovskii examines 
an unforced, time-varying nonlinear system described by: 

X(t) = f(x), x E 9In 

where the function f is differentiable and for which f(0) = 0. The Jacobian matrix 
of the system is: 

where Vj i  = [ . . .%] is a row vector. Assuming that f(0) = 0 (the origin may 
not be the only equilibrium state), and if the Jacobian is symmetrically arranged, 
i.e. i ( x )  = J*(x) + J(x), then the origin will be asymptotically stable in the Lya- 
punov sense if J(x) is negative definite matrix for every x. The Lyapunov function 
is: 

V ( x )  = fT(x)Pf(x) (2.34) 

where P is a symmetric positive definite matrix. Now: 

P(x) = - d V ( x )  = fT(x)Pf(x) + fT(x)Pf(x) (2.35) 
dt 

where: 

It follows: 

. af(x) ax 
f(x) = -- - - J(x)f(x) ax a t  

(2.36) 

(2.37) 
t ( X )  = - '(') - - f' (x) JT (x) Pf (x) + fT (x) PJ( x )  f (x) 

= f'(x)(J*P+PJ)f(x) 
dt 

Let it be Q = JTP + PJ. As P is a symmetric positive definite matrix, it follows 
that Q must be a negative definite one in order that the equilibrium state be asymp- 
totically stable in the Lyapunov sense. Moreover, if V(x) = f'(x)Pf(x) -+ 00 when 
llxll -+ 00, then the origin is globally asymptotically stable. 



78 Chapter 2 

3. Method - method of varying gradient (Schultz and Gibson, 1962) 

This procedure is based on the assumption that the gradient of a possible Lyapunov 
function has a strictly determined form given by (2.43). There appear the functions 
denoted by aij (i, j = 1,2, ..., n), which must be chosen in such a way that the 
negative definiteness or semidefiniteness of the scalar function P(x) is ensured - 
thereafter a possible Lyapunov function can be determined by integration. 

Consider an unforced time-invariant nonlinear system given with x ( t )  = f(x), 
x E %", for which f(0) = 0, and assume that V(x) is a possible Lyapunov function 
for this system. If x(t) : Ti+ + 3" is any differentiable function with x(0) = 0, 
then for any possible Lyapunov function: 

= k(x) = (V,V)TX = (V,V)Tf(X) (2.38) 
dt 

The posible Lyapunov functions could be obtained by integration, respectively: 

t x(t) 
d x  

V [x(t)] = / (VxV)Tzd.r = / (VxV)Tdx (2.39) 
0 0 

where ...) dx denotes a linear integral along the line L : t + x(t). The line 
integral is independent of the path of integration in 3" between 0 and x(t) if the 
symmetry condition is valid: 

avv, avv, 
axj  axi - ( f o r i , j =  1,2 ,..., n )  (2.40) 

where the i-th component V,V is denoted by VK.  The condition (2.40) can be 
also expressed by the symmetry condition of other partial derivatives of a possible 
Lyapunov function: 

( f o r i , j =  1,2 , . . . ,  n )  (2.41) 
V,(V,V)T = [-] a2 v = [-I a2 V 

axiaxj axjaxi 
The symmetry conditions enable us to uniquely define a possible Lyapunov func- 
tion as a sum of n scalar integrals: 

V(X) = (VxV)TdX, x E 91n L 
V(x) = (VV)  1 (x i ,  0,. . . , O)dx', 

0 

(2.42) 
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for any path which links 0 and x ( t ) ,  where (VV) i  = aV/axi .  
It is expected that V ( x )  has a quadratic form, and V,V(x )  can be written as: 

1 anlxl+ ~ 2 x 2  +. . . + annxn 1 
where ai, may not be constants, but the hnctions of the components of the state 
vector x ( t ) .  

If the freedom of choice of the function V ( x )  is to be increased, it must 
be allowed that di, of the coefficients depends on x1 ,x2,. . . ,xn-l. As V ( x )  = 
(V,V)Tx = (V ,V)T f (x ) ,  V ( x )  can be expressed through ai; and f ( x ) .  The pro- 
cedure to find a possible Lyapunov function consists of the following: first to 
assume V,V as in (2.43), where some of the elements ai; are chosen in such a 
way that the gradient of V ( x )  is negative definite or semidefinite scalar function, 
while the remaining ai, are chosen so that the expression (2.40) is satisfied. Fi- 
nally, the function V ( x )  can be evaluated from (2.42), and its positive definiteness 
determined. 

It is possible to equate the elements ai; to zero. Generally a,, is assumed a 
constant number, the most often a,, = 1 or a,, = 2, in order that V ( x )  will be a 
quadratic scalar function in regard to x,. 

EXAMPLE 2.10 

The system is given by the block diagram in Fig. 2.13, where the nonlinear element 
has a cubic characteristic y ,  = F ( x )  = x3. Theprocess is described by the transfer 
function GL(s)  = - and a possible mathematical model in the state variables 
x1 ( t )  = y ( t ) ;  x z ( t )  = dy( t ) /d t  is: 

(LYAPUNOV FUNCTION BY METHOD OF VARYING PARAMETER) 

I I  ( t )  = x2(t) 

i 2 ( t )  = -x?(t)  -x2(t)  

Gradient V ( x )  is assumed to have the form given by (2.43), or: 

a1 1x1 + a12x2 
a21x1+ 2x2 

V,V(X) = 

(2.44) 

(2.45) 

In order to assure the quadratic form of a possible Lyapunov function with regard 
to the state variable x2. the value a22 = 2 is taken. The condition of symmetry 
(2.40) requires that: 

a w l  - avv2 
ax:! a x ,  
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Figure 2.13: Block diagram of a nonlinear system. 

Using the assumedform of the gradient (2.45) as well as the equation of the sys- 
tem’s dynamics (2.44), it follows that: 

x2 [ -x;-x2 1 k(x) = (V,V)X = (V,V)T 

=(all -2x1 2 - a 2 l ) x l x 2 + ( a 1 2 - 2 ) x ; - a 2 1 x ;  (2.46) 

With the proper choice of aij f o r  i ,  j = 1,2), the scalar function (2.46) must be 
rendered negative definite or semidejinite. If the first addend is to be eliminated 
(term with XIX~)! ) ,  a1 1 = a 2 1  + 2x: has to be chosen. Obviously, the second addend 
(term with x$ will be negative definite only $0 < a12 < 2, while the third addend 
(term with xf ) will be negative semidefinite $a21 > 0. With the choice of a12 = 1, 
(2.46) will be: 

2 4 k(x) = -x2 - a21x1 

choosing further ai,, ( i ,  j = 1,2), the expression (2.45) is converted to: 

The condition of symmetry is: 
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The conditions (2.41) will he satisjied when a 2 1  = 1, and V ,V(x )  will be: 

The possible Lyapunov function is: 

V ( x )  = (xi + 2 ~ ' : )  dxi + 
0 

x: x': 2 = - + - +XIX2 + x 2  
2 2  

This function satisfies the conditions 1 and 2 of the Theorem 2.1; therefore, it is a 
Lyapunov function. 

EXAMPLE 2.11 

A possible Lyapunov function for  the Van der Pol equation (see Example 2. I )  can 
be obtained using the method of varying gradient. For equation (2.8) it is assumed 
that the form of the varying gradient is like (2.43), or: 

(POSSIBLE LYAPUNOV FUNCTION OF VAN DER POL EQUATION) 

1 [ a 2 1 x 1 +  a 2 2 x 2  

a l l x l  + a 1 2 x 2  v,v = 

Here a 2 2  = 1 is chosen in order to get the quadratic form of a possible Lyapunov 
function with regard to x2( t ) .  The condition of symmetry is now: 

+ a 2 1  + a 1 2  +x2- = X I  - XI - 

The gradient of a possible Lyapunov function is: 

aa12 aa2, Jail 

3 x 2  

P(x) = (V,V)%(t)  = 

JX2 3x1 

3 
(all - 1 + a 2 I P ) x I x 2 + ( a 1 2 + P ) ~ ;  - ~ 2 l ~ : - P ~ : ~ ; - ~ 2 1 P ~ ~ x 2  

With the choice of a 2 1  = 0, a 1 2  = 0 and a l l  = 1, the condition of symmetry is 
sati$ed, and the gradient is: 

k(x) = px; -px;x;  = p ( l  -X1)X2 2 2  

By integrating V ( x ) ,  a possible Lyapunov function is obtained: 
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A possible Lyapunov function is positive dejnite, and its gradient V ( x )  will be for  
p > 0 a positive dejnite scalar function along any of the solutions of equation 
(2.8), i fx:(t)  < 1 is valid. The conclusion is that the equilibrium state (origin) is 
unstable in the Lyapunov sense. However this doesn’t mean an unbounded rise 
of lIx(t) 11; in Example 2.1 it is shown that x ( t )  will approach to a limit cycle, i.e. 
Ilx(t) 1 1  will be limited. 

Stability of Time-Varying Systems 

In the preceding subsection the stability of time-invariant systems was discussed 
with the aid of Lyapunov stability theory. In practice time-varying systems are 
often met. Examples could be mobile objects like rockets, airplanes, ships, under- 
water vehicles, etc. In such cases the parameters which determine their dynamic 
behavior are changing with time under various circumstances, for example change 
of mass because of the fuel consumption (rocket), change of the velocity (airplane, 
ship), height of the flight (rocket, airplane), depth of the dive (underwater vehicle), 
etc. Therefore, the stability analysis of time-varying systems is very important and 
will be discussed further. 

Stability Concepts of Time-Varying Systems 

The stability concepts of time-varying systems are equivalent to those of time- 
invariant systems, which were dealt with in Section 2.1. As time-varying systems 
are dependent upon the initial moment to ,  the definitions of stability must ex- 
plicitly contain to - this is true for some definitions in Subsection 2.2.1. For 
time-varying systems the concept of uniformity (Definition 2.3) is of exceptional 
importance. It eliminates all the systems which are “more and more unstable” 
as to increases. Definitions of stability in the Lyapunov sense (Definition 2.1), 
of asymptotic stability in the Lyapunov sense (Definition 2.2), of uniform stabil- 
ity (Definition 2.3) and of exponential stability (Definition 2.4) are valid both for 
time-invariant, and for time-varying systems, as to is explicitly present in them. 

Lyapunov Direct Method for Time-Varying Systems 

The basic idea of the Lyapunov direct method is applicable for time-varying sys- 
tems, too - the difference is that in such systems the Lyapunov function is also 
time-varying. This brings additional complications when a possible Lyapunov 
function is sought. However, the greatest drawback in contrast to the stability 
analysis of time-invariant systems is that La Salle principle of invariance (Theo- 
rem 2 .3 )  is not valid here. This drawback circumvents the hypothesis of Barbalat 
(1959). 
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Time-Varying Positive Definite and Decreasing Functions 

For the stability analysis of the equilibrium state of a time-varying system by 
the Lyapunov direct method, instead of a scalar function V ( x )  it is necessary to 
use time-varying scalar function V(t,mvx).  It is important to define it as positive 
definite and as decreasing. 

DEFINITION 2.9 (LOCALLY POSITIVE DEFINITENESS OF FUNCTION) 
A scalar time-varying function V ( t  , x )  is locallypositive dejnite if V ( t  , 0) = 0, and 
$the time-invariant positive de$nite scalarfiinction Vo ( x )  exists, such that: 

v t  2 to; V ( t , x )  2 Vo(x) (2.47) 

In other words, the time-varying scalar function V ( t , x )  is locally positive defi- 
nite if it “dominates” the time-invariant locally positive definite scalar function 
Vo ( x ) .  Global positive definiteness of the scalar functions generalizes the domain 
of consideration to the whole state space. 

DEFINITION 2.10 (DECREASING TIME-VARYING SCALAR FUNCTION) 
Scalar function V ( t , x )  is decreasing if V(t,O) = 0, and if there exists a time- 
invariant positive definite scalar function V1 ( x ) ,  such that: 

‘dt L to; V ( t , x )  I VI(X) (2.48) 

Therefore the time-varying scalar functions V ( t , x )  is decreasing if it is “domi- 
nated” by a time-invariant positive definite scalar function Vl (x). 

EXAMPLE 2.12 
A time-varying positive definite scalar function is given by: 

V ( t , x )  = ( 1  +sin2t)(xt+xi) (2.49) 

V ( t ,  x )  is positive dejnite scalar function since it dominates the time-invariant 
positive dejnite scalar function Vo(x) = x: +xi. At the same time, V ( t ,  x )  is also 
a decreasing scalar function, since it is dominated by the positive dejnite scalar 
function V I  ( x )  = 2(x: +xi). 

Stability analysis of time-varying systems considers the stability of the equilib- 
rium states of the forced system which tracks a time-varying reference trajectory 
or of the systems which are inherently time-varying. It is well known that the 
problem of the stability of the equilibrium states of a forced system is consid- 
ered through the dynamics of the system’s error, and not through the state of the 
system. Even if the system is time-invariant, tracking the time-varying trajectory 
implies that the equivalent system will be time-varying. Stability analysis of the 
equilibrium states of the time-variant systems in the Lyapunov sense is based on 
the following theorems: 
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THEOREM 2.4 
(LOCAL STABILITY I N  THE LYAPUNOV SENSE-TIME-VARYING SYSTEM) 
Stability: Ifin the vicinity of the equilibrium state (xe = 0) a scalar function V ( t ,  x )  
with continuous partial derivatives exists and if the following conditions are met: 

1. V ( t  , x )  is a positive definite scalar function, 

2. V ( t ,  x )  is a negative semidefinite scalar function, 

then the equilibrium state x, = 0 is locally stable in the Lyapunov sense. 
Local Uniform Stability: Ifbesides 1 and 2 the following is true: 

3. V ( t  , x )  is a decreasing function, 

then the equilibrium state (origin) is locally uniformly stable. 
Local Uniform Asymptotic Stability: I f  1 and 3 are valid, and 2 is made more 
strict, i.e. if 

4. V ( t , x )  is a negative dejnite scalar function, 

then the equilibrium state is locally uniformly asymptotically stable. 

THEOREM 2.5 

Ifthere exists an unique continuous scalar function V ( t , x ) ,  dejined in the whole 
state space, which has continuousjirst partial derivatives, and fo r  which the fol- 
lowing are true: 

(GLOBAL ASYMPTOTIC STABILITY OF A TIME-VARYING SYSTEM) 

1. V(t ,O) = 0;  v t  

2. V ( t , x )  > 0; Vt # 0 

3. V ( t , x )  < 0 

4. V ( t , x )  5 Vo(x); Vt 2 0, where Vo(x) > 0 

5. V ( t , x )  + w a s  /lxlj + M 

V ( t ,  x )  is positive dejnite 

V ( t ,  x) is negative dejinite 

V ( t , x )  is decreasing function 

V ( t ,  x )  is radially unbounded 

then the equilibrium state x ,  which satisfies f ( t ,  x,) = 0 is globally asymptotically 
stable in the Lyapunov sense. 

For proof of the theorem see Slotine and Li (1991). As distinguished from the 
time-invariant systems, stability in the Lyapunov sense for time-varying systems 
requires an additional condition that V ( t , x )  is a decreasing function. The reason 
for this is that the Lyapunov function depends on time, so the first partial derivative 
of V ( t ,  x )  is evaluated: 

(2.50) 
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Conditions 1, 2, 3 and 4 of the Theorem 2.5 are necessary for the asymptotic 
stability of the equilibrium state of a time-varying system, while condition 5 is 
necessary for a global view. In engineering practice it is not easy to satisfy these 
conditions. The problem can be avoided by taking the Popov hypothesis (Popov, 
1973) which is based on the researsh results of Romanian mathematician Barbalat 
(Barbalat, 1959). This hypothesis guarantees only the convergence of the state 
trajectory of the system towards the origin. Alas, the convergence doesn't imply 
stability, as it may happen that the trajectories first move away from the origin 
before they approach the origin. Therefore, the origin is not stable in the Lyapunov 
sense although the state is converging. However, the hypothesis is often applied 
in engineering practice. 

The definitions of the positive definiteness and of the decreasing function, 
which are of paramount importance for the stability analysis of a time-varying 
system, can be given indirectly through the so-called class-K functions (definitions 
of the classes of nonlinear functions are given in the Section 1.8). Here will be 
given some basic definitions. 

DEFINITION 2.1 1 (CLASS-K FUNCTION) 
Continuous function a : %+ t %+ is of class K ifthe following is valid: 

1. a(0) =o, 
2. a(q) > 0;  'dq > 0, 

3. a does not decrease. 

A relation exists between class-K and positive definite functions andor the de- 
creasing functions that is given by following hypothesis: 

LEMMA 2.1 
(RELATION OF CLASS-K FUNCTION WITH POSITIVE DEFINITE SCALAR LYA- 
PUNOV FUNCTION) 

Positive Dejinite Function: The function V ( t ,  x )  is locally (or globally) positive 
dejinite ifand only ifthere exists a function a of the class K so that V ( t ,  0) = 0 is 
valid, and also: 

V ( t , x )  2 a(llxll) (2.5 1) 

This equation is valid 'dt 2 0 and 'dx E BE (or the whole state space). 
Decreasing Function: Function V ( t ,  x) is locally (or globally) decreasing i fand 
only ifthere exists function p of class K s o  that V(t ,O) = 0 is valid, and also: 

(2.52) 

This equation is valid 'dt 2 0 and 'dx E BE (or the whole state space). 
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By making use of Lemma 2.1 the Theorems 2.4 and 2.5 can be expressed as fol- 
lows: 

THEOREM 2.6 (STABILITY IN LYAPUNOV SENSE - TIME-VARYING SYSTEM) 
Local Stability: It is supposed that in the vicinity of the equilibrium state (x, = 
0) exists a scalar function V ( t , x )  with continuousjrst derivatives, and a scalar 
function a of the class K, so that with V x  # 0, we have: 

1. V ( t , x )  2 ~ ( I I X I I )  > 0 

2a. r i ( t ,x)  5 O 

Then the equilibrium state (origin) is locally stable in the Lyapunov sense. 
Local Uniform Stability: Besides, ifthere exists a scalar function p of class K, so 
that: 

then the equilibrium state (x, = 0) is locally uniformly stable. 
Local Uniform Asymptotic Stability: If the conditions 1 and 3 are met, and 2a is 
made more strict, so that instead 2a comes: 

where y is another scalar function of the class K, then the equilibrium state (x, = 
0) is locally uniformly asymptotically stable. 
Global Uniform Asymptotic Stability: If the conditions 1, 2b and 3 are valid in 
the whole state space, and ij? 

then the equilibrium state x ,  = 0 is globally uniformly asymptotically stable.13 

For proof see Vidyasagar (1 993). 
Local stability in the Lyapunov sense can be interpreted in yet another way. If 

it can be shown that for a given E > 0 there exists 6 > 0, such that (2.9) is satisfied, 
because of the conditions 1 and 2a of Theorem 2.6 follows: 

As V ( t , x )  is a continuous scalar function in regard to x ( t ) ,  and also V(t0,O) = 0, 
a 6 > 0 can be found that satisfies the expression: 

"Also known as La Salle-Yoshizawa theorem (La Salle and Lefschetz, 1961; Yoshizawa, 1968) 
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Figure 2.14: Positive definite and decreasing function V ( t ,  x). 

Therefore if l/x(to)ll < 6, then a(llx(t)ll) < a(&)  and it follows that Ilx(t)ll < 
E ;  V l  2 to. 

Local uniform stability as well as local uniform asymptotic stability may be 
interpreted according to Theorem 2.6 as follows: from the conditions 1 and 3 of 
Theorem 2.6 comes: 

For any E > 0 there exists 6 ( ~ )  > 0 so that p(6 )  < a(&),  as in Fig. 2.14. If the 
initial condition is chosen so that Ilx(t0)ll < 6, then: 

(2.54) 

Local uniform stability is understood, as 6 is independent of to. On the other hand, 
the basic idea for local uniform asymptotic stability is that if x(t) doesn’t converge 
towards the origin, then a positive number u exists, so that: 

-P[ t ,x ( t ) ]  2 a > 0 (2.55) 

The above expression implies: 

and the result is: 

(2.56) 

(2.57) 
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which leads to a contradiction when t is large. Thus the proof of local uniform 
asymptotic stability is possible with the following arguments. Let Ilx(to)/l < 6, 
where 6 is determined as before. Further, p is any positive constant: 

0 < P < Ilx(to)ll (2.58) 

Another positive constant r ( p )  can be found, so that p ( r )  < a@).  Now R = ~ ( r )  
is defined, and the expression is written as: 

P T = T ( y , 6 )  = - R 

If ilx(to)ll > ,u for every t in the interval to 5 t 5 tl = to + T ,  we can write: 

f l  

0 I v[ t l rX( t l ) l  I v[tO,x(to)l - /Y ( l l x ( z ) l l )d z  
fn 

f l  

L v[tO,X(to)l- J ' y ( r )dz  5 
to 

V [ t o , ~ ( t o ) ] - ( t l  -to)R 5 P ( 6 ) - T R = O  

It is obvious that here is a contradiction, so there must exist t2  E [to. t l]  such that 
Ilx(t2)ll 5 Y. Therefore, fort  2 t2 is: 

a(llx(t)l l)  I J f / t , x ( t ) l  L V[t27X(t2)1 5 P(.) < 
and the result is: 

Ilx(t)II < p; & 2 to + T 2 t2 

which is a proof of local uniform asymptotic stability. For global uniform asymp- 
totic stability it is enough that 6 increases arbitrarily. Namely, as a is a radially 
unbounded function, it is possible to find E for which is valid p ( 6 )  < a( E )  for any 
6. 

EXAMPLE 2.13 (GLOBAL ASYMPTOTIC STABILITY) 
Analysis is to be made of the stability of the equilibrium state at the origin (x, = 0) 
for the system described by: 

XI ( t )  = -x1 ( t )  - e-%2(t) 

X2(t) =x1(t)  -3C2(t) 

A possible Lyapunov function in this example may be: 

v ( t , x )  = x: + (1 + e-")x; 
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This is a positive dejnite scalar function which dominates the time-invariant pos- 
itive dejinite scalar function Vo(x) = x: +x:. A t  the same time it is also a de- 
creasing,function as it is dominated by the time-invariant positive dejnite scalar 
function V1 ( x )  = x: + 2x;. The gradient of the time-variant possible Lyapunov 
function is: 

where V ( t l  x )  is a negative dejinite function, as can be seen,from: 

V" t lX ( t ) ]  = -2 [x:-x1x2+x;(1+2e-2t)] 

V [ t , X ( t ) ]  5 -2(x1 2 -x,x2+x2) 2 = -(x, -x2y -x: -x; 

The equilibrium state will be globally asymptoticaly stable. 

Stability Analysis Using Barbalat's Lemma 

Stability analysis of the equilibrium state of a time-varying system is more difficult 
than that of a time-invariant system, as it is more difficult to find a corresponding 
Lyapunov function. The conditions of Theorem 2.5 are not simple to satisfy so in 
engineering practice Barbalat's lemma is therefore much more often used. Bar- 
balat's lemma treats the mathematical conditions for the asymptotical properties 
of the function and its derivatives. With proper application of this lemma, many 
problems in the stability analysis of time-varying systems can be avoided. 

Asymptotic properties of the function and its derivatives. 
function f ( t ) ,  the following facts should be remembered: 

For a differentiable 

0 f + 0 does not imply convergence of the function, neither does it im- 
ply that f ( t )  is bounded when t -+ 00. Geometric interpretation shows 
that decreasing the f ( t )  means only that the slope of the tangent to the 
function f ( t )  becomes smaller, but it doesn't mean the convergence of the 
function. As an example, the function f ( t )  = sin(logt) is taken. While 
f ( t )  = + 0 as t + 00, the function f ( t )  oscillates more and more 
slowly as t increases. Another example f ( t )  = fisin(logt) indicates that 
the function is unbounded. 

cos(l0gt) 

0 The convergence of f  ( t )  doesn't imply that f ---f 0; the fact that f ( t )  con- 
verges when t + 00 doesn't mean that f + 0. An additional example is 
f ( t )  = e-' sin(e2') which tends to zero, while f ( t )  is unbounded for t --+ co. 

0 If , f ( t )  is bounded from below and decreasing d f ( t )  5 0 ), then it converges 
to some boundary. The question arises if the function tends to a final bound- 
ary, what additional requirements assure that the derivatives of the function 
tend to zero? Barbalat's lemma points to the fact that the derivatives of the 
function must have smoothness. 
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LEMMA 2.2 (BARBALAT’S LEMMA) 
g a  function f ( t )  has ajinal boundary when t + -, and i f f ( t )  = 9 is a d$er- 
entiable and uniformly continuous function, then f ( t )  ---f 0 when t + -. 

Uniform continuity of a function is often difficult to determine directly. In order 
that the differentiable function be uniformly continuous, a sufficient condition is 
that the function differential be bounded. A corollary to Barbalat’s lemma is if 
the differentiable function f ( t )  has a final boundary when t + - and for which a 
bounded second derivative f ( t )  exists, then f ( t )  -+ 0 when t + -. 

EXAMPLE 2.14 (UNIFORM CONTINUITY OF A LINEAR SYSTEM) 
An asymptotically stable linear system with a bounded excitation u ( t )  will have a 
uniformly continuous response y ( t ) .  Namely, i f the linear system is described by 
the mathematical model with state variables: 

then, because of the bounded excitation and of asymptotic stability of the system, 
the state will be bounded, too. The boundedness of the state implies also that x ( t )  
is bounded. From the second (algebraic) equation it follows that y ( t )  = Cx( t )  is 
also bounded. Therefore the system response y ( t )  is uniformly continuous. 

The application of Barbalat’s lemma in the analysis is used by the following 
lemma on the convergence (Slotine and Li, 1991): 

LEMMA 2.3 (LEMMA ON CONVERGENCE - “LYAPUNOV-LIKE LEMMA”) 
Supposing that a scalar function V ( t ,  x) exists which satisjies: 

1. V ( t  , x )  is bounded below, 

2. V ( t ,  x )  is negative semidejnite, 

3. V ( t ,  x )  is uniformly continuous with time, 

then p ( t , x )  4 0 when t 4 -. 

Boundedness below: A sufficient condition for the scalar function V ( t , x )  to be 
bounded below is that it is positive semidefinite, i.e. V ( t , x )  2 0; Yt > to. 
Uniform continuity: A sufficient condition for the differentiable function V ( t ,  x )  
to be uniformly continuous is that p ( t , x )  is bounded for Vt 2 to. 

EXAMPLE 2.15 
(APPLICATION OF LEMMA ON CONVERGENCE-LYAPUNOV-LIKE ANALYSIS) 
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The error dynamics of the closed-loop adaptive control system for  the,first order 
process with one unknown parameter are: 

e ( t )  = -e( t )  + O(t )w( t )  

6 ( t )  = -e( t )w(t)  

where e ( t )  is the tracking error; O ( t )  is the error in the parameter and w ( t )  is a 
bounded continuous function. 

Both the error oftracking and error in parameter can be conceived as the state 
variables of the closed-loop dynamics. The analysis ofthe asymptotic properties 
of the system can be carried out with the lemma of convergence (Lemma 2.3). r fa  
possible Lyapunov function is chosen: 

V ( t , e , O )  = e 2 + 0 2  

its gradient will be: 

V ( t ,  e,  O) = 2e(-e + OW) + 20(-ew) = -2e2 5 0 (2.59) 

This implies that V ( t , x )  5 V(O), therefore e ( t )  and o ( t )  are bounded. As the dy- 
namics of this system are time-varying, the lemma on convergence must be applied 
(Lemma 2.3). In order to introduce Barbalat’s lemma, we must test the unijorm 
continuity of the derivative of a possible Lyapunov function (condition 3) of the 
Lemma 2.3). The derivative of V ( t , x )  is: 

V ( t , x )  = -4e(-e+0w) (2.60) 

The second derivative of a possible Lyapunov function is a bounded function, as 
w( t )  is bounded (the initial supposition), while e ( t )  and O( t )  have previously been 
shown to be bounded. Therefore, V ( t , x )  is a uniformly continuous function. The 
application of Barbalat’s lemma implies that e ( t )  + 0 when t + 00. It may be 
observed that although e ( t )  converges to zero, the system is not asymptotically 
stable-for O ( t )  is only guaranteed to be bounded. 

EXAMPLE 2.16 (STABILITY OF TIME-VARYING NONLINEAR SYSTEM) 
Conduct the stability analysis of the equilibrium state of the system: 

X(t) +LUl(t) +g(t ,x)x( t )  = 0 

(2.61) 
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Ij i t  is supposed that: 

Chapter 2 

then it follows that: 

or: 

r f t he  terms with ~ 1 x 2  should be eliminated, then the expression all = aa21 + 
g( t , x l )  must be used. The conditions of symmetry will be satisjied fa12 = 1x21 = 
const. Then: 

XI x2 

V ( t , x )  = 1 b 2 1  + d t , x i )  + ~i zxz l x i~x i l x2=0+ J’ [a-zixi +~~)dx2~,~=,, , ,~.  
0 0 

and after integrating: 

Ifs;’ g(t ,xl)xldxl > O for  all XI ( t )  and t,from (2.62) it follows: 

1 1 
= - 2 (x2 + a21xl)2 + - 2 (aa21 - cgl)x: 

V ( t ,  x) will be a positive dejnite scalar function $ 

a > O  

aa21 > $1 

These conditions can be assured with the choice a21 = a - E ,  where E is a small 
positive number The possible Lyapunov function derivation is: 

P ( t , x )  = aa21xlx1+ a21x1x2 + a21xl.i~ +x2i2 

(2.63) 
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Substitution of (2.61) and of a21 = a - E in the expression (2.63) gives: 

Negative sernidejiniteness of (2.64) is assured i f g ( t , x l )  > 0 for  all x1 and t and if: 

0 

The expression (2.65) is valid for: 

(2.65) 

(2.66) 

and i f g ( t , x l )  is boundedfor everyxl and t. In this case V ( t , x )  can be bounded 
as is required by condition 4 of Theorem 2.5. In such a way, the system will be 
globally asymptotically stable. 

From the above discussion, two essential differences in the stability analysis of 
time-varying and time-invariant nonlinear systems can be observed. The first dif- 
ference is that with the time-varying system, V ( t , x )  has to be bounded below, 
instead of being only a positive definite function, as was the case with the time- 
invariant system. The second difference is that p ( t , x )  must be tested for uniform 
continuity, in addition to being a negative definite or semidefinite function. Usu- 
ally V ( t  , x )  is used for this purpose, while testing its boundedness. As was the case 
with time-invariant systems, with time-varying systems the primary difficulty re- 
mains in a proper choice of a possible Lyapunov function. 

Positive Linear System 

The analysis of nonlinear systems often starts with the decomposition of system 
to linear and nonlinear subsystems. If the transfer function (or matrix) of a lin- 
ear subsystem is positive real, then it has important properties that facilitate the 
choice of a possible Lyapunov function for the whole system. A linear system 
with a positive real transfer function is called apositive linear system. These sys- 
tems play therefore an important role in the analysis and the synthesis of many 
nonlinear control systems, e.g. the adaptive control. 

DEFINITION 2.12 

A transfer function given by: 
(POSITIVE REAL AND STRICTLY POSITIVE REAL TRANSFER FUNCTION) 

b,Sm + bm-lSm-' + . . . + blS + bo ; with > G(s) = 
S"+a,-ls"-'+ . . .+ a ls fao  
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and real coeficients ai, ( i  = 0,  1 , . . . , n - 1) and bj ( j  = 0,  1 , . . . , m )  is positive real 

Re { G(s)}  2 0 for  all Re {s}  2 0 (2.67) 
i j  

and it is strictlypositive real $ 

G(s - E )  is positive real f o r  an E > 0 

The condition of positivity realness (2.67) requires in fact that G(s) has always 
positive (or zero) real parts when s has positive (or zero) real parts. The linear 
scalar system is passive if and only if it is positive real. The importance of the 
passivity of a linear subsystem lies in the fact that parallel and feedback combi- 
nations of positive real transfer functions does not jeopardize the stability of the 
nonlinear system. Geometrical interpretation of positivity realness means that ra- 
tional function G(s) with the complex variable s = (T f j o  maps every point from 
the closed right half-plane of the complex s plane (including the imaginary axis) 
into the closed right half-plane of the G(s)  plane. For transfer functions of higher 
order it is not easy with the above definition to determine the condition of positiv- 
ity realness, as it includes testing of the positivity condition over the entire right 
half-plane. For this purpose the next theorem simplifies the testing of positivity 
realness. 

THEOREM 2.7 (STRICTLY POSITIVE REAL TRANSFER FUNCTION) 
Transfer function G(s)  is strictlypositive real (SPR) ifand only $ 

1. G(s)  is a strictly stable transfer function, 

2. The real part of G(s)  is strictly positive along the j o  axis, i.e. ‘do > 
O,Re{G(jw)} > 0. 

The above condition is also the condition of passivity if the sign ‘> 0’ is replaced 
by ‘2 0’. According to Theorem 2.7, necessary conditions for the transfer function 
to be SPR are: 

0 G(s)  is strictly stable (denominator is a Hurwitz polynomial), 

For the frequency characteristic G(jw) ,  the polar (Nyquist) plot lies com- 
pletely in the right half-plane-that means the phase shift always is less 
than 90°, 

0 G(s)  has a relative degree n - m = 0 or n - m = 1, 

0 G(s)  is strictly phase-minimum (i.e. all its zeros are strictly in the left half- 

If the transfer function of the linear subsystem of a nonlinear system is SPR, then 
the linear part of the system has an important property, expressed by the famous 
Kalman-Jakubovich lemma, also known as the positive real lemma. 

plane of the complex plane). 
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LEMMA 2.4 (KALMAN-JAKUBOVICH LEMMA) 
Consider a completely controllable linear time-invariant system: 

k ( t )  = Ax(t) + bu( t )  

y ( t )  = C T X ( t )  

The transfer function G(s)  = cT (sI - A)-’b is SPR ifand only ifthere exist posi- 
tive dejnite matrices P and Q such that 

A ~ P + P A  = -Q 
P b = c  

The significance of this lemma is that it is applicable to transfer functions that 
contain a pure integrator, a situation which quite often occurs in adaptive systems. 
This lemma requires that the system be asymptotically stable and completely con- 
trollable. A modified version of the Kalman-Jakubovich lemma which doesn’t 
require complete controllability follows. 

LEMMA 2.5 (MEYER-KALMAN-JAKUBOVICH LEMMA) 
Let the scalar y be nonnegative. vectors b and c are of corresponding dimensions, 
matrix A of the linear system is asymptotically stable, and a symmetric positive 
dejnite matrix L with dimensions n x n exists. Ifthe transfer function: 

Y T  H ( s )  = - + c (sI - A)-’b 

is strictly positive real, then there exists a scalar E > 0, vector g, and a symmetric 
positive dejnite matrix P such that: 

ATP +PA = -ggT - EL 

2 

Pb=c+Jyq 

This lemma differs from the Kalman-Yakubovich lemma in two aspects. First, the 
output equation is now: 

Y 
2 

y ( t )  = cTx(t) + -u ( t )  

and second, the system is not required to be controllable, but only “stabilizable” or 
the uncontrollable part of the system must be stable. Kalman-Yakubovich lemma 
is largely applied in the design of adaptive systems, and has to be further elabo- 
rated with the design of nonlinear control systems. 

Lyapunov Function in Other Applications Besides Stability Analysis 

Besides the use of the Lyapunov direct method or the Lyapunov function in stabil- 
ity analysis, it is also useFul with automatic control systems for the estimation of a 
dominant time constant of the system, a fast rejection of disturbances, evaluation 
of the region of atractiveness, system stabilization, synthesis of adaptive control 
systems, etc. 
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Assessment of Dominant Time Constant 

The Lyapunov function can be used for estimation of the velocity with which the 
state of the system returns to the equilibrium after a disturbance. If the origin is 
the equilibrium state, the velocity of return to the origin, following a disturbance, 
is evaluated. If the system is globally asymptotically stable in the Lyapunov sense, 
and if V ( t , x )  is a Lyapunov function, the quasi constant can be defined: 

- V ( t ,  x) 
p = . : ' . [ m ]  

(2.68) 

where minimization is accomplished along all state vector components x # 0 in 
the region where the equilibrium state is asymptotically stable. From (2.68) it 
follows: 

J%x) 5 W ( t , X )  (2.69) 

By integrating the left and the right sides, we obtain: 

and further: 

(2.70) 

or: 
V [ t , x ( t ) ]  5 V[to,x(to)]e-~('-t0) (2.71) 

Since for an asymptotically stable equilibrium state x(t) + 0 and V [ t , x ( t ) ]  ---f 

0, then l /p may be interpreted as the upper bound for the time constant of the 
system. When several Lyapunov functions are available, the choice will be for 
the function which yields the greatest p or which has the greatest ratio $$$. 
For a known Lyapunov function, the procedure to find p (expression (2.71)) is 
achieved numerically, since the problem is difficult to calculate. For linear systems 
a simplified procedure can be used. Namely, as the Lyapunov function has the 
form: 

V(x) = xTPx 

and its gradient is: 
V ( x )  = - x T Q x  

where P is a symmetric positive definite matrix and Q is a symmetric positive 
definite matrix for which the Lyapunov equation is valid: 

A ~ P  + PA = -Q 
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The coefficient p can be obtained in the following way: 

-xTQx 
p = m i n  - 

x [ X T P X  ] (2.72) 

At the minimum the following relation must be satisfied: 

d p  -2Qx(xTPx) + (xTQx)2Px 
-- - = O  (2.73) 

Since there are many 'points' x which fulfil the above condition, usually a typical 
point y = 

d X  (xTPx)2 

is taken. Then from (2.72) we have: 

(Q - ~ P ) x  = 0 

or: 

which shows that y must be an eigenvalue of the matrix P-' Q-actually p is the 
minimum eigenvalue of the matrix P-IQ. 

(P-IQ - ~ I ) X  = o 

EXAMPLE 2.17 

An unforced system (see Example 2.9) is described by: 
(EVALUATION OF DOMINANT TIME CONSTANT OF LINEAR SYSTEM) 

The matrices P and Q follow from Example 2.9. 

As Q = I, p will be the smallest eigenvalue of the matrix P-I, as P-'Q = P-I. 
ToJind the eigenvalue of the matrix P-', the solution is equivalent to that of 11 - 
PA I = 0, respectively: 

which yields A1 = 2.288, A2 = 7.71 and p = 2.288. The equation (2.71) is now: 

If the upper time bound has to be determined in order to bring the state of the 
system from the initial condition x(0) = [ l  0IT to the vicinity of the equilibrium 
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Figure 2.15: State trajectory of a linearized system (Example 2.17). 

state defined by the circle with the radius 0.25 round the origin, then the neces- 
sary time can be calculated as follows. First, the maximum value of C has to be 
calculated so that Lyapunov plane V(x) = xTPx = C lies completely inside or on 
the circle x: +xg = 0.252. The value of C which satisjies this condition is 0.009. 
The situation is illustrated in Fig. 2. I S .  If the settling time t = tS is necessary for  
the system to approach the vicinity of the origin (equilibrium state), defined by the 
equation of the circle with the radius 0.25, then (2.70) yields: 

it follows that: 
1 0.09.60 

ts 5 -- [InT] = 1.64 
2.288 

Fast Rejection of Disturbances on a System 

If an automatic control system is to be designed which rejects the influence of dis- 
turbances, the procedure is as follows. First the Lyapunov function is defined- 
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appropriate for the open-loop control system. When discussing the appropriate 
input signal u ( t ) ,  the Lyapunov function remains unchanged since it doesn’t de- 
pend on x ( t )  (or u( t ) ) .  As c’(t,x) depends indirectly on u ( t )  through x ( t ) ,  such a 
control signal is chosen so that the gradient of V ( t , x )  is maximum. This assures 
that V ( t , x )  is approaching as fast as possible to the origin. An approximately 
optimal control can be realized in this way. 

EXAMPLE 2.18 (APPROXIMATE OPTIMAL CONTROL OF LINEAR SYSTEM) 
A linear system is described by: 

ii-1 ( t )  X I  ( t )  1 - 1  Ul(t)  [ & ( t )  ] = [ 1: -: ] . [ X2(t) ] + [ 0 1 ] ’ [ u2(t) ] 
Assuming the control vector is bounded for  every t ,  we can write: 

It is necessary to determine the control algorithm as a funciton ojthe state vari- 
ables, so that the state of the system returns as fast as possible to the equilibrium 
state (x, = 0) after being disturbed from it. To solve this problem the Lyapunov 
,function must be determined as well as a state control vector which gives a higher 
gradient of the Lyapunov function and simultaneously ensures that U,,, 5 I is 
satisjed. 

A Lyapunov function is given with V ( x )  = xTPx. The Lyapunov equation is: 

A ~ P  + PA = -Q 

IfQ = I, and knowing that P must be a symmetricpositive dejinite matrix in order 
that the system be asymptotically stable, the Lyapunov equation takes the form: 

It follows: 
-6 -2 

2 -4 -1 P22 

and: 
125 
1600 

40 40 
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The determinants of the left minors (wbmatrices) of the matrix P are det(P1) = 
7/40 > 0, and det(P2) = IPI > 0, the matrix P is positive dejnite and the system 
is asymptotically stable. With an assumed V ( x )  = xTPx its gradient is: 

P(x) = X*PX+X*PX = ( A x + B u ) ~ P x + x ~ P ( A x + B u )  

= xTATPx  + urBTPx + xTPAx + xTPBu 

where x T ( A T P  + PA)x = x T (  -1)x = -xTx and xTPBu = urBTPx. Thus we ob- 
tain: 

P(x) = - X ~ X  + ~u'B'Px 

The control vector must be chosen so as to minimize uTBTPx  with the constraint 
Urnax 5 1, since the gradient of V(x) will be at maximum. It is obvious that the 
control vector u ( t )  must be parallel to the vector BTPx, but of opposite sign and 
of maximally allowed amplitude. This can be expressed thus: 

BTPx( t )  
u ( t )  = - 

IIBTPx(t) I I  
By inserting the matrices B and P in the above expression, the desired control 
vector is obtained: 

[ -7xl(t)+X2(t) ] 
J113x:-318~1~2+362~5 

8x,( t )  - 19X2(t) 
u ( t )  = 

When the region of attraction of the asymptotically stable equilibrium state (ori- 
gin) is to be evaluated, i.e. when the sets of initial conditions contained in the 
region of attraction are to be determined, then first the Lyapunov function which 
satisfies the conditions of asymptotic stability in a region R must be found. If 
D { V ( t , x )  5 c }  is a bounded set and encompassed in R, then every trajectory 
which starts in D will approach the origin when t + -, and will remain in the 
region D. Therefore, D represents the evaluation of the region of attraction. 

2.3 Absolute Stability 
The first published papers about the absolute stability of nonlinear control systems 
appeared in 1944. Lur'e and Postnikov (1944) had researched nonlinear systems 
with a continuous single-valued nonlinear characteristic which passes through the 
first and third quadrants. M.A. Aizerman (1 946) formulated the problem of ab- 
solute stability when the nonlinear characteristic is within a sector-in 1947 he 
established a hypothesis whereby the stability of nonlinear systems may be ana- 
lyzed with linear procedures. The Romanian mathematican V.M. Popov in 1959 
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G,(s)=c(sI-A)-' b +D -9-l 
I -  I 

Y 

7 
+ I 

Figure 2.16: Structure of nonlinear systems in the problems of analysis of absolute 
stability. 

proposed a fundamentally new approach to the problems of absolute stability- 
he established necessary conditions which the amplitude-frequency characteristic 
of the linear part of the system must fulfil, so that the nonlinear system will be 
absolutely stable. This frequency approach immediately found the approval of 
engineers to whom the frequency approach was familiar. The work of Popov was 
later published in French (Popov, 1960), in Russian (Popov, 1961), and in En- 
glish (Popov, 1973). This problem is elaborated in detail by Naumov and Tsypkin 
(1964), Sandberg (1964), Vavilov (1970), etc. The concept of absolute stability 
means a global asymptotical stability of the equilibrium states in the Lyapunov 
sense. 

The structure of the nonlinear system in problems of absolute stability is given 
in Fig. 2.16. In the direct branch is the linear time-invariant system, while in 
the feedback branch is a single-valued nonlinearity (nonlinear element without 
memory), which means that the feedback performs nonlinear static mapping of 
the signal e2 to the signal y ~ .  The signal rl may represent a reference signal, 
while the signal v2 may represent an error signal, for example measurement noise. 
In the case that the transfer function of the linear part is strictly proper (D = 0), 
and rl = r2 = 0, the system in Fig. 2.16 can be mathematically described by: 

X = AX - bFb) 
(2.74) 

y = c ' x  

where y = e2 and el = -YN = -F(y).  Many automatic control systems can be 
represented with this structure. If the system acts in a stabilization mode (so- 
called regulator problem), the structure from Fig. 2.16 can be reduced to the 
structure in Fig. 2.17. If the nonlinear function F b )  belongs to the sector14 
[kl ,k2]  and if the linear part of the system is stable15, the question arises: what 

I4See Definition 1.14 in Section 1.8. 
I5Matrix A is a Hurwitz matrix, respectively a polynomial A ( s )  is a Hurwitz polynomial 
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Figure 2.17: Structure of unforced nonlinear system. 

additional constraint is necessary for the nonlinear element (static characteristic 
F(,v)) in the feedback loop so that a closed-loop system is stable? As the nonlinear 
characteristic is in the sector [kl ,k2], that means it is bounded by two straight lines 
which intersect at the origin-this corresponds to feedback with constant gain-it 
is normal to suppose that the stability of the nonlinear system will have certain 
similarities with the stability of the system which is stabilized by the gain in the 
feedback loop. Contrary to the stability analysis discussed so far, in this situation 
our interest is not in a specific system, but in the whole family of systems, as F ( y )  
can be any nonlinear function inside the sector [kl ,k2]-see Fig. 1.35a. This is 
the reason why this is called the problem of absolute stability in the sense that if 
the system is absolutely stable, it is stable for the whole family of nonlinearities 
in the sector [kl , k2]. 

M.A. Aizerman (1949) has considered this problem and established the fol- 
lowing hypothesis. If the system shown described by (2.76) is globally asymptot- 
ically stable, for all linear mappings given by: 

F( t ,Y )  = k y l  V't,Y,k E [kl,k21 (2.75) 

where the gain of the linear feedback k is inside the interval [kl k2], then the same 
is true for all time-invariant nonlinear systems with a single-valued static charac- 
teristic F ( y )  inside the sector [kl k2]. In other words, if the nonlinear feedback is 
replaced by a linear proportional feedback and if we obtain a closed-loop system 
(matrix [A - bcTk]), globally asymptotically stable for all values of the linear gain 
inside [kl kz], then the nonlinear system which possesses a nonlinear feedback is 
globally asymptotically stable if the static characteristic of the nonlinear element 
is inside the sector [kl , k2]. This attractive hypothesis is, alas, not valid in the 
general case, as Willems (1971) has proved. R.E. Kalman (1957) has proposed 
a similar hypothesis which assumes that F b )  belongs to the incremental16 sec- 
tor [kl , k2]. The set of nonlinearities in the incremental sector is smaller than the 

I61f the function belongs to incremental sector [kl ,k2], then it belongs to the sector [k i ,  k2] ,  too. The 
reverse is not true. The function belongs to the incremental sector if F ( 0 )  = 0, and if kl 5 F ( y )  5 
k 2 .  Vy E '31, is true. 



Stability 103 

Figure 2.18: Basic structure of a nonlinear system for analysis of absolute stability 
with external signals ~ ( t )  and w(t) .  

set of nonlinearities treated by Aizennan so the Kalman hypothesis has greater 
probability to be correct. 

Further considerations will be given to nonlinear systems with the structure 
as in Fig. 2.18. The linear part of the system can be stable, unstable or neutrally 
stable, with the transfer function: 

The nonlinear part can be: 

1. Single-valued time-invariant nonlinear element y ~ ( t )  = F [ x ( t ) ] ,  

2. Single-valued time-varying nonlinear element y ~ ( t )  = F[ t  , x ( t ) ] ,  

3. Double valued time-invariant nonlinear element y ~ ( t )  = F [x( t )  , i ( t ) ] .  

Besides the above-mentioned nonlinear elements, there appear: 

4. Linear time-varying elementyN = k ( t ) x ( t ) ,  

5. Linear time-invariant element y~ = kx( t ) .  

All these elements must have static characteristic inside the sector17 [kl , k2] for all 
t > 0, where 0 5 kl < k2 < 00. 

On the closed-loop nonlinear system act the reference signal r ( t )  and dis- 
turbance signal w(t).  The total input signal to the system is therefore f ( t )  = 
r ( t )  +w(t) .  The dynamics of the closed-loop nonlinear system in Fig. 2.18 can be 
described by the differential equation: 

x ( t )  = f ( t )  - GL(P)F(x) (2.77) 

"See Definition 1.14. 
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Figure 2.19: Equivalent structure of nonlinear system in the case of unstable linear 
part. 

or by the integral equation: 

t 

x ( t )  = f ( t )  - / g ( t  - z ) F ( x ) d z  (2.78) 
0 

where g ( t )  is the weighting function of the linear part of the system, f ( t )  is the 
total external signal acting on the system, F ( x )  is a mathematical description of 
nonlinear part of the system and p = d /d t  is a derivative operator. 

Absolute stability of the equilibrium states of the system in Fig. 2.18 is best 
treated by the frequency criterion of V.M. Popov. In order to apply this criterion, 
the system must be time-invariant and, moreover, the linear part of the system 
GL(s)  stable. In the case when the linear part is unstable, the system’s structure 
is replaced by equivalent structure in Fig. 2.19. As is evident from the block 
diagram, the unstable linear part of the system is stabilized with the linear operator 
K, in the negative feedback loop. The same linear operator is placed in parallel 
with the nonlinear element, so that the influence of the stabilized feedback on 
the dynamics of the closed-loop system is eliminated. Equivalent external actions 
(reference and disturbance), equivalent nonlinear element and equivalent linear 
part of the system are given by: 

(2.80) 

FE (x) = F ( x )  - K,x (2.81) 

where K,. is a stable linear operator which stabilizes the otherwise unstable linear 
part of the system Gr. (s). 
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Figure 2.20: Nonlinear characteristic F ( x )  of (a) class [0, kz] and (b) class [K,., k2]. 

For the system in Fig. 2.19 the condition that FE(x) falls in the sector [O,k2] 
boils down to the condition that the original nonlinear characteristic of the nonlin- 
ear part of the system F ( x )  will be in the reduced sector [K,., kzl-in other words it 
means a reduced region of the static characteristic (Fig. 2.20b). In the following, 
systems with a stable linear part (Fig. 2.18) and systems with equivalent structure 
(Fig. 2.19) will be discussed. The external actions on the systemf(t) = r(t)  +w(t) 
can be divided in two groups: 

1. Bounded external actions fl (t) described by the equations: 

which can represent reference and other disturbance inputs. 

2. Vanishing (time-decreasing) external actions f2 (t) described by the expres- 
sions: 

J,f2(t),dt <h/J2; t 2 0, (2.83) 
0 

limf2(t) = 0 (2.84) 
t+m 

which represent initial conditions different from zero. 

Dynamics of the system (Fig. 2.18) which was at rest up to the moment t = 0, 
when the external signal f ( t )  = fi (t) + f2(t) was applied, are described by the 
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integral equation: 

I 

(2.85) 

In order to find the absolute stability of the solution (2.85), it is appropriate to look 
separately at the equilibrium states of the forced system cfi ( t )  # 0) and those of 
the unforced one Cfi ( t )  = 0 and h(t) # 0). 

In the case when only a vanishing external action h(t) acts on the nonlin- 
ear system, the absolute stability (global asymptotic stability) of the equilibrium 
states’* x, of the unforced system is considered. The solution (a zero-input re- 
sponse) xzi( t )  will be asymptotically stable if 

x, = lim xzi(t) = M, = const. 

x, = limxzi(t) = 0 

or 
t+-  

t--- 

(2.86) 

It must be stressed here that in the case when a stable nonlinear system has the 
nonlinearity of the type dead zone (Fig. 2.21), its equilibrium states x, = xz i ( - )  = 
M, 5 Ix,I may belong to any part of the dead zone (part of the stability), i.e. 
the nonlinear system can possess an infinite number of equilibrium states, so the 
condition of asymptotic stability (2.86) cannot be applied. Therefore it is more 
appropriate to consider the equilibrium state as stable if the following condition is 
met: 

lim Ixzi ( t  ) - xe I = 0 (2.87) 

where x, = xzi(-)  = M, is any value inside the dead zone -x, < M, < x,. In ac- 
cordance with the definition of asymptotic stability (2.87), we distinguish the local 
asymptotic stability-when condition (2.87) is satisfied for small deviations ,fi ( t )  
from the equilibrium state, and global asymptotic stability-when the condition 
(2.87) is satisfied for large deviations f*(t) from the equilibrium state. 

Contrary to linear systems where local asymptotic stability assures global 
asymptotic stability, in nonlinear systems local asymptotic stability may exist, but 
not a global one. 

Generally, two approaches to the problem of stability are possible. The first 
one is to find the solution of the differential (2.77) or integral (2.78) equation, 
which is in practice not applicable because of well-known difficulties. The sec- 
ond one is determining the stability conditions without the inevitable quest for 
the solution of the dynamic equations of the system. This approach is necessary 
because of the fact that quite often the nonlinear characteristic y~ = F ( x )  cannot 
be determined. Namely, the dynamics of the nonlinear system are changing with 

f --)- 

‘*The notion “state” is used here for the scalar signal x ( t )  which represents the input signal to the 
nonlinear element, but if x ( t )  + 0 the equilibrium state in the true sense (vector) will tend to zero. 
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Figure 2.2 1 : Nonlinear static characteristic of dead zone. 

change of operating conditions. For example, change of the load or of the supply 
energy of the control mechanism results in deformity of the static characteristic, 
which greatly complicates the exact determination of values of the parameters of 
a differentialhntegral equation of the system. 

The static characteristics of many actuators of modem control systems can be 
categorized as nonlinear fimctions with the following properties: 

x . F ( x )  > 0,  x # 0 
F ( 0 )  = 0 

(2.88) 

where F ( x )  is a continuous function: 

J’F(x)dx = *w (2.89) 

Nonlinear functions with the properties of (2.88) and (2.89) can have very differ- 
ent graphical presentations. For nonlinear systems given in Fig. 2.18 the interest- 
ing nonlinearity classes are those discussed in Section 1.8, where the characteristic 
of the nonlinear element is situated within the sector bounded by straight lines klx 
and k2x (Fig. 1.35a) (Voronov, 1979; Mutter, 1973; Aizerman, 1949; Nelepin, 
1971): 

k l < : F ( x ) < : k 2 ; x # O  X (2.90) 

If the nonlinear function F ( x )  is situated within the sector [kl , kz] and fulfils the 
conditions (2.88) and (2.89), then global asymptotic stability of the system with 
the function y~ = F ( x )  is called absolute stability (Voronov, 1979). Very often the 
nonlinear hnctions can be of the class [0, k2] and [0, -1 which result from (2.88) 
for kl = 0 (Fig. 2.20a) and for kl = 0, k2 = 00. 

0 
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In this chapter the frequency criteria for absolute stability of the equilibrium 
states of the forced nonlinear systems will be discussed-the circle Naumov- 
Tsypkin frequency criterion” (Naumov and Tsypkin, 1964), as well as the Popov 
frequency criterion for unforced nonlinear systems (Popov, 1973). 

2.4 Absolute Stability of Equilibrium States of an 
Unforced System (Popov Criterion) 

The Romanian mathematician V.M. Popov formulated in 1959 the frequency crite- 
rion of the absolute stability of a time-invariant unforced nonlinear system which 
has the structure as in Fig. 2.18. With f ( t )  = w( t ) ;  r ( t )  = 0 a system is described, 
and a vanishing external quantity w( t )  = f i ( t )  (initial condition) which satisfies 
conditions (2.83) and (2.84) is applied. The time-invariant linear part of the sys- 
tem has a stable equilibrium state, while the nonlinear part is a time-invariant 
single-valued function20 F ( x )  which belongs to nonlinear functions of the class 
[0, k2] (see Fig. 2.20a) that satisfy conditions (2.88) and (2.89). It is: 

F ( 0 )  = 0 
xF(x )  > 0; x # 0 

7F(* )dx  = fw 
0 

(2.91) 

O <  <k2; fo rx f .0  
X 

The Popov criterion of absolute stability for an unforced nonlinear system which 
has only the vanishing external quantityfi ( t ) ,  or the initial condition which differs 
from zero, and shown in the block diagram in Fig. 2.18, is formulated as follows: 

THEOREM 2.8 (POPOV CRITERION OF ABSOLUTE STABILITY-G~ STABLE) 
The equilibrium state of an unforced nonlinear control system of the structure as in 
Fig. 2.18 will be globally asymptotically stable-absolutely stable if the following 
is true: 

1. Linear part of the system is time-invariant, stable and completely control- 
lable. 

I9In the literature several criteria are found with the name circle criterion. See Sandberg (1964); 
Zames ( 1  966a, 1966b); with generalization to multivariable systems Rosenbrock ( I  972); and for infi- 
nite dimensional systems Freedman et al. (1969); and Banks (1981). 

201n later papers this is expanded to the types of linear and nonlinear elements, as is given after 
(2.75). 
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2. Nonlinear function F ( x )  is of class [O,kz] with 0 < k2 < 00 and satisjes 
conditions (2.91). 

3. There exist two strictlypositive real numbers 4 > 0 and an arbitrarily small 
number 6 > 0, such that for all o 2 0 the following inequality is true2' 
(Popov, 1973): 

1 
k2 - 

Re{(l+jqo)GL(. jco)}+- > 6 > 0  (2.92) 

or: 
1 

R e { ( l + j q w ) G L ( j m ) } + -  > 0 (2.93) 
k2 

where: 
k2 < 00; lirn G ~ ( j w )  = 0 (2.94) 

The Popov criterion enables the relatively simple determination of the stability of 
the nonlinear system, based on knowledge of the sector where eventually the non- 
linear static characteristic lies and on knowledge of the frequency characteristic of 
the linear part of the system. There are special cases which allow the linear part to 
have one or two poles at the origin. In such cases-besides (2.92) and (2.93)-the 
following must be used: 

W'Q= 

1 .  When GL (s) has one pole at the origin: 

lim {Im [ G ~ ( j w ) ] )  + 
W-+O 

2. When GL(s)  has two poles at the origin: 

lim {Re [ G ~ ( j w ) ] }  -+ -00 

W-fO 

-03 (2.95) 

(2.96) 
, I  

Im { G L ( ~ o ) }  < 0 for small w 

The inequality (2.92) or (2.93) is called the Popov inequality. The criterion is 
proved by construction of a possible Lyapunov function with the aid of Kalman- 
Yakubovich lemma. It must be emphasized here that the Popov criterion gives 
only the sufficient condition for stability. Its importance lies in the fact that the 
stability of the nonlinear system can be evaluated on the basis of the frequency 
characteristic of the linear part of the system, without the need for seeking a Lya- 
punov function. The criterion is constrained by the requirement that the nonlinear 
static characteristic must be single-valued and that it lies in the first and third 
quadrants (kl > 0)-it must pass through the origin. 

"The condition 6 > 0 in (2.92) is necessary for proving the theorem. For practical purposes (2.92) 
can be written in the form (2.93). 
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Later extensions have allowed the absolute stability to be determined by using 
the Popov criterion (2.93), where q is set depending on the type of nonlinearity. 
For the case when the nonlinear element yN(t) = F[t,x(t)] is single-valued and 
time-varying, it is necessary to put q = 0 into (2.93). For double-valued time- 
invariant nonlinear elementsyN(t) = F [x(t),i(t)], the value q = 0 in (2.93) is also 
used. 

In the analysis and the synthesis of nonlinear control systems of the proposed 
structure (Fig. 2.1 S), the most appropriate procedure is the geometric interpreta- 
tion of the criterion of absolute stability as it enables the treatment of nonlinear 
systems by applying frequency methods which were developed in the theory of 
linear control systems. 

2.4.1 
The analytical condition (2.93) can be satisfied for various values of q and for 
various frequency characteristics of the linear part of the system. In order to de- 
termine q which satisfies criterion (2.93), V.M. Popov has proposed a geometrical 
interpretation of the analytic condition, so that instead of the frequency characte- 
ristic of the linear part of the system G ~ ( j w ) ,  a modified frequency characteristic 
Gp( jw)-the Popov characteristic or Popovplot-is used (Popov, 1973): 

Geometrical Interpretation of Popov Criterion 

G p ( j w )  = R e { G ~ ( j w ) } + j w l m { G ~ ( j w ) }  = U ( w ) f j V p ( o )  (2.97) 

where V,( jo)  = w V ( w )  is the imaginary part of the Popov characteristic. 

which include the Popov plot Gp( jw) :  
Combining equations (2.93) and (2.97) gives the criterion of absolute stability 

1 
k2 

R e { G p ( j o ) }  -qIrn{Gp(jw)}+ - > 0 

or: 
1 

k2 
U ( w )  - q o V ( w )  + - > 0 

The boundary value (2.99) is the equation of the straight line-Popov line: 

(2.98) 

(2.99) 

1 
U ( w )  = qwV(w)  - - 

k2 
(2.100) 

The Popov line in the Gp(s) plane passes the point ( - l /k* , jO)  with the slope 
l / q .  The condition of absolute stability (2.93) is satisfied if the position of the 
Gp( j w )  plot is to the right of the Popov line, i.e. if the Popov line doesn’t intersect 
the G p ( j w )  plot (Fig. 2.22). Comparing the Popov characteristics G p ( j w )  and 
frequency characteristics GL( jo) of the linear part of the system, the following 
features can be observed: 
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Figure 2.22: Popov line doesn’t intersect Popov plot-graphical condition of ab- 
solute stability. 

1. G p ( j ~ )  and G L ( ~ w )  intersect the real axis at the same point w = wrr. 

2. Z m { G p ( j ~ ) }  = w V ( W )  = V,(o) is an even function of frequency W ,  while 
Im{ G ~ ( j o ) }  = V ( W )  is an odd function of frequency W ;  the G p ( j w )  plot is 
not symmetric with respect to the real axis, while G L ( ~ w )  plot is symmetric 
for w = - w .  

3. G p ( j ~ )  plot starts for w = 0 always from the real axis of the complex plane, 
while G ~ ( j w )  plot can have the starting point on the imaginary axis. 

4. If lim G ~ ( j o )  = 0; lim G p ( j o )  can be equal either to zero or to some 
W+- w-a, 

other final value. 

For example, if m < n - 1 (see (2.76)), the final point of both the Popov plot 
and of the amplitude-phase frequency characteristic of the linear part of the system 
will be identical, i.e. Gp( jw)  f G ~ ( j w ) ,  while if m = n - 1, the final point of 
the Popov plot will not be at the origin but on the imaginary axis at the point 
determined by b,/an, i.e. Gp(jm) # G ~ ( j w )  (see Fig. 2.23~).  

In Fig. 2.23 G p ( j o )  plots are constructed for absolute stable (Fig. 2.23a 
and b) and unstable (Fig. 2 . 2 3 ~  and d) equilibrium states of the nonlinear system. 
For convex forms of the G p ( j ~ )  plot it is possible to determine the maximal value 
kZmax = &,.it by drawing the Popov line through the intersection point of the Popov 
plot and the real axis (Fig. 2.24). 
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Figure 2.23: Absolute stable ((a) and (b)) and unstable ((c) and (d)) equilibrium 
states. 



Stability 113 

As both the Popov plot G p ( j w )  and G ~ ( j w )  plot intersect the real axis at 
the same point (-1/k2,jO), and a tangent can be drawn on the convex form of 
the Popov plot, many authors have used the Nyquist criterion by linearizing the 
nonlinear characteristics y~ = F ( x )  from the sector [0, kz] with the straight line 
Y N  = k2x, i.e. the Aizerman hypothesis was used. Indeed, in this case the condition 
that the locus k2GL(jw) does not enclose the point (-1,jO) coincides with the 
condition for absolute stability. Such nonlinear systems are termed stable in the 
Hunvitz angle, the latter being understood as the angle between the straight line 
Y N  = k 2 m m ~  and the horizontal axis. As was already mentioned, the Aizerman 
hypothesis has been rejected (Willems, 1971). It means that in the general case, 
such linearization is not allowed. 

In cases when the Popov plot has a non-convex form, i.e. when it is of much 
more complex form, the criterion of absolute stability is much more strict. Kcrit of 
a convex plot can be much greater than kzmax of a non-convex plot, which could 
mean that the gain of the nonlinear system with a convex Popov plot can be greater 
than that of the nonlinear system which has a non-convex Popov plot. 

Convex forms for Popov plots represent nonlinear systems where the linear 
part of the system contains cascaded inertial and oscillatory terms and no more 
than one integral component, with the condition that the damping ratio of the 
oscillatory terms is 5 2 &/2. Convex plots G p ( j w )  also represent nonlinear 
systems with the following linear parts (Mutter, 1973; Vavilov, 1970): 

GL(s) = K . e-'Y 
G L ( s ) = K . s  - 1  e -sy 

i=n 
GL(s)  = K n ( 7 ; ~ +  I ) - ' ;  f i  5 6 

i=n 
i= 1 

GL(s) = Ks-' ~ ( T s +  l ) - ' ;  f i  5 5 
i= 1 

i=n 
G ~ ( ~ ) = K n ( 7 ; . s + l ) - ' ( g ~ ~ + 2 5 z i s $ l ) - ~ ;  n 5 4 ;  5 2 h / 2  

i= 1 

Instead of the inequality (2.93) which contains the variable quantities q and w,  the 
Popov criterion can be expressed by one variable quantity only - w. Then it is 
more appropriate to determine k2 analytically (Netushil, 1983): 

O=%,,-%i,<Z (2.101) 

where: 
a ( w )  = arg G p ( j w )  + - 

am, and ami, are maximal and minimal values of a ( w )  in the region 0 < w < 00 
(Fig. 2.26). a (o)  represents the argument of a complex number [Gp( jw)  + l / k z ]  

[ L 2 1  
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Figure 2.24: Determining of maximum allowable gain. 

Figure 2.25: Example of a maximally allowable k2max being smaller of Kcrit which 
was obtained for convex Popov plot. 
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1v = 0 

Figure 2.26: Graphical interpretation a,, and amin in the region 0 < o < -. 

when o changes between 0 < o < 00. For some w1, a(o1) will be the angle of a 
phasor with the real axis, starting at the point -$ and with the peak at Gp(jo1) .  
From (2.101) it is obvious that the absolute stabdity of the nonlinear system can 
be determined without knowing the exact value of the parameter q-it is enough 
to draw the Popov line through the point (- 1 /k2 ,  j 0 )  for at least one slope q with 
the condition that 0 < q < -. 

2.4.2 Absolute Stability with Unstable Linear Part 

When the linear part of the system22 is unstable, it is necessary to accomplish its 
stabilization with linear feedback (Fig. 2.19). The equivalent transfer function of 
the linear part of the system GE (s) is then given by (2.80): 

22Some poles of GL(s)  are in the right half-plane of the s-plane. 
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Figure 2.27: (a) Reduced allowable sector [K, , kz] for nonlinear characteristic 
F ( x ) ,  (b) Corresponding allowed sector [0, KF] for equivalent nonlinear charac- 
teristic FE ( x ) .  

Now the equivalent single-valued time-invariant nonlinear function must satisfy 
the following conditions: 

FE(O) = 0 
XFE(X) > 0; x # 0 

~ F E  ( x ) d x  = A- 
0 

(2.103) 

0 < -  FE(x)  < KF; x # 0 
X 

where KF = k2 - K, is the value of the new and smaller slope of the sector [0, KF] 
inside which the equivalent nonlinear function FE(x)  may be situated. K, is the 
stabilizing linear operator in the feedback of the unstable linear part of the system. 

Equivalent nonlinear characteristic FE(x) given by (2.81) must be inside the 
reduced sector [0, KF] in Fig. 2.27b, while the original single-valued nonlinear 
function F ( x )  must be inside the reduced sector [K,,k*] in Fig. 2.27a. 

For this case, absolute stability of the nonlinear system is expressed by the 
following theorem: 

THEOREM 2.9 

The equilibrium state of an unforced nonlinear control system with the structure 
as in Fig. 2.19 will be globally asymptotically stable-absolutely stable i f the fol- 
lowing is true: 

(POPOV CRITERION OF ABSOLUTE STABILITY-G~ STABILIZED) 

1. The linear part of the system is time-invariant, stabilized (equivalent linear 
part of the system is stable) and completely controllable. 
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2. Time-invariant single-valued nonlinear function FE ( x )  is of the class [ ~ , K F ] .  

3. There exist two strictlypositive numbers q > 0 and arbitrarily small number 
6 > 0 such that for  all o 2 0 the following inequality is valid: 

(2.104) 
1 

KF 
R e { ( l + j q w ) G E ( j w ) } + -  > 6 > 0  

or: 
(2.105) 

1 
KF 

Re{ ( 1  + jqw)GE( j w ) }  + - > 0 

where 0 < KF < m; KF = k2 - Kr < -; 1imm+ G E ( ~ o )  = 0 

Graphical Interpretation of Theorem 2.9 

By inserting (2.102) in the inequality-Popov condition (2.105)-and rearrang- 
ing, the conditions for absolute stability are obtained, and graphical interpretation 
is possible. From (2.105) and (2.102) it follows: 

2 0  (2.106) ( 1  +KrU)2 + (fGV)2 
KF 

U (  1 + KrU) + KrV2 - qOV + 
or: 

u+v2- qKF w v  KF + 2Kr 
U 2  + 

(2.107) Kr(Kr + K F )  Kr(Kr +KF) 
1 

For w > 0 and V 2  > 0, the inequality (2.107) can be quite well approximated by: 

2Kr + KF 1 + U ( o )  + - 
qKF qKF 

(2.108) 

where Kr > 0; KF = k2 - Kr; V p ( o )  = w V ( o )  = Im{Gp( jw)} .  The inequal- 
ity (2.108) can be graphically interpreted in the following manner: In order that 
the nonlinear system is absolutely stable, the Popov plot must be outside of the 
parabola with peak at the point S with coordinates: 
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- L  

@) 

Figure 2.28: Prohibited region for modified Popov plot. 
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The parabola intersects the real axis at the points b = - 1/K, and c = - l /(Kr + 
KF), as illustrated in Fig. 2.28a. When K, = 023, inequality (2.108) is transformed 
into Popov criterion (2.93), while the parabola becomes the Popov line. The line 
crosses the point (-l/K~,jw) with the slope q-' (Fig. 2.28b), namely KF = 
k2 - K,., or with K, = 0 is KF = k2. 

2.5 Examples of Determining Absolute Stability by 
Using Popov Plot 

The absolute stability of the equilibrium states of nonlinear systems by applying 
the Popov criterion is based on the modified amplitude-phase characteristic of the 
linear part of the system-Popov plot Gp( jw) .  The modulus and argument of the 
function Gp(jw) are used to determine analytically the points on the plot: 

(2.109) 

( p p ( o )  = argGp(jw) = argBp(jw) -argdp(jo)  (2.1 10) 

From (2.109) and (2.1 10) the real and imaginary parts of Gp(jw) are found: 

R e { G p ( j w ) }  = R e { G L ( j w ) }  =Mp(~r ) ) cos (pp(~)  = U(O) (2.111) 

Zm{Gp(jw)}  = w . I m { G ~ ( j w ) }  =Mp(w)sin(pp(w) = o V ( o )  = V p ( o )  
(2.112) 

When the plot of the linear part of the system G ~ ( j w )  is determined analytically 
or experimentally, the points of the plot G p ( j ~ )  are obtained by multiplying the 
ordinate GL ( jw i )  with the natural frequency mi: 

EXAMPLE 2.19 
Find the absolute stability of the equilibrium states of the nonlinear system, with 
single-valued nonlinearities which satisfv conditions (2.91) and whose trunsfer 
,function,for the linear part is24: 

K (  1 + 71s) GL(s)  = G(s)  = 
(1  + T l S ) (  1 + T2s)( 1 +25Ts + T%*) 

where K = 10; Ti = 1 [s]; = 0.0 1 [s]; T = 0.1 [s]; 71 = 0.05 [s]; 5 = 0. I 

(2.114) 

23There is no need to stabilize the linear part of the system, as it is stable. 
241n the examples the notation KF instead of kz and G(s) instead of G L ( s )  is used. 
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w 

Table 2.2: Values for Gp(jw)  = U ( W )  + j w V ( w )  in Example 2.19. 

0 
0.5 
1 
2 
4 
8.0347 
10 
10,5277 
12 
14 

U ( W )  = R e { G ( j w ) }  V ( W )  =Zm{G(jw)}  w V ( W )  = w { Z r n G ( j ~ ) }  
10 0 0 
8.06164 
5.15443 
2.24901 
0.88635 
0 
-4.9505 
-4.49 1 
-1.618 
-0.6337 

-3.9309 
-4.9547 
-4.1004 
-2.7916 
-3.0321 
-4.3235 
0 
1.10636 
0.58333 

-1.9654 
-4.9547 
-8.2009 
-1 1.166 
-27.274 
-24.752 
0 
12.3716 
8.16665 

Figure 2.29: Graphical solution of Example 2.19. 

Solution. By substituting s = j o  in (2.114) and by applying (2.109) to (2.112), 
the real and imaginary parts of the Popov plot Gp( jw) can be determined. See 
table 2.2 andplots G ( j w )  and Gp( jw)  (Fig. 2.29). 

Popov plot Gp( jw)  and the plot G ( j o )  intersect the real axis at the point 
(-4.491; j 0 )  f o r  the frequency W ,  = 10.5277[s-']. The plot Gp( jw)  is a con- 
vex function, i.e. through the point (- I/&-, j 0 )  = (-4.49 1, j 0 )  can be drawn 
a tangent-Popov line. The slope of the tangent with respect to the real axis is 
q-' = tan y = 20, or y = 87[deg]. 

The maximal value of the coejicient KF for which the nonlinear system is 
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absolute stable is KF = 114.491 = 0.22. 
The analyzed nonlinear system has absolutely stable equilibrium states f o r  all 

single-valued nonlinearities of the class [O,K,K] with the condition that KF < 0.22. 

EXAMPLE 2.20 
Determine the boundary value of the gain for  the absolute stability of the nonlin- 
ear system whose structure is as in Fig. 2.1 7. The transfer function of the linear 
part of the nonlinear system is: 

K 
GI , (S )  = G(s)  = 

(1 + Tls)(l +Tzs)(l+ T3s) 
25 

(1+O,5s)(l+O,O2s)(l+O,Ols) 
- - 

while the nonlinear characteristic of the class [0, KF] is: 

Solution. To determine the absolute stability of the system, it is often convenient 
to use a normalized Popovplot GOp(jw): 

GoP(J’O) = G P ( ~ @ )  .KF 

The normalized Popovplot GOp(jw) is found by means of the normalizedplot 
of the linearpart of the system: 

Go( jw)  = G ( j w ) .  KF 

Gop(jw) = Re{KFG( jw)}  + j j w l m { K ~ G ( j w ) }  

[ 1 - w*( TI r2 + TI T3 + E G ) ]  KKF 

@(Ti + r2 + G - w2Tl Z T ~ ) K K F  
(2.115) [1 + (wTl)2] 11 + (OT2)2] 11 + (wT?)21 

G o P W )  = 

- 
’[l + ( w T I ) ~ ]  [l  + ( w T ~ ) ~ ]  [l + ( w T ~ ) ~ ]  

From (2.115) comes Table 2.3 andplots Go( jw)  and GOp(jw) in Fig. 2.30. 

bility with the normalized Popov plot follows: 
When GOp(jw) = &GP( j w )  is put into (2.93), the condition of absolute sta- 

1 

= R e { G ~ p ( j ~ ) } - q q l m { G ~ p ( J w ) } + 1  > 0 

Re{GP(Jo)}-q lmIGP(jo)}+KF 
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Table 2.3: Values for the normalized Popov plot in Example 2.20. 

w 
I 
2 
4 
8.0347 
16 
32 
64 
72.894 
128 

R 4 G o  (Jw)  } 
39.3723 
23.433 1 
7.50786 
0 
-1.96706 
-1.8235 
-0.80349 
-0.624989 
-0.15189 

W C O  (Jw) 1 
-21.1854 
-26.427 1 
-20.968 
-1 1.4587 
-5.49079 
-1.713 13 
-0.10 107 
0 
0.086879 

-52.8543 
-83.8722 
-95.3 898 
-87.8526 
-54.820 1 
-6.46839 
0 
11.1205 

Figure 2.30: Normalized Popov plot-solution of the Example 2.20. 

The boundary gain of the nonlinear system comes from (2.1 15): 

1 
qlm { G p ( j w ) )  - R e { G ~ ( j w ) )  

KFcrit = 

By analogy, the normalized Popovplot Gap( jo) and Popov line arepassing through 
thepoint (- 1 /< , jw), so the boundary gain for  the normalized Popovplot will be: 

(2.116) 
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Table 2.4: Values for the normalized Popov plot in Example 2.21 

w 
1 
2 
4 
7.5102 
8 
16 
32 

W)> W ~ O  W) 1 W G o & w ) l  
-8.47416 -15.7489 -15.7489 
-5.28543 -4.68662 -9.37325 
-2.0968 -0.75079 -3.003 14 
0.5 1879 0 0 
-0.59680 -0.0039 -0.03 10 1 
-0.13727 0.04918 0.78682 
-0.0214 0.02279 0.7294 

For w = wj = 64 the common point of the Popov line and the normalized Popov 
plot is: 

Re{G,p(j64)} = -0,75; Im{Gop(j64)}  = -6 (2.117) 

The slope of the Popov line is q-' = 50. From (2.116)jbllows the boundary value 
of the gain of the system: 

EXAMPLE 2.2 1 
Determine the boundary gain in the system with a nonlinear characteristic of the 
class [0, KF] with the normalized transfer function of the linear part: 

where KO = KKF = 2O[s-']; Ti = 0.5[s]; fi,O.O2[s]; f i  = 0.01 [s]. 

Solution. Normalizedplots G,(jw) and GOp(jm), as well as Table 2.4 are illus- 
trated by Fig. 2.31, together with the Popov line q-' = 2. 

In Type I control systems 25 there always exists the boundary stabiliv, i.e.: 

lim Zm { G ( j o ) }  = --oo 
W+O 

The boundary gain of the system is according to (2.116): 

KKF K ' -  

Cr'f - @m{ G o ~ ( j ~ i ) }  - Re{ G o P ( j Q ) }  
(2.118) 

25Type 1 system has one integrator. System with astatism of first order. 
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Figure 2.3 1 : Graphical solution of Example 2.2 1. 

Inserting in (2.118) q-’ = tan w = 2, mi = 4 (common point of Popov line and 
Popov plot) and the result is: 

20 = 44.4[s-‘] 
- 1,50157 + 2,0968 Kcrit = 

2.6 Absolute Stability of an Unforced System with 
Time-Varying Nonlinear Characteristic 

Up to now we have pursued the nonlinear systems under the following conditions: 

1. Stable linear part of the system (structure as in Fig. 2.1 S), 

2. Stabilized linear part of the system (structure as in Fig. 2.19). 

In both cases the nonlinear part of the system was of the class [0, k2] for the first 
case, or of the class [Ky,  k2] for the second case. It was time-invariant without the 
parallel branch (first case) or with a necessary parallel branch (second case). 

In the subsequent text, the main interest lies with the absolute stability of an 
unforced nonlinear system when the nonlinear part of the system is time-varying. 
The sufficient conditions for absolute stability of the equilibrium states of the 
nonlinear system with the structure in Fig. 2.32 are in accordance with the Popov 
frequency criterion (2.93). Additional discussion for some other properties of 
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Figure 2.32: Structure of nonlinear system and static characteristics of nonlinear 
part of system which vary with time, but never come out of sector [K,, k2]. 

the functions F ( t , x )  and GE(s)  can be found in Tsypkin (1977); Nelepin (1971); 
Voronov (1979); and Mutter (1973). 

For time-dependent nonlinear elements, the coefficient q in the Popov criterion 
(2.93) is equal to zero. The functions F ( t , x )  and GE(s)  must satisfy the following 
properties: 

1 .  Function F ( t , x )  satisfies the condition of belonging to the sector [K,,k2] 
(Fig. 2.32b) for any t ,  i.e. it is always true that: 

F(t,O) = 0 
(2.119) 

2. Function GE(s) is an equivalent transfer fhnction of the linear part of the 
system, determined by (2.80) and (2.102): 

b,sm + bm-lSm-’ + ... + 6, GL(S) = ; n 2 m+2 (2.120) 
GE(s)  = 1 +K,GL(s) ansn +an-1sn-l + ...+ a, 

THEOREM 2.10 (ABSOLUTE STABILITY OF TIME-VARYING SYSTEM) 
Equilibrium states of an unforced nonlinear system with the structure given in Fig. 
2.32 will be absolutely stable 8 

(2.121) 

This condition results from the frequency stability criterion (2.105) for q = 0 ,  

The criterion (2.121) can also be used for determining the absolute stability 
of the equilibrium states of unforced time-invariant systems with multi-valued26 

KF = k2 - K,. 

~ 

*‘%ometirnes the multi-valued nonlinear characteristic can be treated as a time-varying single-valued 
one, for example, the three-position relay with hysteresis. 
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nonlinearities F ( x , i )  (Naumov, 1972; Netushil, 1983). Here the nonlinear func- 
tion must satisfy the following conditions: 

F(0,O) = 0 

(2.122) F ( x , i ) x  > 0; x # 0 

O < -  F(x’i) < KF; x # 0 
X 

while the function GE(s)  satisfies conditions (2.120). 

Graphical Interpretation of Theorem 2.10 

When q = 0, the condition for absolute stability has the following graphical in- 
terpretation. If q = 0 is inserted in the expression (2.107), the condition of the 
absolute stability has the form: 

1 u+v2+ > 0 KF + 2Kr 
U2 + 

Kr (Kr + K F )  K,(K,+KF) - 
(2.123) 

If the first two terms in (2.123) are complemented to the full quadratic term with 
the additional expression: 

(KF + 2Kr)2 
4K?(K, + K F ) ~  

and after rearranging (2.123): 

The expression (2.124) with the replacement of the sign ‘2’ with the sign ‘=’ 
represents the equation of a circle with the center on the negative27 real axis in the 
G(s)-plane which has its center at the point a (Fig. 2.28b) with the coordinates: 

and radius: 
KF rc = 

2Kr (Kr + KF ) 
This circle intersects the real axis at the same points as the parabola (see Fig. 
2.28b) and lies completely within the parabola which is drawn for q > 0.5-see 
expression (2.108). The condition for absolute stability of the time-varying non- 
linear systems is graphically interpreted so that the stable linear frequency charac- 
teristic may not enter inside the circle. When Kr = 0, the circle deforms into the 

27Additional conditions are K, > 0 and KF > 0. 
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Popov line which passes the point -KF',  parallel to the imaginary axis. When 
q = 0 (Fig. 2.28b), the condition (2.93) follows from (2.121). 

In the case that the nonlinear element has a static characteristic inside the 
sector [0,00] or [Krl -1, and the linear part of the system is stable, then: 

Re{(l +jqw)GL( jw)}  > 0 (2.125) 

(2.126) 

and: 
u( 1 +- K,U) + K,.v~ - qWv 2 0 (2.127) 

If we substitute WV = Vp( W )  the latter term can be written in the following form: 

Vp(W) 5 - u2 + -u+ v2 
Kr 4 [ Kr l l  

or: 

for V = 0. 
The expression (2.128) has a positive value for: 

2 

(u+&-)2+v'2 (&) 
and the extreme at: 

(2.128) 

(2.129) 

(2.130) 

The value of the extreme is: 

Similarly, for V, = 0, the intersection of the parabola and the real axis is obtained: 

U + - = f -  1 1 
2Kr 2Kr 

and further: 
1 

Kr 
U1 = -- and U2 = 0 
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Figure 2.33: Example of absolute stable time-varying nonlinear system. 

7 

Figure 2.34: Frequency characteristic of stable linear part G L ( ~ w )  = G ( j o ) .  

From inequality (2.126) it follows that the Popov line with the slope q p l  may now 
pass through the origin, while inequality (2.129) means that the Popov plot may 
not enter inside the region which is bordered by the parabola with the peak in the 
point S with coordinates [- 1 /2K,, - l/(4qKr)]-the parabola intersects the real 
axis at the points b = -l/K,. and c = 0 (Fig. 2.33). When K, = 0, the conditions 
(2.129) and (2.126) are the same. 

For the cases when the nonlinear characteristic is of the class [0,-3] or [K,,m], 
inequality (2.130) requires that the frequency characteristic may not enter inside 
the region which is limited by the circle with the center on the negative real axis 
at the point marked with a: [ - 1 /2K,., 01 and the radius 1 /2K,. 

By analogy, for the systems with single-valued time-invariant relay character- 
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istics y~ = F ( x )  with the properties: 

F ( 0 )  = 0 
F ( x ) x  > 0;  x # 0 

o < ~ < w ; x # O  
X 

(2.131) 

the sufficient conditions for absolute stability emerge from the criterion (2.93): 

R e { j o G L ( j w ) }  > 0;  q > 0,  o 2 0 
(2.132) 

. Im{GL( jo ) }  < 0; o 2 0 

From (2.132) it follows that the frequency characteristic GL( jw)  of the stable, 
linear part of the system must be situated in the lower half of the plane (Fig. 2.34) 
in order that the nonlinear system be absolutely stable. 

EXAMPLE 2.22 
It is necessary to determine the conditionsfor the stability o f u  relay system in the 
block diagram, Fig. 2 . 3 5 ~ .  The nonlinear element is a three-position relay with 
hysteresis and its static characteristic is given in Fig. 2.35b. 
Remark. As can be seen, the linear part ofthe system has one pole at the origin 
and doesn’t satisfy the condition (2.95). 

Solution. The multi-valued nonlinear characteristic (Fig. 2.35b) can be repre- 
sented by an equivalent structure which contains a single-valued nonlinear ele- 
ment - three-position relay without hysteresis, YN = F(x,) with a positive,feed- 
back H as is given in Fig. 2.36. 

By replacing F(x,.i) with the equivalent nonlinear characteristic Y N  = F(x,), 
the system from Fig. 2.35 can be replaced by an equivalent structure as in Fig. 
2.37 (Netushil, 1983). 

In the system from Fig. 2.37 nonlinear characteristic YN = F(x,) is single- 
valued ofthe class [0, l / x a ] ,  while the equivalent linearpart is determined by the 
transfer function: 

(2.133) 

The transfer function of the equivalent linear part of the system (2.133) doesn’t 
satisfy the necessary conditions fo r  the closed-loop system to be absolutely stable 
for  two reasons: 

I .  GLn(s) has one pole at zero, i.e. GL,(s) is neutrally stable and doesn’t 
satisfy (2.95), 

2. GL,(s) doesn’t satisjj Theorem 2.8, i.e. lim GLn(jco) # 0. 
W’m 
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Figure 2.35: Block diagram of nonlinear system (a) and static characteristic of 
nonlinear element (b). 

Figure 2.36: Equivalent structure for multi-valued nonlinear characteristic of 
three-position relay with hysteresis (Fig. 2.35b). 

Figure 2.37: Equivalent structure (a) and equivalent nonlinear characteristic (b) 
for Example 2.22. 
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Figure 2.38: Magnified frequency characteristic (a) equivalent GE ( j w )  and (b) 
Popov Gp( jo) .  

In order to apply the criterion of absolute stability, it is necessary to determine 
the equivalent transfer function GE ( s )  which will satish the condition of stability 
of the linear part as well as Theorem 2.8 or lim G ~ ( j o )  = 0. For such apurpose 
the following equivalent transfer function can be used: 

W'-= 

(2.134) 

where a and p are small parameters a << T,  p << 1. 
From (2.134) and (2.133) results: 

KL - HS T ( 1 + s T )  

(2.135) 
G E ( S )  = sT(  1 + as)( 1 + s T )  + p [KL - HsT(  1 + S T ) ]  

N K L - H s T ( ~ + s T )  
N 

aT2s3  + T2s2 + sT + p KL 

A s  can be seen, the equivalent transfer function (2.135) complies now with the 
required conditions if T > 0 and KL > 0. 

The plot G ~ ( j o )  in Fig. 2.38a consists of threeparts: 

1. The range of low frequencies (W <<), where the higher-order terms of co 
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are neglected and GE ( j o )  can be approximately expressed by: 

KL 
p KL + j o T  

GE ( j o )  25 

In low-frequency range the plot G E ( ~ w )  is a circle with radius r, = l /P,  
which goes to injnity when p 4 0. 

2. The range of medium frequencies, where the terms with small parameters 
a and p can be neglected: 

and the plot GE( j w )  behaves as an inertial integration element shijted jor  
H (Fig, 2 .38~) .  

3. The range of high frequencies where low-power terms of o can be ne- 
glected. For the HF range it is true that: 

U 
11 

G E ( j o )  25 -- 
1 + j oa  

In the HF range the plot G E ( j o )  is a half-circle with radius 0.5H in the 
second quadrant (Fig. 2 .38~) .  

From the G E ( j o )  plot, the Popovplot G p ( j o )  can be constructed in such a way 
that the ordinates GE ( j o )  are multiplied by the frequency o (Fig. 2.38b). In the 
low-frequency range the arc of the circle is of injnite radius28, i.e. it becomes a 
straight line,29 starting at the point ( -KL - H ,  - jKL /T) ,  and it runs parallel to 
the real axis and ends at +w as o -+ 0. In the medium-frequency range Gp( j o )  
becomes a straight-line segment from the point ( -KL - H ,  - j K L / T )  to the point 
( - H ,  j 0 ) .  In the HF range the circle with the radius 0.5H for  G E ( j o ) )  becomes 
in the Popov plot Gp( j o )  a straight line parallel to the imaginary axis from the 
point ( -H,  j 0 )  as is shown in Fig. 2.386. The Popov line can be drawn on a 
segment of the real axis between --oo and ( -KL - H ) ,  i.e. to the left of the point 
(-K - H ,  j 0 ) .  The condition for absolute stability is: 

1 1 -<-  
X ,  KL+H 

Or:  

KL <x,-H=Xh 

(2.136) 

(2.137) 
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or: 
(2.138) 

The condition fo r  absolute stability for a given system can be interpreted in such 
a way that y ~ ( x )  must be inside the sector [0, k] ,  dejined by the angle p = y ~ / x  5 
k = 1 /xh < 1 /KL (see the dashed line in Fig. 2.35b). a 

2.7 Absolute Stability of Forced Nonlinear Systems 
The Popov frequency method gives sufficient conditions for the absolute stability 
of the equilibrium state of an unforced system. The method is not appropriate to 
assure the stability of a nonlinear system which has forced disturbances (reference 
quantities, external disturbances, measurement noise, etc.). The procedure which 
gives sufficient conditions for absolute stability for such cases has been proposed 
by Naumov and Tsypkin (1 964). This will be presented next. 

The dynamics of the nonlinear system of the structure as in Fig. 2.39, forced 
by an external quantity f i  ( t ) ,  is described by a nonlinear integral equation: 

where: 

G ( p )  - transfer function of the stable linear part of the system, expressed by the 
derivative operator p = d / d t ,  

F ( x )  - single-valued nonlinear characteristic of the nonlinear part of the system, 

Ji ( t )  - external bounded action which doesn’t vanish, while satisfying condition 
(2.79). 

Figure 2.39: Block diagram of forced nonlinear system. 
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If a bounded external action fi ( t )  acts in the time interval 0 < t < m, the restored 
state3’ of the forced state or zero-state response is described by the nonlinear 
integral equation: 

(2.140) 

The sufficient condition for the restored state (zero-state response) of the forced 
system (Fig. 2.39) to be absolutely stable is satisfaction of the following theorem: 

THEOREM 2.1 1 

TSYPKIN) 
The restored state of the system given by the structure in Fig. 2.39 will be abso- 
lutely stable if the following conditions are met: 

(ABSOLUTE STABILITY O F  FORCED NONLINEAR SYSTEM, NAUMOV AND 

I .  The external action to the system is bounded, see (2.79), 

2. The equilibrium state of the linear part of the system is stable, 

3. The nonlinear characteristic F ( x )  is of the class [0, k2], and its derivative 
satisfies : 

4. The following inequality is true: 

1 
k2 - 

Re { G ~ ( j w ) }  + - > 0 ; 0 2 0 

(2.141) 

(2.142) 

Graphical Interpretation of Theorem 2.1 1 

The expression (2.142) is obtained from Popov condition (2.93) when q = 0. It can 
be graphically interpreted so that for the frequency characteristic of the linear part 
of the system G ~ ( j w )  the forbidden region is to the left of the straight line which 
passes through the point on the real axis ( - k y l  ,jO ). This line3’ is parallel to the 
imaginary axis ( q  = 0). Besides, the slope of the nonlinear characteristic must be 
greater than or equal to zero, and smaller than or equal to k2. An example of the 
permissible nonlinear characteristic is given in Fig. 2.40a, while the example for 
a nonlinear characteristic that is not permissible is shown in Fig. 2.40b. In the 

30The notion ‘state’ is used here for the signal at the input to the nonlinear part of the system, x ( t ) .  

3’See the straight line parallel with the imaginary axis in Fig. 2.28b. 
Some authors use the notion ‘process’ instead. 
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Figure 2.40: Example of allowed (a) and prohibited (bj nonlinear characteristics. 

plane [kzU(w),k2V(o)] from (2.142) can be derived: 

Re (k2 . G L ( ~ w ) }  + 1 2 0 (2.143) 

and it follows that: 
Re{k2U(o)+jk2V(o)}+  12 0 (2.144) 

Geometrically condition (2.144) means that the plot k 2 G ~ ( j w )  for all o 2 0- 
which is obtained by the substitution of the nonlinear element F ( x )  with the linear 
operator of the gain k2-is situated to the right of the line k2U(0) = -1 (Fig. 
2.41). 

2.7.1 Absolute Stability of Forced Nonlinear Systems with an 
Unstable Linear Part 

If the linear part is unstable, it is necessary to stabilize it by a negative feedback 
K,. and at the same time, an equivalent transfer finction of the linear part of the 
system must be taken into account. Then: 

The criterion of absolute stability of the equilibrium states of a forced nonlin- 
ear system with an unstable linear part, under the excitation of the bounded non- 
vanishing external quantities, has been formulated by Tsypkin (1977), Naumov 
(1 972), Yakubovich (I  965), Voronov (1 979); Netushil (1 983); and Naumov and 
Tsypkin (1 964). 
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Figure 2.41 : Prohibited region for frequency characteristic of linear stable part 
k2 GL (jo). 

THEOREM 2.12 
(ABSOLUTE STABILITY OF FORCED NONLINEAR SYSTEM WITH A N  UNSTABLE 
LINEAR PART, NAUMOV AND TSYPKIN) 
A suficient condition fo r  the absolute stability of the equilibrium states of a forced 
nonlinear system with an unstable linearpart is to satisb the frequency criterion: 

and the condition: 
K,+y= dF(x )  - < k2 + y 

(2.148) 

(2.149) 

where y is an arbitrary small positive quantity (see Fig. 2.42). 

Condition (2.149) is valid for the nonlinearities which pass through the first and 
third quadrants32, while condition (2.148) results from the Popov frequency crite- 
rion (2.105) when q = 0. Comparing both criteria (2.105) and (2.148), it is obvious 
that the conditions for absolute stability of the equilibrium states of a forced non- 
linear system are much more strict than those for an unforced nonlinear system, 
with additional constraints (2.149) which the derivative of the nonlinear function 
must satisfy. 

In situations when Kr = 0 in (2.148), i.e. when the linear part of the system 
G ~ ( j w )  is stable, instead of (2.148) the expression for the frequency criterion of 
the absolute stability (2.142) is obtained. 

32See the properties (2.91) 
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Figure 2.42: The gradient of nonlinear characteristic must be limited. 

Graphical Interpretation of Theorem 2.12 

Frequency criterion (2.148) can possess different geometrical interpretations, de- 
pending on the choice of the complex plane. With the use of a polar coordinate 
system it is convenient to make use of the constant amplitude and phase contours 
in the complex plane (KuljaEa and Vukid., 1985; Netushil, 1983). Substitution of 
K,. > 0, A = k2/K,. > 1 in (2.148) yields: 

(2.150) 

By inserting G ~ ( j o )  = U (  o) + j V (  w )  into expression (2.150) and rearranging, 
equations for circles in the plane [k2U( o), k2 V (  o)] are obtained. These circles 
correspond to different sector dimensions inside which the nonlinear characteristic 
can reside-sector dimensions are expressed through the ratio A = k2/K,. = const.: 

(2.15 1) 
I 

k2 U (  O) + - (A  + 1) + k2 V (  W )  = - ( A  - 1 ) 2  
2 l 2  4 

The family of circles in the plane [kzU(o) , k2V(w)]  given by (2.151) for various 
A = kz/K,. are presented in Fig. 2.43. All of them pass through the point (- 1 , j O ) ,  
have the radius R = ( A  - 1)/2 and the center on the negative real axis which is 
situated left of the straight line k2U( o) = - I .  Based on the equation (2.150) the 
circle criteria of absolute stability can be formulated (Tsypkin, 1977; Nelepin, 
1971; Netushil, 1983; Mohler, 1991; Cook, 1986). 

Criterion (2.150) will be satisfied if the plot k z G ~ ( j w )  for K,. # 0 is outside 
the corresponding A circle. From Fig. 2.43 it is obvious that to every circle there 
corresponds a value A = k2/K,. which can change from A = 1 to A = w. For A --t 00 
(k2 -+ 00 or K,. = 0), the circle deforms to a vertical line which passes through 
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Figure 2.43: Circle criterion of absolute stability in the plane [k2U(w),  k2V(w)].  

the point (- 1 , jO). For A = 133 the circle transforms into a point (- 1 ,do)-the 
sufficient conditions for the absolute stability of the nonlinear system become 
equal to the necessary and sufficient conditions of the linear system’s stability for 
k2 = K,.. 

To determine the absolute stability of the forced system whose nonlinear cha- 
racteristic is known, we may test the position of the plot kZGL(jw) in relation to 
the circle A which is determined by the boundaries of the sector where the nonlin- 
ear characteristic resides. With the proper choice of the parameters of the linear 
part for which the plot k 2 G ~ ( j w )  is to the right of the circle A ,  it is possible to 
design an absolutely stable system. 

When G ~ ( j w )  is defined, it is possible to determine the dependence K, = 
f ( k 2 )  by setting different values of k2 = const. and obtaining k2GL(jw) which 
touches the circle. When k2 and A are known, the corresponding value of K,. can 
be found, by which the absolute stability is obtained. 

2.8 Conclusion 

Stability is the property of an equilibrium state. We say that a system is stable 
if all its equilibrium states are stable. For proper operation of any technical34 

33The nonlinear part of the system becomes a linear one. 
340r  any other system like economic, social, biological, etc. 
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system, stability is the main requirement. When stability is ensured, then other 
requirements need to be obtained such as dynamic performance indices, accuracy, 
sensitivity, robustness, etc. The topic of stability of nonlinear systems given here 
has shown that in general nonlinear systems are richer than linear systems in va- 
rieties of possible behavior. Linear systems have one equilibrium state, contrary 
to nonlinear systems. Because of that we can speak in linear system theory about 
stability of a system. Stability here does not depend on initial conditions or type 
of the excitation signal. However, nonlinear systems can have one equilibrium 
state which is locally stable, another which is locally unstable and so on. Stability 
must be analyzed in respect of a small (local) or large (global) change of state 
around each equilibrium state. Stability can depend not only on initial conditions, 
but also on the type of excitation signal, as well as on characteristics of a system 
at and around a particular state35. 

This chapter has explained some very important achievements of the stability 
theory. Lyapunov’s work revolutionized our thinking and perspective about stabil- 
ity. New insights gave researchers new tools for stability analysis, enabling design 
of control systems with ensured stability throughout the system’s state space. Ab- 
solute stability by V.M. Popov brought us the method of stability analysis for a 
specific class of unforced nonlinear systems. Due to its frequency interpretation it 
became popular among control engineers. Later, generalization of this method to 
include forced systems was also well accepted in the control community. Stability 
is a very important property and because of that this chapter is so extensive. 

In what follows we will talk about linearization of nonlinear systems and in 
the rest of the book the harmonic linearization will be covered in more detail. The 
reader should bear in mind that any linearization is valid only for a specific local 
area of the state space close to the working point of a system. Due to that some 
stability issues given in this chapter will be lost, because only one equilibrium 
point will be of our prime concern. 

35Equilibrium state 
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Linearization Methods 

Dealing with nonlinear systems is difficult because known mathematical methods 
do not give us powerful enough means to analytically attack many problems which 
we encounter here. In order to simplify things and make them more manageable, 
linearization is quite often used. By linearizing nonlinear system about a single 
equilibrium state, the linear systems theory achievements can be explored. Some 
of our introductory comments from the first chapter should again be seen in view 
of this new perspective. Conventional linearization methods which are often used 
in engineering practice will be presented. Some new techniques, such as feedback 
linearization method' , input-output pseudolinearization*, and linearization about 
a trajectory3, are left out because we believe that they are more appropriate to be 
covered in a text dealing with the design of nonlinear control systems. 

Often it is most convenient and simple to analyze the dynamics of a nonlinear 
system by using a linearized mathematical model of the real system. With such 
analysis a nonlinear mathematical model is replaced by a linear one. Nevertheless 
caution must be taken, since such substitution is not always possible. Namely such 
substitution yields a valid result only if the linear effects are dominant. On the 
other hand if nonlinear effects are dominant, the linearization can only aggravate 
the description of the system, which leads to wrong conclusions. 

As already mentioned, a large proportion of real technical systems can be rep- 
resented by a structure consisting of a linear and a nonlinear part, the latter being 
described by static characteristics. Four linearization procedures are generally ap- 
plied: conventional linearization, harmonic linearization, statistical linearization 
and a combined one (harmonic plus statistical) (Csaki, 1972; Popov and Pal'tov, 

'See Jacubczyk and Respondek (1980); Isidori (1995); Krstik et al. (1995). 
2This is a special case of feedback linearization; see Jacubczyk and Respondek (1980). 
'Linearization along a trajectory differs from the linearization about an equilibrium because this 

linearization does not restrict the nonlinear system to stay close to a single equilibrium point, as is the 
case with the linearization about equilibrium. 
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1960; Gelb and Vander Velde, 1968). 
Conventional linearization is applied when the static characteristic of a system 

(or its elements) is a smooth function which can be presented graphically and 
analytically. The procedures of harmonic and statistical linearization are used 
in the case when the static characteristics of nonlinear elements are not smooth 
functions. 

The references Jacubczyk and Respondek (1 980); Lawrence and Rugh (1 994) 
and Isidori (1 995) give an extensive overview of this important topic for nonlinear 
systems. 

3.1 Graphical Linearization Methods 

Graphical procedures are used in the case when the static characteristics of a non- 
linearity are defined graphically and have the property of a smooth function. Lin- 
earization is achieved either by tangent or by averaging (secant) methods. Such a 
linearization is acceptable only if in the vicinity of the operating point, the non- 
linear characteristics have only small deviations, i.e. when an approximating line 
remains close to the nonlinear characteristic. The greater the region where the co- 
incidence of the straight line and nonlinear static characteristic is acceptable, the 
better is linearization, and the linearized model can be used for more operating 
points. The basic demand for a linearized model, i.e. to be acceptable for the 
greatest possible number of operating points is thus fulfilled. 

Tangent Method 

The method is illustrated in Fig. 3.1. Fig. 3.la illustrates the linearization method 
of the static characteristic of a nonlinearity at nominal operating point 01 (xo,yi). 
With the assumption that oscillations in the system are within prescribed limits, 
the static characteristic can be approximated by a tangent with variables Ax and 
&N: 

A Y N = K . A x  (3.1) 

With tracking systems, oscillations in the nominal operating mode are not allowed, 
i.e. the static characteristic is approximated by the tangent equation: 

Secant Method (Averaging Method) 

The method is shown in Fig. 3.2. It is applied in engineering practice when the 
graphical representation of the nonlinear static characteristic in the range of input 
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Figure 3.1 : Linearization of smooth nonlinear static characteristics by the tangent 
line. 

Figure 3.2: Linearization of smooth nonlinear static characteristic by the secant 
line. 
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variations4 -x, < x < x,  can be approximated by a line: 

where K, = tan a. Secant approximation lines can be more accurate than the tan- 
gent method (line T ) ,  which is shown in Fig. 3.2a where the line S is more accurate 
than the line T ,  except in the vicinity of the point x = Y N  = 0. Coefficient Ks can 
be still better defined by the least-squares method (Fig. 3.2b). Here, the curved 
static characteristic Y N  = F ( x )  is approximated by the line YN = Kx, whereby K is 
calculated from the equation: 

min [ E ~ ]  = min ~ ( K x ~  -yNi) 
[i:1 2 1  

(3.4) 

i.e. the sum of squares of the difference of Kxi (secant points) and Y N ~  = F ( x )  
(function points) must be a minimum. To obtain the extreme value, the equation 
has to be differentiated and the result equated with zero: 

respectively: 

From (3.5) follows: 
i= 1 i= 1 

(3 .5)  

By approximating a static characteristic by either of two above-mentioned meth- 
ods, it is possible, for many nonlinear systems, first to carry out linear analysis 
of the dynamic behavior, and thereafter by using nonlinear theory to obtain more 
precise results. 

3.2 Algebraic Linearization 
For a large number of nonlinear functions of one variable which appear frequently 
in mathematical calculations, for small values of the argument Ax it is appropriate 
to apply expressions obtained by algebraic approximation. The most frequent are 
the functions presented in Table 3.1. 

41t must be emphasized that in this chapter all input signals to a nonlinear element are denoted with 
x. which is otherwise reserved for state variables. 



Linearization Methods 145 

Table 3.1: Algebraic approximations of the most frequent nonlinear functions. 

Nonlinear function 

1 
1 + h  

(1 +Ax)" 

dl + A x  

1 

m 

1 

Ax e 

Ax a 

In( 1 + A x )  

sinAx, sinhAx, 
arcsinhh, a r c s i n k  

cosAx, c o s h h ,  
arccoshAx, 
arccos Ax 

tan&, tanh Ax, 
arctanhh, a r c t a n k  

Linear aDDroximation I First neglected term 

1 - A x  

1 +nAx 

1 
1 + p  

1 
1 - - k  

2 

1 
1 + - A X  

3 

1 
1--AX 

3 

1 +Ax 

1 + (1nu)Ax 

Ax 

Ax 

1 

Ax 

(Ax)* 

(Ax)* 
n(n - 1) 

2 

1 
8 

--(A# 

- (W2 

- - ( A x ) 2  

- (Ax)* 

3 
8 

1 
9 

2 
9 

1 
- 2 (4* 

---(Ax)* 2 
(ha)* 

1 
2 

--(Ax)* 

1 
6 

- - ( h ) 3 ,  

- ( A x ) 2 ,  -$(Ax)* 
1 
2 

1 
3 
- ( A x ) 3 ,  - ; ( A 4 3  
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t 

Figure 3.3: Nonlinear system with three inputs (excitations) and one output (re- 
sponse). 

3.3 Analytical Linearization Method (Linearization 
in the Vicinity of the Operating Point) 

The analytical linearization method in the vicinity of the operating point is based 
on the substitution of the nonlinear system by a linearized one. Linearization is 
carried out by expanding the nonlinear function into a Taylor series at the nom- 
inal operating point, i.e. in the static operation mode. The method is applied to 
smooth nonlinearities with small deflections from the operating point. This condi- 
tion is fulfilled in stabilizing closed-loop control systems or control systems which 
solve the regulator problem. Fig. 3.3 presents a nonlinear system with two inputs 
(XI ,xz), one output @ N )  and one disturbance (w). 

The dynamic behavior of the system in Fig. 3.3 is described by the differential 
equation: 

F(Xl,X2.i2,YN,$i:,?N> Y N )  = cp(w,+) (3.7) 

With static operating mode at the operating point XI = xy, x! = x:, y~ = yN 0 
where F and cp are nonlinear functions. 

and disturbance w = wo, we obtain: 

F(xY,X;, o,y;, o,o, 0) = cp(wO, 0) (3.8) 

Assuming that the excitation variables XI, x2 and response Y N  can be expanded 
in Taylor series, and the oscillations A x l ,  A x 2  and Ayi: are sufficiently small (Fig. 
3.3b), the system dynamics can be reasonably well described by the linear approx- 
imation: 

X , ( t )  = x ? + A q ( t ) ,  X 2 ( t )  = x ; + h x z ( t ) ,  i 2  = A i 2  
0 (3.9) 

yi:(t) =yN + A y ~ ( t ) ,  Yi: = A$N, ji: = A ~ N ,  Y N  AYN 
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The disturbance variable w(t)  is independent of the system itself. It can be arbi- 
trary and may not be linearized. 

By expanding the function (3.7) in a Taylor series at the operating point (3.8) 
the dynamic equation of the system obtains the following form: 

+ . . . + higher order terms = cp( w, +) 
(3.10) 

By neglecting higher order terms in (3.10), the linearized equation of the system 
is written: 

(3.1 1) 

Linearized equations (3.11) and nonlinear equations (3.7) describe the dynamics 
of the system in Fig. 3.3. The differences between the equations (3.11) and (3.7) 
are following: 

0 Equation (3.11) is an approximation, since higher-order terms are neglected. 

0 Variables in (3.1 1) are excitation deflections Aq, and response deflec- 
tion Ayp, from their respective operating points xy, x!, y k .  

0 Equation (3.1 1) is a linear differential equation in relation to deflections 

hi, h 2 ,  AYN, A i 2 , .  . . , AY N with constant coefficients (g) O ,  ( E )  , . . . 
These coefficients are variable coefficients when the nonlinear function F 
is also a function of the argument t ,  or when the operating point is defined 
by variable quantities xy(t) ,  x;( t ) ,  y i ( t ) ,  as is the case in programmable 
control. 

... 0 

Analytical linearization method by expansion in Taylor series is equivalent to 
the graphical linearization. Figure 3.4 presents a graphical dependence of F(x1) 
with fixed values of remaining variables x2 = x i ,  X 2  = 0,  Y N  = y k ,  Y N  = j;, = ... 
y N = o .  
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F 

F 

- 
0 

F - P  

c 

D 

0 

Figure 3.4: Graphical dependence F(x1)  with other variables constant. 

Nonlinear function F - F o  = F ( x Y , x ~ , O , y ~ , O , O , O )  at the operating point 
C(xY,Fo) is approximated by the tangent CD with the slope: 

d F  
ax1 

K1 = - = t ana  

which is equal to the first term of equation (3.11). In Fig. 3.4b the lineariza- 
tion is shown by substituting x i  = x! + Ax1 and by choosing the point C as the 
origin of coordinates. From the above discussion follows the conclusion that by 
analytic linearization method with Taylor-series expansion the nonlinear function 
y~ = F(x1, ..., x,) described by a plane in n-dimensional space5 is replaced by a 
tangential plane at the operating point, i.e. a linear relationship of small deflec- 
tions AYN and Aq with the coefficients of proportionality (linearization) which are 
equal to partial derivatives of the nonlinear hnction at the operating point (Fig. 
3.5b). 

The equation for the system in Fig. 3.5a can be written as a scalar equation 
with vector argument: 

?N = F ( x )  (3.12) 

and the linearized equation for the system in Fig. 3.5b in the form of a scalar 
product: 

AJJN M grad FlcAx = VFlcAx = - Ax : j c  (3.13) 

51ndex n represents the number of inputs to the nonlinear element and may not be mixed up with 
the dimension of the state vector. 
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Figure 3.5: Substitution of nonlinear function by a linear one, where deflections 
AYN and Aq are correlated with linearization coefficients Ki. 

or in the matrix form: 

AYN z [grad FIC]'Ax = [VFlc]  T Ax = [ g I A ' A x =  $lcAx (3.14) 

where grad F is the gradient (column vector) of the scalar function F ,  V is col- 
umn vector of operator nabla (V = [i?/aq, ..., d/dx , ] ' )  and means transposition 
(from a column to a row vector and vice versa). 

The next example will illustrate this: 

dF 

Whether a column or a row vector will be used must be known from the begining, 
since the dimensions must be proper. The choice itself doesn't change the result, 
but it is important that the choice must not change the dimension of the output. In 
this particular case the output is a scalar quantity. 

Equation (3.14) can therefore be written in the form: 

AYN M   AX]^ grad FI, = [ A X ] ~  VFI, =   AX]^ 
d x  c 

(3.15) 

The equations (3.14) and (3.15) give the same result (scalar Ay) if the right choice 
of the vector form (column or row vector) is taken. 

For multivariable nonlinear systems the mathematical model is: 

(3.16) 
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where 
T .  u(t )  = [ul 242 . . . IS a vector of m control signals to the nonlinear system, 

y ( t )  = ly l  y2 . . .yyf  is a vector of Y output signals from the nonlinear system, 

is a vector of nonlinear func- 

is a vector of nonlinear func- 

.fi  XI , ~ 2 , .  . . ,xn, ~ 1 , .  . . ,urn) 
f 2 ( t r ~ 1  ~xz,... 1xniu1, . . .  ,urn) 

fn(t,x1,x2,...,Xn,ulr...,Urn) 

h 1 ( t , ~ 1 , ~ 2 ,  . . . ,xn 1 u I , . . . ,  urn ) 
~~(~,xI,xz,. . . ,xn,ul , .  . . ,urn) 

h, ( t ,Xl  ,x2,. . . ,xni 111 i . . . , urn) 1 
I f(t ,x,u) = 

tions of every state variable component and 

h(t,x,u) = 

tions of every output signal component. 
In case of a time-invariant nonlinear system where f(x, u) is continuously dif- 

ferentiable at the equilibrium6 (xe,ue), then the Jacobian matrices J, and J, can 
be used to approximate f(x, u). A multivariable Taylor series expansion has the 
form: 

where: 

(3.17) 

J, = Dlf(x,, u,) = is a Jacobian n x n matrix, 

is a Jacobian n x m matrix, J, = D ~ ~ ( x ~ , u , )  = . .  

r [x(t),u(t)] is the remainder (higher order terms) of the Taylor series expan- 

If the remainder r(x, u) satisfies: 
sion. 

the approximation will be accurate up to first order. 
Defining the deviation from the equilibrium as Ax(t) = x(t) - x, and Au(t) = 

~ ( t )  - ue and assuming fixed equilibriums, i.e. $xe = 0 with f(xe,ue) = 0, we 

'The pair (xe, u,) is called equilibrium iff(x,,u,) = 0. 
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will have: 

Ax(t) M J,Ax(t) + J,Au(t) (3.18) 

Equation 3.18 represents the linearized dynamics of the nonlinear system about 
the equilibrium point (xe, u,). 

Linearization of the algebraic output equation can be done in a similar way, 
i.e. the following Taylor series expansion can be obtained for the time-invariant 
nonlinear system: 

: I is a Jacobian Y x n matrix, . .  where K =  I : . .  

r [x(t), u ( t ) ]  is the remainder (higher order terms) of the Taylor series expan- 

For the nonlinear unforced7 system, if the function h(x) is continuously dif- 
sion. 

ferentiable at x,, the Taylor series expansion takes the form: 

y(t) = h(x) = h(x,) +KAx(t) + r [ x ( t ) ]  (3.19) 

If h(xe) = 0 and also if the remainder satisfies: 

the approximation will be accurate up to first order, and can be given by: 

Ay(t) M KAx(t) (3.20) 

where K is a Jacobian Y x n matrix defined as: 

For r = n the Jacobian matrix K becomes a square n x n matrix. 

'vector of control signals is a null vector. 
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3.4 Evaluation of Linearization Coefficients by 
Least-Squares Method 

The method is essentially analog to the graphical approximation of a nonlinear 
static characteristic of one variable Y N  = F ( x )  by a secant line (Fig. 3.2). For 
nonlinear functions with several variables, a phase plane Y N  = F(x1 l . .  . ,xN) is 
approximated by a plane which cuts the phase plane in a prescribed number of 
points in the vicinity of the operating point. 

To evaluate the linearization coefficients, it is appropriate to apply the least- 
squares method. The nonlinear function is described by the equation: 

and the operating point is: 

In the vicinity of the operating point (3.22), m points for each variable xi are 
chosen so that the condition m > n is fulfilled. The values of the variable Y N  at 
these points are: 

The distances between the chosen points and the operating point are given by the 
equations: 

( k =  1 ,2 , . . . 1m)  (3.24) 

(3.25) 
and 

0 y N k - Y N = A Y N k ;  k =  112, ...,m 

From (3.24) and (3.25) the linearized model follows: 

(3.26) 
i= 1 

Combining equations (3.4) and (3.26) gives the sum of squares of deflections for 
the chosen points: 
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The minimum of the sum of squares for E is obtained when the first partial deriva- 
tives are equal to zero: 

(3 .28)  

(3.29) 

and further: 

Coefficients of linearization Ki are defined by the solution of the system of n 
equations (3.30). For a function of one variable Y N  = F ( x ) ,  the equation of the 
linearized model is: 

AYN M K . h  (3.31) 

where the coefficient of linearization or equivalent gain is: 

(3.32) 

The least-squares method is applied in cases when approximations by simpler 
methods yield no satisfying results. In the case when the nonlinear function cannot 
be represented analytically, the sums in the expression (3.32) can be replaced by 
integrals. In such a way, for the function of one variable y~ = F ( x ) ,  the coefficient 
of linearization by the least-squares method is: 

(3.33) -Ax 
h 

-Ax 

K =  

s ( f h 1 2 4 f h )  

Although the least-squares method is better than the simpler tangent or secant 
methods, it is seldom used in practice because its realization is difficult, especially 
in cases of more complex nonlinear functions. 
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EXAMPLE 3.1 

TION) 
The diflerence between these two methods is illustrated in a simple example of the 
nonlinear function yn, = F ( x )  = x" in the vicinity of the operatingpoint' xo = X # 
0. Approximation by the tangent yields (see equation (3.13)): 

(COMPARISON OF LEAST-SQUARES AND TANGENT METHODS OF LINEARIZA- 

and the linearized model is: 

A ~ N  = nXn- Ax 

According to equation (3.24), the least-squares method yields. 

y: + A ~ N  = (xo + AX)" 
Y + A y =  (X+Ax)" 

respectively: 
A ~ N  = ( X  + Ax)" - X" 

Using equation (3.33), the coeficient of linearization is: 

Ax 

J [(X+&)" -X"]Axd(Ax) 

(3.34) 

By integrating: 

where the brackets signijy an integer: For n = 1, we will have K = 1, while fo r  
n = 2, K will take the value: 

For n = 1 and n = 2, the tangent method (AYN = KAx = n X n - l h )  will give K = 1 
and K = 2, respectively. As may be seen, both methods give the same result f o r  

'Instead of the operating point notations xo and y; in this example X and Y will be used because 
of simpler notation. 
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n = 1 and n = 2, whereas for  n > 2 the coeficients of linearization dijfer. For 
example, for n = 3, the least-squares method yields: 

2 ~ ~ ( ~ 4 ~  + 3 ~ 4 ~  3 
= 3X2 + - ( A q  

5 
K =  

$ 
It is evident that the coeficient of linearization obtained by the least-squares 
method depends on X and Ax, and differs from the coeficient of linearization 
obtained by the tangent method: K = 3X2. The same is true fo r  n = 4. With the 
least-squares method: 

$X3(AX)3 + $X(Ax)5 12 
= 4X3 + - X ( h ) 2  

5 
K =  

$ (AX)3 

while the tangent methodyields K = 4X3. It can be shown that the coeficients of 
linearization will difer f o r  all n > 2. 

3.5 Harmonic Linearization 
In technical calculations, because of the complexity of an exact description of all 
phenomena, the system is always replaced by an idealized mathematical model 
which may contain all the basic properties of the system and will enable as simple 
as possible methodology to be used for defining the dynamic behavior. Since 
the linear models are best researched, every real system ought to be replaced by 
an equivalent linear system. The analytical approximations by tangent or secant 
methods in the vicinity of the operating point cannot be used in the cases when the 
input (excitation) variable instantaneously changes its value from x = 0 to x = X ,  
as shown in Fig. 3.6a,b. 

In Fig. 3.6 straight lines are shown y = Kx, y~ = Keqx and y~ = Kmx by which 
linearization of nonlinear static characteristic y~ = F ( x )  is possible. Linarization 
by the first straight line Y N  = Kx is justified in all situations when the change of 
the input (excitation) variable x in the vicinity of the operating point (i.e. the point 
“0” at the coordinate origin) is small. If the change is rapid and large from x = 0 
to x = X ,  the point C on the curve y~ = F ( x )  (Fig. 3.6a) is defined by the equation 
of the straight line: 

For an arbitrary change of the excitation from x ( t )  = 0 to x ( t )  = X, the response 
Y N  = F ( x )  will be closer to the linear system with equivalent coefficient of pro- 
portionality: 

K, < Keq < K o r K  < Keq < K m  (3.36) 

which depends on the form of the nonlinear characteristic, Fig. 3.6a and b. 
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Figure 3.6: Linearization of static characteristics with straight lines. 
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Figure 3.7: Types of input signals to a nonlinear element y~ = ax + bx3 

The value of this coefficient for every point C(X,YN)  of the characteristic Y N  = 
F ( x )  and for the known laws of change of x ( t )  can be evaluated if the condition 
of equivalence is defined, such as equal areas under the curves YN = F ( x )  and 
Y N  = Keqx, or the energy equality, etc. For a nonlinear function, e.g. 

Y N  = U X  -k bX3 (3.37) 

if the excitation to nonlinear element x ( t )  has the form of the square wave periodic 
function (Fig. 3.7a), the response yN(t)  = F ( x )  will have the form of square wave 
oscillations F(Xm).  The equivalent gain at the particular point C ( x , y ~ )  of the 
curve y~ = F ( x )  results from the equation (3.35): 

(3.38) 

and the equivalent linearization (known as the rectangular linearization) of the 
nonlinearity (3.37) has the form: 

y = Keqx = (a  + bX;)x (3.39) 

From the expression (3.39) it is evident that the equivalent coefficient of lineariza- 
tion depends exclusively on the amplitude of the square wave periodic input func- 
tion. 

When the excitation x ( t )  is a sinusoid (Fig. 3.7b): 

x ( t )  = Xm sin mt (3.40) 

the response y~ = F ( x )  = ax + bx3 will take the form of a complex periodic func- 
tion. In the case when y = F ( x )  is a linear function, the response will be a sinu- 
soidal one with the same frequency as the input signal: 

y = Xl sin W t  (3.41) 
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If for the condition of equivalence the equivalent gain is chosen: 

x, 
Keq = x, (3.42) 

oscillations of the response y~ will be equal to the first harmonic of complex 
nonlinear oscillations of the variable y~ = F(Xm sin mt).  The first harmonic of 
this function is defined by Fourier series expansion. For the odd functions in Fig. 
3.6, only the sinusoidal terms exist, and the first harmonic is: 

yr = XI sin mt (3.43) 

where: 
2n 

1 X, = -/F(X,sincp)sincpdcp 7-c (cp = mt)  (3.44) 
0 

From the condition of equivalent linearization (3.42) and (3.44), the equivalent 
gain can be written down: 

0 

(3.45) 

For the nonlinear characteristic given in Fig. 3.6b, described by equation yN(t)  = 
ax + bx3, where x ( t )  = Xrnsinmt, the equivalent gain is according to (3.45) given 
by: 

2n 2n 

Keq = - Xrn sin2 cpdcp + (3.46) 
nXrn “ S  0 0 

or: 
3 XI Key = a +  -bXi = - 
4 Xrn 

(3.47) 

According to (3.43), the first harmonic of complex oscillations at the output of the 
nonlinear element y ~ ( t )  = F ( x )  for x ( t )  = Xrnsinmt is: 

The form of linearization (3.45) by which for excitation x(t) =Xrnsinmt the equal- 
ity of the first harmonic of nonlinear oscillations yN(t)  = F(n)  with the amplitude 
of oscillations of equivalent linear system yr( t )  =Xlsinmt is achieved is called har- 
monic linearization. The equation of harmonic linearization (3.44) approximates 
the equation of nonlinearity yN(t)  = F ( x )  with the actuating excitation x ( t ) .  

As in the case of rectangular linearization (3.39), with harmonic linearization 
the equivalent gain depends upon the amplitude of oscillations of the excitation 
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Figure 3.8: Nonlinear block (a) and block with describing function (b). 

x ( t ) .  For different values of the amplitude X, the equivalent gain will have corre- 
sponding constant values. 

In contrast to graphical and analytical methods of linearization of a nonlin- 
ear function in the vicinity of the operating point (linearization in time domain), 
harmonic linearization (linearization in frequency domain) allows a nonlinear cha- 
racteristic y ~ ( t )  = F ( x )  to be substituted not with one line but with a “bundle of 
line”, the slopes of which depend on the amplitude of oscillations of the variable 
x ( t ) ,  i.e. upon the “operating interval” of y ~ ( t )  = F ( x )  spread by oscillations 
x ( t )  = X,sinci)t (Fig. 3 .6~) .  

By analogy, depending on the changes of the excitation x ( t )  and on the equiv- 
alence conditions, other forms of linearization can be applied which will result in 
corresponding equivalent gains of the particular nonlinearity Y N  = F ( x ) .  

3.6 Describing Function 

The term describing function refers to the equivalent gain or low-frequency gain 
defined by the harmonic linearization method of a nonlinear static characteristic. 
Application of the describing function determines the periodic operating modes 
of the nonlinear system withyN = F ( x )  andyN = F ( x , i )  which most often appear 
in practice (Netushil, 1983; Goldfarb, 1965; Popov and Pal’tov, 1960; Gelb and 
Vander Velde, 1968; and others). 

Generally if the input to a nonlinear element, Fig. 3.8, is a harmonic function 

x ( t )  = X, sin wt (3.49) 

the periodic process at the output of a nonlinear element y ~ ( t )  = F [ x ( t ) ]  is given 
by the Fourier series: 

(3.50) 
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where the coefficients Ypk and YQk are: 

2n 

(3.5 1) 
1 

Ypk = - F ( x m  sin wt )  sin kwt d(  Ot)  
z .  

(3.52) 

Generally these coefficients depend on the amplitude of the input signal X, as well 
as on its frequency 0, i.e. Ypk = Ypk(X,,jw), YQ, = y ~ k ( & , j O ) .  For unforced 
nonlinear elements with symmetrical nonlinear characteristics, periodic oscilla- 
tions ofyN(t) will be symmetrical in relation to the time axis, i.e. y0 = 0. By 
applying harmonic linearization, a periodic signal y ~ ( t )  is approximated by its 
first harmonic: 

y ( t )  = Yp1 sin wt + Y Q ~  cos wt (3.53) 

or equivalently: 
y ( t )  = Im { (YPI + ~ Y Q I ) ~ ~ ' }  

where: 

(3.54) 

(3.55) 

The describing function (complex gain) of a nonlinear element is defined as the 
ratio between the first harmonic of output and input signals expressed in complex 
form: 

where: 
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Figure 3.9: Dependence of amplitude and phase of describing function GN of 
nonlinear element without inertia on input amplitude (a) and the input signal fre- 
quency (b). 

From (3.60) it follows that the describing function of an inertialess nonlinear ele- 
ment depends on the amplitude Xm of the input signal, and not on the input signal 
frequency, Fig. 3.9. The complex gain components of the describing function Ypl 
and YQI are called harmonic linearization coe8cients. 

The harmonic linearization coefficient Q(Xm),  i.e. the imaginary part of the 
describing function GN(X~), exists only for multi-valued nonlinearities. Only in 
the case of multi-valued nonlinearity does a harmonic signal shift in phase while 
propagating through a nonlinear element. Equation (3.58) yields for multi-valued 
symmetrical nonlinearity: 

(3.61) 

The contour integral in (3.61) is solved by integrating along the contour which the 
multi-valued nonlinear characteristic closes when x goes counterclockwise from 
x = 0 (at t = 0) tox =Xm (at t = &) and then fromx =Xm to x = -Xm (at t = 3") 2 0  

and finally from x = -Xm to x = 0 (at t = %)-see Fig. 3.10. The result of 
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Figure 3.10: Multi-valued nonlinear static characteristic (hysteresis type). 

integration is equal to the area S of the hysteresis loop with the negative sign’. 

X ,  0 

s= J’F(x)dx+ J’ F(x)dx+ J’ F(x)dx (3.62) 
0 -X, -&I 

For single-valued symmetrical nonlinearities S = 0, i.e. there is no phase shift 
of a harmonic signal when passing through an inertialess single-valued nonlinear 
element. 

Based on equation (3.60) and Fig. 3.8b, the nonlinearityyN = F ( x )  is replaced 
with the describing function G N ( X ~ ) :  

y GN(xm)x (3.63) 

or: 
y ( t )  =Ypls ino t+Y~lcoswt=  IG~(X,) /s in(wt+qj~)  (3.64) 

Certain nonlinear elements can be replaced by a describing function which de- 
pends solely on the amplitude of the input signal. Nonlinearities where the output 
depends only on input amplitude are called simple nonlinear elements or non- 
linear elements of zero order. Simple nonlinearities comprise typical (standard) 
nonlinear elements. 

With complex nonlinearities, contrary to simple nonlinearities, the derivatives 
of the input and output coordinates are included, and the describing function is 
dependent not only on the input amplitude, but also on the input signal frequency, 
i.e. G,v = GN(&,o). Describing functions for most relay characteristics are 

’The sign depends on the direction of scanning the multi-valued curve. 
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't 

Figure 3.1 1: Static characteristics with input (a) and output (b), as well as with 
real and imaginary part (c) of the describing function of the three-position relay 
with hysteresis. 
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derived from the describing function of a three-position relay with hysteresis, Fig. 
3.1 1. For small input signals Xm < xu, y = 0, and Gw(Xm) = 0. For Xm 2 x,, the 
output signal has the form of rectangular pulses, Fig. 3.1 1 b. The switching times 
ta and fb are given by: 

Xm sin wt, = x, 
XU sinwt, = - 
Xm 

and: 

(3.65) 

(3.66) 

The real part of the describing function results from: 

F ( X m  sin wt) sin mt d(  wt) = 
fa la (3.67) 

From (3.65) and (3.66) follows: 

2 
coswt, = /1 - (2) 

(3.68) 

(3.69) 

The imaginary part of the describing function is defined from the equation (3.61) 
andFig. 3.11: 

so that: 

(3.70) 
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The graphical display in Fig. 3.1 Ic shows that the coefficients of harmonic lin- 
earization P(X,,) and Q(Xrn) are discontinuous at the point Xml = x,, i.e. at this 
point a pulse of finite duration appears. 

For a single-valued relay characteristic, equation (3.71) becomes x, = xb, 
Q(Xm) = 0, and the describing function has only the real part: 

(3.72) 

The describing function of a two-position relay follows from equation (3.72) for 
x, = 0: 

(3.73) 4Ya 
G N ( X m )  = nx, 

In practice, normalized forms of describing function are used. For standard non- 
linearities approximated by straight lines, the normalization of harmonic lineariza- 
tion occurs by substitution: 

(3.74) 

where N is the normalizing factor, A is a dimensionless amplitude and A is the 
reset coefficient. The normalized describing function of a three-position relay 
with hysteresis is: 

where GN,, ( A )  is the normalized gain. 
A graphical display of the function G N ( X ~ )  in the complex plane is called 

the amplitude characteristic of a nonlinear element. Amplitude characteristic and 
describing function of basic standard nonlinear elements are shown in in Table 
A.l in Appendix A. 

As already mentioned, with the harmonic linearization method (linearization 
in frequency domain), nonlinear characteristic yw(t)  = F ( x )  has instead of one 
line a “bundle of lines” with slopes that depend upon the amplitude of oscillations 
of variable x ( t ) ,  i.e. upon the “operating interval” ofyN(t) = F ( x )  spread by the 
oscillations x ( t )  = Xrnsinot. 

EXAMPLE 3.2 
(DESCRIBING FUNCTION OF A TWO-POSITION RELAY WITHOUT HYSTERESIS) 
The following example which shows clearly the signi9cance of the describing 

function is the two-position relay without hysteresis, with harmonic input of vari- 
ous amplitudes. 
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Figure 3.12: (a) Static characteristic of a two-position relay without hysteresis ob- 
tained by harmonic linearization in case of sinusoidal input of amplitude A (line 1) 
and amplitude B (line 2), (b) harmonic inputs, (c) output of the nonlinear element 
y~ with its first harmonic approximation y ( t ) .  

Iftwo harmonic inputs x ( t )  = X,,,sinwt are independently applied at the input 
of a nonlinear element, with X,,, = A andX,,, = B, respectively, the output will be in 
both cases the same rectangular signal with the samejrst harmonic (Fig, 3.12c), 
y ( t )  = Ypl sinwt where Yp1 is the amplitude of thejirst harmonic. The coejicient 
of harmonic linearization in the case of the input signal having amplitude X,,, = A 
is equal to the slope of line 1 (Fig. 3.124 and is given by the expression (see 

GN(X,,,) = GN(A)  = P(A)  = - yp, (3.76) 

I f the amplitude changes to X,,, = B, the coeficient of harmonic linearization is 
now equal to the slope of line 2 (Fig. 3.12a), which must be smaller since B > A, 
while Yp1 is in both cases the same. It follows: 

(3.5 7)): 

A 

yp, GN(B)  = P ( B )  = - < P(A)  
B 

The conclusion is that harmonic linearization illustrates the fact that a nonlin- 
ear element is equivalent to a linear element whose gain (coeficient of harmonic 
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x(t)=X, sin cot -mp 
Figure 3.13: Nonlinear element with inertia subjected to harmonic input. 

linearization) changes depending on the input signal amplitude. 

YPI 
A y = F ( x )  GN(A)x = --x 

With an amplitude change in the input to the nonlinear element, the coejicient of 
harmonic linearization and the approximation OfyN = F ( x )  change, too. 

Describing Function of Nonlinearity YN(t) = F ( x , i )  

If the signal x ( t )  = X,sinwt acts as the input to a nonlinear element with inertia, 
Fig. 3.13, the response at the output will be: 

yN(t)  = F(X,sinwt,X,ocoswt) (3.77) 

By expansion of equation (3.77) into its Fourier series, assuming that the nonlin- 
earity with inertia is symmetrical, the output is: 

JJN = P(Xm O ) X  + Q(xm' w, px + higher order terms (3.78) 
0 

where p = $ is a derivative operator and: 

The first harmonic of the output signal is: 

(3.79) 

By substituting into equation (3.79) the derivative operator p with complex vari- 
able" s = j w ,  the first harmonic of the output can be described through describing 

"Substitution is allowed since the harmonic excitation acts at the input of the nonlinear element. 
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function as: 
Y = GN(&, w)x 

where the describing function is: 

Chapter 3 

(3.80) 

(3.81) 

3.7 Statistical Linearization 
When a regular signal s ( t )  and a disturbance n ( t )  act simultaneously on a control 
system, the nonlinearities can have a critical influence on the dynamic behavior 
of the system. As an example, consider the saturation nonlinearity shown in Fig. 
3.14. The input signal is (Petrov et al., 1967; Netushil, 1983): 

(3.82) 

where: 

s ( t )  - the useful (information-bearing) signal, with expected mean value ms( t ) ,  

n ( t )  - the disturbance signal, with expected mean value m,(t), 

mx(t)  - the expected value of the total input signal x ( t ) ,  (m,(t) = ms(t)  + m,(t)), 

v.,(t) - the total variation of the input signal away from its expected value- 
dispersion. 

Figure 3.14 illustrates the propagation of a noise-corrupted input signal through 
the saturation nonlinearity. Assuming that the input signal to the nonlinear el- 
ement contains relatively little variation about its expected value, Iv,(t) j m M  << 
lmx(t)l so that x ( t )  M m,(t), and assuming that m,(t) < x,, then the useful output 
signal of this particular nonlinear element will be proportional to the input signal: 

my( t )  M a .  m x ( t )  (3.83) 

At a low noise level in the input signal (In(t)l << I s ( t ) l ) ,  the mathematical ex- 
pectation of the complete input signal is essentially equal to the mathematical 
expectation of the useful signal (m,(t) M m,(t)). At a high noise level in the input 
signal (ln(t)l >> Is(t) i) ,  the expected value of the input signal is small relative 
to the variation in the signal lmxl << Iv,(t)/. In this case, the useful signal is 
damped to the extent that its effect essentially does not appear at the output of the 
nonlinear element-the large amplitude variations in the input cause the nonlin- 
ear element to be operating in the saturation region most of the time. Therefore, 
large fluctuations of the input signal will cause irregular oscillations of the output 
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Figure 3.14: Noise corrupted excitation and response of a saturation nonlinearity. 

signal, within the saturation limits. The appearance of irregular oscillations of the 
output signal causes changes in the spectral content of the output signal, i.e. it 
will be “rich” with both high and low harmonics. This can have a negative effect 
in feedback systems and cause undesired performance of the system. 

Exact methods of determining the dynamic behavior of a nonlinear system 
under random input signals are not yet available. Analysis of the passing of useful 
signals and noise through a nonlinear element asks for approximate methods, of 
which the method of statistical linearization is most appropriate. 

Essential to the procedure of statistical linearization is the replacement of a 
nonlinear element by-in a statistical sense-a linear one, which preserves some 
probabilistic characteristics of the output signal. These are commonly the mean 
value and dispersion. Two criteria are helpful: 

1. Minimum of average least-squares difference of nonlinear and linearized 
system, 

2. Equivalence of nonlinear and linearized system in mathematical expectation 
and dispersion. 
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Figure 3.15: The substitution of a nonlinear element by an equivalent in a statisti- 
cal sense linear element. 

The substitution of a nonlinear element by an equivalent one, in a statistical sense 
linear element, is shown in Fig. 3.15. According to Fig. 3.15, the nonlinear 
dependency of the output and input signals of a nonlinear element without inertia 
is: 

Y N ( t )  = F [x(t)l (3.84) 

The stationary stochastic process at the input of the nonlinear element is from 
equation (3.82): 

4) = mx( t )  + vx(t)  (3 .85)  

and the output signal y~ = F(mx + vx)  is also a stochastic process described by: 

Y N @ )  = 4 4  + vy(t) (3.86) 

where my(t)  and vy ( t )  are mathematical expectation (mean value) and variation 
(dispersion) l 1  of the output signal around its expected value, respectively. 

Nonlinear element y~ = F ( x )  is replaced by an equivalent linear element hav- 
ing its gain dependent on the mathematical expectation rn,(t) and dispersion of 
the process v,(t), i.e. the components of the stationary process of the input signals 
m, and vx(t)  propagate through two different channels with the gains KM and Ks. 

At the output of the ideal linear element, Fig. 3.15, we have: 

Y L ( t )  =KMmx(t)+Ksv.x(t) =my,(t)+vyJt) (3.87) 

where KM is the statistical gain coefficient of the regular component m, of the 
input signal x ( t ) ,  and Ks is the statistical gain coefficient of irregular component 
~ , ~ ( t )  of the input signal x ( t ) .  

"Centered component for which the expectation is zero. 
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According to the equation (3.87), coefficients of statistical linearization KM 
and KS are determined from the condition of “preserving” mathematical expec- 
tation and standard deviation of the nonlinear function, when it is replaced by a 
linear model. From equation (3.87) the relation for Km 

KMmx(t) = my,(t) = my(4  

or: 
mj,(t) KM= - 

D~ = ~ , 2  [vx(t)12 = K;D, 
and for Ks: 

and further: 

can be written: 

(3.88) 

(3.89) 

(3.90) 

(3.91) 

where Dy, D, are variances and ox, oj, are standard deviations (dispersions) of 
stochastic components of the output and input signals of the nonlinear element, 
respectively. 

Expressions (3.89) and (3.90) for KM and Ks are valid only for central sym- 
metrical characteristics. The sign of Ks is given by the properties of the nonlinear 
functionyN = F ( x ) :  

sign KS = sign - (3.92) 

Coefficients KM and Ks can be evaluated from the minimum mean-square error of 
the difference z ( t )  (Fig. 3.15): 

dF(x)  dx I x=m, 

E [.“t)] = E { ly(t) -M} = E { [my(t)  + vy(t) -KMmx(t) -Ksvx(t)12} 
(3.93) 

This expands to: 

E [~’ ( t ) ]  = E { [my(t)  + vy(t)I2 - 2 [my(t)  + vy(t)l [Kr~rmx(t) + K ~ x ( t ) ]  

and further: 
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With respect to (3.88) where K ~ m , ( t )  = my( t )  the term in brackets is equal to zero 
and the following relation is derived: 

Applying the substitutions: 

E { [vn”(t)]} = 0:(t) ; E { [v ; ( t ) ] }  = o,”(t) and 

E { 2 V y ( t ) K S W }  = 2KsE {vy( t )vx( t )}  = 2KsRxy(t) 

where R, is the cross-correlation of v, and v,”. Finally from (3.94) follows the 
mean-square deviation of z2 ( t )  as: 

E { ~ ’ ( t ) }  = j 2 ( t )  =mi(t)+~~(t)+K&m:(t)+K~c~:(t) 

- 2m,(t)KiMmx(t) - 2KsRxy(t) 

Coefficients KM and Ks are determined from the condition Z 2 ( t )  = min: 

- = 2 K ~ m : ( t )  - 2mx( t )my( t )  = 0 
a52 

JKM 
from which: 

K M =  5 
m, 

and from: 

it follows that: 

(3.95) 

(3.96) 

(3.97) 

In order to define the coefficients KM and KS it is necessary to provide the one- 
dimensional probability density p ( x )  of the signal x ( t )  at the input of the nonlinear 
element. The expressions (3.89), (3.91) and (3.97) are defined by equations: 

(3.98) 



Linearization Methods 173 

0 ’  nz, 
a 

Figure 3.16: Normalized KM and Ks for the nonlinearity of the type saturation. 

When the coefficients of linearization Ks are determined with the expressions 
(3.99) and (3.100), the results are near to exact results. Still better values of Ks 
are achieved by taking the mean arithmetic value: 

(3.101) 

From the expressions for KM and Ks it follows that the coefficients of linearization 
depend not only on the form of nonlinearity yN = F ( x ) ,  but also on the probability 
density of the random quantity p ( x )  as well. In order to determine the coefficients 
KM and Ks, the random process which acts upon the input to the nonlinearity, 
must be subdued to the normal distribution law. As most real automatic control 
systems are described by a combination of a basic nonlinearity plus a linear part 
that behaves as a low-pass filter, the change in the form of the distribution law in 
broad limits is not essential for the accuracy of evaluating the coefficients KM and 
Ks. With normal distribution law, the probability density is uniquely determined 
by the mathematical expectation m, and the dispersion ox of the random process 
x ( t ) .  The coefficients KM and Ks with known m, and ox, i.e. KM = KM(mx, ox) and 
Ks = Ks(mx, ox) are also unique. Namely, by applying linearization (Fig. 3.15), 
the coefficients KM and Ks are functions of the useful input signal and of the added 
noise. For basic nonlinearities, coefficients of linearization are evaluated both an- 
alytically and graphically. Figs. 3.16 and 3.17 give normalized graphical relations 
of KM and Ks for typical nonlinerities, such as saturation and three-position relay 
without hysteresis. 

According to this graphical display, obviously the presence of a random com- 
ponent of the input signal x ( t )  “smooths” the nonlinear function y~ = F ( x )  in 
terms of the mean value of the signal. For ox = 0, i.e. for vx( t )  = 0, the function 
my = f(m,) is equal to the static characteristic of the nonlinear elementyN = F ( x ) .  
By increasing ox, the slope of the nonlinear static characteristic my = f(m,) is 
diminished. The random component of the input signal “linearizes” the characte- 
ristic of the nonlinear element for a deterministic component (m,, mean value) of 
the input signal. For instance, a relay element behaves as an element with a conti- 
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Figure 3.17: Normalized KM and Ks for the nonlinearity of the type three-position 
relay without hysteresis. 

nuous static characteristic when a random input component v,(t) acts instead of a 
deterministic component m x ( t ) .  By increasing m, for these nonlinearities, the gain 
of the random component Ks decreases, i.e. the propagation of a random compo- 
nent is diminished since the element is saturated with the deterministic component 
of the signal. 

The application of the statistical linearization method is limited by the de- 
mands that the input signal is subject to a normal distribution law of the probabil- 
ity density, and that at the output a linear inertial element is attached with low-pass 
filter behavior. With these conditions, the statistical gain Ks can be defined by: 

(3.102) 

instead with the equation (3.100). 

3.8 Combined (Dual-Input) Describing Functions 
As the name implies dual-input (or combined)12 describing functions have more 
than one signal at the input to the nonlinear element. They are useful in analyz- 
ing nonlinear systems when subharmonic oscillations occur, i.e. when harmonic 
inputs of a given frequency o cause an output with subharmonics. 

Combined describing functions are applied to study the behavior of time- 
invariant nonlinear elementsyN = F ( x )  oryN = F(x , l )  in situations when an input 
to the nonlinear element consists of two signals. In such situations, three possible 
cases appear most often (Csaki, 1972): 

1. Input signal is formed by two sinusoidal signals, 

"Sometimes in the literature the term dual-input describing function is used to describe nonlin- 
ear elements excited by the input signal x ( t )  = xo +X, sin rot, where the amplitude xo is relatively 
small compared to X,. However, two-input describing function is sometimes used if the input to the 
nonlinear element is as (3.103). 
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2. Input signal is formed by one sinusoidal and one random signal, 

3. Input signal is formed by two random signals. 

When at the input of the nonlinear element two random signals with normal dis- 
tribution are applied, the behavior of the nonlinear element can be analyzed by 
the use of statistical linearization with one random input. Namely, the sum of 
two signals with normal distribution has also the normal distribution, and the total 
dispersion is the sum of two dispersions. 

In order to find out the properties of nonlinear systems, the dual-input de- 
scribing function is an appropriate choice. When the input signal consists of two 
harmonic components with proportional frequencies, the input will be: 

x ( t )  =X,sin(wt+cp)+XGsinRt (3.103) 

where R = m u  and m = b or m = l /b,  b is an integer. The output signal of the 
nonlinear element is: 

y ~ ( t )  = PI sin(ot + cp )  + Ql cos(wt + cp )  + P, sinmwt + Q, cosmwt + . . . 
(3.104) 

From this equation, the describing functions for the fundamental component o 
and harmonic component mw are written down: 

It must be noted that the above describing functions depend on X,, XQ, w, R, 
cp, and possibly (not given in 3.103) upon the phase shift of the second harmonic 
component. Otherwise, the existence of two describing functions complicates the 
examination of the system behavior, as the evaluation of the describing function 
is a complex and laborious process since six variables are in play. The method 
of dual-input describing function is appropriate when solving problems linked to 
the dynamic behavior of nonlinear systems, the stability of forced oscillations, 
resonance jump, analysis of subharmonic oscillations, the study of dynamics for 
a system with two nonlinear elements, and finally for the application of dither 
signals in nonlinear systems. 

EXAMPLE 3.3 

The build-up of subharmonic oscillations can be shown for the case of a cubic 
nonlineariQ: 

yiy(t) = F ( x )  = ax 3 (t) (3.107) 

(DUAL-INPUT DESCRIBING FUNCTION OF A CUBIC NONLINEARITY) 
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Ifthe input is a monoharmonic signal x ( t )  = X,sinwt, the output will be13: 

vN(t)  = ~ ( x )  = a ( ~ , s i n w t ) ~  = -aX;:sinwt - -a~2,s in3wt 
3 1 
4 4 

(3.108) 

and the describing function is: 

3 
GN(X,) = P(X,) = z a X i  (3.1 09) 

In the case of a polyharmonic input x ( t )  = &,sin( cot + cp) + X ~ s i n R t ,  where R = 
m a ,  the respective output will be: 

YN(t)  = F ( X )  =ax3( t )  = a [ ~ , s i n ( w t + c p ) + ~ ~ s i n r n o t ] ~  (3.1 10) 

After raising to a third power and trigonometric rearranging there follows: 

y,v(t) = ;U(X; + X;)X, sin(wt + cp) + - U ( X :  +x;)z~ sinmot 
3 3 

4 
- -a~; s in3 (wt+cp) -  1 - a ~ : ~ s i n 3 m o t  1 

(3.111) 4 4 
3 
4 

- - a ~ , $ ~ n  {sin [ ( m  - 2) wt - 2cp] + sin [ ( m  + 2) wt + 2401) 

3 
4 

+ - U X ~ X :  {sin [(2m - 1 )cot - cp] - sin [ (2m + 1 )  wt + cp] } 

From (3.111) follows that output signal YN(t) contains components with frequen- 
cies o and mw as well as higher harmonic components. The output containing 
only components with frequencies w and mw is: 

respectively: 

where G N ~  and GN,,, are dual-input describing functions of the input signal com- 
ponents. 

According to (3.53), (3.54) and (3.57), equations (3.113) and (3.114) can be 
rewritten as: 

yl ( t )  = YpI sin(wt + cp) + YQI cos(wt + cp) 
y m ( t )  = Ypm sinrnwt + YQmCOSmWt 

(3.1 15)  
(3.116) 

I3After applying trigonometric relations and rearranging. 
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respectively: 

(3.1 17) 

(3.118) 

For m = I /3, ,from (3.1 1 I )  and relations for  yl ( t )  and ym ( t ) ,  follows that the 
dual-input describing,function for cubic nonlinearity and fo r  the input signal of 
,frequency o is given by: 

(3.119) 

while fo r  the input harmonic component of frequency Q = mu, the dual-input 
describing function is: 

3 
GNi(Xa,XQ,q,m) = -p(xi+xA) 

3 
GNm(XulXQ, cp,m) = ;a ( 2 ~ :  +xA) (3.120) 

Note that neither dual-input describing function depends on the phase shqt and 
therejore are real. 

Form = 1/3 andfrom (3.111) and (3.117): 

Im G N 1  (-G,Xa, 9, ;I} { (3.121) 
3 1 
4 4 

= - a ( ~ i + 2 ~ A ) ~ , s i n ( o t + ( p ) -  -aXAsinut 

The dual-input describing function for subharmonic (m = 113) input component 
is real, and given by: 

(3.122) 

while the dual-input describing function for  thejrst  harmonic is complex: 

For m = 3 from (3. 1 I I )  and relations for yl ( t )  (3.1 17) and ym ( t )  (3. I18), follows: 

3 3 
GNI (Xw,Xn, cp, 3) = - a ( X i  + 2XA -X,Xn cos39) + j - a X J n  sin39 (3.124) 

4 4 

GN~(X,,&, q , 3 )  = 
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g a t  the input of cubic nonlinear element the signal: 

X(t) = x, cos Ot +Xi cos (Y + 47) 

is ~ p p l i e d ' ~ ,  the output will be: 

y N ( t ) = a ( T + - ) c o s m t + a ( - + -  3x; 3xwx; 3 X 2 n  3 9  cos (p - + c p  ) 
2 2 4 

3x; 
3xwx;L2 cos (F + 247) +a- cos(wt + 347) +higher order terms +a- 4 4 

(3.126) 

The dual-input describing functions are now: 

(3.128) 

G N , , ~  is the describing function of m = 113 subharmonic and has the phase shift: 

-bsin3q 
2+b2+bcos3q 

tanp = (3.129) 

where b = Xi/&,,. 
Maximal and minimal phase shift is approximately f 2 1  deg. We can conclude 

from this that ifthe control system has the cubic nonlinear element and the linear 
part which gives the phase shift not bigger than 159deg, the 113 subharmonics 
will not be present in the system excited by the input signal of the form x ( t )  = 
x, cos Cc)t +x, cos( y + 47). 

This example shows the difficulties which are encountered with dual-input de- 
scribing functions. If the nonlinear element is more complex, the difficulties are 
even more aggravating. Common dual-input describing functions are given in 
Gelb and Vander Velde (1968). 

Analogous to the procedure of obtaining the dual-input describing function, 
a procedure is worked out for combined harmonic and statistical lineari~ation'~. 
The method is helpful when the input signal has harmonic and random compo- 
nents: 

x ( t )  =x,sinot+m,( t )+k(t)  (3.1 3 0 )  

where m,(t) is the mathematical expectation of the random signal w ( t ) ,  and k ( t )  
is the centered random component of the random signal w(t) .  

I4Note the difference from before when the input was ~ ( t )  = X, sin(wt + 'p) +XQ s ina t .  
I5In following considerations the method of combined and statistical linearization will not be 

treated, so hrther comments will be omitted. 
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3.9 Conclusion 
The classical dilemma for control engineers is always “to linearize or not to lin- 
earize the mathematical model.” For physicists this dilemma does not exist, be- 
cause they need the most accurate models. However, control engineers are aware 
of the fact that sophisticated mathematical models provide accurate descriptions 
of the system behavior, that the linearized model gives only a local description of 
nonlinear system behavior, and that some of the intricacies of the nonlinear sys- 
tem behavior may be lost through linearization process. Control engineers must 
always weight the accuracy of the nonlinear model against the simplicity of the 
linear model, which is more amenable for analysis and design of control systems. 
If linearization is acceptable, meaning that the consequences of linearization are 
tolerable, then it should be recommended. However, we should be aware of conse- 
quences which linearization can make, and this chapter hopefully can help in that. 
Several linearization methods about equilibrium state are covered in this chapter. 
They are very often used in control applications. Harmonic linearization has great 
appeal in the control community because engineers are well prepared to analyze 
systems in the frequency domain. Due to the fact that nonlinear systems often 
operate in the oscillatory way, this method of linearization lends itself naturally in 
this case, and this is the main reason why in the following chapters this kind of 
linearization will be used. 

The main limitations in the utility of linearizations are (a) control design based 
on a linearized mathematical model of the plant will behave poorly, especially if 
the plant operating point moves away from the equilibrium point about which the 
linearization is made, (b) the system does not possess filtering capability needed 
for applying the harmonic linearization. 





Chapter 4 

Operating Modes and 
Dynamic Analysis Methods 

This chapter serves as a bridge between the first and the second part of the book. 
While in the first part we intended to be more general and talk about nonlinear sys- 
tems in general, in the second part of the book nonlinear control systems are our 
prime topic. So, the operating modes in which a nonlinear control system usually 
operate are very briefly presented in this chapter. Dynamic analysis methods are 
also briefly mentioned. Some of them are very common in engineering practice, 
and they are elaborated in subsequent chapters. 

4.1 Operating Modes of Nonlinear Control Systems 

An important property of nonlinear automatic control systems is the possibility 
to restore oscillations as one of possible dynamic states. Periodic oscillations 
can emerge as a consequence of either input periodic excitation (forced oscilla- 
tions) or due to influence of the system, when oscillations are established without 
external excitation (self-oscillations), i.e. when the system operates in the stabi- 
lizing mode (Rosenwasser, 1969; Popov, 1960; Naumov, 1972; Netushil, 1983). 
Periodic oscillations which occur in nonlinear control systems are very often a 
normal operating mode. The periodic operating mode is normal in guidance of 
moving objects such as airplanes, rockets, ships, etc. Although the oscillations 
are unwanted especially for tracking control systems, in many cases they cannot 
be avoided. The control engineer should know appropriate methods which can 
reduce the oscillations to a tolerable level or even completely suppress them. Of- 
ten in order to achieve this, the designer will use harmonic excitation signals with 
the frequency below the bandpass of the linear part of the system. The effect of 
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this will be that the system is forced to oscillate with a desired applied frequency 
and amplitude. This technique is called forced oscillations. Another way to attack 
this problem is by use of dither signals, whose frequency must be higher than the 
bandpass frequencies of the linear part of the system. These signals can change the 
dynamic properties of the nonlinear part of the system so that the desired effects 
of elimination or reduction of self-oscillations are achieved. 

4.1.1 Self-Oscillations 
Self-oscillations are inherent only in nonlinear systems, and the term itself oc- 
curs only in the theory of nonlinear oscillations. Linear control theory analyzes 
linear oscillations by examining the second-order linear process in an oscillatory 
dynamic mode: 

mX + hi + kx = ,f ( t )  (4.1) 

Similarly, in the theory of nonlinear systems, the integrals of the nonlinear dy- 
namic component of the second order are treated: 

or in the general form: 
mx+ v/(x,X,t) = 0 (4.3) 

In equation (4.2) the damping force q ( x )  is a nonlinear function of the velocity. 
The existence of such force is indicated by the argument x in the function y~ in 
expression (4.3). Elastic force ~ ( x )  is a nonlinear function of deflection of the 
shift x, respectively. The equations (4.2) and (4.3) describe oscillatory processes 
in various physical systems. 

In the case when an external signal f ( t )  doesn’t act upon the system (4.2), or 
when the system (4.3) is time-invariant, the equation of the system assumes the 
form: 

rnX+rp(i)f~(X) = o  (4.4) 

respectively: 
mi+ Iy(x,i,O) = 0 (4.5) 

In this case the system is time-invariant and unforced. 
If the nonlinear system is not excited, the oscillations which are established 

as a consequence of initial conditions which differ from zero are called self- 
oscillations. 

~(x)dx of the 
nonlinear system (4.2) represent momentary potential energy level, while the term 
m$ represents the momentary value of kinetic energy. 

The terms hi and q ( i )  in equations (4.1) and (4.2), respectively, characterize 
the energy dependence between the system and the surroundings - for hi > 0 or 

The integral term k$ in the linear system (4.1) and the term 
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q(x) > 0 the system is dissipating the initial energy outwards, while for h i  < 0 or 
q ( i )  < 0 the system is receiving external energy. Generally, the systems with h i  # 
0 or q(x) # 0 are called dissipative systems. Systems with h i  = 0 or q ( i )  = 0 have 
all the energy from the initial conditions, so the energy remains constant. Such 
systems with no exchange of energy with the surroundings are called conservutive 
systems. 

If one of the solutions of the equations (4.1), (4.2) and (4.3) is periodic func- 
tion: 

x ( t )  = x ( t + k T ) ,  k =  1,2,3 ,... (4.6) 

where T is the oscillation period, the system being analyzed is in the periodic 
operating mode. Periodic oscillations (4.6) can be forced oscillations or self- 
oscillations. The latter are inherent to unforced systems. The forced oscillations 
occur when the control system is subject to a periodic input variable f ( t ) .  

In linear systems oscillations are possible only in conservative systems. How- 
ever, those oscillations are not self-oscillations because they can occur in unforced 
systems. In unforced dissipative linear second-order systems possible oscillations 
(damped or undamped) are described by: 

x ( t )  = Cle i h t  sm(wlt  ‘ + 91) (4.7) 

Note that oscillations described by (4.7) are not periodic in the sense defined by 
(4.6). Self-oscillations are not possible in linear systems. Namely, self-oscillations 
can occur in unforced nonlinear systems and an unforced linear system does not 
possess energy which will maintain oscillations. Contrary to that, unforced non- 
linear dissipative systems can maintain oscillations due to energy resources which 
are charged from internal energy sources (such as power supply of an electronic 
amplifier). Amplitude, frequency and slope of self-oscillations depend on char- 
acteristics of nonlinear and linear parts of a system. Their occurrence will also 
depend on initial conditions. However, initial conditions do not have any influ- 
ence on the amplitude, frequency or slope of self-oscillations. 

The exact mathematical treatment of periodic operating modes of nonlinear 
systems is very complex, since it represents one of the possible solutions of non- 
linear differential equations. 

The problem of self-oscillations in automatic control systems has a great prac- 
tical importance. The self-oscillations are not allowed in “normal” operating 
modes, but sometimes they are intentionally introduced in order to improve the 
dynamic properties of the system. For all these reasons, it is indispensable to 
know what causes establishing of self-oscillations, their parameters, stability and 
ways of elimination. 

The exposition which follows will encompass the approximate engineering 
methods for the dynamic analysis of nonlinear control systems, given by the block 
diagram in Fig. 1.2. 
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4.1.2 Forced Oscillations 
Contrary to self-oscillations, forced oscillations are not maintained by the system 
alone, but arise from an external periodic signal with the purpose that the system 
repeats these external oscillations with the same frequency. 

The net effect is that the system is forced to oscillate with a frequency which 
is more acceptable. If the unwanted oscillations cannot be avoided, then such a 
treatment can bring the system to a more favorable operating mode. More about 
forced oscillations will be said in Section 6.2 

4.1.3 Effects of High-Frequency Signal-Dither 

It is well known that by injecting a high-frequency signal to the input of a nonlin- 
ear element, the dynamic behavior of the system can improve. The dither signal 
frequency normally lies above the bandpass frequencies of the system, with the 
purpose that the high-frequency signal cannot be detected at the output of the sys- 
tem. When this dither signal is used to eliminate or to damp oscillations, then the 
notion signal stabilization is used. Moreover, it is customary with this method 
to reduce the effects of static friction in mechanical systems, with the appropri- 
ate notion dynamic lubrication. Dither signals were for the first time applied in 
electromechanical servomechanisms with two-position controllers. 

EXAMPLE 4.1 
(INFLUENCE OF DITHER SIGNALS TO DEAD ZONE NONLINEARITY) 
A servo system with dead zone, otherwise unresponsive to small amplitude sig- 
nals, can become responsive with the help of a corresponding dither signal. To 
explain this phenomenon, the nonlinear element of the dead zone tjpe is taken 
(Fig. 4 .14  to which a harmonic information bearing sygnal smaller than the 
dead zone is applied (Fig. 4.lb). Obviously no output signal will appear: How- 
ever; i f a  high-frequency dither is superimposed on the harmonic input signal so 
that the combined amplitude is greater than the dead zone, Fig. 4.lc, the output 
signal will differ from zero and will contain a component of the same frequency 
and phase as the low-frequency signal (the carrier of information at the input). 
r f  we concentrate on this information-bearing signal, and neglect the frequency 
component of the dither signal, >> W, which will bejltered out by the low- 
pass linear part of the system (positioned after the nonlinear element), then the 
analysis can be carried out by a dual-input describing function. 

EXAMPLE 4.2 (EFFECT OF THE DITHER SIGNAL ON THE SYSTEM’S GAIN) 
The dither signal has a signiJicant effect on the system’s gain. This is illustrated 
on a nonlinear element with cubic characteristic (see Example 3.3, with a = 1). 

m t h  the input x ( t )  = X, cos Wt, the simple describing function (gain at low 
frequencies) will be: 



Operating Modes and Dynamic Analysis Methods 185 

........ 

......... ......... ................... ......... ........ 

0 1 2 3 4 5 6 7 8 2 0 1 2 3 4 5 6 7 8  

t t 

......... ......... ......... ......... ......... ........ ......... ........ ........ ......... ......... ......... ......... ........ 

......... ........ ......... ......... ........ 

Figure 4.1 : (a) Static characteristic of nonlinear element dead zone, (b) harmonic 
signal (information carrier), and (c) superimposed dither at the input and the signal 
of the output of the dead zone element. 

3 
GN(4il) = 4x2 (4.8) 

When at the input is added a high-frequency dither signal, the excitation will 
become: 

x ( t )  = x, cos Wt +x, cosQt (4.9) 

Ifwe concentrate on the low-frequency component with frequency O, the dual- 
input describing function will be: 

(4.10) 
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The amplitude of the high-frequency dither signal has a significant effect on the 
low-frequency gain. For instance, if.&, = XQ, the gain will increase 200%: 

GN (xu ,XI) = 3 GN (xu) (4.1 1) 

By analyzing both examples, the conclusion is that the effect of a dither signal 
applied at the input of the system is the following: 

0 It creates a large spectrum of new frequency components at the output of 
the nonlinear element. 

0 The amplitude of the dither signal has a large effect on the low-frequency 
gain (dual-input describing function). 

0 The dither signal frequency i2 has a negligible effect on gain (dual-input 
describing function). 

Concept of Equivalent Nonlinearity 

This concept plays a significant role in nonlinear systems, as it enables the change 
of dynamic properties of a nonlinear system by simple superposition of the dither 
signal with the input. Namely, the frequency and the form of the dither signal has 
the same effect as a change of the static characteristic of the nonlinear element. It 
is known that the dual-input describing function depends on the amplitude, as well 
as on the form, of the dither signal. This fact means that by a simple change of 
the form and amplitude of the dither signal we can obtain corresponding change 
in the nonlinear element, manifested by a change in the static characteristic. This 
concept can be best explained in an example. 

EXAMPLE 4.3 
(EQUIVALENT NONLINEARITY OF TWO-POSITION RELAY WITH RECTANGU- 
LAR DITHER) 
In Fig. 4.2a the block diagram of a system with a two-position controller is given. 
I f the input in Fig. 4.2b (information carrier) is combined with a high-frequency 
dither signal (Fig. 4.2c), it can be shown that at the output of the two-position 
controller a signal is formed as in Fig. 4.2d. This signal is the input to a low- 
,frequency,filter (process), and it will ‘Yeel” the signal as in Fig. 4.2e. Such a 
signal could be obtained if the input without dither would pass the nonlinearity 
of type three-position relay with dead zone, whose static characteristic is given in 
Fig. 4.3. This nonlinearity is called equivalent nonlineari@. 

This simple example explains the basic idea of equivalent nonlinearity, which is 
obtained by a proper choice of the form, frequency and amplitude of the super- 
imposed dither signal. What kind of equivalent nonlinearity is obtained depends 
nevertheless on the form of input signal. Thus, it is possible by a simple change of 
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High- 
frequency 

0 1 2 3 4 5 6 7 8  0 1 2 3 4 5 6 7 8  
t t 

(b) (4 

I . . . . . . . I  
0 1 2 3 4 5 6 7 8  0 1 2 3 4 5 6 7 8  

Figure 4.2: (a) Block diagram of two-position control of process, (b) excitation at 
the input of two-position control without dither, (c) excitation with superimposed 
rectangular dither signal, (d) output of the two-position regulator, (e) filtered sig- 
nal as “seen” by the process. 
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Figure 4.3: Equivalent nonlinearity for two-position controller with superimposed 
rectangular dither signal. 

the form of dither signal to realize the desired dynamics of the nonlinear element. 
At the same time the closed-loop control dynamics depend upon the operating 
condition of the system. Thus, an adaptive control system can be realized. Such a 
technique belongs to signal adaptation, which is often useful in adaptive control 
systems. 

4.2 Methods of Dynamic Analysis of Nonlinear Sys- 
tems 

The theory of nonlinear control systems, based upon the theory of nonlinear dif- 
ferential equations, is wider in scope than the theory of linear control systems. 
Due to the fact that in general' it is not possible to find the exact solution of the 
nonlinear differential equation, a variety of approximating solution methods was 
developed over time. These methods give us the possibility to approximately re- 
solve the dynamics of a nonlinear system given by the block diagram in Fig. 1.2. 
A number of approximative methods are used in engineering practice, because a 
general method which can be applicable for all systems does not exist. All ap- 
proximate methods can be classified2 to: 

0 Classical (conventional) methods and 

Unconventional methods. 

' Except in some specific cases. 
2This is only one of many possible classifications. 
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Conventional methods are based upon qualitative methods of solving the nonlinear 
differential equations as well as on linearization methods (Chapter 3). Qualitative 
methods of solving nonlinear differential equations are based on the work of 

0 Connection of solutions (Proell, 1884; Lecornu, 1898). For nonlinearities 
which are linear by segments (relay without hysteresis, saturation, dead 
zone and similar) dynamics can be analyzed by treating the system as linear 
in a particular segment and finding the complete solution by connecting so- 
lutions from each segment where the solution is passing through. The final 
point of a solution at the border of a segment presents the initial condition 
for the solution in the following segment. 

0 Phase trajectories (Lkaute, 1885). Phase trajectories display dynamic be- 
havior of the system and are convenient for systems up to third order. More 
about them will be said in Chapter 5 .  

0 Mapping of points from the phase trajectory (Andronov and Bautin, 1944). 

0 Graphoanalytical method (Popov, 1960). 

0 Numerical and simulation methods. Simulation methods are lately very 
popular due to the fact that the theory of nonlinear systems is far from be- 
ing so complete and general as is the case with the theory of linear systems. 
Advances in numerical analysis and technology are causing the use of nu- 
merical andor simulation packages such as Matlab/Simulink3, Matrixx4, 
Simnon5, E a ~ y 5 ~  and many others in education and research. For any con- 
trol engineer use of simulation packages is indispensable and it should be 
stressed that almost every analysis and design attempt for nonlinear control 
systems must in one or the other stage of analysis or design use simulation. 

All these methods are mathematically strict methods. By their application it is 
possible to obtain exact solution for many nonlinear mathematical models. Their 
main drawback is that they are applicable only to relatively simple nonlinear sys- 
tems. Application to higher order nonlinear systems is unsuitable because com- 
plex and exhaustive mathematical operations are required. Linearization methods 
are based on: 

0 The theory of small parameter (disturbance) (Lyapunov, 1892; Poincart, 
1928), 

0 The describing function (see Chapter 5 ) ,  and 

3Matlab and Simulink are the trademarks of the Mathworks Inc. (USA). 
4Matrixx is the trademark of Integrated Systems Inc. (USA). 
'Simnon is the trademark of the SSPA (Sweden). 
'Easy5 is the trademark of Boeing COT. (USA). 
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0 Statistical linearization method (see Chapter 3). 

By applying these methods, nonlinear mathematical models are replaced by linear 
or quasilinear mathematical models. Dynamic analysis is then possible by use of 
linear system theory. 

Unconventional methods are methods which use fuzzy logic andior methods 
which use neural networks. These methods are characterized by the fact that they 
do not need the mathematical model of the system, but instead are more heuristi- 
cally oriented. Based on very successful solution of some quite demanding control 
problems it is certain that in the future unconventional methods will play a very 
important7 role in control of nonlinear systems. 

The use of approximate methods in dynamic analysis of nonlinear systems has 
some advantages as well as disadvantages. The universality and relative simplic- 
ity in application certainly belong to advantages of approximating methods. How- 
ever, inability to estimate correctness of the obtained result and their mathematical 
difficulty when applied to higher order nonlinear systems are their main disadvan- 
tages. Despite aforementioned disadvantages, approximating methods are still the 
basic methods used by engineers for analysis and synthesis of nonlinear control 
systems. In the following chapters methods based on phase trajectories and the 
describing function applied for the nonlinear control systems with the structure 
given in Fig. 1.2 will be presented. 

' ~ f n o t  a major role. 
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Phase Trajectories in Dynamic 
Analysis of Nonlinear Systems 

Of all methods used for nonlinear control system analysis, the method of phase 
trajectories is the most exact one, because the nonlinear differential equation has 
to be solved in one way or another. Before, when computers were not so com- 
mon, this method was often used. Today, with powerful computers and software 
packages, the method mainly serves for educational purposes. Because of that it 
was decided that this topic should be included in our text, due to its capability to 
give better insight in the physical nature of nonlinear control systems behavior. 

The state of the unforced linear time-invariant (LTI) system can be described 
by the homogenous differential equation of n-th order (external description): 

d'x(t)  dnx(t )  d"-'x(t) 
dt' d tn  dtn-l 

ai- =a,- +a,-l- + . . . + a2.2 + a l l  + aox = 0 (5.1) 
i=O 

or with n first-order differential equations written in matrix form (internal or state 
variable description): 

where: 

k = A x  (5.2) 

ai - coefficients of differential equation (5.1) 

A - n x n system matrix 

x - 1 x n state vector 

The state is at any moment t determined by knowledge of the coordinate x and its 
derivatives (from (5.1) or from the solution of (5.2)). Geometrical interpretation of 
the general solution of equation (5.1) will be a family of curves in n-dimensional 
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space given by the coordinates x l i , .  . . , x ( ~ - ' ) .  Such a space is calledphase space 
or state space, and the curves which are solutions of equation (5.1) are called 
phase or state trajectories'. The group of all phase trajectories determined by 
possible initial conditions has the name phase or state portrait (Krasovskii and 
Pospelov, 1962; Besekerskii and Popov, 1975; Nelepin, 1971; and LeautC, 1885). 

At any moment of time the state of the system (5.1) is determined either by a 
point in the phase space or by a point on the phase trajectory which corresponds 
to the particular moment t . 

The coefficients ao, . . ' ,a, of the unforced system can be constants for LTI sys- 
tems (linear equation), time-variant for linear time-variant systems (linear equa- 
tion with variable coefficients), or functions of the variable x and its derivatives 
Ji) for nonlinear systems (nonlinear equation). 

In phase space, the region of the coordinate origin % = 0, i = 0 1 )  1 . . . 1 n - 1, 
i.e. the region of equilibrium state, is of special interest. For linear systems, phase 
trajectories have the same form in the whole phase space. In other words, knowl- 
edge of the phase portrait (phase trajectories) in the region of small displacements 
provides knowledge of the state of the linear system anywhere in phase space. We 
can say that for linear systems local and global properties are equal. 

With nonlinear systems the form of the phase trajectories can be different in 
various subspaces of the state space. Except for trajectories which are typical 
for linear systems, the phase portraits of nonlinear systems have specific phase 
trajectories, which are seen only in nonlinear systems, for instance a separatrix 
or a limit cycle. The dynamic behavior of a nonlinear system is in general not 
the same in various subspaces of phase space. However, it can be shown that 
any nonlinear system defined by an analytic function may be represented in a 
neighborhood of an equilibrium point by a linear system. If this is the case, then 
the local behavior of such a system can be characterized entirely in terms of linear 
theory. So, the local qualitative behavior of (5.2) is determined by the eigenvalues 
of A, which we denote by &( i = I ,  2.. . , n) . For the second-order systems the nature 
of the eigenvalues of the matrix A may be visualized more clearly if we recall that 
the characteristic polynomial of A is: 

A2 - tr(A)A + det(A) 

where t r (A)  is the trace of the matrix2, while det(A) is determinant of the matrix 
A. The discriminant A is defined by: 

A = [tr(A)I2 -4det(A) (5.3) 

and the eigenvalues of A are: 

- 1 [ t r ( A ) & h ]  
2 (5.4) 

'The notion of phase trajectories is used almost exclusively with grapho-analytical methods. 
2The sum of the diagonal elements of A. 
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By analyzing the phase plane of the second-order linear system we can conclude 
about the patterns of phase trajectories of the nonlinear system with local devi- 
ations from the equilibrium point under consideration. While for linear systems 
these patterns are global and are valid in the whole phase plane, for nonlinear 
systems they will be valid only “in the small”. 

The method of phase trajectories is very convenient for the analysis of un- 
forced nonlinear systems (with initial conditions differing from zero), when dif- 
ferential equations are of first and second order. When the nonlinear systems are of 
higher order, the method of phase trajectories is not suitable because of the com- 
plexity of the procedure and of the impossibility of a visual display of the phase 
trajectory or phase portrait. For some classes of nonlinear systems of higher order 
bifurcation theory and other numerical methods can be applied. 

5.1 Phase Plane 

5.1.1 Phase Trajectories of Linear Systems 
The dynamic behavior of a second-order linear system can be described by differ- 
ential equation (5.1) for n = 2 as: 

d2x( t )  + bl dt2 dt + box(t) = 0 

where bl = 2 and bo = 2. 
Coefficients bl and bo are usually given by the damping ratio’ (0 and un- 

damped natural frequency4 (con) as bl = 2(on and bo = 0,”. The geometric pre- 
sentation of the general solution to differential equation (5.1) for n = 2 is a family 
of phase trajectories in the phase plane with coordinates x and i. From (5 .5)  for 
y = i = two differential equations of first order emerge: 

dyo = -bly(t)  -box@) 
dt 

By dividing the first of these two equations by the second (with x # 0 and y # 0), 
a differential equation of the phase trajectory is obtained: 

3The damping ratio is defined as the ratio of the actual damping constant to the critical value of the 

4The undamped natural frequency is defined as the frequency of the sustained oscillation of the 
damping constant, 4 = m‘ 

transient if the damping is zero, w,, = 
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The general solution of equation (5.7) is represented by a family of phase tra- 
jectories l; = f(x;) and with initial conditions i o ;  and xoi. The particular phase 
trajectory defines the transient process xi(t) in time domain for a particular ini- 
tial condition. At the origin of the coordinate system x = y = 0, the slope of the 
tangent to the phase trajectory 2 = -bl -bog is undefined, so depending on the 
roots of the characteristic equation of (5.5), given by: 

six types of singular points5 can be distinguished: center, stable focus, unstable 
focus, stable node, unstable node, and saddle (see Fig. 5.1). This figure classifies 
local structures, describing the patterns of phase trajectories “in the small” at small 
deviations from the singular point of the nonlinear system too. A singular point 
of the type center (Fig. 5.2) results from the general solution of equation (5.5) for 
the case when the roots of the characteristic equation are pure imaginary (A < 0 
and t r (A)  = 0), i.e k l , ~  = &j& = %jon, bl = 0 (5 = 0), bo > 0. The state of 
the linear system which originates from any initial condition will behave like an 
undamped oscillatory process, i.e. the linear system is on the edge of instability. 
Phase coordinates of the system are given by expressions: 

dx 
dt x(t) =Asin(%t+cp);y(t)  = - =~,Acos (on t+cp) ;  O n =  & (5.9) 

with constants A and cp which are dependent on the initial conditions xo and yo. 
The equation of phase trajectory (5.7) for the system (5.5) is a parametric equa- 
tion of an ellipse with half-axes A and o n A ;  for w, = l [s-l], the phase trajectory 
becomes a circle: 

Y2 (5.10) 
X2 -+-=I 
A2 ( w , A ) ~  

From (5.10) it follows that undamped periodic oscillations of a linear system 
with constant amplitude and frequency are represented in the phase plane by a 
closed trajectory of a regular geometrical pattern-ellipse or circle, Fig. 5.2. 

A singular point of the type stable focus follows from the general solution of 
equation (5 .5 )  for the case when roots (5.8) are conjugate complex with negative 
real parts: b: < 4b0, bl > 0, bo > 0 (see region 2 in Fig. 5.1). The general 
solution and state of the system tends to an equilibrium state by oscillating with 
an exponentially damped amplitude. Phase characteristics of the system are given 
by expressions: 

dx 
x(t) = Ae-O‘sin (wdt + cp)  , y(t) = - = 7Ae-O‘ cos ( o d t  + cp + 0)  (5.11) 

dt 

’Singular points are equilibrium points where the slope of the tangent to the trajectory is undefined. 
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A = O  

Figure 5.1 : Classifying local structures. 
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I-"- 
Figure 5.2: State behavior of linear system (a) and phase portrait for case of sin- 
gular point of the type center (b). 
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where: 

The constants A and cp are determined from initial conditions xo and yo. The 
transient process and phase portrait of the system (5.11) are shown in Fig. 5.3. 

From Fig. 5.3 it follows that damped periodic oscillations of a linear system 
are represented in the phase plane by a spiral trajectory, where the state moves 
from initial point Mo(x0,yo) towards the origin x = 0, i = 0. 

A singular point of the type unstable focus results from a general solution 
of the equation (5.5) for the case when the roots (5.8) are conjugate complex 
with positive real parts bf < 4b0, bl < 0, bo > 0 (see region 3 in Fig. 5.1). The 
general solution is a periodic oscillation with exponentially increasing amplitude, 
i.e. the linear system is unstable. Phase characteristics of the system are given 
by expressions (5.1 1) for 0 = b1/2. The transient process and phase portrait are 
shown graphically in Fig. 5.4. 

The result is that periodic oscillations of the linear system with increasing 
amplitude take in the phase plane the form of a spiral trajectory, where the state 
moves with time from the initial point Mo(x0,yo) further from the origin x = 0, 
i = 0. 

A singular point of the type stable node results from equation (5.5) for the 
case when roots (5.8) are real and negative by > 4b0, bl > 0, bo > 0 (see region 
1 in Fig. 5.1). The general solution is a non-oscillatory transient process, i.e. the 
linear system is stable. Phase characteristics correspond to the expressions: 

(5.12) 

where 0 1 , 2  = hl,2 > 0. 
Possible forms of state trajectories of the linear system and its phase portraits 

(5.12) are shown in Fig. 5.5. 
In Fig. 5.5a are shown two possible behaviors of the state in time (curves 1 

and 2) and corresponding phase trajectories 1 and 2 in Fig. 5.5b. For responses 
such as those given by curve 1, it can be stated that for all time the sign o f x ( t )  and 
y ( t )  does not change, i.e. x ( t )  > 0 andy(t) = i ( t )  < 0; Yt .  However, for responses 
represented by curve 2 ,  the sign of x ( t )  and y ( t )  will change only once. The 
boundary lines for trajectories 1 and 2 are defined by the lines in phase plane y = 
-01x andy = -02x, that follows from (5.12) for 01 = 0 and 0 2  = 0, respectively. 
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+ y = x  

Figure 5.3: The state of a stable oscillatory process (a) and phase portrait for 
singular point of the type stable focus (b). 
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Figure 5.4: Phase trajectory (a) and phase portrait (b) for the singular point of type 
unstable focus. 

b 

t 

y=xf j 

Figure 5.5: Possible trajectories (a) and phase portrait (b) of the linear system with 
singular point of type stable node. 
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Figure 5.6: Possible phase trajectories (a) and phase portrait (b) of linear system 
with singular point of type unstable node. 
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From Fig. 5.5 follows that the stable non-oscillatory process of a linear system 
has phase trajectories where the state approaches the coordinate origin from the 
initial point asymptotically with time t .  

A singular point of the type unstable node follows from the general solution 
of equation (5.5) for the case when the roots (5.8) are real and positive: b: > 4b0, 
bl < 0, ho > 0 (see region 4 in Fig. 5.1). The general solution is non-oscillatory 
and increase with time. The response of the linear system is unstable. Phase 
trajectories of the system are defined by equations (5.12) for 01 < 0 and 0 2  < 0. 
The possible forms of the phase trajectories and the phase portrait for the linear 
system with an unstable node are presented in Fig. 5.6. 

The result from Fig. 5.6 is that expanding aperiodic processes of the linear 
system have in the phase plane phase trajectories where the state starts at the 
initial point Mo(xo,yo) and moves away from the coordinate origin. 

A singular point of the type saddle is derived again from the general solution 
of equation (5.5) for the case that the roots (5.8) are real and of opposite sign. The 
general solution is a non-oscillatory and increasing process, i.e. the linear system 
is unstable. Phase trajectories of the system (see region 5 in Fig. 5.1) are given 
by equations (5.12) for various signs of 01 and 0 2 .  For the case bo < 0, bl = 0: 
01 = 0 2  = (T = a, the phase trajectories are given by: 

(5.13) 

(5.14) 

Possible forms of the phase trajectories and the phase portrait for the linear system 
with the singular point of the type saddle are given in Fig. 5.7. 

From Figs. 5.6 and 5.7 it follows that non-oscillatory and diverging processes 
of a linear system are represented in the phase plane by phase trajectories with 
singular points of the type unstable node or saddle. 

5.1.2 

The dynamic behavior of an unforced nonlinear system with the structure as in 
Fig. 1.2 is described by nonlinear differential equation (1.5) with f ( t )  = 0: 

Phase Trajectories of Nonlinear Systems 

Figure 5.8 shows the essential properties of an unforced nonlinear system in Fig. 
1.2, which results from the possible forms of the solution x ( t )  given in Fig. 5.8. 
Figure 5.9 shows various phase portraits of nonlinear systems. 
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Figure 5.7: Possible form of phase trajectory (a) and phase portrait (b) for linear 
system with singular point of type saddle. 

Contrary to linear systems, where only two possible regions in the parameter 
plane exist - stability and instability regions-the nonlinear systems can have 
the following regions in the parameter plane: 

1. Region of stability of equilibrium state with constant value of controlled 
variable. 

2. Region of stable self-oscillations, 

3. Region of instability of the equilibrium states, and 

4. Regions in which more complex dynamic behaviors are exercised. 

If the solution of the system has the form as in Fig. 5.8a or the phase portrait as 
in Fig. 5.9a, the equilibrium state of the system (x, = 0) is unstable. Namely, as 
the trajectories 1 and 2, independent of the initial conditions, finish in oscillations 
of constant frequency and amplitude and do not approach the equilibrium state 
(x, = 0), the equilibrium state cannot be regarded as asymptoticaly stable. 

Figure 5.8b shows two cases. In the first case (curve l), equilibrium state of the 
systemx, = 0 is locally stable, as a trajectory which starts from an initial condition 
x(0) < a in the vicinity of the equilibrium state will finish at the equilibrium state 

In the second case (curve 2), the equilibrium state is globally unstable since 
for all initial conditions which are not in the vicinity of equilibrium state x, > 
a, the trajectory always increases in amplitude. This is the case of an unstable 

x(””) = x, = 0. 
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Figure 5.8: Possible forms of solution of an unforced nonlinear system. 
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periodic process with unstable self-oscillations. The trajectory x(t ) departs from 
the initial periodic process, with either an oscillatory or a non-oscillatory response 
as a consequence. The trajectory cannot be held at the frequency and the amplitude 
of initial oscillations (Fig. 5.9b). 

In Figs. 5.8d and 5 . 9 ~  are presented examples of various equilibrium states 
for a nonlinear system (5.15)-curve 1 shows the behavior of the system with 
locally stable equilibrium state at the origin x, = 0. Curve 2 is the trajectory 
for the case of unstable self-oscillations, while curve 3 shows the case of stable 
self-oscillations. Figure 5 . 9 ~  shows the situation in phase plane-the equilibrium 
state of the system x, = 0 will be locally stable, but for all initial conditions that 
are not in the vicinity of the equilibrium state, stable self-oscillations of constant 
amplitude will be established. This means a globally unstable equilibrium state. 

It is obvious that besides the mentioned singular points, in nonlinear systems 
are possible specific phase trajectories, Fig. 5.9. 

By comparing phase portraits in Figs.5.9a and 5.4, it is obvious that near the 
coordinate origin the phase trajectories behave as singular points of the type un- 
stable focus, implying an unstable equilibrium state. Contrary to a linear system, 
phase trajectories of the nonlinear system can move with time from the coordinate 
origin to some closed limit trajectory. Other trajectories outside the limit region 
are asymptotically approaching the limit, too. Phase trajectory in Fig. 5.9a is 
called stable limit cycle, and the solution x ( t )  is a periodic oscillatory process of 
constant amplitude and frequency, Fig. 5.8a. Self-oscillations are established in 
the system with the amplitude x = A and y = i = B. 

The case of local stability and global instability of an equilibrium state, Fig. 
5.8b, corresponds to the phase portrait in Fig. 5.9b. Limiting values of initial 
conditions for which the system is stable correspond in the phase plane to the pa- 
rameters of an unstable limit cycle. From here the spiral trajectories approach the 
coordinate origin, the so-called local stable equilibrium state, and other trajecto- 
ries move towards infinity, the so-called global unstable equilibrium state. 

The phase portrait in Fig. 5 . 9 ~  corresponds to a stable limit cycle which is 
far away from the coordinate origin-this produces stable oscillations with large 
amplitudes (Fig. 5 . 8 ~ ) .  By comparing the portraits in Figs. 5.9b and 5.9c, i t  is 
obvious that with large initial conditions the form of phase trajectories is changing. 
It is, for example, possible that the non-oscillatory processes pass over to stable 
oscillations, and vice versa-with decreasing initial conditions a reverse process 
is possible, Figs. 5 . 8 ~  and 5.9. 

According to linear system theory, for a closed phase trajectory of a regular 
geometrical form (Fig. 5.2), the edge of the system stability is in the vicinity of 
the equilibrium state x, = 0. With large initial conditions, i.e. outside the linear 
region of static characteristics, the form of phase portrait will generally change. 
One of the possible changes of phase trajectories is depicted in Fig. 5.9d. For 
relatively small initial conditions, the phase portrait is of the type center, while for 
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Figure 5.9: The types of phase portraits of nonlinear systems. 
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large initial conditions two saddles Cl and C2 appear, which means an unstable 
system. Each of the limiting phase trajectories which divide the phase plane into 
different phase portraits (phase trajectories pass through the saddles C1 and C2) is 
a specific one and is called a separatrix. Characteristically, the separatrices do not 
intersect the phase trajectories (because separatrices themselves are phase trajec- 
tories). That means the trajectory starts in the phase plane with certain properties 
and will not pass over to the other part of the phase plane with different properties. 

In analogy with the above discussion, the phase trajectories of nonlinear sys- 
tems, which for small initial conditions are impossible to analyze as linear struc- 
tures, have qualitatively the same forms of phase portraits. Among such nonlinear 
systems are those with relay characteristics and with typical nonlinear elements. 
In many cases some of mentioned systems with large initial deflections can ap- 
proach the behavior of corresponding linear systems. For instance, with nonlinear 
systems of the type dead zone or backlash the system can be treated as a linear 
one in cases when the input signal amplitude to the nonlinear part is larger than 
the width of above-mentioned nonlinearities. 

In systems with dead zone and Coulomb friction there exist jam areas, i.e. 
where the equilibrium state x = 0 is determined by a series of points on the ab- 
scissa near the coordinate origin (Fig. 5.9e). 

5.2 Methods of Defining Phase Trajectories 

Methods of defining phase trajectories can be analytical, grapho-analytical and 
numerical. 

Analytical Methods 

The equation of phase trajectory 1 = f(x) can be determined in the cases when the 
differential equation has a solution, i.e. when x(t) can be found analytically, and 
after that i ( t ) .  By eliminating the parameter t from the functions x(t) and i ( t )  the 
function i = f (x) is obtained. 

Let the differential equation be of the form: 

j t + W 2 x = O  (5.16) 

The solution is: 
x ( t )  = A sin (cot + q )  (5.17) 

where A and cp are integration constants which depend upon initial conditions. 
The derivation of (5.17) gives: 

x ( t )  = A @  cos (cot + q) (5.18) 
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By combining (5.17) and (5.18), parameter t is eliminated, and phase trajectory 
P = f (x) is obtained: 

x2 x 2  
> + - = 1  (5.19) 
A A 2 0 2  

In the majority of cases it is simpler to reduce the differential equation of second 
order to two equations of first order with separated variables y = 1 and x. When 
solving such equation of first order, the equation ofphase trajectories follows. By 
substituting y = x in equation (5.16) we get: 

(5.20) 2 Y+o x = o  

or: 
Y 2x -+o : = o  
x X 

d AS f = 2,  from (5.21) follows: 

dY 2x -+o - = o  
dx Y 

Solution of this equation gives directly the phase trajectories: 

(5.21) 

(5.22) 

(5.23) 

Generally speaking, a stationary process is described by a differential equation 
with constant coefficients: 

f ( t )  + &(t) + bx(t) = c (5.24) 

Substituting y ( t )  = i ( t )  and rearranging gives the equation of first order: 

!!!@ = c - bx(t)  - ay(t)  
dt 

(5.25) 

To find the phase portrait y = f ( x ) ,  the variable t must be eliminated from (5.25). 
By dividing (5.25) with y = $, the equation of phase trajectories can be written: 

(5.26) 

or: 

(5.27) 
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(5.28) 

The last equation is the differential equation of phase trajectories, and it deter- 
mines the slope of the tangent at the point M(x ,y )  on the phase trajectory. 

An analytical solution of equation (5.27) is found only in cases when separa- 
tion of variables is possible. In all other cases the solution of (5.27) is sought by 
graphical or numerical methods. 

The equilibrium state of the system corresponds to points in the phase plane 
where the velocity and acceleration of coordinate x equal zero: 

dx y = - = o  
dt 

dy - d2x - - - = o  
dt dt2 

or: 

(5.29) 

(5.30) 

Therefore, the equilibrium state is determined by equations (5.29) and (5.30). The 
points in the phase plane where the system is at the equilibrium state are called 
singularpoints. There are four types of them: center; focus, node and saddle. 

Linear systems have only one equilibrium state. If the functions P(x,y)  and 
Q(x,y) are linear, by satisfying condition (5.30) as the solution of the system, only 
one singular point N (Fig. 5.10a) is obtained. However, if the functions P(x , y )  
and Q(x,y)  are nonlinear, by fulfilling the condition (5.30) several solutions are 
possible, i.e. there are several singular points (Fig. 5. lob). 

Grapho-Analytical Methods 

Among the most-used grapho-analytical6 methods for constructing phase portraits 
are the isocline method and the &method. Isoclines are curves which pass through 
the points along the phase trajectories in which tangents on phase trajectories have 
the same slopes. They are found from the equation of phase trajectories (5.27). 
By putting into (5.27) dyldx = N = const., an equation with two unknowns x and 
y is obtained. For N = N1 the equation of the isocline is: 

(5.3 1) 

‘In situations when the mathematical model is not known, and only a graphical display of the 
phase trajectory is at our disposal (obtained, e.g., by experiment), the grapho-analytical methods must 
be applied. 
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T y = dx / dt t y = dx / dt 

Figure 5.10: Singular point N of linear system (a), and singular points of nonlinear 
system (b). 

with the corresponding curve in the phase plane. By setting various constant val- 
ues 2 = N1, 2 = N2,. . . , 2 = N, a family of isoclines in the phase plane is 
found. 

With the aid of the family of isoclines (Fig. 5.1 I) ,  the phase trajectory with 
the initial point MO can be graphically constructed. Let the initial point be on 
the isocline N I  . The construction of a phase trajectory starts from an arbitrarily 
chosen initial point Mo. On each of the isoclines an arrow marks the slope of the 
phase trajectories at the intersection point with the isocline. 

In order to construct the trajectory between two adjoining isoclines, from the 
point MO two straight lines with slopes Nl and N2 are drawn in the direction of 
the isocline N2. As the trajectory at point MO has slope Nl , and the next isocline 
must intersect the trajectory with the slope N2, the intersection point with isocline 
N2 must be inside the angle of the lines NI  and N2. It can be approximately taken 
that the point B, the intersection of the isocline N2 and the phase trajectory, is 
situated in the middle of the isocline section between the lines N1 and N2. An 
analogous procedure is valid for the points C and D, as well as for all other points. 
By choosing other initial points on the same isocline, the other phase trajectories 
are found. The isocline method is appropriate to find phase portraits when initial 
conditions for a given section are known. 

The basis of the &method is to rearrange the second-order nonlinear differen- 
tial equation to a specific form. Every second-order differential equation can be 
written as: 

X + f ( t , x , i )  = 0 (5.32) 
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Figure 5.1 1 : Construction of phase trajectories by isocline method. 

The function f may not be a function of all variables x, x and t .  Equation (5.32) 
is transformed to: 

i + A 2  [ x + F ( t , x , i ) ]  (5.33) 

where A = on is a constant. Substituting the following into (5.33): 

F ( t , x , i )  = 6 (5.34) 

yields: 
x+ 0," (x+ 6 )  = 0 

x=  -mn 2 (X+6)  (5.35) 
or: 

By dividing both sides of the expression (5.35) b y l  = 2, one gets: 

d i  - o;(x+6) 
dx 1 
- _ -  (5.36) 

By normalizing the ordinate of the phase the plane to y = & equation (5.36) is 
further transformed: 

(5.37) 

With equation (5.37), the slope of the phase trajectory is defined in every point of 
the phase plane. The 6-method of constructing the phase trajectory boils down to 

d ( & )  - x + 6  - - -- 
x 
w, 
- dx 
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Figure 5.12: Construction of phase trajectory by &method. 

determining (resolving) the value of Si and the slope of the tangent for the point 
Bi at the phase trajectory, Fig. 5.12. 

The points on phase trajectory with the &method are determined by the fol- 
lowing procedure: In the phase plane, the starting point Bo is defined by initial 
conditions. Then from (5.34) the corresponding 60 is calculated and the point DO 
plotted on the abscissa axis. From this point the circle is plotted through the point 
Bo on the phase trajectory. Close to that point on the circle, the next point B1 is 
chosen with the coordinates ( 2  ,XI) . These coordinates put in (5.34) will result 
in 61 which defines the point D1 on the x-axis. From that point the next circle is 
drawn through the point B1. The procedure continues with defining the next point 
on the circle close to the point B1 and so on until enough points Bo, B I  , B2,. . . ! Bi 
are found to plot the phase trajectory. 

Method of Adjoint Solutions 

When the systems contain elements with relay or piecewise linear characteristics 
in general, phase trajectories are constructed from trajectory parts which corre- 
spond to linear parts of nonlinear characteristic. Those individual parts of the 
nonlinear characteristics are described by linear equations and thus can be eas- 
ily solved. The overall characteristic of a typical nonlinear element can be de- 
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Figure 5.13: Phase trajectory of a nonlinear system. 

scribed by a set of linear equations which are joined at certain points. Namely the 
construction of phase trajectories of nonlinear systems with typical nonlinearities 
consists of finding the trajectories of the corresponding linear systems and joining 
them at transition points. Such an approach is called the adjoint solution method. 
Each part of the phase plane which corresponds to one linear part of the nonlinear 
characteristic is called the skeet of this part of the characteristic. According to the 
number of linear parts of the nonlinear characteristic, the number of sheets of the 
phase plane is given. So we speak of two-skeet, three-skeet and multi-skeet phase 
planes. The transfer from one sheet to another can be continuous or discontinu- 
ous, which depends upon the differential equation of the system. Various sheets 
can be extended one to another (single-valued nonlinearities) or folded over from 
one to the next one (multi-valued nonlinearities). 

For systems with smooth nonlinearities, graphical procedures are appropriate 
to determine the phase trajectories. However, for systems with relay and piecewise 
linear characteristics, the equation of the phase trajectory (5.27) can be determined 
for every sheet of the phase plane. The transient response of the system is found 
analytically by time intervals-in order to solve the differential equation of the 
next interval, the final values of the previous interval serve as initial conditions. 
Mapping phase trajectory points enables us to determine the periodic operating 
modes of systems with relay and piecewise linear characteristics without calculat- 
ing integral curves-phase trajectories. In essence, difference equations are to be 
found which link the values of the nonlinear system variables at the boundaries of 
the linear parts of nonlinear characteristics. 
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Figure 5.14: Possible form of function v = fb). 

Let us see the dynamics of the nonlinear system given by the trajectory in Fig. 
5.13. In a specific moment, the dynamics of the system are given by point 1 on the 
y-axis. After a certain time point 1 will reach point 2, then point 3 and so on. We 
can say that after some time all the points of the positive y-axis will be mapped 
to some other points on the same axis. If points circulate around the coordinate 
origin, the positive y-axis maps into itself. If the same point is copied into itself 
(immobile point), that means that the closed phase trajectory passes through this 
point, i.e. it is a singular point (limit cycle). 

It can be concluded that for finding the parameters of self-oscillations, it is 
sufficient to determine mapped points of a half-line starting at the singular point 
of the phase plane. 

The coordinates of point 2 on the phase trajectory Fig. 5.13 depend only 
on coordinates of point 1. Namely, the mapping of half-line Oy into itself, the 
coordinate v of the mapped point 2 depends on the coordinate y of point 1, v = 
fb). A possible form of this function is shown in Fig. 5.14. 

The line v = y in Fig. 5.14 is the bisectrix of the system. The intersection 
points of the line v = y with the curve v = fb)  are fixed points of the mapping, 
i.e. singular points which determine the limit cycle. The part of the curve v = fb) 



214 Chapter 5 

lying below bisectrix v = y is characterized by a damped transient response in 
the system, while the part of the curve above the bisectrix v = y is characterized 
by an undamped transient response in the system. A stable limit cycle (stable 
equilibrium state) corresponds to the intersection point of the curve v = f ( y )  and 
the bisectrix v = y ,  where the slope of the line v = y is greater than the slope of the 
tangent to the curve v = fb). To the unstable limit cycle (unstable equilibrium 
state) corresponds the intersection points where the slope of the curve v = f(y) 
is greater then the slope of bisectrix v = y.  Coming back to Fig. 5.14, a limit 
cycle with oscillation amplitude yl represents stable self-oscillations, while the 
limit cycle with oscillation amplitude y2 represents an unstable equilibrium state 
or unstable oscillations of the system, respectively. 

In the case when bisectrix v = y touches the curve v = f ('y) (point M on curve 
6, Fig. 5.14), the limit cycle is semistable. For initial values v < V M ,  the system 
will sustain stable self-oscillations with the amplitude y > y ~ ,  while for the case 
v > V M ,  unstable self-oscillations follow with amplitudes y > y ~ .  The function 
v = f ( y )  is found by integrating differential equations of the system, similarly to 
determining phase trajectories. With relay systems (on-off elements) the proce- 
dure is more appropriate if for the mapping line the line which determines the 
operating mode of the relay is taken. 

5.2.1 Estimation of Stability and Performance by Means of 
Phase Trajectories 

A phase portrait enables us to find the dynamics of the system for all possible7 
initial conditions. If for given initial conditions the phase trajectory of the system 
in consideration tends toward the coordinate origin, the equilibrium state is stable. 
On the other hand if the phase trajectory ends in a limit cycle or even at infinity, 
the equilibrium state of the system is unstable. The structure of the phase portrait 
accurately determines the region of initial deflection for which the system has 
different dynamic properties. The limit cycles and separatrices are the boundaries 
for the regions of different dynamic behavior. 

Phase trajectories enable graphical displays of transient response which arise 
from initial conditions other than zero. The graphical procedure is based on the 
properties of phase trajectories. The phase trajectory is a graphic interpretation 
of: 

dx 
Y = = f ( x )  (5.38) 

In order to find transient response from the graph in Fig. 5.15, it is necessary to 
find t .  Fig. 5.15 illustrates the procedure. 

7 ~ ~ r  a given system. 
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Figure 5.15: Graphical procedure to find a transient process from phase trajectory. 
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The time t which corresponds to every point on the phase trajectory is obtained 
by the approximate expression: 

(5.39) 

The region of the phase plane where this part of phase trajectory lies, and for 
which time must be found, is divided by vertical lines of width Ax. In the middle 
of every Ax, starting from the point A(xo,yo), and the corresponding value of 

are found and by means of equation (5.39) Ati is calculated. On the t-axis 
(Fig. 5.15b) time ti = ti-[ + Ati is subsequently defined while on the x-axis the 
corresponding coordinate x is drawn (Fig. 5.15a). 

hi - h i  

AYip b i a v  
At. - - - - 

1 -  

The time of the transient response is found from the equation: 

or: 

(5.40) 

(5.41) 

In order to find time t from the above expression, the graphical display of the 
fbnction must be determined: 

(5.42) 

The area below the curve f ( x )  is equal to the time of the transient response for the 
region in consideration (Fig. 5.16). By means of the phase trajectories it is simple 
to find the maximum values of x ( t )  and i ( t ) ,  i.e. the values are directly read from 
graphical plots. 

The method of phase trajectories is applied when the dynamic behavior of an 
unforced system with initial values other than zero is sought. By substituting the 
variables, it is possible to reduce to unforced systems the forced systems with a 
constant input variable, or with the input variable with constant velocity. 

1 

Y 
- = f (x) 

EXAMPLE 5.1 
The system shown in Fig. 5.1 7 isjkst  excited by a unit step,function r ( t )  = S ( t )  = 
1 ,‘dt > 0, and then by a ramp function r ( t )  = t,Vt = 0. 

Dynamic behavior of the linear system can be determined by variable e( t ) .  
The differential equations of the system are: 

(5.43) 

T e ( t )  + i ( t )  +Ke(t)  = TF(t) + i ( t )  (5.44) 
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Figure 5.16: The duration of transient process. 

Figure 5.17: Block diagram of linear system 

r f r ( t )  = S( t ) ,  initial conditions relative to the variable e ( t )  are: 

e ( 0 )  = 1;e(0) = o (5.45) 

The block diagram of the forced system in Fig. 5.1 7, with input r ( t )  = S(t) ,  is 
reduced to an unforced system with initial conditions (5.45) by choice of the vari- 
able e( t ) .  In the case of a ramp function input, r ( t )  = t ,  the equation (5.44) has 
the form: 

T e ( t )  + k ( t )  + Ke(t)  = 1 (5.46) 

By introducing a new variable: 

(5.47) 
1 

el ( t )  = e ( t )  - - 
K 

equation (5.46) becomes homogenous: 

Tdi ( t )  + kl ( t )  + el ( t )  = 0 (5.48) 
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Figure 5.18: Block diagram of nonlinear system. 

with initial conditions e I (0 )  = -1/K,e(O) = O,&(O) = k ( 0 )  = 1. The analysis 
of the forced system can be carried out by determining the phase trajectory of 
the unforced system with the new variable e ( t )  or q ( t )  for  unit step or ramp 
excitation, respectively. 

5.3 Examples of Application of Various Methods to 
Obtain Phase Trajectories 

EXAMPLE 5.2 (PHASE TRAJECTORIES BY AN ANALYTICAL METHOD) 
For the system shown in the block diagram (Fig. 5.18), the phase trajectovy is to 
be found. 

Solution. The differential equation of the unforced system in the Laplace domain 
in relation to coordinate x is: 

(5.49) 

or in the time domain: 
d2x 
dt2 

J- + Mosign x = 0 (5.50) 

By normalizing the above equation and introducing z = t W J  , we will get: 

d2x - dz2  = signx (5.51) 

By substituting y = 2 in (5.51), a system of twojrst-order differential equations 
is obtained: 

dx - = y  
d z  

- - d~ - -signx 
d z  

(5.52) 
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Figure 5.19: Phase trajectory 

Elimination of z from (5.52) yields: 

ydy = -signx dx (5.53) 

Integration of (5.53) gives the resulting phase trajectories: 

2 
E = F x + c  
2 

(5.54) 

The integration constant is determined by initial conditions t = 0, y ( 0 )  = 0, y (0 )  = 
0 , x ( 0 )  = xo = c. The phase plane has two sheets, which reJect the state of the 
relay: sheet (a) with the equation y = - 1 and sheet (b) with the equation y = 1. 

The starting point of the trajectory in Fig. 5.19 is on the sheet (a) at the 
point x = X O .  Motion of the point in sheet (a) is given by the trajectory equation 
y2  = 2(x -xo) .  Point 2 on the trajectory has coordinates x = 0, y = -6. The 
equation of the trajectory for  sheet (b) is y2 = -2(x - XO). By analogy, points 3 
and 4 of the trajectory are found. lime for  the motion along the trajectory from 
point 1 to point 2 is obtained by integrating (5.52) within the boundaries y = 0 
andy=-&andit isz ,=&. 

The phase trajectory from Fig. 5.19 is a parabola symmetrical to the y-axis, 
i.e. a closed cuwe (limit cycle) of self-oscillations with amplitude x , ,  = xo and 
y,, = & and oscillation period T = 4&. 

EXAMPLE 5.3 (PHASE TRAJECTORIES BY A GRAPHO-ANALYTICAL METHOD) 
For the system described by the equation: 

X(t) + x ( t )  = 0 (5.55)  
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the phase trajectory is to be found by a grapho-analytical method. 

Solution. By substituting i = y in (5.55), a system of two first-order differential 
equations is obtained: 

dx - = y  
dt 

By eliminating parameter t,  the differential equation of the phase trajectories is 
obtained directly: 

dY x 
dx Y 
- - -- - 

If in the above equation 2 = const = N is set, the equation of isoclines results: 

1 

By varying N from zero to infini& a family of straight lines in the ( x ,  y)-plane can 
be drawn, Fig. 5.20. The arrows which indicate the slope of the trajectory at any 
intersection point with the isoclines are perpendicular to the isoclines, i.e. the 
slope of the isoclines and of the trajectory are determined by N, so all the phase 
trajectories are circles in the ( x ,  y )  phase plane. 

Ifthe system is described by the equation: 

i ( t )  + o,2x(t) = 0 

the equation ofphase trajectories is: 

and the equation of isoclines is: 

As is obvious from the last equation, in this case the family of isoclines is defined 
by straight lines through the coordinate origin, with slopes determined by mi.  
For m i  # 1, the phase trajectory will take the form of an ellipse, with the major 
half-axis on the y-axis for > 1, and on the x-axis for  00' < 1. 

EXAMPLE 5.4 
(PHASE TRAJECTORIES BY A METHOD OF ADJOINT SOLUTIONS) 
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Y t  

Figure 5.20: Phase trajectories by isocline method 

Figure 5.2 1 : Block diagram of a servo system. 
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Find the phase trajectory of a relay sew0 system given by the block diagram in 
Fig. 5.21 in theplane (0,6). 

The system parametersfrom Fig. 5.21 are K1 = O.O65[V/']; K = 5.06['/Vs]; 
c = 6[V], b = 0.1 [V].  Initial conditions are 0(0)  = 8[']; 6 (0)  = 0 ['/s], which 
means that the motor shaft is initialy turned for  8 ['I, and is not rotating. 

Solution. In order to solve this problem we have to link variables 0 and 6 
through the closed-loop system diferential equation. The differential equation 
linking the coordinates 0 and u2 is: 

O r :  

d 2 0  dO 
T - + - = K u ~  

dt2 dt 

d 2 0  1 dO K 
T dt T 

- dt2 f-- = -u2 

(5.56) 

(5.57) 

By substituting 0 = x, 6 = 1 in equation (5.57), the equation in the phase plane 
results: 

d2x 1 dx K 
(5.58) -+-- = -u 

dt2 T dt T 
In theplane (ul ,u2),  the lines of established relay contact are given by the straight 
lines u1 = f b  = 0.01 [V].  In the plane (x,X) such lines are determined by the 
function U I  = f (0) = f (x). 

The voltage at the winding of thepolarized relay of the system is: 

The relay is switched at the voltages u1 = 0.1 [V] and u1 = -0.1 [V].  From equation 
(5.59), the transformed expressions u1 in theplane (x,X) are derived: 

0.1 
0.065 

x=--- - -1.54[']; x =  1.54['] 

These are straight lines in the plane (x,X), parallel to the ordinate y = X . With 
regard to the lines of established relay contact, the phase plane (x,X) consists of 
three sheets (Fig. 5.22). 

Sheet 1: u1 2 O.l[V]; x =  -1.54[']; u2 = 6[V] 

Sheet 2: I U I  1 < O.I[V]; 1x1 < 1.54[']; 242 = O[V] 

Sheet 3: u1 2 0.1 [V] ;  x = 1.54[']; u2 = -6[V]  

Equation (5.57) is solved by integrating along the linearparts, i.e. by sheets I ,  2 
and 3 of thephase trajectory 
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Figure 5.22: Sheets in phase plane. 

For skeet I in the phase plane u2 = 6[V] ,  and by inserting K and T in (5.58) 
as well as y = $ , the equation of the phase trajectory is: 

dy - -2y+60.7 -- 
dx Y 

with the solution: 

x = 15.1 - 0.5y - 15.1 In (60.7 - 2y) + C1 (5.60) 

For skeet 2, u2 = O[V], and equation (5.58) takes the form: 

dY 1 - + - y = o  
dt T 

(5.61) 

By substituting in (5.61) y = $ and by eliminating the variable t ,  the equation of 
the phase trajectory becomes: 

dY 1 - - _ _  - 
dx T 

The solution of this equation is: 

1 
T 

y =  --x+c2 = - 2 x s c 2  

For skeet 3, u2 = -6 [ V ] ,  and by analogy with the expression (5.60), the equation 
of the phase frajectory is: 

dy - -2y-60.7 
dx Y 

- 
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with the solution: 

x= -15.1 -0.5y+15.1In(60.7+2y)+C3 (5.62) 

Integration constants Cl, C2 and C3 are determined by initial conditions, i.e. by 
coordinates of the starting points of the phase trajectories at each sheet of the 
phase plane. 

The phase trajectory starts at sheet 3 in the point given by initial conditions 
x ( 0 )  = S[O] a n d i ( 0 )  = O[o/s]. By inserting these values in equation (5.62), C3 = 
-38.9 is obtained. Thus, the equation of the phase trajectory fo r  sheet 3 of the 
phase plane reads: 

x = -54 - 0.5yS 15.1 In (60.7 + 2y) (5.63) 

The boundary point of the trajectory, i.e. the point at the boundary of sheet 3 
and sheet 2 is determined by using equation (5.63); the values are x = 1.54, y = 
-21. This point determines initial conditions of the trajectory in sheet 2 of the 
phase plane. By determining the constant C2 = - 17.9, the equation of the phase 
trajectory in sheet 2 is a straight line: 

y = - 2 ~  - 17.9 

The boundary point of the trajectory between sheet 2 and sheet 1 is found by 
equation (5.60): x = - 1.54, y = - 14.8. The equation of the phase trajectory in 
sheet 1 is: 

x =  59.1 - 0 . 5 ~ -  151n(60.7-2y) (5.64) 

The procedure continues until thephase trajectory is within sheet 2, i.e. inside the 
dead zone of the relay element (Fig. 5.23). 

5.4 Conclusion 
Phase trajectories have always been very instructive for anyone attempting to an- 
alyze more closely a particular system. This chapter has given various methods of 
constructing them. Analytical, grapho-analytical and the method of adjoint solu- 
tions were described. Those methods as well as the simulation methods are at our 
disposal for the purpose of obtaining deeper insight into dynamics of a nonlinear 
system. However, today we are witnessing that in practice phase trajectories are 
losing the utility which they previously had, when digital computers were not so 
common. Despite that fact their role at least for educational purposes is very im- 
portant, because the qualitative structures (local or global) of a nonlinear system 
are easily obtained through the phase portrait. 

'Today almost exclusively used for that purpose. The simulation method was not described here 
because we believe that the reader already knows how to use the simulation package. 
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Figure 5.23: Phase trajectory obtained by method of adjoint solutions. 





Chapter 6 

Harmonic Linearization in 
Dynamic Analysis of Nonlinear 
Control Systems Operating in 
Stabilization Mode 

In this chapter the harmonic linearization is used for dynamic analysis of non- 
linear control systems operating in stabilization mode. This mode of operation 
is characterized by the fact that some desired operating point has to be main- 
tained over a long period of time. Many nonlinear control systems, especially in 
process industries, are normally working in this mode of operation. Two cases 
are treated here: analysis of an unforced nonlinear control system experiencing 
self-oscillations and analysis of nonlinear control system forced to oscillate with 
desired frequency. It should be pointed out that it is very common for nonlin- 
ear control systems working in stabilization mode to oscillate around a desired 
operating point. 

6.1 Describing Function in Dynamic Analysis of Un- 
forced Nonlinear Control Systems 

Analysis and synthesis of linear control systems by frequency methods have cer- 
tain advantages which made them well accepted in engineering practice. Namely, 
the analysis of a control system such as stability analysis, filtering analysis, etc., 
as well as design of a controller (or compensator) by some design method is re- 
duced to the relatively simple analysis of a group of algebraic equations in the 

227 
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frequency domain. Moreover, the possibility of graphical representation enables 
simplification of analysis and synthesis due to the fact that a clear relation between 
the frequency response and physical properties of the system can be established. 
No less important is the fact that the complexity of the method is not much greater 
with the increase of the system’s order. However, the existing methods of analysis 
in the frequency domain are not directly applicable to a nonlinear system, since 
the frequency characteristic for a nonlinear system cannot be defined. For some 
nonlinear systems, which must fulfil certain conditions, an expanded version of 
the frequency method, the so-called describing function method, can be used for 
upproximate analysis and prediction of the behavior of a nonlinear control sys- 
tem. This method is widespread in engineering practice as it possesses all the 
advantages of the frequency method for a linear system. In the absence of some 
general method for all nonlinear systems, this method has a general character, and 
if some necessary conditions are fulfilled the describing function method can give 
satisfying predictions of the system’s behavior. 

Necessary conditions for the application of the describing function method as 
an approximate method in the dynamic analysis of nonlinear control systems are: 

1. The structure of the nonlinear system which consists of nonlinear and linear 
parts must be reduced to the structure such as in the block diagram in Fig. 
6.1. 

2. The linear part of the system GL must have low-pass’ filter properties or 
that of a resonant filter which is tuned to the first harmonic frequency of the 
input signal to the nonlinear part. 

Besides these, one other condition exists which is not necessary, but is present 
in derivation of self-oscillations: 

3. The nonlinear control system is unforced, and is in a stabilizing mode. This 
condition will be rejected later in the text2. 

This method is worked out in Goldfarb (1 947, 1965); Solodovnikov (1969); 
Popov and Pal’tov (1960); Petrov et al. (1967); Vidasyagar (1993); Slotine and Li 
(1991); and others. 

An unforced nonlinear control system is seen in the situation when the regula- 
tor problem of the feedback system has to be solved, i.e. when the control system 
is in stabilizing mode. Namely, a large number of automatic control systems3 
work in a stabilizing mode, when it is desired that the system works in a nominal 

‘The term low-pass filter must be taken conditionally. As it is quite possible for high-frequency 
oscillations to arise, the essential thing is that the linear part doesn’t pass the harmonics higher than 
the first, nothwithstanding if the first harmonic has a low or high frequency. 

2See Section 6.1.5 and 6.2. 
3Especially in process control (chemical, petrochemical, pharmaceutical, etc.). 
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Figure 6.1: (a) Block diagram of an unforced nonlinear control system, (b) estab- 
lished monoharmonic (self-) oscillations. 

operating mode and that the controller maintains the process at the nominal oper- 
ating point r(t) = 0 eliminating the pulse-type disturbances. Also, for many non- 
linear control systems the normal mode of operation is the self-oscillating mode. 
We can mention here two examples: control systems with two-term controllers 
(temperature processes) and a majority of extremal control systems work in ex- 
tremal mode (static optimal control systems). 

6.1.1 Analysis of Symmetrical Self-Oscillations 
Symmetrical self-oscillations can appear in nonlinear systems which have a non- 
linear part with symmetrical static characteristic. A periodic solution of nonlinear 
equation (4.5) by the describing function method is obtained from the condition 
of harmonic balance of the system whose structure is shown in Fig. 6. I .  

The dynamics of such an unforced nonlinear control system (Fig. 6.la) are 
described by the differential equation: 

respectively: 
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The realization of monoharmonic undamped oscillations in the system is possible 
only when a periodic function-harmonic signal x ( t )  = Xmsinwt-acts at the in- 
put of nonlinear element. This is seen in Fig. 6.lb, when self-oscillations were 
established. 

At the output of the nonlinear element, signalyN(t) = F[x(t)] contains the first 
harmonic YNsin( wt + q )  and higher harmonics with amplitudes Ym2, Ym3,. . . , Yn& 
and frequencies 2w, 30,. . . , kw. Assuming that the linear part of the system filters 
out all the harmonics except the first harmonic, the output signal can be approxi- 
mated by the equation: 

The assumption (6.4) is called thefilter hypothesis. The condition that the linear 
part of the system GL( o) acts as a “low-pas” filter is necessary for the application 
of the harmonic linearization method. 

The two block diagrams in Figs. 6. l a  and 6. l b  are equivalent if the equation: 

holds. From (6.4) and (6.5) follows: 

x ( t )  = -Yml sin(wt + q )  (6.6) 

The condition (6.6) is fulfilled if: 

The equations (6.7) and (6.8) are called harmonic balance equations. Equation 
(6.7) indicates equality of amplitudes, and (6.8) phase shift of 180[deg]. 

If the filter hypothesis is to be satisfied, the frequency characteristic of the 
linear part of the system G ~ ( j o )  must pass the first harmonic and attenuate all the 
higher harmonics to a negligible degree: 

The condition (6.9) must be fulfilled for any integer k 2 2. As with symmetrical 
oscillations in signal y(t), the even harmonics are not present, the condition (6.9) 
is for symmetrical oscillation valid fork 2 3. 

By applying the describing function method, two main tasks are solved: 
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Figure 6.2: Block diagram of an unforced nonlinear control system, linearized by 
harmonic linearization. 

1. Analysis of monoharmonic oscillations in closed-loop nonlinear control 
systems. 

2. Determining conditions for which in the closed-loop nonlinear control sys- 
tem's self-oscillations cannot originate in the whole frequency band 0 5 
w 5 -. 

As y ~ k / y ~ [  < 1 for k 2 2 ,  the condition (6.9) can be relaxed and is practically 
fulfilled when the slope of the amplitude logarithmic frequency characteristic of 
the linear part G ~ ( j w )  is equal to -2O[dB/decade] or -4O[dB/decade]. 

With the slope G ~ ( j w )  equal to -2O[dB/decade], the condition (6.9) is ful- 
filled if: 

and with the slope of -4O[dB/decade]: 

(6.10) 

(6.1 1) 

In the cases when G ~ ( j w )  doesn't satisfy equation (6.9), or (6.10) and (6.11) 
respectively, the results of the analysis by the describing function method must 
be tested experimentally or theoretically, by analyzing physical or mathematical 
models. 

The structure of the control system in Fig. 6.1 which is linearized by harmonic 
linearization is shown in Fig. 6.2. 

The replacement in (6.2) of the operator p by the variable s = j~ and F ( x )  = 
GN(X~~)X, the equation of harmonic balance is obtained: 

GN(Xm)GL(jw)x+x = 0 (6.12) 

The characteristic equation of the system (6.12) is: 

GN(Xm)GL(jO) + 1 = 0 (6.13) 
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By solving the complex equation (6.13), the parameters X, and w of possible 
self-oscillations are determined. It must be emphasized that with this solution the 
amplitude and the frequency of the signal at the input to the nonlinear element x ( t )  
are obtained (Fig. 6.2). If the amplitude and the frequency of oscillations of the 
output signal are to be found, the solution will be identical (Xnt = Y,, cyc = 
only if we are dealing with unity feedback. If this is not the case, the obtained 
solution x ( t )  must be brought back through a feedback element in order to solve 
for y ( t ) .  Equation (6.13) can be solved graphically or analytically. The graphical 
procedure for determining parameters X, and w is most appropriate when the 
control system contains a simple inertialess nonlinear element y~ = F ( x ) .  

Graphical Procedure-Goldfarb Method (Goldfarb, 1947) 

In order to apply this procedure, equation (6.13) is written in the form: 

(6.14) 
1 

G r , ( j ~ )  = -- = -GNI(X,) 
GN (&I 

or: 
1 

GN(X,) = -- = -GL' ( jw)  
G L ( J ~ )  

(6.15) 

From equation (6.14) it is seen that the graphical solution requires the amplitude- 
phase frequency characteristic of the linear part G ~ ( j w )  of the system, as well as 
the negative inverse describing function amplitude-phase characteristic of the non- 
linear part. Obviously, each point on the frequency characteristic represents one 
frequency and each point on the negative describing function represents one am- 
plitude of oscillation of x. If the plots G ~ ( j w )  and -Gil(&) have one or more 
intersection points, it means the existence of limit cycles, i.e. in the nonlinear 
system undamped periodic oscillations, self-oscillations (Fig. 6.3), are possible. 
When conditions in equations (6.14) and (6.15) are not fulfilled, i.e. the intersec- 
tion points do not exist, the system cannot generate sustained periodic oscillations 
(self-oscillations). 

With intersection points M and N (Fig. 6.3), the amplitude and the frequency 
of self-oscillations are determined. The amplitude X, is determined by the points 
M and N of the negative inverse amplitude-phase characteristic of the nonlinear 
element - G i l  (X,), while the frequency w is determined at the points Mand N on 
the amplitude-phase frequency characteristic of the linear part G ~ ( j w ) .  In such a 
way, the intersection point M has the amplitude X,M and the frequency w ~ ,  while 
the intersection point N has the amplitude X,N and the frequency CON. 

The graphical plot (Fig. 6.3) enables us to determine the stability of the self- 
oscillations of the input signal to the nonlinear element. One of the possible pro- 
cedures for testing the stability of the self-oscillations is the application of Nyquist 

41ndex denotes frequencies of self-oscillations of signals x and y,  respectively. 
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Figure 6.3: Goldfarb method of finding parameters of self-oscillations. 
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Figure 6.4: Phase trajectories of system which has unstable self-oscillations (limit 
cycle is smaller ellipse) and stable self-oscillations (limit cycle is larger ellipse). 

stability criterion to the linearized system. If the equation of periodic oscillations 
for the linear system (the stability boundary of the system) has the form: 

1 + G o ( j ~ )  = 0 

with critical point of the Nyquist plot (- 1 , j0) ,  the equation of self-oscillations 
for nonlinear systems is given by (6.13). The critical points for the Nyquist plot 
G L ( ~ w )  are the points M and N at the intersection with negative inverse characte- 
ristic -G;' (X,) of the nonlinear element, Fig. 6.3. With a small increase of the 
amplitude of the input signal, the critical point M passes over along -GN' (X,) 
to the point MI, which is included by the plot G ~ ( j w ) .  According to the Nyquist 
criterion, the point M corresponds to the critical point (- 1 , j 0 ) .  Due to the fact 
that GL(jw) includes the point M with the increase of amplitude of the input sig- 
nal x ( t ) ,  the periodic solution (or limit cycle) determined by the parameters of the 
point M is an unstable solution, i.e. self-oscillations with the amplitude X,M and 
the frequency WM are unstable self-oscillations (the limit cycle M in Fig. 6.4). 

However, with a small increase of the amplitude of the input signal, the critical 
point N goes over to the point N I ,  which is not included by G ~ ( j u ) ) .  As the 
plot GL(jw) does not include the point N, with the increase of the input signal 
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Figure 6.5: Block diagram of an unforced nonlinear control system. 

amplitude X, the periodic solution (or limit cycle) determined by the parameters 
of the point N is a stable solution. It means that the system will sustain stable 
self-oscillations with the amplitude X,N and the frequency ON (the limit cycle N 
in Fig. 6.4). 

By analogy to the Nyquist criterion, the stability of the periodic solution can be 
found by the Mikhailov criterion (Netushil, 1983). For instance, the dynamics of 
an unforced nonlinear control system of arbitrary structure with inertial nonlinear 
element of the form yiy = F(x ,px)  (Fig. 6.5) is described by the equation: 

GL(P)F(%PX) +x = 0 (6.16) 

According to (3.51), the describing function of the nonlinearityyN = F(x ,px)  is: 

(6.17) 

From (6.16) and (6.17), the differential equation of the harmonic linearized system 

(6.18) 

By substituting p with s, the characteristic equation of the closed-loop linearized 
system is: 

By inserting GL(s)  = B(s) /A(s )  in (6.19): 

(6.20) 

The equation (6.18) will have periodic solution x ( t )  = X,sinot only in the case 
when the roots of the characteristic equation (6.20) are imaginary. Putting s = j w  
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in the equation (6.20) the equation will have real and imaginary parts: 

Q ( X m 1 4 j w  = o  (6.21) 
0 I D ( j 0 )  = A ( @ )  + B ( j 0 )  

and further: 
~ ( j o )  =Re(X,,o) +jfm(x,,m) (6.22) 

respectively: 

Re(X,, 0) = 0 
fm(X,, 0) = 0 

(6.23) 

where Re(X,, w )  is the real part of the function (6.21) and fm(X,, W )  is the imag- 
inary part of the function (6.21). 

By solving equation (6.23) the parameters of self-oscillations X, and 0 are 
obtained analytically. 

When nonlinearity F(x ,px)  is replaced by the describing function GN(X,, 0), 
the closed-loop transfer function G N ~ ~  (X,, s, 0) results: 

(6.24) 

The fact that the transfer function of a closed-loop linearized control system is 
identical in form to the linear control system closed by unity feedback enables 
us to find the parameters of oscillations by means of a Mikhailov plot, i.e. the 
graphical display of complex equation (6.22). 

The graphical solution of the equation (6.22) corresponds to the Mikhailov 
plot which intersects coordinate origin (Fig. 6.6) with parameters X, and 0. 

It is possible to determine graphically the Mikhailov plot which passes through 
the coordinate origin of the polar plane (stability boundary of the linear system) 
from the inclined rectangle (the condition is XI > xz), when the following expres- 
sions are applied: 

bo 
ab 

x, = x2 + =(XI - x2) 
- 
co 

0 = 01 + =(wz - 0 1 )  
cd 

(6.25) 

Here x1 and x2 are the amplitude values for which the Mikhailov plots pass near 
the coordinate origin, while 01 and 0~ are the frequencies on the plots XI and x2 
near the coordinate origin. 

By means of Mikhailov plots the stability of the periodic solution can be es- 
timated. By increasing the amplitude of the periodic solution to X, + Ax, the 
Mikhailov plot will be either in position 1 or position 2 (Fig. 6.6b). The curve 
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Figure 6.6: Mikhailov plots. 

1 encloses the coordinate origin, i.e. the transient process is a stable damped 
oscillatory process. The curve 2 characterizes unstable oscillatory process with 
increasing amplitudes. If at Ax > 0, the Mikhailov plot has the position I ,  and at 
Ax < 0 the position 2, the transient process will be such that oscillations with the 
amplitude X > X, are damped (will decrease to the value X = Xm), while oscilla- 
tions with amplitude X > X, will increase to the value X = X,. In the aforesaid 
case the transient process on both sides of the coordinate origin approaches the 
origin, i.e. the periodic solutions are stable self-oscillations. By analogy, if the 
Mikhailov plot at Ax < 0 has the position 2 and at Ax < 0 the position 1, the tran- 
sient process on both sides of the coordinate origin has increasing amplitudes, and 
the periodic solution is unstable. That means that the system’s equilibrium state is 
locally stable and globally unstable. 

6.1.2 Analytical Stability Criterion of Self-Oscillations 

With graphical methods of determining the parameters of self-oscillations, it is 
possible to formulate an analytical stability criterion. For instance, the stability 
of self-oscillations obtained by the Goldfarb method, the points A4 and N on the 
graphical display in Fig. 6.3 can be determined by using a damping factor (r of 
the oscillatory process which is close to self-oscillations. In other words, the fre- 
quency of the oscillatory process with damping factor 0 is close to the frequencies 
of oscillatory processes in the points of harmonic balance M and N .  The oscilla- 
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tory process with damping factor o is described by the expression: 

x ( t )  = Xmeut sin( wt + q)  (6.26) 

< 0, while for o > 0 the 

In the vicinity of the point which determines the periodic solution (the points 

It follows that the process x ( f )  will be damped for 
process will increase unboundedly. 

A4 and N in Fig. 6.3), the equation (6.14) assumes the form: 

-GN'(Xm) = -Vn(Xm) = &(A',) +jQn(X,) = G ~ ( o + j w )  (6.27) 

respectively: 

where: 

PN(X,) is the real part of -GN1 (X,), 

Qn(X,) is the imaginary part of -G;' (X,), 

PL (0, w )  is the real part of the frequency transfer function of the linear part of the 

PN(X,) +jQN(X,) =pL(o,w)+,iQL(o,w) (6.28) 

closed-loop control system, 

QL (0, w )  is the imaginary part of the frequency transfer function of the nonlinear 
part of the closed-loop control system. 

From (6.28) is obvious that the parameters o and w are functions of the oscillation 
amplitude X,. 

If small deflections (point M I  in Fig.6.3) from the periodic solution (point M 
in Fig. 6.3) take place, with increasing X,  the coefficient o > 0 will increase and 
consequently the amplitude of the process (6.26) (x(t) 1 = X,eot will increase with 
time indicating that the periodic solution (point is unstable. On the contrary, 
if small deflections (point Nl in Fig. 6.3) from the periodic solution (point N in 
Fig. 6.3) take place, with increasing X,, the coefficient CT < 0 will increase and 
the amplitude of the process (6.26) will decrease with time till the original value 
X,N is reached, i.e. the system sustains stable self-oscillations. 

From this it is seen that the analytical stability of the periodic solution is de- 
termined by the change do/dXm. If d o / d X ,  < 0 self-oscillations in the system 
are stable, and vice versa, for d o / d X ,  > 0, self-oscillations are unstable'. By de- 
termining do/dX,from (6.28), the analytical expression for the stability of self- 
oscillations is obtained: 

(6.29) 

5By unstable self-oscillations we mean that oscillations with a particular amplitude and frequency 
will not be established, i.e. the state will move to another singular point (stable self-oscillation or 
other). 

apN - apL ao apL aw 
ax, aoax, a m a x ,  +-- 
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Figure 6.7: Block diagram of unforced closed-loop control system and nonlinear 
static characteristic of nonlinear element. 

(6.30) 

For the complex function (6.28) to be analytic at the point (Xnr, o), the Cauchy- 
Riemann condition states: 

From (6.3 l), (6.30) and (6.29) follows: 

(6.3 1)  

(6.32) 

Since the denominator in (6.32) is always positive, the condition for the stability 
of self-oscillations will be fulfilled when: 

(6.33) 

The above expression is the Mikhailov criterion of stability of self-oscillations. 

EXAMPLE 6.1 
Find the stability of the equilibrium state of the nonlinear system with block dia- 
gram shown in Fig. 6.7. The following values are set: K = 0.82[s-'], = fi = 
0.05[~], b = 0.25[V], c = 1 lO[V]. 

Solution. For the Goldfarb method, the amplitude-phase frequency characteristic 
of the linearpart GL(jw) as well as the harmonic linearizedplot of the nonlinear 
part of the system -VN(X,) = -GGi (X,) are to be determined. 

Frequency transfer function of GL (jo) is: 

(6.34) 
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Jm 

Figure 6.8: Plot of negative inverse describing function and frequency characte- 
ristic of linear part of closed-loop control system. 

with modulus: 

(6.35) 
0.82 - - K 

I G L W ) /  = w d ( 1  + T f o 2 ) ( 1  +T:02) o(1 +0.002502) 

and argument. 

q(o) = -90deg-tanp ' (oz)  -tan-'(ofi) = -9Odeg-2tan-'(O.05~) 
(6.36) 

By varying o f r o m  w = 0 to w = -, the last two equations define GL(jw) in Fig. 
6.8. 

The describing function of the nonlinear element (relay with a dead zone) is: 

(6.37) 

If the value X, from Xm = b = 0.25 to X, = 00 is changing, theplot -GN' (Xm) of 
the nonlinear element can be constructed. From extremum of the function (6.37) 
results f o r  Xm = b f i ) :  

(6.38) 
~ 

6The curve -Gi' ( X m )  is here a real quadratic function for this nonlinearity, see (6.36), and has 
double real negative solutions for every Xm.  In Fig. 6.8 this is emphasized by plotting the curve as 
having an imaginary part, which is not true. 
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The cuwe (6.36) coincides with the negative real axis and has two branches which 
intersect the curve GL(jw) at two points. From (6.36) follows that at the crossing 
of GL(jw) with the real axis cp = - 180deg. From this follows: 

- 180deg = -90deg -2 tan-' (0.050) 

and also: 
t a n - ' ( 0 . 0 5 ~ )  = 45deg or 0.050 = 1 

so w = 2O[s-']. Calculating the modulus of IG~(j20)l  gives: 

or: 
4.110 0.0625 

= 48.75 

The above equation gives: 

x4 - 8 . 2 4 ~ ~  f0.516 = 0 

Two real solutions are: 

x2 = 8.176 andX,, = 2.86 

x2 = 0.064 and X,, = 0.257 

The equation of harmonic balance: 

has two solutions: 

so that: 

w = 2O[s-'] andX,, = 0.257[V] 

w = 2O[s-'] andX,, = 2.86[V] 

(6.39) 

XI ( t )  = X,, sin wt = 0.257 sin(20t) and 
(6.40) 

xz ( t )  =Xmz sinwt = 2.86sin(20t) 

The stable solution of the system (637) is the solution at the point 2, i.e. by 
increasing the amplitude X,, the curve GL(jo) will not include the intersection 
point with parameters X,  = 2.86[V] and w = 2O[s-']. In this nonlinear closed- 
loop control system stable self-oscillations x ( t )  = 2.86 sin20t will be established. 
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6.1.3 Determination of Symmetrical Self-Oscillations 
An analytical method to determine symmetrical self-oscillations originates from 
the analytical solution of complex equation (6.22), or with the solution of the 
system of equations (6.23). The analytical solution of the system (6.23) is quite 
often impossible to find. Because of that the synthesis of the parameters of linear 
or nonlinear compensator is done by use of either the analytical stability criterion 
and grapho-analytical method. Either complex equation (6.22) or the system of 
equations (6.23) enables us to formulate the analytical stability criterion (Petrov 
et al., 1967): 

(6.41) 

where: 

EXAMPLE 6.2 
Find the parameters and the stability of the periodic solution of an electromechan- 
ical servo, described by block diagram in Fig. 6.7. 

Solution. The following dgferential equation describes the dynamics of the non- 
linear system with nonlinear element Y N  = F ( x ) :  

A ( p ) x + B ( p ) F ( x )  = 0 (6.42) 

Harmonic linearization of equation (6.42) gives: 

and the characteristic equation of (6.43) is: 

According to Fig. 6.7, the above equation becomes: 

2'1 f i p 3  + (G + f i ) p 2  + ~ + K G N ( X , )  = 0 (6.45) 

By replacing in (6.45) operator p with complex variable s = jo, the complex 
equation follows: 

D ( ~ w )  =KGN(X, ) - (T~  + f i ) ~ ~ + j ( O - G f i ~ ~ ) = O  (6.46) 

and further: 
R(X,, O) = KGN(X,) - (7'1 + fi)02 = 0 (6.47) 
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I (m)=w-T1T2m 3 = o  (6.48) 

From equation (6.48), the frequency of the periodic solution can be found: 

= 4 0 0 [ ~ - ~ ]  
1 1 &=-= 

G f i  0.05.0.05 (6.49) 
m = 20[s-'] 

The describing function of the nonlinear element is: 

From (6.47), (6.48) and (6.49) 

(6.50) 

(6.51) 

Puttingin equation (6.51) thevalues TI = T2 = 0.05[s], K = 0.82[s-'], b = 0.25[V], 
c = 1 1O[V], the equivalent gain of the nonlinear element is: 

0.05 + 0.05 
= 48.75 

GN(xm) = 0.82.0.05.0.05 
From (6.52) and (6.51) follows: 

(6.52) 

4.110 - j l  - = 48.75 
7anI 

(6.53) 

so that two solutions fo r  the amplitude of the input signal are obtained: 

Xrnl = 0.257[V]; Xm2 = 2.86[V] (6.54) 

Stability of the periodic solution is determined by application of criterion (6.41) 
to the equations (6.47) and (6.48). The corresponding partial derivatives are: 

aR - 4KC 2 b 2 - X i  
axrn TL x A ~ P  
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r(t) = 0 4 

Figure 6.9: Block diagram of unforced nonlinear closed-loop control system. 

By inserting the above expressions,for partial derivatives in the criterion (6.41), 
the following inequality results: 

4KC 2b2-X,  . ( -2)  > 0 X , 3 1 d r n  (6.55) 

The condition (6.55) will be fulJilled when X ,  > 2b2, or X, > b f i  = 0.3525[V]. 
The requirement X,, > 0.3525[V] satisfies solution X2, = 2.86[V]. We can con- 
clude that in the described system stable self-oscillations x ( t )  = 2.86sin20t will 
sustain. 

6.1.4 Asymmetrical Self-Oscillations-Systems with Asymmet- 
rical Nonlinear Static Characteristic 

Asymmetrical self-oscillations can be established in systems with an asymmetri- 
cal static nonlinear characteristic in the nonlinear element F ( x ,  px), in accordance 
with the transformation of an asymmetrical into a symmetrical characteristic (Fig. 
1.15). The oscillations at the input of the nonlinear element, Fig. 6.9, are approx- 
imated by: 

x ( t )  =x 0 (t)+X,sinwt = x O ( t ) + x *  (6.56) 

where: 

xo( t )  is the shift of the center of oscillations which is caused by the asymmetrical 
characteristic F ( x , p x )  and 

x* = X, sin wt is the periodic component of the solution. 

Fourier series, a nonoscillatory term Fo (xo ,X,, w )  appears: 
When the asymmetrical nonlinear characteristic F(x ,px )  is expanded in a 

F ( x , p x )  =FO(xO,X,,w) + (6.57) 
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where: 
F O  = -!- J2' F (xo +Xm sin y , X m  cos y) d y  (6.58) 

2 n  0 

F ( X O  + ~ , s i n y , ~ , c o s y ) s i n y d y  

Q = - J ~ ( x '  +x,, sin y , ~ ,  cos y) cos y d y  

P=-.I' 1 2' 

(6.59) nXm o 
1 2' 

nXm o 
and y = cot. 

If the system contains a nonlinearity of zero orderyN = F ( x ) ,  the coefficients 
of harmonic linearization (Fo ,  P and Q )  will not depend upon the frequency O. 
For typical nonlinearities, coefficients F o ,  P and Q are determined by analytical 
expressions or by graphical displays (Table A.2 in Appendix A). 

The differential equation of the nonlinear control system given in block dia- 
gram (Fig. 6.9) is: 

x ( t )  +y( t )  = 0 

(6.60) 

Combining equations (6.60) and (6.57), the harmonic linearized equation follows: 

Inserting in equation (6.61) x ( t )  = xo +x* and G L ( ~ )  = B(p)/A(p): 

or: 

A ( p ) ( x O  +x*) + B ( p )  FO+Px* + -px* = 0 ( 0 " 
Q A ( p ) x O  + A ( p ) x *  +B(p)FO +B(p) (P+ ,p)x* = 0 

(6.61) 

(6.62) 

(6.63) 

Equation (6.63) can be satisfied only in the case when the terms for nonoscillatory 
component xo and the periodic component x* are equal to zero. With x o ( t )  = xo = 
const ., from (6.63) follows for the nonoscillatory component: 

A(O)xO+B(O)FO(xO,X,,w) = 0 (6.64) 

and for the periodic component: 

These two equations derived from equation (6.63) are nonlinearly dependent, i.e. 
the solution of the system of equations in the form (6.56) is not possible by super- 
position of the solution for xo from (6.64) and the solution for Xm from (6.65). 
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Solving the equation (6.65) is analogous to that of (6.18). Replacing p with 
s = jo from the characteristic equation (6.65), the complex equation is obtained: 

D ( j w )  = A ( j w )  + B ( ~ ~ ) G N ( x O , & , W )  (6.66) 

where: 
G N ( X O , ~ ~ , ~ )  = P(xo,x,,w) +jQ(xo,&,w) (6.67) 

Combining (6.66), (6.67) and (6.64), three equations with three unknowns (xo, X, 
and w )  emerge: 

A(O)xO+B(O)FO(xO,X,,w) = 0 (6.68) 

R(xO,X,, w )  = 0 (6.69) 

J(XO,X,, w )  = 0 (6.70) 

From the last two equations, the amplitude& and frequency w of self-oscillations 
are found as functions of the shift of the center of oscillations xo: 

(6.71) x, =X,(xO); w = w(x 0 ) 

Putting (6.71) into the expression for Fo(xo,X,, w) ,  there follows: 

and expression (6.68) takes the form: 

A(O)xO+B(O)$(xO) = 0 (6.72) 

The function Fo[xo,X,(xo), w(xo)]  = $(xo) is called the shiftingfunction $(xo). 
It is most often a continuous function for all typical nonlinear elements. Deter- 
mining xo from (6.72) and inserting it in (6.71) the solutions for parameters of 
asymmetrical self-oscillations xo, X, and w can be found. 

In a control system with an integral linear part (Type 1 control system) GL ( p )  = 
l / p G ( p ) ,  from (6.72), can be derived: 

0 X 0  $(x ) =  -- = o  
GL (0) 

(6.73) 

Solution of equation (6.73) gives the shift of the center of oscillations. This is 
necessary for cancelling the asymmetrical self-oscillations caused by asymmetri- 
cal characteristics of the nonlinear part of the system (Figs. 6.10a and 6. lob). 

Fig. 6.10b suggests that for Fo = $(xo) = 0, the shift of the self-oscillations' 
center xo cancels the asymmetry F ( x ) ,  so the self-oscillations become symmetrical 
in relation to the time axis. The self-oscillations at the input of the nonlinear part 
of the system x = xo +X,sinot are obtained through the complex gain, by use of 
harmonic linearization. Self-oscillations of any signal in a closed-loop nonlinear 
control system xi(t) = xp +xT can be determined by using the same technique. 
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Figure 6.10: Effect of asymmetrical static characteristic of a nonlinear element. 

EXAMPLE 6.3 
For the system with block diagram in Fig. 6.9, the coeflcients of harmonic lin- 
earization of the nonlinear element are to be determined, as well as analytical 
expressions for  the parameters of the asymmetrical periodic solution xo, X,,, and 

Solution. Supposing that the linear part of the system G[,(p) satisjies equations 
(6.9), (6.10) and (6.1 l ) ,  the periodic solution, i.e. asymmetrical self-oscillations 
at the input of the nonlinear element, are approximated by: 

w .  

x ( t )  = xo +x, sinwt (6.74) 

Graphical display of the signal from the nonlinear element is given in Fig. 6.11b. 
Coeflcients of harmonic linearization of the asymmetrical static characteris- 

tic of the nonlinear element, i.e. of the signal yN(t) ,  are: 

( n - 2 y ) c -  (n+2y)mc  
2n 

(6.75) 

or: 
(6.76) 

Coejicients of the periodic component are: 

(6.77) P(xO,X,,,) = -/ 1 2= F(xO+X,sinot)sinwtd(wt) 
n& 0 
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J-pi mc 

* 
W t  

Figure 6.1 1 : (a) Asymmetrical static characteristic of nonlinear element, (b) input 
and output signal of an asymmetrical nonlinearity. 

From Fig. 6.11b follows: 

cosy 
- 2(  1 + m)c - 

n x m  
1 =n 

Q(xo,XM) = -1 F(xo+Xmsino t ) coso td (o t )  = 0 
nxm 0 

Equation (6.74) and the graphical display in Fig. 6.1 16 give: 

0 x ( t )  = x +x, sin y = o 

1 xo xo = -x, sin y; y = - sin- - 
Xrn 

rf(6.79) and (6.76) are combined: 

(1  - m)c (1 + m)c xo FO(xO,X,) = - + - - 
2 n x m  

(6.78) 

(6.79) 

(6.80) 
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The describing function for the oscillatory component results from (6.78) and 
(6.79): 

GN(xO,X,) = P(xo,X,) = 2 ( 1 + m ) c /  E X ,  1 -  (:)2 - (6.81) 

Equations (6.80) and (6.64) give: 

F ~ ( x ~ , x ~ ) G L ( o )  = -x 0 (6.82) 

For example, if the linear part of the system (Fig. 6.9) has the transjer,function: 

K2[K1 +Ko(Tls+ I ) ]  B(s )  
s(Tzs+ l)(TIS+ 1)  A(s )  

- GL(S) = 

GL(O) = 0 

Equation (6.82) gives: 
XO 

FO(xO,X,) = -- = 0 (6.83) 

From (6.83) and (6.80) the shift of the center of oscillations is found: 

0 . X I - m  E x = -X,sm-- =X,cos- 
2 l + m  l + m  

(6.84) 

The parameters of the periodic solution are obtained by solving the system of 
equations (6.69) and (6.72). The characteristic equation of the system is: 

A(s)+B(s)GN(xO,X,) = s ( E s +  1)(Tis+ 1)+K2[Ki +Ko(Gs+ ~ ) ] G N ( x ' , & )  
(6.85) 

Replacing s with j w  in (6.85) results in: 

R ( ~ ' , X ~ ,  o) + jr(xo,X,, W )  = o (6.86) 

respectively: 

0 R(x , X ~ , W ) =  (K1 + K O ) K ~ G N ( X ~ , X , ) - ( ~  +T2)w2 = O  
(6.87) 

Z(xo,X,, o) = [ 1 + T I K ~ K O G N ( X ~ , X , ) ]  w - TI T2w3 = 0 

From (6.87) follows: 

(6.88) 
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Figure 6.12: The relation between X,(m) and xo(m) according to expressions 
(6.89) and (6.84). 

Combining (6.88), (6.81) and (6.84): 

The describing function of the symmetrical nonlinear element (Fig. 6.9) is: 

(6.89) 

(6.90) 

(6.91) 

(6.92) 

From (6.92) and (6.89), asymmetrical oscillations for the given example can be 
expressed by symmetrical oscillations: 

n x,, 
2 X,= -(I+m)sin- l + m  

(6.93) 

The jiequency o of the periodic solution of the given unforced system is a,,, = 
ox,,. Namely, the frequency of the periodic solution with single-valued typical 
nonlinear elements doesn't depend on the symmetry of the static characteristic. 
The relation between X,,(m) and xo(m) according to expressions (6.89) and (6.84) 
is shown in Fig. 6.12. 

The coeficients ofharmonic linearization Fo(xo,X,), Q(x0,Xm) andP(xo,Xm) 
for asymmetrical static characteristics of basic nonlinear elements are given in ta- 
ble A.2 in Appendix A .  rn 
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Figure 6.13: Block diagram of a forced nonlinear control system. 

6.1.5 Asymmetrical Self-Oscillations-Systems with Symmet- 
rical Nonlinear Characteristic 

The determination of asymmetrical self-oscillations which can be established in 
the control systems which are subject to constant (or approximately constant) ex- 
ternal action (Fig. 6.13) is analogous to finding the parameters of a periodic solu- 
tion in unforced systems with an asymmetrical static characteristic of the nonlin- 
ear element. 

The differential equation of the system in Fig. 6.13 is: 

or: 
A(P)x+B(P)F(x,Px) = A ( p ) r  = (6.95) 

Because of the forced external signal r ( t )  M const., the periodic solution can be 
asymmetrical. Asymmetrical self-oscillations at the input to nonlinear part of the 
system are approximated by: 

(6.96) x(t) = x  0 +x* =xo+Xmsinwt 

where: 

xo is the constant component, shift of the center of oscillation influenced by the 
constant reference input. 

x* = X,sinwt is the periodic component of the input signal to nonlinear element 
x(t), obtained as the result of established self-oscillations in the nonlinear 
system, and determined by parameters X,,, and w which remain nearly con- 
stant within one period. 

By expanding nonlinear functions F(x) or F(x,px) into Fourier series, a nearly 
constant component F o  appears. The describing function of the nonlinear element 
y~ = F ( x , p x )  is: 

F ( x , p x )  =FO(XO,X,,W)+P(XO,X,,W)X* +Q(xO,X,,W)X* (6.97) 



252 Chapter 6 

where: 

For the nonlinear element of type Y N  = F ( x ) ,  equation (6.97) gets the form: 

F ( x )  = Fo(xo,X,) +P(xo,X,)x* +Q(xo,X,)x* (6.99) 

where: 

(6.100) 

From (6. loo), (6.95) and (6.96) the linearized differential equation with typical 
nonlinear element y~ = F ( x )  can be written: 

From (6.101) follow the equations: 

A(0)xO+B(O)F0(xO,X,) = MO (6.102) 

In the system of equations (6.102) and (6.103) the nonlinear relation is preserved 
between xo, X, and w. The value Fo(xo,X,) depends upon solutions of X,, w 
which arise by solution of the equation (6.103), while the coefficients P(xo,X,) 
and Q(xo,Xm) solely depend upon solving xo from the equation (6.102). 

From (6.102) and (6.103) a set of three equations7 with three unknowns is 
obtained. The solution of these three equations gives the parameters xo, X,  and w 
of the periodic solution. 

’From the second equation (6.103) two equations (real and imaginary parts) are obtained by sub- 
stituting p = s and s 1 j w .  
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I 
I 
I 
I iq --. 

b-xo  q, = arcsin - x, 
. rnb-x' q2 = arcsin ___ 

b+xo 
q, = arcsin __ 

x, 

x, 
mb + xo q,, = arcsin ___ 
x, 

q = w t  :r* 

Figure 6.14: Input and output signals of a three-position relay with hysteresis. 

EXAMPLE 6.4 
Determine the coeficients of harmonic linearization of a general-type relay cha- 
racteristic with asymmetrical harmonic input of the form x ( t )  = xo +X,,sinot. 

Solution. A general-type relay characteristic with the input x ( t )  = xo +X,sinwt 
and the OutputyN = F ( x )  = F(xo +X,sinwt) is shown in Fig. 6.14. 

Assuming that the amplitude of the harmonic component is X,  2 b + IxoI, it 
follows: 

Fo(xo,X,) = - F(xo +X,sinwt)d(wt) 
27.c I JZn 0 

(6.104) 
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Or: 
(6.105) 

C 
Fo(xo,Xm)= G ( ( p 3 - ( p l + ( p 4 - ( p Z )  

Inserting in (6.105), the angles c p 1 ,  rpz, (p3 and (p4 (Fig. 6.I4) results: 

b-xo mb+xO mb -xo 
sin-' - +sin-' - - sin-' -1 

(6.106) 

b +xo 
2rc Xm X m  X m  

Coejicients of the harmonic component are: 

2n 
P(XO,Xm) = - 1 F(xo+Xmsinwt ) s ino td (o t )  

nXm 0 

C -- - [ - C O S ( n - ~ ) + C O S ( p 1  +cos(2rc-(p4) -cos(n+(p3)] 

= - (cos q1+ cos rpz + coss(p3 + cos (p4) 

nx, 

nXm 
C 

and: 

1 2x 
Q(xo,Xm) = -J' F(x0+X,sinwt)coswtd(ot)  rcx, 0 

C 
- [sin(n-rpz)-sin(pl -s in(2n-(p4)+sin(~~+(~3)]  
mil 

By substituting the expressions for angles (Fig. 6.14), it follows that: 

L (6.107) 

mb-xo b -xo  mb+xO +--- 
X m  X m  bixol X m  (6.108) 

2cb 
= -(m- 1); X, 2 b+lxol 
nx', 
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t "  t F  

Figure 6.1 5: Relay characteristics: (a) with histeresis, (b) with dead zone, and (c) 
ideal two-position relay. 

From the derived expressions for  the coeficients of harmonic linearization of the 
general-type relay characteristic, the coeficients of harmonic linearization of re- 
lay characteristic with hysteresis, with dead zone and an ideal one (Fig. 6.15) can 
be found. 

By inserting m = - 1 in (6.106), (6.107) and (6.108), the coeficients of har- 
monic linearization of the relay characteristic with hysteresis (Fig. 6.154 are 
obtained: 

b +xo b -xO 
- sin-' -1 (6.109) 

X m  

(6.1 11) 

I f m  = 1 is put into (6.106), (6.107) and (6.108), the coeficients of harmonic 
linearization of relay characteristic with dead zone (Fig. 6.15b) are found: 

(6.112) 

(6.113) 

(6.1 14) 
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Similarly with b = 0 the coeficients of harmonic linearization of the ideal relay 
characteristic (Fig. 6. I5c) are: 

2c XO F'(x',x,) = -sin-' - 
n X, 

(6.115) 

(6.116) 

(6.1 17) 

EXAMPLE 6.5 
Determine the parameters ofX,, w, xo of the periodic solution of the system as in 
Fig. 6.13, with ideal relay element (Fig. 6 . 1 5 ~ )  YN = F ( x )  and with coejicients of 
harmonic linearization from (6. I I5), (6.119) and (6.120). The linear part of the 
system is given by: 

(6.118) 

Solution. The parameters of the periodic solution can be determined from the 
system of equations (6.102) and (6.103). From (6. IIJ),  (6. 102) and (6.103) it 
.follows that: 

(6.1 19) 

From (6.119) we have: 

xo h.P-A(O)xO n 
] - sin-'- = [ B(0)  

XO MO -A(O)xO 

Xr?l 2c 

i. e. : 

- =sin[; ( B(0)  )] 
The next result comes from (6. I 19), (6.1 19) and (6.122): 

For: 

4c Mo - A ( O ) X O  
'OS [E ( B(0)  )] n;u, 

P(XO,X,) = - 

(6.121) 

(6.122) 

(6.123) 

(6.124) 
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is: 
A ( 0 )  = 0; B(0)  =K2(Ki +KO) (6.125) 

Equations (6.122) and (6.123) give: 

(6.126) 

(6.127) 

Replacing in (6.103) p with s, and s with jo, and introducing A (  j w )  and B( jo) 
from specified G ~ ( j w )  the complex equation is obtained: 

R(xo ,X , ,~ )+j I ( xo ,X , ,o )  = O  (6.128) 

where: 

R(xO,X,,w) = (KI +KO)K2P(XO,X,) - (Tl + %)w2 = 0 
(6.129) 

I(xO,X,,W) = [l+TlKzKoP(xO,X,)] o - T I ~ ~ w ~ = O  

By eliminating P(xo,X,) from the system of equations (6.129), the frequency of 
the periodic solution is obtained: 

(6.130) 

which is identical to (6.88). From (6.88) and (6.130) it is seen that the frequency of 
the periodic solution of the system with a single-valued nonlinear element depends 
exclusively on the parameters of the linear part of the system GL(s), i,e. on the 
gains and time constants. Equations (6.130) and (6.129) show that the frequency 
of self-oscillations at the input to the nonlinear element depends upon parameters 
of the linear part of the nonlinear control system. Including (6.130) into (6.129) 
the describing function is obtained: 

(6.131) 

From (6.88) and (6.131) it is also seen that the describing function GN(xO,X,) = 
P(xo,X,) of a single-valued nonlinear element can be expressed by the param- 
eters of the linear part of the nonlinear control system. Equating (6.127) and 
(6.131) results in: 
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respectively: 

From (6.126) by use of trigonometric relation sinxcosx = sin2x follows: 

andfrom (6.134) and (6.93) also follows: 

x 0 =-sin[:( x m s  . Mo )] 
2 K2(Kl -KO) 

(6.135) 

Due to the fact that asymmetrical self-oscillations at the input of the nonlinear 
element have the form x ( t )  = xo +Xmsinot, combining (6.133) and (6.135) the 
asymmetrical oscillations at the input of the nonlinear element are: 

Mo Mo 
x ( t )  =&sin  [f ( )] +xm,cos [E  ( )] sinwt 

2 K2(K1 -KO) 2c K2(K1 -KO)  
(6.136) 

The conclusion from (6.129) and (6.136) is that the action of a nearly constant 
r ( t )  = xot const. on the nonlinear system with established self-oscillations leads 
to: 

0 Shift of the oscillation's center in relation to time axis and 

0 Influence on the amplitude of the oscillatory component at the input to the 
nonlinear part of the system. 

It may be concluded that the action of a nearly constant reference signal has an 
essential influence on the static accuracy of the system. 

A possible periodic solution for the input signal to the nonlinear element is 
seen in Fig. 6.16. 

6.1.6 
The describing function method has had a successful application in analysis of 
nonlinear control systems for more than fifty years. Many practical problems in 
self-oscillating systems are solved by this method. As it is not an exact method, 
it is necessary to have this in mind, and the results are to be taken with caution. 
Three inaccuracies most often appear: 

Reliability of the Describing Function Method 
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Figure 6.16: A possible periodic solution under the action of a nearly constant 
reference signal. 

1. The amplitude and the frequency of self-oscillations are not evaluated ac- 
curately. 

2. Self-oscillations do not exist in a real system, although they are predicted 
by the describing hnction method. 

3. Self-oscillations exist in a real system, although they were not predicted by 
the describing function method. 

The first inaccuracy appears quite often, because the method describes the oscil- 
lations as a pure sinusoidal signal with constant amplitude and frequency, which 
assumes that all higher harmonics are completely eliminated. How well the results 
of the analysis (frequency and amplitude of self-oscillations) coincide to accurate 
values depends on fulfilling the necessary conditions (filter hypothesis) to apply 
this method. In order to get accurate results, simulation of the nonlinear control 
system must take place. 

The other two inaccuracies are rare, but they have grave consequences. For 
this reason, simulation must be carried out, too. Nevertheless, such inaccuracy 
can be foreseen if the frequency characteristic of the linear part of the system 
G ~ ( j o )  and relative position of the inverse describing function - G i l ( X ~ )  are 
analyzed. 

Filter hypothesis is not satisjed. The accuracy of the describing function 
method greatly depends on the filter hypothesis (6.4) being satisfied. Otherwise, 
no correct answers can be expected. It was shown that the describing function 
method gave wrong results with systems whose linear part has resonant overshoots 
in the frequency characteristic. 

Graphical conditions. If the frequency characteristic GL (jo) is tangential or 
nearly tangential to - G i l  (&I), the conclusions of the describing function method 
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can be wrong. The reason is that with neglected high-frequency harmonics or the 
inaccuracy of the mathematical model at high frequencies, the intersection point 
of GL (jo) and G i l  (XM) cannot be properly determined, especially in the case of 
bad filtering of the linear part. However, if the curves G ~ ( j o )  and GN1 (XM) in- 
tersect perpendicularly, the results of the describing function method are normally 
reliable. 

As an example, the analysis of self-oscillations with the course-keeping con- 
trol system for a ship when a nonlinear model of the rudder is used can be cited 
(KuljaEa et al., 1983 and Reid et al., 1982). In this case the describing function 
method doesn’t foresee the existence of self-oscillations, but the simulation and 
tests during the navigation point out the existence of self-oscillations. The rea- 
son for such a bad estimate is that the filter hypothesis was not satisfied in this 
particular case. 

6.2 Forced Oscillations of Nonlinear Systems 
When a nonlinear system is intentionally forced to oscillate with a desired fre- 
quency, such oscillations are called forced oscillations. When the system sustains 
self-oscillations with unfavorable frequency, there are certain methods to elimi- 
nate or to diminish undesirable effects of self-oscillations. One such method is 
the method of forced oscillations. It is based on the excitation of the closed-loop 
nonlinear control system by a forced harmonic signal f ( t )  = F,sin&t. The fre- 
quency of this signal must be below the bandpass frequencies of the linear part of 
the system, so it can pass from input to the output of the control system*. The fre- 
quency of the input signal is either a desired one or some frequency more favorable 
than the existing frequency of self-oscillations. In this chapter will be discussed 
symmetrical forced oscillations (6.2.1) as well as asymmetrical forced oscillations 
(6.2.2), which appear in the systems with asymmetrical static characteristics of the 
nonlinear element. 

6.2.1 Symmetrical Forced Oscillations 
Contrary to self-oscillations, forced oscillations which can be established in non- 
linear control systems can be caused by different properties of the system as well 
as by external signals which act on the system. Therefore, the methods to deter- 
mine these processes are generally complex and cumbersome. 

The superposition principle is not applicable, the solution cannot be achieved 
by superposition of individual solutions from various external actions. By anal- 

*It must be noticed that--contrary to the dither signal whose frequency must be above the bandpass 
frequencies of linear system-here is expected that the system will pass an external harmonic signal. 
Such a signal is denoted by f ( t ) ,  so it can be distinguished from the dither signal, which is usually 
denoted by d ( t ) .  
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f i t )  = Fvsin(ovt) I &  

Figure 6.17: Block diagram of a nonlinear closed-loop control system subject to 
harmonic signal. 

ogy, it is not possible to determine periodic solutions by superposition of in- 
herent self-oscillations and established forced oscillations (Petrov et al., 1967; 
Solodovnikov, 1969; Besekerskii and Popov, 1975). 

For a class of nonlinear systems with the structure as in Fig. 6.17, the mono- 
harmonic forced oscillations can be determined by a mathematical procedure sim- 
ilar to the case of self-oscillations. Forced oscillations are established at the fre- 
quency o, of the external periodic signal. 

Establishing monoharmonic forced oscillations with frequency o, is condi- 
tioned by the system’s structure and parameters, as well as with limitations on the 
amplitude and the frequency of the external periodic signal. The area of a sys- 
tem’s parameters which enables establishing monoharmonic forced oscillations 
is called quenching area, i.e. within this area self-oscillations are exterminated, 
while forced oscillations are established with the frequency W, of the known ex- 
ternal signal f ( t )  . Symmetrical monoharmonic forced oscillations are determined 
by the solution of the differential equation of the closed-loop control system in 
Fig. 6.17. 

The dynamics of the nonlinear control system in stabilization mode ( r ( t )  = 0), 
which is excited by a harmonic signal f ( t )  = F,sino,t (Fig. 6.17), is described 
by the closed-loop differential equation. First, the series connection of linear and 
nonlinear parts are described by: 

= GL(P)F(%PX) (6.137) 

Second, by inserting y ( t )  = f ( t )  - x ( t )  the closed-loop differential equation can 
be obtained: 

x ( t )  + GL(P) .F(x,Px) = A t )  (6.138) 

where: G L ( ~ )  = B(p)/A(p), f ( t )  = F,sino,t: 

A ( P M t )  +B(P)F(x,Px) = A ( P ) f ( t )  (6.139) 
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A periodic solution of the closed-loop differential equation (6.139) is sought in 
the form: 

x ( t )  = X, sin( u,,t + cp) = X,  sin y (6.140) 
where unknown quantities are the amplitude X, and the phase cp of forced os- 
cillations. In equation (6.139) the variables x ( t )  and f ( t )  are the functions of 
independent variable time t ,  so f ( t )  can be expressed in terms ofx(t): 

f( t )  = Fv sin wt = Fv sin [ (wt + cp) - cp] 

F v  F, sincp 
X, X, w 

= F,coscpsin(wt+ cp)  -F,sincpcos(abt++) (6,141) 

= - cos cpx(t) - - ' -px(t) 

respectively: 

f ( t )  = - F" +t) sin cp 
Xrn o 

(6.142) 

Harmonic linearization of a symmetric nonlinearity F(x,px) is according to (6.17) 
with known frequency o = w: 

(6.143) 

Combining (6.143), (6.142) and (6.139), the harmonic linearized differential equa- 
tion of the nonlinear closed-loop control system follows: 

This is a homogenous differential equation with the characteristic equation of first 
approximation: 

Q(xmlwh;)s = O  (6.145) 
0, 1 

For s = jwv ,  from (6.145) the equation for determining the parameters of forced 
oscillations X, and cp is derived: 

The solution of (6.146) can be found either graphically or analytically. For the 
analytical solution the equation (6.146) is transformed into the form: 

R(Xm,&) + j q X m , w )  
h ( w )  + j h ( o v )  

X,  . 
(6.147) 

= F,,e-jq R* (X,, w) + 12 (X,, w) &an-' i 

JW p a n - '  k 
=X,. 
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t 
wv1 ) 
ov2 1 wv= const. 

*v3 

Figure 6.18: The amplitudes of oscillations at the input to the nonlinear element 
depend on the amplitude and frequency of the exciting harmonic signal to the 
nonlinear closed-loop control system. 

where: 

R(X,, Q) is the real part of the nominator in (6.146), 

Z(X,, Q) is the imaginary part of the denominator in (6.146), 

RA(Q) is the real part of the denominator A (jo) in (6.146), 

ZA (Q) is the imaginary part of the denominator A ( j o )  in (6.146). 

From (6.147) follow the equations for determining X, and cp: 

(6.149) 

From (6.148) we can find Xm(Fv) for w, = const. and X,(&) for F, = const., 
or generally the functional relation of X, with some system parameter K ,  X,  ( K )  
for a given Fv and w,. Afterwards, the phase angle cp is found from (6.149). A 
possible functional relation of X, (F,) with &=const. is graphically presented in 
Fig. 6.18. 

By implementing the graphical procedure for a given value of the frequency 
o = w,, the curve Z(X,) is plotted in the polar plane: 
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Figure 6.19: Graphical procedure of determining the parameters (amplitude and 
frequency) of forced oscillations, (a) for Fv,-rit = 0, (b) for Fvcrit > 0. 

At the intersection point N of the circle of the radius F, and the curve Z(X,), 
the amplitude X, = X n Z ~  and phase angle cp = ~ I , I  of forced oscillations can be 
found. The amplitude is read along the curve Z(X,) and the phase angle cp along 
the circle. 

In the case when the curve Z(X,) is as in Fig. 6.19a, monoharmonic self- 
oscillations with the frequency o, exist in the system at any amplitude of the 
external periodic value of F,. If the curve Z(X,) has the form as in Fig. 6.19b, 
forced oscillations will emerge only if the amplitude of the external periodic signal 
is greater than some boundary value, i.e. Fv > Fverit. If the condition F, > Fverit 
is not satisfied, forced periodic oscillations with the frequency o, will not exist in 
the control system, but instead (in general) some complex periodic process can be 
established. 

The dependence of the parameters of forced oscillations upon the frequency 
W, or upon any parameter K of the control system is determined by a graphical 
procedure (Fig. 6.20). 

In order to find the relation between the amplitude X, and the amplitude of 
any external action F,, a graphical plot is constructed (Fig. 6.21). 

From the intersection points of the curve Z(Xm) with concentric circles of 
the radius F,, two cases for the dependence of X,(F,) are possible, as shown in 
Fig. 6.21b and 6 .21~.  For the case (b) for every Fv the forced oscillatons will be 
established in the control system (Fig. 6.21b). However, for the case (c) this will 
depend on Fverit (Fig. 6.21~).  If the amplitude of the external periodic signal is 
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Im t 

K = K, = const. 
or w, = w ,  =const. 

(4 

xm t 

01 K 

Figure 6.20: Graphical procedure to determine how the parameters of forced oscil- 
lations depend on exciting frequency or some other parameter of control system: 
(a)Z(Xm) forvarious K=const. or &=const. (b)X, =Xm(&)  and& = X m ( K )  
according to graphical solution of (6.150). 
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xm t 

Figure 6.2 1 : Graphical procedure of finding how the amplitudes of forced oscilla- 
tions depend on excitation amplitude, Fv: (a) Z(X,) for &,.it = 0 and F, > 0, (b) 
X, = X, (Fv) for Fvcrit = 0, and (c) X, = X,(F,) for Fvcrit > 0. 
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0 

Figure 6.22: Typical forms of quenching areas. 

smaller than the boundary value, i.e. F, < Fvcritr forced oscillations will not exist 
in the system, and the existing self-oscillations will not be quenched byforced 
oscillations. A typical form of quenching areas in the plane (o,, F,) is shown in 
Fig. 6.22. 

In Fig. 6.22. the diagram shows the relation between the external periodic 
signal F, and the frequency W, with given parameters of the system. From the 
display it is visible that when the frequency of the external signal W, is equal 
to the frequency of self-oscillations o,~, the amplitude of the external signal is 
Fvcrit = 0. Fig 6.22b shows how Fvcrit depends upon the variable parameter of the 
system K ,  where w, is given. 

The quenching conditions (Fig. 6.22a and 6.22b) enable us to determine the 
amplitudes F, and frequencies o, of the external periodic signal, which make 
possible the elimination of unwanted self-oscillations and the restoration of forced 
oscillations with permissible amplitude and frequency. 

Generally, at the intersection points of the curve Z ( X , ,  o , , K )  and the circles 
with various radii F,, the dependence of parameters of forced oscillations X, and 
o, upon the amplitude of the external signal F, and a certain parameter K of the 
control system are determined; thus, the synthesis of the corresponding nonlinear 
compensator is made possible. 

EXAMPLE 6.6 
For the nonlinear closed-loop control system with block diagram as in Fig. 6.23, 
parameters of forced oscillations X, and cp are to be found f K  = 1 O[ V ] ,  b = 4 [ V ] ,  
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I J t )  = F,,sin(co,,t) 

Figure 6.23: Block diagram of a nonlinear closed-loop control system in stabiliza- 
tion mode. 

= O.Ol[s], fi = 0.02[s], F, = 20[V], w, = ~ O [ S - ~ ]  and c = 10[V]. 

Solution. The dierential equation of the series connection of the nonlinear and 
linear part in Fig. 6.23 is: 

Byputting y ( t )  = f ( t )  - x ( t )  in equation (6.151) the closed-loop diferential equa- 
tion can be obtained: 

(6.152) 

respectively: 

( ~ p + l ) ( T z p + l ) p x ( t ) + K . F ( x )  = ( G p + l ) ( f i p +  l ) p . f ( t )  (6.153) 

From (6.139) and (6.153) follows: 

A ( p )  = (GPS 1)(fip+ 1)p; B ( p )  = K  (6.154) 

Substituting for  f ( t )  the expression (6.142) in the equation (6. I53), the homoge- 
nous differential equation of the closed-loop control system is obtained: 

By inserting in (6.155) the expression for  F(x ) :  

(6.156) 
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the characteristic equation of the linearized closed-loop control system is written 
down: 

( T l p f l ) ( T 2 p + l ) p  + K  [p(X,)+ w, 

(6.157) 
When the derivative operator p is replaced by s = jw, in the above equation and 
the equation is rearranged, the complex characteristic equation ensues: 

The coeficients of harmonic linearization of given nonlineariw F ( x )  are ': 

These values are inserted in the equation (6.158) and this is rearranged: 

3.63 Jm + 47,5 + J (1 1,8 d m  - 14,5) 
= 2oe-JV Z(Xm) = x, - T I  

* m  
(6.159) 

The graphical procedures ofjnding the amplitude Xm andphase angle cp offorced 
oscillations are applied as follows: 

In thepolarplane the circle ofradius F, = 20 is drawn, which corresponds to 
the right side of equation (6.159) (Fig. 6 .24~) .  By plotting various X,  values, the 
function Z(X,) is drawn in the polar plane too. The intersection point of these 
two plots 0ff.i-s the solution ofthe equation (6.159) X,  = 21 [V]  and cp = 35[deg]. 

Various values ofF, in the polar plane have corresponding circles ofradius F,. 
At the intersection points with Z(X,), the parameters X, and cp as functions of the 
amplitude of the external periodic signal are found l o  (Fig. 6.24b)-by analogy, 
the relations between any quantities of the system and the system parameters can 
be determined. 

6.2.2 Asymmetrical Forced Oscillations 
In a nonlinear control system with the structure as in Fig. 6.23, asymmetrical 
forced oscillations are possible, caused by an asymmetrical static characteristic of 
the nonlinear element F ( x )  or F(x ,px ) .  The differential equation of the closed- 
loop control system is like equation (6.139) (Popov and Pal'tov, 1960; Petrov et 
al., 1967; Netushil, 1983; Cook, 1986): 

A ( p ) x ( t )  +B(P)F(X,PX) = 4 p )  (6.160) 

'See equation (6.109) for xo = 0. 
"Note the existence of Fvrrr, > 0 in this example even though it seems from Fig. 6.24 as FV,,,, = 0. 
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Figure 6.24: Graphical display of solving the problem of forced oscillations for 
Example 6.6. 

The solution of the above differential equation for nonlinear forced oscillations is 
sought in the form: 

x ( t )  = xo( t )  + x * ( t )  = xo( t )  +x, sin( q,t + cp) (6.161) 

Harmonic linearization of the asymmetrical nonlinearity F ( x , p x )  is determined 
by expressions (6.57), (6.58) and (6.59) for w = u,,: 

where: 

0 1 2n 
F =-J’ (xo +X, sin y,X,o, cos y )d  y 

27c 0 

(xo+X,siny,X,o,cosy)sinydy 

1 2x Q = - J’ (xo +X, sin y,X,q,cos y) cos y d y  
7cXm 0 

(6.163) 

(6.164) 

(6.165) 

with y = mt + cp. 
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xo is the nonoscillatory component of the periodic solution-the shift of the 
center of forced oscillations caused by the asymmetrical nonlinear characteristic 

From (6.142), (6.160) and (6.162) follows the harmonically linearized differ- 
Y N  = F ( x , p x ) .  

ential equation of the system: 

A ( p ) ( x O + x * ) + B ( p )  

(6.166) 
0, 

As with the procedure for determining parameters of asymmetrical self-oscilla- 
tions, the solution of the system (6.63), (6.64) and (6.166) gives the equations 
for determining the nonoscillatory xo(t)  and periodic components (X, and y) of 
asymmetrical forced oscillations (6.161): 

A ( P ) X O  +B(p)Fo(xo,Xrn, W V )  = 0 (6.167) 

[ac,, - A ( p ) z  (cosy- =p ) + B ( p )  ( P+ -p : ) I  x* = 0 (6.168) 

Figure 6.25: Graphical procedure to determine the parameters of asymmetrical 
forced oscillations: (a) graphical solution forX, given by various xo = const., (b) 
plot of X, = Xrn (xo) obtained from procedure in (a). 
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From the last equation, the functions: 

are found with xo as the unknown quantity. 
For the graphical method of solving (6.170), we need the graphical display 

(Fig. 6.19) of a series of curves Z(&) drawn for various values ofx' (Fig. 6.25). 

6.2.3 Resonance Jump 
The resonance jump, as described in Section 1.3, Figure 1.6, can be observed 
through analysis of frequency characteristics of nonlinear system in Fig. 6.26. 

The quantities from Fig. 6.26 are: 

f ( t )  = F, sin( q t )  is the harmonic input to the system 

x( t ) = X,, sin( at + qX) 
F ( x , p x )  is the nonlinear part of the system 

G L ( ~ )  = B(p)/A(p) is the linear part of the system 

The most suitable method to determine the resonance jump of the nonlinear sys- 
tem shown in Fig. 6.26 is the describing function method. The process of deter- 
mining nonlinear resonance is based on equation (6.146), which is for this purpose 
rewritten as: 

& [ I  + G L ( ~ Q ) G N ( X ~ , Q ) ]  =Fve-Jqx (6.172) 

Frequency properties of the system in Fig. 6.26 can be determined by simulation 
or by grapho-analytical and analytical solutions of equation (6.172). Considering 
that the linear part of the system G ~ ( j o )  often contains in the denominator the 
polynomial of higher orderA(jw), it is best to determine the frequency character- 
istics of the difference signal &( Q) by grapho-analytical procedure. In cases 
when the frequency characteristic A',(&) has the properties as the function de- 
picted in Fig. 1.6, it is possible to observe the resonance jump in the system. For 

Figure 6.26: Block diagram of a forced system. 
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Figure 6.27: The determination of X, (q,). 

grapho-analytical determination of resonance frequencies 
tion (6.172) is rewritten as (Tsypkin, 1977): 

and CO,,~,  the equa- 

For grapho-analytical solution of (6.173), the frequency characteristic GL ( j q )  
and -G,'(Xm,oV) have to be drawn in the complex plane [U, jV] ,  see Fig. 6.27. 

On the graphical display of -G;'(X,,  q,) the point X = X, is determined. 
This point is the center of the circle with radius: 

(6.174) 

For different values X, = Xmi, respective circle radii are determined using (6.174). 
A circle with radius ri and center at X ,  = X,i is drawn on - GN1 (X, , CO,,) . At the 
points of intersection of the circle and the frequency characteristic G~(jq,) the 
frequencies 0, = 01 and O, = 0~ are read out, with corresponding amplitude 
X, = X,i. If the obtained frequency characteristic has properties as shown in Fig. 
1.6, the appearance of resonance jump is possible in the system. By increasing the 
frequency q, > q , 2 ,  the amplitude X, very rapidly increases, and by decreasing 
the frequency q, < q,~, the amplitude X, suddenly decreases" Analogous to 

"The frequency characteristicX,(m,,) can also be determined with the procedure described in Sec- 
tion 6.2.1, Fig. 6.20. 
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Im 

Figure 6.28: The determination of Fvcrit for given value of w,. 

graphical display in Fig. 6.19, the critical value of the periodic exciting signal can 
be determined grapho-analytically (Fig. 6.28). 

At the point of G ~ ( j w , )  for specific frequency of harmonic input w, = w,i, 
the circle that tangentially touches the graph -GN(X,, w,) is drawn. The radius 
of this circle rmi, is determined by the expression: 

(6.175) 

The equation (6.173) will be satisfied for values of w ,  X, and F, for which the 
following is true: 

.( 0,) 2 urnin ( a) (6.176) 

From (6.175) the expression for the critical value of the harmonic input’s ampli- 
tude F, is obtained: 

Fvcrit = urnin (a) GN (Xm, 0 ) ~ )  (6.177) 

The area of possible appearance of resonance jump can also be determined from 
the dependency F, = f ( X m )  for w, = const. The shape of F, = f(X,)  significantly 
depends on nonlinear element properties, Fig. 6.29. 

The resonance jump can appear only in the case when the characteristic F, = 
f ( & )  is non-unique (Fig. 6.29). 

It can be seen from Fig. 6.29 that for F, 2 Fvl the amplitude of forced os- 
cillations increases, while for F, 5 Fvl the amplitude decreases. From this fact it 



Harmonic Linearization-Stabilization Mode 

Fv2 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

w,= const. 

* * 
x m  x,, 

275 

Figure 6.29: Qualitative display of F, = f ( X m ) .  

follows that the condition of appearance of resonance jump is determined with the 
following relation: (2) 5 0  (6.178) 

For the class of nonlinear systems in Fig. 6.26, for unique non1inearityy.v = F ( x ) ,  
the condition (6.178) follows from (6.172). In (6.172), the nonlinearity y~ = 
F ( x )  is substituted with describing function F ( x )  = G&Ym) = P(Xm). When we 
substitute G L ( ~ Q )  = U ( ~ Q )  + ~ V ( Q )  into (6.172), the following is obtained: 

w=const. 

The modulo of expression (6.179) is: 

(6.179) 

From (6.180) and (6.178) the condition for existence of resonance jump is ob- 
tained: 

The equation N(Xm,  a) is the equation of the circle in complex plane with radius: 

(6.182) 
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Figure 6.30: Qualitative display of frequency area where resonance jump is pos- 
sible. 

For different values of X, = const., the family of curves in complex plane 
[U(m,,),V(w,)] is obtained. The area in which resonance jumps of amplitude 
Xm(m,,) can occur is determined by the envelope of the family of circles. Para- 
metric equation of the envelope is obtained by solving the system of equations: 

(6.184) 

From (6.18 1) and (6.184) it follows: 

The qualitative graphical display of the envelope (6.185) is shown in Fig. 6.30. 
The condition of occurrence of resonance jump of forced oscillations X, (a,,) 

is that the envelope A intersects with the characteristic G ~ ( j 0 ) .  From Fig. 6.30 
it can be concluded that the resonance jump is only possible for the part of linear 
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Figure 6.3 1 :  Static characteristic of the nonlinearity in Example 6.7. 

characteristic Grl in the area ( ~ ~ 1 ,  &2), while for the part G L ~  the conditions for 
occurrence of resonance jump are not fulfilled. 

Analogous to presented procedures for the analysis of the resonance jump, 
different analytical and simulation procedures are also used. 

EXAMPLE 6.7 
For the system on Fig. 6.26, determine the frequency characteristic Xm (a) and 
conditions for  the occurrence of resonance jump. The static characteristic of the 
nonlinear element is shown in Fig. 6.31, and the linear part of the system is given 
by following transfer function: 

K 200 
GL(s)  = - = - 

s(s+ 1) s(s+ 1) 

The system is subjected to harmonic input signal Fv sin a t  = 20 sin a t .  

Solution. The system equation, according to (6. I 72), is: 

x m ( l  + G r ( j a ) G N ( X m ) )  = Fve-Jq (6.186) 

K K 
-.i = Wa) +Y(a) -- - K 

l+w,2 a(1+0,2) G d j 4  = j Q ( j a +  1 )  - 
(6.187) 

Substituting (6.187) into (6.186) yields: 

K a + J K  GN(Xm) x m  (1- 
W V ( l +  4 

1.e.: 
(6.188) 

(6.189) 
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From (6.188) and (6.189) the expression which determines the frequency charac- 
teristic of difference signal X, ( Q,) is obtained: 

The describing function of nonlinearity in Fig. 6.31 is: 

(6.191) 

To determine the frequency area where the occurrence of resonance jump is pos- 
sible, the members ofparametric equation (6.185) have to be determined. From 
(6.182) it,follows: 

(6.193) 
dP - 4b b2-X2  

d2P 4b 2X;-3b2 -= -  
dxZ, n x $ d m  

From (6.192), (6.193) and (6.194) f o r b  = 2 we obtain: 

i. e. : 

dP d2P 8 (-4) 
2-+x,- = - 

d& dx 7 c x i , , / m  
dP 2 2 4 4 -x :  

dX, 7c x m  Z J Z p  
P+Xm- = -arcsin- + - 

From (6.187) fo r  K = 200 we obtain: 

(6.194) 
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Figure 6.32: Frequency characteristic of linear part of the system G ~ ( j w )  and 
envelope A 

/;,=20.0 F,=20.0 

Figure 6.33: The frequency characteristic I,(&): (a) obtained by simulation 
and (b) determined analytically. Legend: 1 - frequency increases, 2 - frequency 
decreases, 3 - linear system frequency response. 

By substituting the obtained relations into (6.1 85), the parametric equation of the 
envelope is determined. The area of resonance jump is determined by frequency 
interval (-1, mz), i.e. by the points of intersection of the characteristic GL( jm,,) 
and the envelope A, see Fig. 6.32. 

The frequency characteristic (6.190) can conveniently be determined by sim- 
ulation, see Fig. 6 . 3 3 ~ .  The graphical representation of X, (a) obtained analyti- 
cally is given in Fig. 6.33b. 

Resonant frequencies in Fig. 6 . 3 3 ~  are mi = 4.55 and ~2 = 2.85, and res- 
onant amplitudes are X,(wvl) = 41.481 and Xm(&2) = 56.318. In Fig. 6.336 
resonant frequencies are m,,l = 4.475 and ~ , , 2  = 2.829, and resonant amplitudes 
areX,(u,l) = 43.4691 andX,(m,,z) = 56.5685. By comparing the results ofsim- 
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Table 6.1 : Resonant frequencies and resonant magnitudes for different values of 

X m l h  

14.5501 

amplitude F,. 
x m 2 u  

2.23818 

x''' t 

Xm2b 

7.93584 
w v 2  

9.5 1569 
8.64646 
7.7 1242 
5.97736 
5.06450 
4.47490 

0.555204 
0.604289 
0.725694 
0.813521 
0.883877 

18.1721 
22.98 13 
36.1589 
47.0203 
56.5685 

2.33936 
2.47718 
2.84856 
3.13843 
3.38131 

10.0918 
13.2690 
23.5776 
33.6180 
43.4691 

F I _ . . . . ._ . .___. . ._ . .  I _ . _ _ _ .  \ . . _ . . _ _  I . _ _ _ . . . _ . _ . _ _ _ . . _ _ . _ _ . _ _ . _ _ . _ _ . _  

Figure 6.34: Graphical display of quantities in Table 6.1. 

ulation and analytical results we can conclude that simulation results are more 
precise, since analytical results depend on accuracy of approximation of nonlin- 
ear element with its describing function. 

The results of computation for diferent amplitudes F, are shown in Table 6.1. 
The quantities from Table 6.1 are displayed in Fig. 6.34. As can be seen for this 
example, increasing the amplitude F, lowers the resonant frequencies. 
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6.3 Conclusion 
Harmonic linearization (describing function method) is a powerful classical tool 
in the hands of control engineers. Many nonlinear control systems in operation 
today used in one design stage or another the describing function method. Even 
though this is the classical method it still has attractive features for any control 
engineer because of the insight it gives in the frequency domain. 
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Harmonic Linearization in 
Dynamic Analysis of 
Nonlinear Control Systems in 
Tracking Mode of Operation 

Harmonic linearization used for dynamic analysis of nonlinear control systems in 
tracking mode of operation will be covered in this chapter. This mode of operation 
is common for electromechanical servo systems, guidance and control systems of 
moving objects (airplanes, ships, underwater vehicles, etc.) and in any control 
task where change from one to another operating point has to be made in a desired 
way. Contrary to control systems working in stabilization mode, in tracking tasks 
oscillations are not allowed and should be eliminated if possible. If this is not 
possible, as is often the case, then they should be used for improving the behavior 
of a control system. This is treated in the first part of the chapter, where vibrational 
linearization is used for this purpose. However, there are situations where external 
disturbance is a harmonic signal or can be approximated by the harmonic signal. 
How to analyze those systems is dealt with in the second part of the chapter. 

7.1 Vibrational Linearization with Self-Oscillations 

Established self-oscillations in nonlinear control systems can be used to change 
the static properties of the nonlinear element and thus to obtain the desired behav- 
ior of the control system. Such an application takes place in control systems when 
the reference signal is changing slowly in relation to the frequency of established 

283 



2 84 Chapter 7 

L f -  
Figure 7.1 : Block diagram of nonlinear control system with nearly constant refer- 
ence signal r ( t ) .  

self-oscillations. The procedure is applicable in situations when the tracking prob- 
lem of the nonlinear closed-loop control systems has to be solved, and the estab- 
lished self-oscillations are to be used for this useful purpose. The same effect can 
be achieved with a high-frequency dither signal'. The basic condition is that the 
frequency of self-oscillations is much higher than the frequency of the reference 
signal. If this condition is fulfilled the necessary information can be brought to 
the control signal in order to move the process in the right direction and obtain the 
control goal. 

In this chapter the dynamic behavior of the nonlinear closed-loop control sys- 
tem with established self-oscillations will be analyzed when subject to reference 
signals of certain properties. The block diagram of the control system is shown in 
Fig. 7.1 (Solodovnikov, 1969; Petrov et al., 1967; Csiki, 1972; Mohler, 1991). 

The dynamics of the nonlinear closed-loop control system is described by non- 
linear differential equation of the form (6.139): 

The reference signal has an arbitrary form, in contrast to the case in Section 6.2, 
when the reference signal was zero ( r ( t )  = 0, a regulator problem). The frequency 
of the reference signal is much lower than the frequency of self-oscillations. In a 
first approximation, the reference signal r ( t )  which acts upon the system with es- 
tablished self-oscillations can be regarded as constant or a slowly changing quan- 
tity within every period of self-oscillations. When the linear part of a control 
system contains v pure integrators (type v) then A ( p )  will contain multiplier p",  
i.e. A ( p )  = p"A1 ( p ) ,  and the right side of the equation (7.1) will be p"A1 ( p ) r ( t )  
or A1 (p )p"r ( t ) ,  respectively. Either velocity (v = 1) or acceleration (v = 2) of 
the reference signal can be regarded as the "reference signal". 

With the cited properties of the reference signal and assuming the filtering 
properties of the linear part of the system G L ( ~ ) ,  the solution of the equation (7.1) 

'Here, instead of injecting the external "high" frequency dither signal, the established self- 
oscillations inside the control system can be used for the same purpose. 
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is sought in the form (6.56). Hereby, the non-oscillatory component in the system 
(Fig. 7.1) is caused by a nearly constant value of r ( t ) .  

Under the influence of nearly constant reference (or disturbance) signals, pe- 
riodic oscillations in the system will be asymmetric to the time axis and will take 
the form: 

x ( t )  = xo( t )  +x* = xo(t)  +x, sin wt (7.2) 

where xo( t )  is nearly constant component at the input to nonlinear element-shift 
of the center of self-oscillations under the action of nearly constant reference sig- 
nal r ( t )  M xo and x* = X,sinot are self-oscillations which are established in the 
nonlinear control system with a slowly changing amplitude Xm(t )  and the fre- 
quency w(t )  within every period. 

In analogy with the discussion in Section 6.1.4, by expanding the nonlinear 
function into a Fourier series, the describing function of the nonlinear element is: 

F ( x , p x )  % FO(xO,X,, 0) +P(XO,X,, w)x* + Q(XO;X,, w)x* (7.3) 

Inserting (7.2) and (7.3) in (7. l), the harmonically linearized equation of the sys- 
tem is obtained: 

A ( p )  (xo + x*) + B ( p )  [Fo(xo,X,, 0) + P (xo,X, , w )  x* + Q(xo,Xm, w)x*] 
= A  (PI r ( t )  

(7.4) 

Similarly to the decomposition of (6.62), a system of equations can be written 
down: 

+B(P)FO (x0,Xm1 w )  = A ( p ) r ( t )  (7.5) 

In the above system of equations, the nonlinear dependence of the system param- 
eters xo, X,, w is preserved, i.e. the solution cannot be found by superposition of 
the solutions of each equation separately. By substituting in (7.6) derivative oper- 
ator p with the variable s = j w ,  from (7.5) and (7.6) a system of three algebraic 
equations with three unknowns xo, X, and w follows: 

A(O)xO+B(O)FO(xO,X,,o) =A(O)r(O) = Mo (7.7) 

Re(xO,X,,w) = o (7.8) 

Im(x0,Xm, w )  = 0 (7.9) 

where Re(xo,Xm, w )  and Im(xo,X,, o) are real and imaginary part of the charac- 
teristic equation of the expression (7.6); while A@ = A(O)r(O) = A(0)xo . 
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By graphical or analytical means, the amplitude X,,, and the frequency w of 
self-oscillations can be found as functions of the non-oscillatory (nearly constant) 
component xo ( t )  : 

x, =X,(xO); 0 = o(x0) (7.10) 

By inserting (7.10) in the expression for the coefficient of harmonic lineariza- 
tion for the non-oscillatory component of the Fourier series Fo(xo, X,, w) ,  the 
smoothed static characteristic can be written: 

F0(x0,X,,w) = @(XO,Xm, w )  (7.11) 

When (7.11) is put into (7.1) and the derivative operator p is substituted by com- 
plex variable s where s is fixed to s = 0, the equation for determining the non- 
oscillatory component of the shift of the center of self-oscillations xo(t)  is ob- 
tained: 

A(O)xOfB(O)@(xO)  = Mo (7.12) 

where A(O)r(O) M fl M const. 
We can say that if the nonlinear control system has self-oscillations, then a 

slowly changing component of the signal at the input to the nonlinear element 
xo ( t )  represents the reference signal of the nonlinear closed-loop control system 
( r ( t )  M xo) with established self-oscillations x = X, sin at. From (7.1 1) can be 
concluded that the nonlinear characteristic y~ = F(x ,px)  is transformed due to 
existing self-oscillations into a new characteristic, @(xO,X,  w) .  According to 
(7.11), @(xo,Xm,w) is dependent on the reference signal r ( t )  =xo and also on 
the amplitude X, and the frequency of self-oscillations w.  This can have a strong 
influence on the dynamic properties of the system. The nonlinear element with the 
nonlinear static characteristic y~ = F ( x )  will be transformed due to established 
self-oscillations into a new static characteristic @(xO,Xm) which is not dependent 
on the frequency of self-oscillations. 

Thus, for example, if at the input to the nonlinear element of the type saturation 
(Fig. 7.2) acts a signal x ( t )  = xo +x*, the static characteristic of the type saturation 
will be dependent on the amplitude X, of self-oscillations. By expansion of the 
nonlinear function F ( x )  in a Fourier series (see (7.3)), the following is evident: 

1. The constant component2 in the series Fo = @(xolX,,,, w )  is not a function 
of frequency, as the nonlinear element is without inertia (saturation), so we 
have F o  = (D(xo,Xm); 

2. The constant component FO is a consequence of the existence of dc compo- 
nent xo( t )  at the input of the nonlinear element; 

'A slowly changing component. 
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Figure 7.2: (a) Nonlinear static characteristic and (b) smoothed static characteris- 
tic of saturation. 

3. Due to the self-oscillations x* = X, sin mt at the input of the nonlinear 
element, the constant component F o  will depend upon the amplitude of 
self-oscillations X,; 

4. The constant component can be written as: 

0 1 2n 
F =-J' F (xo +&sin y , X ,  cos y) d y  

27L 0 

where y = mt. With increasing amplitude of self-oscillations X,, F o  will 
deform in the direction of decreasing gain in relation to the gain of the 
linear part (see static characteristic of saturation in Fig. 7.2a). It holds 
tan a1 < tan a (where a is the slope of the straight line of nonlinear static 
characteristic of saturation in the linear part around the origin). 

The smoothing effect of the nonlinear static characteristic is achieved because 
the input signal to the nonlinear element contains also the harmonic component 
x* (self-oscillations). This is called vibrational smoothing (or lubrication) of the 
nonlinearity. Vibrational smoothing here is the consequence of self-oscillations3 . 

The function (P(xo,X,) is called the smoothed static characteristic of the non- 
linear element (Fig. 7.2b). It is obvious that the existence of an oscillatory signal 
is essential to achieve this effect. Whether vibrational smoothing of a nonlinear 
static characteristic of nonlinear element is achieved by injecting a dither signal 
or by already established self-oscillations is not important. It is essential to get 
the oscillations at the input to the nonlinear element, since only then such effect 

31n this case, the role of a dither signal now has the input signal x* at the input to the nonlinear 
element, which oscillates with frequency (a) of self-oscillations, so the same effect as with a dither 
signal is obtained, namely dynamic lubrication (see Section 4.1.3). 
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can be expected. A dc component of a signal at the input to a nonlinear element 
cannot cause this effect. For nonlinear control systems, it is essential that the dc 
component which is present in the reference signal of the closed-loop control sys- 
tem is transferred to the control signal in order to lead the process in the right 
direction, i.e. to improve the accuracy of tracking. The next example illustrates 
that this effect can be achieved with vibrational smoothing. 

EXAMPLE 7.1 
As an example a nonlinear element with the static characteristic of the type dead 
zone (Fig. 7.34 or backlash (Fig. 7.3b) is shown. 

I f a t  the input to the nonlinear element the signal is without an oscillatory 
component x* (self-oscillations), this signal x ( t )  = xo will not propagate through 
the nonlinear element i fxo < 6. Namely, the input is under the sensitivity thresh- 
old, and F(x,px) = 0. The control signal will be zero, and the process will not 
progress in the right direction. 

m t h  existing self-oscillations x ( t )  = xo +x*, the non-oscillatory component of 
the input signal xo < b propagates through the nonlinear element in the form of a 
constant component Fo. In Fig. 7 . 3 ~  the smoothed static characteristic a(.') is 
shown. The smoothed characteristic does not contain an insensitivity zone for  the 
component of the input signal xo( t ) .  

In order that the nonlinear characteristics F ( x , p x )  are smoothed, the self- 
oscillations with suficiently high frequency w and with the amplitude X, > b - xo 
or X, > b +no must be established, An additional requirement is that the linear 
part of the system GL (jw) practically suppresses the oscillatory component x* = 
X,sin cot. 

The effect of vibrational smoothing is positive in a large number of problems since 
it causes the annulment of dead zone. Nevertheless, there are other examples when 
it has a negative influence on the dynamic properties of the system, as in the case 
of nonlinearities of the type saturation (Fig. 7.2). Here is Fo > @(xo), and the 
component xo passes through the nonlinear element with smaller gain. 

The possibility to simplify the determination of parameters xo, X, and w of 
the input signal to the nonlinear element originates from two basic properties of 
the function @(xo): 

0 Smoothed static characteristic depends upon the properties of the nonlinear 
element, the structure and parameters of the control system, and 

0 It is independent of the form, number and place of action of nearly constant 

Independently of the form of the nonlinear static characteristic F(x)  or F(x,px), 
the smoothed static characteristic @(xo) becomes continuous, and-contrary to a 
nonlinearity F(x,px)-can be linearized with any linearization method, for exam- 
ple Fig. 7.4. 

external signals. 
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Figure 7.3: Effects which harmonic inputs produce on nonlinear element of type 
dead zone (a), of type backlash (b) and smoothed static characteristic of nonlin- 
earity (c). 
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.......... fl 
Figure 7.4: Linearization of various smoothed static characteristics. 
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Linearization of the static characteristic of the nonlinear element with the pur- 
pose to obtain a vibrationally smooth static nonlinear characteristic @(xo ,Xm) has 
the name vibrational linearization. 

By linearizing the function @(xo) (Fig. 7.4a and 7.4b) in a definite region, we 
obtain: 

(7.13) FO = KN .X 0 

where: 
d@ 
dxo KN = (-) oL0 = tanp (7.14) 

By analogy, the linearization (Fig. 7 . 4 ~  and 7.4d) gives: 

F O  = F,O + K ~ ( x O  --$I (7.15) 

where: 
F,O = @(x:) 

For the smoothed static characteristics in Fig. 7.4b and Fig. 7.4d, KN was obtained 
using the secant method of linearization (see Section 3.1). Since the function 
@(xo) is determined by function Fo(xo,Xm, w) for X, = Xm(xo) and o = o ( x 0 ) ,  
equation (7.14) can be written in the form: 

For odd symmetrical nonlinear characteristics Y N  = F ( x ) ,  the function 
Fo = Fo(xo,X,) is not dependent on the frequency of self-oscillations O. There- 
fore, the coefficient KN(X,) can be found from the function Fo without determin- 
ing @(xo) : 

1 2: 
F(xo+X,sin y)dy 

2n 
(7.17) 

0 

where y = a t .  Also, 

(7.18) 
(g)=&i 2n (z) J F  s i n y d y = O  

x=X, sin cy 

where dF/dx  is an even function. Combining (7.18) and (7.16) gives: 

aFo 

(p) xo=o 
(7.19) 
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In all other cases the coefficient KN can be found by applying the expression 
(7.16). By inserting Fo(x0,Xmr w )  = @(xo) in (7.16), the general nonlinear differ- 
ential equation of the closed-loop control system with established self-oscillations 
is written down: 

4 P ) X 0  +B(P)@(XO) = A ( p )  . r ( t )  (7.20) 

By linearizing the smoothed static characteristic @(xo) by means of the coef- 
ficient K N ( X , ) ,  from the equations (7.19) and (7.16) follows: 

Fo [XO,X~,(XO),O (x')] = @(x0) = K N . X  0 (7.21) 

If (7.21) is inserted in (7.20) the linearized differential equation of the nonlinear 
closed-loop control system is obtained: 

I 4 P )  +B(P)KNIXO = A  ( P )  . r ( t )  (7.22) 

Based on (7.22), the nearly constant component of the input to nonlinear element 
xo(t)  in nonlinear control systems with self-oscillations can be found by linear 
methods. The synthesis of the nonlinear control system by changing of parameters 
or structure requires one to determine the associatedx, and KN(X,). By applying 
the equations (7.5) and (7.6), it is possible to work out the engineering methods 
for determining the control algorithms for nonlinear control systems with self- 
oscillations. 

The described properties of nonlinear control systems where self-oscillations 
occur have the following advantages and drawbacks: 

1. In the case when self-oscillations in the system are allowed, they can be 
used for smoothing the nonlinear characteristic, i.e. for eliminating jumps, 
hysteresis, insensitivities, etc. 

2. In the case when the self-oscillations in the system are unavoidable but are 
harmful to the quality of the control process, the basic drawback is the de- 
pendence of the control signal gain KN(X,) on the amplitude X,. This can 
greatly deteriorate accuracy, stability and other dynamic properties of the 
nonlinear control system during tracking mode of operation. 

The magnitude of external actions (reference or disturbance signals) which 
bring about the shift of the center of self-oscillations xo ( t )  can also establish con- 
ditions for self-oscillations and influence the amplitude of self-oscillations X,,, 
i.e. X, = Xm(xo). The coefficients P(xo,X,,o) and Q(xo,X,,w) depend on 
the shift value x0 ( t )  in (7.5). Namely, a constant reference signal r ( t )  = const. 
or some other constant disturbance can change the conditions for establishing 
self-oscillations as well as the stability region of the system. As the amplitude 
of self-oscillations at the input to the nonlinear element X, and the shift of the 
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center of these self-oscillations xo influence all dynamic properties of the sys- 
tem KN(X,),P(XO,X,, a), Q(xo,Xml a), the presented general approach must be 
worked out in detail for the specific methods of analysis and synthesis of the con- 
sidered class of systems. 

It is also necessary to emphasize that the setting of KN by partial differentiation 
of the function F o  with respect to xo is not always allowed. Namely, the function 
Fo depends on three variables xo ,  X, and w.  In their part, the variables X, and 
w depend on the shift of the center of self-oscillations, i.e. X, = Xm(xo)  and 
w = w(xo) .  However, the gain KN of linearized smoothed static characteristic 
obtained by self-oscillations at the input to the nonlinear element is found by 
expression (7.16) when the nonlinear static characteristic is not odd symmetrical. 

As an example, for smoothed static characteristic @(xo) in Fig. 7 . 4 ~  and 7.4d, 
the linear differential equation (7.22) is: 

A ( p ) h o  - k B ( p ) K ~ h ~  = A ( p ) d r ( t )  (7.23) 

where: 
Axo = xo -x:; Ar( t )  = r ( t )  - r," (7.24) 

From (7.23) and (7.24), the determining of xEand r," results in: 

A(O)X$+B(O)KNX~ =A(O)r: (7.25) 

where KNX$ = F: = @(x:). 
Table A.3 in Appendix A includes expressions for gains KN for some typical 

nonlinear elements. 
The phenomenon of vibrational linearization (smoothing of nonlinearities), or 

linearization of the smoothed static characteristic @(xo), to a large degree facili- 
tates the dynamic analysis of nonlinear control systems with complex structures. 
For example, the simplified block diagram of airplane course control in Fig. 7.5 
comprises the nonlinear servo system for the vertical rudder located in the air- 
plane's tail. This servo is realized with a relay, power amplifier, the driving motor 
and additional feedback loop. 

In the system in Fig. 7.5, the nonlinear rudder servo subsystem for controlling 
the vertical4 rudder at the airplane tail can be analyzed by vibrational linearization, 
i.e. by the method of smoothing the relay characteristic by self-oscillations. 

A sufficiently high frequency of self-oscillations can be achieved by the cor- 
responding choice of a system's parameters or by introducing a compensator. The 
intention is that the amplitude of self-oscillations of signal u l ( t )  is sufficiently 
small to prevent the oscillations of the rudder as well as the oscillations of the 
airplane around its center of gravity. 

4A similar control system is also used for ailerons (horizontal rudders in airplane's tail, to control 
the pitch of the aircraft). 
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Figure 7.5: Block diagram of an airplane course control system. 

The system can be designed in steps. First, self-oscillations are determined 
for the rudder servo system (internal feedback loop) with the input u, and output 
u 1,  where u, is a slowly changing (nonoscillatory with regard to the frequency of 
self-oscillations) reference signal. Next, for the rudder servo system, the smoothed 
static characteristic @(xo), frequency o = ~ ( u , )  and amplitude X, = Xm(uC) of 
self-oscillations are determined, but it must remain outside of possible oscillations 
of the airplane. After that the nonlinear differential equation (7.20) is determined 
for the rudder servo system. The linearization of smoothed static characteristic 
@(u') by a straight line F o  = KNU, results in a linear differential equation of the 
rudder servo system (7.22). The differential equation of the closed-loop control 
system as a whole includes the vibrationally linearized differential equation of the 
rudder servo system. 

For the simplified block diagram of the course-keeping control system for the 
aircraft in Fig. 7.5 the vibrations of the airplane around its center of gravity can 
be viewed as a slowly changing action of the external signal on the rudder servo 
system in which much higher frequency self-oscillations than the frequency of vi- 
brations of the airplane around the center of gravity are established. Thus, the two 
processes can be well analyzed as conditionally separate processes. In this exam- 
ple it is possible after determining @(.,) of the rudder servo system to analyze 
the servo system with a new nonlinear element P(u,) and to repeat the dynamic 
analysis for the whole system by making the use of harmonic linearization. 

7.2 Dynamic Analysis of Nonlinear Control Systems 
in Tracking Mode of Operation with Forced Os- 
cillations 

A specific type of behavior in nonlinear control systems is evident in situations 
when the system is subject to the action of reference (set-point) and external pe- 
riodic excitation signals (forcing harmonic signals). As is already said, control 
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L I 

Figure 7.6: Block diagram of a nonlinear closed-loop control system in tracking 
mode of operation. 

systems in tracking mode of operation should not oscillate. However, for non- 
linear control systems this is often their natural behavior and self-oscillations are 
common. What remains at our disposal to counteract that is to force the control 
system toward oscillations of desired frequency (forced oscillations). Analyzing 
nonlinear control systems in tracking mode of operation, which is at the same 
time forced to oscillate with tolerable frequency of forced oscillations, will be the 
prime topic in the following text. The block diagram of a closed-loop nonlinear 
control system in tracking mode of operation with applied forcing harmonic signal 
f 2 ( t )  is given in Fig. 7.6. 

The dynamic behavior of a closed-loop nonlinear control system in tracking 
mode of operation with established forced oscillations is described by the fol- 
lowing differential equation (Bessekerskii and Popov, 1975; Solodovnikov, 1969; 
Petrov et al., 1967): 

where: 

f l ( t )  is the slowly varying reference (or disturbance) signal with respect to the 
frequency of the forced oscillations m, 

f i ( t )  is the external periodic excitation signal (forcing harmonic signal) of the 

(7.27) 
form: 

f i  ( t )  = Fv sin at 

Sl ( p ) ,  5’2 ( p )  are the signal conditioning polynomials. 
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The control process in which there exists the relation between established forced 
oscillations w, and a nearly constant5 reference signal do not undergo the super- 
position principle, i.e. both signals f1 ( t )  and f * ( t )  are nonlinearly coupled and 
influence the dynamics of the nonlinear control system. 

Solving equation (7.26) is simpler than solving equation (7.1), since the fre- 
quency w, is known. Provided that equation (7.26) satisfies the filter hypothesis, 
the solution is sought in the form: 

x, = x: SX:; x* = X, s i n ( a t  + cp) (7.28) 

where xo(t)  is a slowly varying component (signal) at the input of the nonlinear 
part of the closed-loop control system F ( x , p x )  andX,, 4 are amplitude and phase 
of forced oscillations; they are slowly varying quantities when the control signal 
changes. 

By solving equation (7.26) in the form of (7.28), the unknowns x o ( t ) ,  X m ( t )  
and 4 ( t )  are found. 

Harmonic linearization of nonlinearity F(x ,px )  is carried out by expressions 
(6.162) to (6.165). By means of equation (6.142), the external periodic signal 
h(t) is expressed by the periodic component of the solution x * ( t ) .  By inserting 
the obtained expressions for F(x ,px)  and h(t) and by decomposing, the system 
of equations is written down: 

[A(p )  - & ( p ) g  (cosg - =p ) + B ( p )  ( P+ --p : )I x* = 0 (7.30) 

where: 

(7.3 1) F0 = FO(xO,X,, 0,); P = P(xO,X,,w,); Q = Q(x 0 ,x,, 0,) 

Again the operator p is replaced by the variable s = jw,  in the characteristic equa- 
tion of (7.30). By rearranging (7.30) the following equation for determining the 
parameters of forced oscillations is obtained: 

(7.32) 

From this equation, either by the graphical or analytical procedures presented in 
Chapter 6, the parameters of the established forced oscillations (vibrations) are 
determined in the form: 

x, =Xm(xO); cp = q ( x 0 )  (7.33) 

'With respect to the frequency w, of the forced oscillations. 
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where xo is the unknown parameter. 
Amplitude X, (xo) from (7.33) substituted into (7.29) gives: 

where: 
F0 = F O ( X O , & ( X O ) ,  &) = Q(x0) 

is the smoothed static characteristic of the nonlinear element. The smoothed static 
characteristic of nonlinear part of the system O(xo) is a new nonlinear characteris- 
tic for the nonlinear control system which sustains forced oscillations (vibrations) 
with the frequency a. 

Since any nonlinearity (dead zone, backlash, hysteresis, etc.) is smoothed by 
established forced oscillations, the new nonlinear characteristic F ( x o )  as a smooth 
function can be linearized by the tangent or secant linearization methods (see Sec- 
tion 3.1): 

(7.35) 

Similarly to the presentation in Section 7.1 for uneven symmetrical nonlinearities 
Y N  = F ( x ) ,  a simpler linearization method is applied: 

(7.36) 

i.e. in the above-mentioned cases the signal gain at the input to nonlinear element 
KN can be found directly by partial differentiation of the first coefficient of the 
Fourier series Fo = (xo ,Xm) : 

without determining smoothed static characteristic Q(xo), i.e. it is sufficient to 
find the amplitude of forced oscillations for xo = 0. 

The general procedure to find smoothed static Characteristic @(xo) andX, (xo), 
i.e. the dependence of the amplitude of forced oscillations (vibrations) at the 
input to the nonlinear element upon a slowly varying signal at the input of the 
nonlinear part of the closed-loop control system, is of a great practical interest 
and characterizes only nonlinear control systems. 

Linearization of the smoothed static characteristic a(.'), i.e. determining 
KN(Xm) from (7.35) or (7.36), the nonlinear differential equation of a closed-loop 
control system with forced oscillations present becomes a linear differential equa- 
tion: 

l 4 P )  +B(P)KvlxO = s1 ( P ) h  ( t )  (7.37) 
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Analysis and synthesis of the control system described by (7.37) is realized by 
applying the linear theory of automatic control. In the analysis, and especially 
synthesis, of the control system, it must be taken into account that the gain KN(X,) 
depends generally upon the structure and parameters of the system. Namely, after 
the change of the structure or some parameter of the system, the quantities X, 
and KN must again be calculated, i.e. X, and KN are essential for the stability 
and the dynamic and static properties of the control process. There exist a lot 
of systems where vibrations negatively influence their dynamical properties. As 
an example ships or airplanes always have inherent vibrations. However, such 
inevitable vibrations can be sometimes useful in stabilizing the control system, 
i.e. if they are treated as external periodic functions. The described procedure is 
generally applied to analyze the influence of vibrational or random disturbances 
on the quality of control task in nonlinear control systems. 

The characteristic equation of the linearized control system (7.37) is: 

(7.38) 

where KN = KN(X,,FV,OV) is the equivalent gain of nonlinear element with 
slowly varying signal x o ( t )  at its input. The equivalent gain KN characterizes 
significant nonlinear properties of the control system. KN(X,) is a function of the 
amplitude X, of established forced oscillations; of slowly varying input function 
fl ( t ) ;  of the control system’s parameters; and of parameters of external vibra- 
tions F, and m,,. It is evident that the equivalent gain KN has a great impact on 
every dynamic property of the control system. The ‘‘linear’’ characteristic equa- 
tion (7.38) determines the stability of linearized control system while solution of 
(7.37) determines static and dynamic accuracy of the linearized control system. 

A basic requirement in determining the coefficient KN is to find the amplitude 
of forced oscillations X, for xo = 0 at the input of nonlinear element. This ampli- 
tude can be put into an expression for KN, which for typical nonlinear elements is 
given in Table A.3 in the Appendix A. 

The problem of finding the equation (7.29) is substantially simplified in the 
following cases: 

1. Linear part of the system (7.37) described by the transfer function: 

prevents the vibrations with the frequency o, to pass through it, but they 
pass through & ( p ) / A ( p ) .  

2. Vibrations with the frequency o, are damped by one part of the linear sys- 
tem (e.g. controlled object), while some other part (e.g. inner feedback 
loop) allows them to pass. In other words, the linear part as a whole doesn’t 
sufficiently damp outside vibrations. 
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3. High-frequency vibrations are forced directly to the nonlinear element and 
are filtered out by the linear part of the system (vibrational smoothing of 
nonlinearity). 

Case 1. 
from (7.32): 

The equation for finding the amplitude of the forced oscillations results 

JqGqGiFv (7.39) 
xm= +gGmfz  

where Rs,, RA, Is2, ZA are real and imaginary parts of S2 (jm,,) and A (jm,,), re- 
spectively. The value ofX, is determined from (7.39); it depends upon the system 
parameters, the form of nonlinear static characteristic and the parameters of forced 
oscillations, and is not dependent upon xo. Coefficient KN is sought in the tables, 
in such a way that the calculated value of X, is inserted into expression for KN of 
a given nonlinear element. 

Case 2. 
ear system (7.26) can be described by equations: 

In accordance with equations (7.29) and (7.30), the dynamics of nonlin- 

4 P ) X 0  +B(P)FO = Sl ( P ) f l  ( t )  (7.40) 

(7.41) 

The block of that part of the control system which damps the forced oscillations is 
excluded from (7.41), so the equation for the oscillatory component of the system 
has the form: 

(7.42) 

From (7.42) and (7.32) results: 

(7.43) 

Coefficient K N ( X ~ )  is found in the same way as in the case 1. 

Case 3. 
input to the nonlinear element: 

An external vibrational function (forced harmonic signal) acts at the 

f 2 ( t )  = Fvsinm,,t; 
X, =Fv; q = O ,  

(7.44) 
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Figure 7.7: Block diagram of the aircraft pitch control system. 

For the specific nonlinearity, KN is determined by setting KN(X~), X, = F, into 
the expression for K , ( X m ) .  

EXAMPLE 7.2 (AIRCRAFT PITCH CONTROL SYSTEM6) 
For the control ofpitch of an airplane, the block diagram of the system “autopilot- 
elevators7-airplane” in Fig. 7.7, It is necessary to determine the amplitude of 
outside vibrations-the disturbances that act on the pitch of the airplane. These 
disturbances can be elastic vibrations of the airplane registered by the gyroscope 
together with the useful control signal, electrical fluctuations in the control cir- 
cuits, vibrations of mechanical components of the control system, etc. 

fi ( t )  - reference signal (pitch), 
fZ( t )  = F,sinw,t - external vibrational disturbance, 

The elements of the block diagram are: 

x l ( P )  - K ,  + K  2s - transfer function of autopilot, G ( P )  = - 

= - transfer function of driving servomotor for  the eleva- G2(P)  = .I’N(P) P(TZP+l 
tors, 
G3 ( p )  = 

G4(p)  = 6,(pJ - p +a2p +alp+do 
angle 0, 
& ( p )  ~ deflection angle of the elwator: 

given parameters are a = lOO[s-’]; T2 = 0.08[s]; KI  = 0.9; K2 = 0.4. 

Solution. Differential equations of the nonlinear control system are: 

= K3 - transfer function ofproportional internal feedback, 

’(’) - -+ - transfer function of the airplane on the pitch 

The operator p in Fig. 7.7 is replaced with complex variable s = 0 h j w ;  

(p3  + a*p2 + a ,p  + ao)O = K4( G p  + 1)6, (7.45) 

6Adopted and verified from Petrov, Solodovnikov and Topcheev ( 1  967). 
’The change of the pitch moment of the airplane is accomplished by horizontal elevators (horizontal 

rudders) situated in the airplane’s tail. 
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XI = (KI +K2P) [ f l  ( t )  + h ( t )  - 01 (7.46) 

( T2p + l ) p &  = y~ = F (x) ; x = x 1 - x3 (7.47) 

x3 = K3Se (7.48) 

The described control system can be analyzed by a simpl$ed procedure, as the 
linear part ofthe system practically damps the oscillatory component of external 
disturbance with frequency w. So, the high-frequency component Y, sin lOOt at 
the output from G2 ( p )  component will be attenuated by a factor of 800: 

and has practically no injuence on the input signal x of the nonlinear element. 

x3 M 0: 
The amplitude of vibrations at the input to the nonlinear element X, = XI,; 

X, = F v d m  (7.50) 

The equation for the subsystem (7.47) in the presence of external vibrations is: 

(7.51) 0 ( f i p  f 1)Pse = KNX 

where (Table A.3, Appendix A). 

(7.52) 

The differential equation of the system for  the reference signal-slowly varying 
component at the input to nonlinear element is: 

[A (PI + B(P)KNb0 = s1 ( P ) h  ( t )  

A5s5 + A4s4 + A3s3 +Azs2 + A ~ s  + A0 = 0 

(7.53) 

The characteristic equation of the system (7.52) is: 

(7.54) 

The stability conditions from the Hurwitz criterion are: 

A5 > 0; A4 > 0; A3 > 0;  A2 > 0; A1 > 0; A0 > 0 

A4A3 -A5A2 > 0 (7.55) 

( A d 3  - A s A ~ ) ( A ~ A I  -A3AO) - (A4A1 > 0 

In the third equation in (7.55), numerical values of the system 's parameters will 
be inserted and the condition fo r  the stability of the system H ( K N )  follows: 

H ( K N )  = KA - 14,2Ki + 6,5 ~ K N  > 0 (7.56) 
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Figure 7.8: The stability boundary of a nonlinear system-Example 7.2. 

Figure 7.9: Stability region in parametric plane. 

A possible graphical plot of H(KN) is given in Fig. 7.8. 
All the stability conditions (7.55) follow from (7.56), and are satis$ed fo r  KN > 

13.7. The maximum allowed value of forced oscillations (vibrations) at the input 
to the nonlinear element is obtained from (7.52): 

b 
xm = S i n n K ~ , i n  

2K 
(7.57) 

for  K = tan- ' (c /b)  = 80; b = 0.5; K N ~ ~ ~  = 13.7 follows that& = 1.87. 
The maximum allowed value of external vibrations f 2 ( t )  is: 

(7.58) Xm Jm = 0,047 
F v m a x  = 

The system stability region in the plane K3, K N ( X ~ )  is qualitatively shown in Fig. 
7.9. 
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In general, from the characteristic equation of the linearized closed-loop control 
system (e.g. equation (7.54)), and with help of the Hurtwitz (or similar) stabil- 
ity criterion, it is possible to design the regulator. For the presented example it 
follows that knowing the stability conditions (7.55) and the stability region in the 
parameter plane (Fig. 7.9) it is possible to define KN and K3. Parameter KN can 
be expressed as KN = KN(F,). Knowing F, allows us to find the corresponding 
autopilot parameters K I  and K2. 
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Performance Estimation of 
Nonlinear Control System 
Transient Responses 

Estimating the performance indices (‘damping’ and ‘frequency’) of time-invariant 
nonlinear control systems, operating in stabilization mode, is not easy because 
performance indices are time-variant, contrary to time-invariant linear control sys- 
tems. Performance diagrams of nonlinear control system transient responses, plot- 
ted in a system’s parameter plane and presented in this chapter, can significantly 
improve our capability to estimate nonlinear control system performance and de- 
sign nonlinear control systems with desired performances. 

Performance of a control system can be analyzed through performance indices 
which are various indicators of the quality of dynamic response of the control sys- 
tem. The zero-input response (transient response’ in the following text) is usually 
used for evaluating the dynamic performances of a control system in the stabiliz- 
ing mode of operation. However, for control systems in tracking mode of opera- 
tion the zero-input response is not adequate for that purpose because the transfer 
function zeros2 are also very important, because they define not only dynamic 
behavior of control system, but also the tracking capability of the control system 
(accuracy of tracking the reference signal and filtering capability of disturbances). 
Conventional approaches to control system analysis and design use the following 

‘The term transient response will be used instead of the zero-input response. Note however that in 
linear system theory definitions of zero-input and transient response differ, i.e. the transient response 
is part of the response which decays with the time, while steady-state response is part of a response 
which persists indefinitely. On the contrary the zero-input response is a response to initial conditions 
only (no excitation or external signals are acting on a system). 

2For linear SISO control systems. 
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performance indices: 

From the time domain: percentage overshoot om [%I, settling time ts [s], rise 
time ty [s], error constants Ci, etc. 

From the frequency domain: bandwidth BW [s-'1 , resonant frequency 
om [s-'1 , natural frequency w, [s-I], resonant peak M,, damping factor 
5, gain and phase margin, etc. 

In this chapter we are primarily concerned with the nonlinear control system in 
stabilizing mode of operation, so its zero-input response (transient response) is the 
focus of our interest. We will concentrate only on two performance indices, i.e. 
'damping' and 'frequency' of the nonlinear control system experiencing damped 
oscillatory behavior in stabilization mode of operation. 

The estimation of the characteristics of transient processes in nonlinear sys- 
tems differs from that in linear systems, as the performance indicators behave 
differently in the two cases. 

For stable linear systems with conjugate complex poles, the transient response 
has exponentially damped oscillations. It is said that the system behavior is un- 
derdamped. This can be written as: 

where < is the damping ratio, on is undamped natural frequency, a0 is constant 
of exponential at t = d, is a damped natural frequency of oscillations of the 
transient, cp is the phase shift and (0 = -<o,. 

The damping ratio < and the frequency are constants if the linear system is 
time-invariant. With nonlinear time-invariant systems, these indicators will vary 
with time. It will be necessary to express these indicators as part of a dynamic pro- 
cess, i.e. with differential equations. The procedure will be presented in Section 
8.1 by means of the second-order differential equation. In Section 8.2 the perfor- 
mance diagrams of transient responses will be presented. They help us to assess 
the performance of transient response of a nonlinear control system as a function 
of some parameter of the system. These diagrams are significant as they enable us 
to to design a nonlinear control system with the requirement on the performance 
of transient response. 

8.1 Determining Symmetrical Transient Responses 
Near Periodic Solutions 

The characteristics of a transient response in a nonlinear control system of higher 
order is in most cases evaluated by knowing the transient response curve. The 
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damped oscillatory transient response in the vicinity of a periodic solution is car- 
ried out either by numerical procedures or with approximate graphical or analyt- 
ical procedures. Of paramount interest for engineering practice are approximate 
procedures which enable a relatively simple determination of the influence of pa- 
rameters on overall dynamic performance of the nonlinear control system. In 
these cases the characteristics of a damped oscillatory transient response is eval- 
uated similarly as with linear systems: by overshoot, damping, settling time, the 
period of oscillations, etc. 

Transient response of unforced nonlinear closed-loop control system (see Fig. 
1.2) is defined by the solution of the nonlinear differential equation of the nonlin- 

The damped oscillatory transient response x ( t )  in the vicinity of a periodic so- 
lution - provided that the system undergoes harmonic linearization - can be 
determined sufficiently accurately by the analysis of dominant poles. In order to 
find x ( t )  in the vicinity of a periodic solution, nonlinear differential equation (8.1) 
is approximated with the linear second-order differential equation3 : 

dZx(t) dx(t) 
+2h- +cZx(t) = EF(x,px) 

dt2 dt 

where E is a small parameter, while the frequency of the periodic solution, in 
whose vicinity is sought the transient response, is given by: 

o&=l /xF  (8.3) 

The solution for the nonlinear closed-loop control system4 (signal at the input 
of nonlinear element) (8.2) is based on the fact that all higher terms in the series 
(because of small parameter E )  can be neglected in a first approximation (Petrov et 
al., 1967; Solodovnikov, 1969; Popov and Pal’tov, 1960; Pal’tov, 1975; Netushil, 
1983): 

x(t) = a( t )  siny(t)  +&(PI  (a, y )  + E ~ % ( U ,  V) + . . . (8.4) 

Since the amplitude a(t)  and the phase q( t )  are time-varying quantities, they must 
be expressed as if they were dynamic processes: 

-ha@) + & 01 (a)  + E2@’2(U, w) + (8.5) 

3The assumption is that the dominant dynamics is oscillatory, i.e. the nonlinear control system can 
be approximated by a linear system of second order. This assumption must always be kept in mind, 
since the aforesaid condition may not always be satisfied. 

41t must be noticed that the solution is sought in the form of a harmonic signal, under the assumption 
that oscillations exist. If they are absent, it is normally anticipated that the solution form will be 
different. 
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Figure 8.1 : Damped oscillatory transient response of a nonlinear control system. 

(8.6) -- dW(t) - 0, + & bl (a)  + & 2 b 2 ( U )  + . . . 
dt 

A first approximate solution of the transient response (8.4) is: 

x(t) = a( t )s iny(t)  (8.7) 

A first approximate solution of the transient response (8.5) is: 

da 
dt 
- = -ha + & @,(a) 

A first approximate solution of the transient response (8.6) is: 

9 = wo+Eb,(a)  dt 

The equation (8.8) includes the finite term -ha in the expression for daldt ;  this 
allows a fast change of the amplitude a(t) of nonlinear damped oscillations x(t) 
(Fig. 8.1). On the basis of (8.7), (8 .Q (8.9) and Fig. 8.1, the quickly decaying (or 
expanding) oscillatory transient responses can be found. For the nonlinear control 
system signal x(t) (Fig. 1.2), transient responses are close to underdamped tran- 
sient response of the linear system with the damping indication 50 = -h. Namely, 
the linear oscillatory system will produce the signal: 

x(t) = aoeC~'sin(wdt + cp) 

where a0 is a constant amplitude, 50 is constant damping indication, wd is constant 
frequency of oscillations of the transient response and cp is constant phase shift. 



Performance Estimation 309 

In contrast to linear control systems, these indicators are time varying in non- 
linear control systems. Combining (8.3) and (8.7), (8.8), (8.9), slowly varying 
parameters of the transient response are at the input to the nonlinear part of the 
system: 

(8.10) 

O ( t )  = O + E  h ( a )  (8.11) 

where [ ( t )  is ‘damping’ 5-a slowly varying quantity and ~ ( t )  is ‘frequency’ 
-a fast varying quantity. From (8.7) and (8. lo), the solution for the variable x ( t )  
is sought in the form: 

x ( t )  = a ( t )  sin y ( t )  (8.12) 

From (8.8) and (8.10) follows the change of amplitude of oscillations of nonlinear 
control system: 

da 
dt 
- = aC(t )  (8.13) 

From (8.13) follows that the envelope of oscillations of nonlinear control system 
transient response x ( t )  will be: 

and consequently 
= aoeSi i ( t ) d r  

So, this envelope consists of elementary exponential segments with continuously 
changing ‘damping’ 5 ( t )  (Fig. 8.1). 

Equation (8.13) shows also that the oscillations of the nonlinear control system 
transient response will be damped7 for 5 < 0 and increasing for 5 > 0: 

da 
dt 
da 
dt 

damped oscillations : - < 0, for 5 < 0 (8.14) 

increasing oscillations : - > 0, for 5 > 0 (8.15) 

When 5 = 0 the oscillations are not decaying nor increasing, i.e. we have self- 
oscillations 

increasing oscillations : - > 0, for 5 > 0 (8.16) 
da 
dt 

’Here damping is quoted because it is the term borrowed from the linear theory. 
6Frequency is also the term borrowed here from the linear theory. 
’Note that for linear system transient response damped oscillations exist only for 0 < < < 0.707 

and the response is unstable for < < 0. This fact clearly shows that damping ratio < = const. for linear 
system is something else than the time-varying ‘damping’ < ( t )  for nonlinear systems, although both 
give us an indication of damping in the system. 



3 10 Chapter 8 

From (8.9) and (8.1 1) follows: 

9 = W t  
dt 

(8.17) 

For the solution of the nonlinear differential equation in the vicinity of a periodic 
solution, the parameters ‘damping’ < ( t )  and ‘frequency’ w ( t )  can be conveniently 
expressed by means of the amplitude a(t) ,  i.e. instead of < ( t )  and ~ ( t ) ,  <(a )  and 
w(a) can be used. Harmonic linearization of nonlinearity will give here specific 
expressions different from previous cases. 

Assuming that the damping indicator is not small, from (8.12), (8.13), (8.17) 
and (8.1) follows that by differentiating with respect to time x ( t )  = a( t ) s iny( t ) ,  
the product of the two functions is: 

where: 

The first harmonic’ of the nonlinear function F(x ,px) ,  with x ( t )  = a( t ) s iny( t ) ,  
has the form: 

(8.20) 5 ,  a) + Q(a,  <, 

where: 

F [a sin y, a( w cos y + < sin y)] sin y d  y 

Q = - / F [asin y,a(wcos y+ 6 sin y)] cos y d y  

P = - J  1 2= 

(8.21) na o 
1 2= 

rca o 

With small ‘damping’ 6 = 0 (i.e. in the vicinity of periodic solution), the expres- 
sion (8.26) takes on the form (3.79), i.e. the form for determining the periodic 
solution of the first harmonic. 

With single-valued nonlinearities of the form F ( x ) ,  the expression for har- 
monic linearization is identical to the expression for a periodic solution, indepen- 
dent of the value of parameter <, providing the substitution of the constant X,, 
with amplitude a ( t )  is made. 

The characteristic equation of the harmonically linearized closed-loop control 
system (8.1) for an oscillatory transient response with large damping < is: 

‘Vanishing or expanding. 
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where in the general case for the nonlinearity F(x,px):  

P = P(a,  C 1  0); Q = Q(a ,  5, @) (8.23) 

and for nonlinearity F(x): 

P = P ( a ) ;  Q = Q(u) (8.24) 

Determining the damped (or expanding) oscillatory transient responses in a har- 
monically linearized control system is carried out by determining the dominant 
poles p = 5 3~ j w  of the characteristic equation (8.22): 

= o  
(8.25) 

By expanding (8.22) in a series, the characteristic equation becomes: 

,_. / dD\ 1 /d2D\ . . 7  

Subscript 5 of derivations of D indicates that it should be inserted for p after 
differentiating D with respect t o p  in the vicinity of periodic solution < -+ 0, since 
all the higher terms of 5 can be neglected. 

With (8.26) rearranged: 

D(  [ + j w )  = R( a, 5, O) + j I (  a, 5 0) = 0 (8.27) 

By equating the real and imaginary parts of the characteristic equation D(  6 + jo) 
with respect to p in the vicinity of periodic solution 5 -+ 0, the system of equations 
is obtained: 

(8.28) 

By solving the system of equations (8.28), the solution for ‘damping’ and ‘fre- 
quency’ as functions of the amplitude of oscillations is obtained: 

0 = w(a) ;  5 = C(a) (8.29) 

From (8.28) for 5 = 0, the amplitude a( t )  =X, is obtained, as well as the fre- 
quency of self-oscillations. The approximate form of the oscillatory transient re- 
sponse can be found from (8.29). By satisfying the initial amplitudes a( t )  = ar~ 
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at t = 0 and by calculating < = ( ( a o ) ,  the velocity of the envelope of damping of 
oscillations (Fig. 8.1) at the starting point can be determined. In other words, for 
a ( t )  = ai the values of ( = ( ( a i )  are found, as well as the envelope of the transient 
response a( t ) .  Similarly, the function w = w ( a )  can be calculated. 

For the synthesis of the nonlinear control system with the desired transient 
response, it is necessary to know the influence of the basic system parameters (for 
example K and T )  on the performance indicators ( ( a )  and ~ ( a ) .  From (8.27) the 
influence of the system parameters K and T on the properties of the oscillatory 
transient response can be determined. The system (8.28) is rewritten in the form: 

(8.30) 

From the above system of equations, the dependencies (8.29) are determined for 
certain parameter values. By knowing the functions ( = ( ( a )  and w = w ( a ) ,  by 
means of equation (8.12) as a starting point, the parameters (performances) of the 
oscillatory transient response can be determined by solving equations: 

a t a 

The number of oscillations as well as the settling time of the transient response, 
during which the envelope a ( t )  decreases from initial value a0 to some final value 
a~ (when the response has decayed essentially to zero) comes from (8.3 1): 

(8.32) 

EXAMPLE 8.1 
For the nonlinear electromechanical servo system with the structure as in Fig. 8.2, 
the <(a )  and ~ ( a )  are to be found. 

Solution. The equations for  the system in Fig. 8.2 are: 
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c 

Figure 8.2: Block diagram of a nonlinear servo system in stabilization mode. 

Harmonic linearization F1 (.)for x ( t )  = a( t ) s iny ( t )  is: 

and the harmonic linearization F2(u3)for u3 = az(b)sin(y+ cp) .  

From: 
K3K4 .P2 (a2) -x = 0 Kl K2 

-pl ( f i p f  1 )  . ( T i p s  1 )  P 
we obtain: 

(8.34) 

and the characteristic equation of the harmonically linearized system is: 

TI Tip3 + ( f i  + G ) p 2  + p  SKPi  (a)  .P2(a2) = 0 (8.35) 

where K = Kl K2K3K4, The amplitudes of oscillations at the inputs of nonlineari- 
ties F1 and F2 are coupled by the relation: 

Inserting p = < + j w  in (8.36): 

(8.36) 

(8.37) 
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or: 
4h2K3 K ~ c  

a2 = (8.38) 
j(4h2K3K4)2 - n2a2 ( c 2  + w2)  

From (8.38) and (8.35) the characteristic equation of third order follows: 

p3  + c,p2 +C2P+C3 = 0 (8.39) 

The coeficients of the Characteristic equation (8.39) are: 

1 
; c 2 = -  c1 = - G + f i  

Tl T2 TIT2 

By using (8.38) we will extract a2: 

and: 

I fwe substitute the latter equation into the expression for c3, we obtain: 

Substituting p = 5 + j o  into (8.39), using p3  = c3 + 3 jc2w - 3 j w 2  - j w 3  and 
p2  = (c2 - 02) + j2<w, yields the characteristic equation of the closed-loop con- 
trol system 

D ( < + j o )  = [ ( 5 3 - 3 c w 2 ) + j ( 3 1 ; 2 w - w 3 ) ]  

+ c1 [ ( c2 - w2)  + j 2 c w ]  + c2 ( c  + j w )  + c3 = o 
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from which the equations for  the real and imaginaryparts follow: 

If thejrs t  equation is rearranged and the second divided by O, the following set 
of equations is obtained: 

Substituting 8.42 into 8.41 gives: 

c3 + C l C 2  +c25 +c3 = 9c3 +9cl c2 + 2 4 5  +3c2( +c1c2 

and further: 

(8.43) 

Now we shall transform (8.41) into the following form. 

r3 + c1 r2 + c25 + c3 = O2 (25 + c1) + w y  (8.44) 

Substituting the term (8.42) for  the last right-hand member yields: 

c3 +c1c2 + C 2 5 + C 3  = W2(25+CI) + (3C2 +c ,2<+c2)5  

c3 + c1 r2 + c2 5 + c3 = O2 (25 + c1 ) + 3 c3 + CI 2c2 + c2 < 

and further: 

(8.46) 

The dependence of indicators for  damping and frequency with respect to the am- 
plitude of oscillations is illustrated in Fig. 8.3. 
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Figure 8.3: The dependence of ‘damping’ and ‘frequency’ on the amplitude of 
oscillations. 

EXAMPLE 8.2 
It is necessary to solve the Van der Pol equation by means of harmonic lineariza- 
tion. 

Solution. The nonlinear Van der Pol differential equation is: 

d2x 2 dx - - p  (1 -x ) - + x ( t )  = 0 
dt2 dt 

or: 
(p2 - p p  + 1 )  x + p 2 p x  = 0 (8.47) 

where p is generally not a small parameter: The nonlinearity in (8.47) has the 
form: 

Ifwe substitute px2 = pa2 sin2 y and p x  = a( 0 cos y + 6 sin y) we obtain: 

2 F(x ,px )  = p x  p x  = 0 

~ ( x , p x )  = y a 3 s i n 2 y ( 0 c o s y + 5 s i n y )  (8.48) 

The coeficients of harmonic linearization are determined by applying the expres- 
sion (8.21): 

y . a ( 0 c o s y + 6 s i n y ) s i n y d y =  4a 3P 2 5 
(8.49) 0 

2n 
Q= - 1 Jpa2s in2y .a (wcosy+5s iny )cosydy=  -a P 2  0 

7cU 4 
0 

Combining (8.49) and (8.20) gives: 

P 2  (8.50) F(x ,px )=px2px=( -a  3P 2 ( - - - a  5 P  2 0 ) x + - a  p x  
4 0 4  4 
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From (8.50) and (8.47) the harmonically linearized differential equation results: 

with the roots of the characteristic equation: 

(8.51) 

where. 

(8.53) 

(8.54) 

For < = 0, the periodic solution (self-oscillations) is obtained from (8.53) and 
(8.54): 

a = X m = 2  

and from (8.54), since < =O when a = 2: 

2 w = 1 ,  i.e. w = 1 

Further, (8.53) and (8.32) yield the envelope of the transient response: 

(8.55) 

2ao a ( t )  = 

The derived solution by the method of harmonic linearization corresponds to the 
solution of the Van der Pol equation, for p = E as a small parameter: H 

8.2 Performance Diagrams of Nonlinear System 
Transient Responses 

The indicators of the performance of an oscillatory transient response can be con- 
veniently found by means of the peyformance indices diagram of E. P. Popov, 
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(Popov and Pal'tov, 1960). These diagrams for nonlinear symmetrical transient 
responses show the relations between the indicators of performance 'frequency' 
o and 'damping' 5 upon the amplitude of the oscillations a( t ) ,  plus a varying sys- 
tem parameter (e.g. gain K).  They can be found from complex equation (8.27),  
which is transformed into the form: 

or: 

By solving the system of equations (8.57) with respect to the indicators of perfor- 
mance o and 5, the following expressions are obtained: 

< = C ( K , a ) ;  w = w ( K , a )  (8.58)  

Setting < = const. and o = const., by means of (8.58) the functions ci(a,K) = 
[i = const. and oi (a ,K)  = W I  = const. are plotted in the parameter plane K (Fig. 
8.4). 

By appropriate choice of initial conditions (Fig. 8.1) for t = 0, x(0) = ao, 
y = n / 2 ,  the essential properties of the transient response can be found for an 

0 = const. 
b 

Figure 8.4: Diagrams of performance indicators for transient response of nonlin- 
ear control system. 
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Figure 8.5: Transient responses of a nonlinear control system: (a) damped oscilla- 
tory, (b) damped oscillatory ending in self-oscillations, (c) increasing oscillatory 
ending in self-oscillations 
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arbitrary value of varying parameter K. For example, with K = Kl (Fig. 8.4) and 
any value of x(0) = ao, the transient response will be damped, i.e. the amplitude 
a ( t )  will vary between a0 (point A )  and 0, the frequency of oscillations w will be 
01 < w < q, and the damping indicator will be in the region 5 < 0. If the value of 
K = K2 and any value ofx(0) = a0 are chosen, 5 = 0, a periodic transient response 
is established in the system-with self-oscillations of amplitude a,o = A', and 
frequency W,O = 03. 

If a0 > a,o (point B),  the oscillation amplitude will decrease until a = a,0 is 
reached (point D), see Fig. 8.5b. If a < a,0 the oscillation amplitude will increase 
until a = a,o is reached (point D), see Fig. 8 . 5 ~ .  In both cases self-oscillations are 
established. The region of self-oscillations is for K > K,,,. In the region 5 > 0, 
the oscillatory (for K > K,) transient response will increase until reaching the 
5 = 0 curve. In the region left of the curve o = 0, the transient response will be 
aperiodic and decreasing. By determining the performance indices diagram of a 
nonlinear oscillatory transient response, a broader picture of system stability with 
the desired performance indices is established. 

EXAMPLE 8.3 
Determine the performance indices diagram of the relay sew0 system from Exam- 
ple 5.4. Controlsystemparameters are TI = 0.5[s]; T2 = 0.3[s]; c = 6[V] ;  b = 0.1 
and for  the gains of the linear part K = 0.2 and K = 0.5. 

Solution. The transfer function of the closed-loop system is: 

where: 

The characteristic equation of the system is: 

D(a , s )  = ( T s +  1 ) ( f i ~ +  I ) s + K G N ( ~ )  = O  (8.59) 

Or: 
0 . 0 3 ~ ~ + 0 . 4 s ~ + s + K G ~ ( ~ )  = 0 (8.60) 

By putting s = 5 + j w  in (8.60) and rearranging, the system of equations (8.57) 
results in: 

= 0 . 0 9 [ 2 ~  - 0 . 0 3 ~ ~  + 0 . 8 5 ~  + w = 0 
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Figure 8.6: Diagram of performance indicators of a servo system from Example 
8.3. 

The 'fkquency' w = w(<) is foundfrom the second equation (8.61): 

m2 = 3c2 +26.7< + 33.3 (8.62) 

From (8.62) and thejirst equation ofsystem (8.61) it follows that 5 = [ ( K ) :  

0.24c3 +3.2c2 + 12.74 + 13.3 - K G N ( ~ )  = 0,  (8.63) 

where: 

a 
(8.64) 

From (8.64) it follows that the transient response is possible fo r  a > 0.1. The per- 
formance indices diagram can be appropriately drawn by determining parameter 
K from (8.64): 

(0.24c3 +3.2c2 + 12.75 + 13.3) K = -  1 
GN(a) 

(8.65) 

By inserting 6 = const. in (8.65) and by varying a within the boundaries 0.1 and 
0.5, the performance indices diagram ensues (Fig. 8.6). The curves of constant 
values of frequency in the plane ( a ,  K )  coincide with the curves for  5 = const. 
According to (8.62), the values of parameter w for  5 = 0, 5 = - 1 and 5 = + 1 
are w = 3.1 [s-'], o = 5.77[s-*] and w = 7.94[sp'], respectively. 

From the diagram in Fig. 8.6 follows that for  K = 0.2 the transient response 
is damped until a 5 0.1 with arbitrary initial conditions, i.e. when the difference 
signal becomes smaller that the dead zone. For K = 0.5 (dashed line), with any 
initial conditions, $a > 0.105 self-oscillations with the amplitude a,o =X,  = 0.27 
and the frequency W,O = 5 . 7 7 ~ ~ '  are established. I f the initial deflection is within 
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the limits 0.1 < a < 0.105, the envelope of the transient response will decrease 
until the asymptote a 5 0.1 is reached. From the standpoint of system stability, 
two limit cycles arepossible: a stable limit cycle with X,,, = 0.27 and an unstable 
limit cycle with the amplitude a,o = 0.105. H 

EXAMPLE 8.4 
Find the performance diagram of the nonlinear control servo system transient 
response. The block diagram of the sew0 system is given in Fig. 8.7. 

Solution. The characteristic equation of the system in Fig. 8.7 is: 

D ( U , S )  = T~ T ~ S ~  + ( T ~  + z ) s 2  
4h (8.66) 

s + (K1+ K3) K2 - = 0 
X U  ?CU 

By inserting s = < + j w  and rearranging, the following system of equations is 
obtained: 

R(a ,  5, % K )  = D1 (a, 5, w,K)  

(8.67) 

4h 
= f (1 + T I K 2 K 3 z  + 2  (TI + T2) <+3F T2C2 

From the last equation in (8.67) follows: 

(8.68) 

Figure 8.7: Block diagram of a nonlinear servo system. 
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self- j absolute I oscillations 1 stability 

a 

0 

Figure 8.8: Diagram of performance indicators for transient response of a nonlin- 
ear servo system-Example 8.4. 

The,first equation in (8.67) and (8.68) make itpossible t o j n d  a(K3). 

where: 

(8.69) 

From (8.69) and (8.70), the lines for  5 = const. in the plane ( a ,  K3) are drawn 
for  the amplitudes from equation (8.69). By means of (8.68), (8.69) and (8.70), 
the curves fo r  o = const. are drawn in Fig. 8.8). From Fig. 8.8) it is seen that 
above the line 5 = 0 are lines with 5 < 0, and below are lines with < > 0. This 
means that f o r  K3 < K, the transient response will be oscillatory with damped 
oscillations. 





Chapter 9 

Describing Function Method 
in Fuzzy Control Systems 

Fuzzy control is an extremely successful application of fuzzy sets and systems 
theory to practical problems. The reason for that can be sought in theoretical and 
practical success stories of this approach. A good engineering approach to control 
of various plants is an effective use of all the available information. Often this 
information comes not only from the plant sensors, but also from the mathemat- 
ical model of the plant and human expert knowledge about the plant operation. 
Experts provide linguistic descriptions about the system and control instructions. 
Conventional controllers cannot incorporate the linguistic fuzzy information into 
their design. A majority of them need an appropriate mathematical model of the 
system. Contrary to them, fuzzy control is a model-free approach which heavily 
relies on the expert linguistic fuzzy information. Fuzzy control provides nonlinear 
controllers which are general enough to perform any nonlinear control actions. In 
this chapter the basics of fuzzy logic and fuzzy set theory upon which the fuzzy 
control is formed are briefly shown. Our goal was not to be exhaustive but infor- 
mative enough for the reader to be able to understand the basics of this prospective 
field. Due to the fact that this book is dealing mainly with the frequency methods 
for nonlinear systems, we presented in this chapter application of the describing 
function method in fuzzy control systems. It is shown that it is possible to obtain 
the describing function of the particular type of fuzzy element and consequently 
use stability analysis. Moreover, it is shown that a fuzzy element can diminish 
or even eliminate the resonance jump which can exist in a nonlinear system and 
aggravate effects during operation. 

325 
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9.1 Basics of Fuzzy Logic 

9.1.1 Introduction 
Classical set theory is the child of 19th century mathematics. It was introduced 
by the German mathematician G. Cantor. Today we know these sets as simple 
or sharp sets or as crisp sets. For each set element it is possible to write down a 
single-valued membership to the terms: yesfno, highilow, darkhright, right/wrong 
or to the Boolean logic: 1/0. This means that the membership to the set is strictly 
defined, the particular object or term is either the member of the set or it is not. 

The next important step which may be characterized as a promoting one was 
made by a mathematician Lotfi A. Zadeh, Professor at Berkeley (1965). He in- 
troduced the idea of fuzzy, soft membership to the set used for quality description 
of the object or term, e.g. very large, large, medium large, small, very small. 
The suggested procedures are both founded and defined mathematically. The the- 
ory of fuzzy sets enables the introduction of rough description using linguistic 
expression. Each object (term) which is an element of the set was attributed a 
membership function by Zadeh, called p, which says to what degree the object 
(term) is a member of the set. The standard membership function shape assumes 
the value of p = 0 (the object is not the member of the set) and p = 1 (the object 
belongs to the set completely). For sets defined in that way, Zadeh (Zadeh, 1965) 
introduced the expression fuzzy. It brought about the following expressions, i.e. 
fuzzy set, fuzzy logic, fuzzy arithmetic, fuzzy control, fuzzy expert systems, fuzzy 
computing, fuzzy model, etc. In this way, 0/1 set membership increased the use 
of qualitative (formally linguistic) human perception. 

The following expressions have been frequently used: 

1. Accuracy value: completely correct, very correct, almost wrong, wrong, ... 

2. Predicates: larger than, obsolete, soon, almost, ... 

3. Probabilities: near zero, unlikely, ... 

4. Possibilities: almost possible, often possible, ... 

The mathematical term “fuzzy set” is used to describe “soft” or “fuzzy”. Here, 
membership function p becomes very important. Membership of an element x E X  
to the set A may be described with classic (crisp) sets with characteristic function 
p (x), where x E X as an element belongs (yes) or does not belong (no) to the set 
A. With fuzzy sets membership of the element x E X to the set A is not absolute. 
It is described by means of the membership function p ( x )  which can now assume 
all values between 0 and 1. In this way it is possible to say that classic (crisp) sets 
represent a special example of fuzzy sets, or their subset. Simply put, element x 
can (in %) belong to bigger number of sets Xl,X2,. . . ,Xn. This being the case, 
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certain sets may exclude each other and the percentage sum of particular parts 
may exceed 100%. 

This fuzzy set theory became very popular 25 years later. The fuzzy property 
of determining real objects and systems with an absence of absolutely defined 
borders is widely applicable, particularly with complex objects and systems where 
classical methods cannot be used or when their application is very demanding. 

Fuzzy control is particularly important for automatic control systems because 
it plays an important role in the area of fuzzy systems. 

The original definition of fuzzy sets according to L.A. Zadeh (1965) is: 

Fuzzy set A defined in the set X is characterized by the membership 
function (characteristic function) p (x) which attributes to each ele- 
ment x of the set X a real number in the interval [0,1], with the value 
p ( x ) ,  where p ( x )  represents the degree of the membership of the el- 
ement x to the set A. 

The basic problem of fuzzy set theory practical realization is how to determine 
or choose an adequate membership function. In his article, N. Nakajama (1988) 
says: 

Unfortunately, as a matter of fact, there are neither theoretical nor 
empirical methods for determining function membership. 

As opposed to probability which is objective (can be proved experimentally), 
membership degree is subjective, although the intervals, when they both appear, 
overlap. 

Given principles enable the use of fuzzy set theory in mathematical procedures 
of not completely known systems. These are systems for which it is difficult 
to determine a good enough simple mathematical model (make comparison with 
the principle of compatibility). Usually such systems are processed by means 
of probability theory. Fuzzy set theory with the probability theory opens new 
possibilities here. 

Whether we are strongly critical or enthusiastic, it is obvious that the fuzzy 
concept offers something new. It offers wider possibilities of empirical and verbal 
description regarding control and regulation strategy within automated industrial- 
ized systems, particularly complex ones. 

9.1.2 Fuzzy Sets Fundamentals 
Fuzzy sets represent the fundamentals of fuzzy theory. In control technique they 
are used mostly for mathematical process description with language rules of the 
following forms: 

in which language variables are used, e.g.: 
IF premise, THEN conclusion 
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very short, short, tall, very tall, very very tall 
or similar language variables known as linguistic variables. 

Language or linguistic variables may be defined as a variable whose statement 
values are in natural or artificial language. If “tall”, “very tall”, “very very tall” 
represent the value of “height”, then “height” is a language variable. To numer- 
ical values or data the membership functions-language variables-are attached. 
Mathematical notation of language variables is fuzzy or soft set. Operators ZF: 
THEN which connect language variables are the rules corresponding to the sim- 
plest forms of human decisionmaking processes, because premise and conclusion 
are fuzzy statements, significant for human thinking. That’s the way a human 
thinks: 

IF the temperature in the room is low, 
THEN put on the central heating. 

IF the temperature in the room is low, 
AND outside temperature is decreasing, 
THEN put on the central heating to the maximum. 

In human thinking further logical connecting of such statements is present, e.g.: 

Descriptive forms, which enable mathematical formulation of such expressions, 
represent fuzzy theory or fuzq (’03) set theory. 

9.1.3 Crisp and Fuzzy Sets and Their Membership Functions 
In the introduction, set A is said to be a set of specific various objects from the 
material and rational world which make a whole. This object membership set is a 
part of a basic set X. Single objects are elements x of set A. If for example set A 
consists of six discrete values X I  , x 2 , ~ 3 , ~ 4 , x 5 , ~ 6 :  

A = {XI ,x2,x3ix4,XS,x6} (9.1) 

of real numbers between 10.0 and 20.0 it is a part of real numbers basic set 9: 

A = {x,x E % , l O . O  5 x 5 20.0) (9.2) 

For crisp sets binary form membership function p is used: 

1,  i f x E A  
0, i f x e A  (9.3) 

In crisp sets each element is assigned single-valued set membership (PA = 1) or 
set non-membership ( F A  = 0). As an example, Fig. 9.1 shows membership fimc- 
tion p~ (x) for temperature value x of crisp set A which represents language value 
“frost”. 

If for the same example set A is defined so that its temperature values x denote 
language value “cold”, the single-valued membership or non-membership of all 
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I -10 -5 0 +5 +10 X[OC] 

Figure 9.1 : Crisp set A membership function P A .  

Figure 9.2: Fuzzy set A membership function. 

elements x in set A is not crisp anymore, because the expression “cold” is a fuzzy- 
soft term and the temperature x may be higher or lower than O[”C]. Fuzzy area 
is described by means of continuous membership function /.LA (x). Continuous 
membership function for the above example is presented in Fig. 9.2. 

By using the continuous membership function it is possible to show that the 
element x can belong partly to a certain set, or that it can be a part of several sets, 
respectively. At the same time, by expressing fuzzy membership, sets maintain 
their border value property. For example, the temperature of a room has the value 
o fx  = 22[”C]. If we wish, by language values it is possible to say that x = 22[”C] 
belongs to the A set area which should mark values “cold”, but at the same time it 
belongs to the B set area which marks “warm”. Hence, language value description 
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A - "cold" B - "warm" 

5 10 15 20 25 30 ~[OC] 

Figure 9.3: Temperature membership function of sets A and B. 

is implemented in two fuzzy sets: 

COLD : p ~ A ( x )  E [0,1], and 
WARM : @ ( x )  E [0,1]. 

If membership functions p ~ ( x )  and p~((x)  are chosen to be linearly dependent, 
which happens very often in practice, temperature membership x = 22["C] in both 
sets can be presented by the Fig. 9.3. 

The temperature x = 22["C] has the following membership: 

to the set A : p ~ A ( x )  = 0.4 
to the set B : p ~ B ( x )  = 0.6 

Figure 9.3 shows that the characteristic binary value p ( x )  = 0/1 for crisp sets 
becomes a continuous fuzzy set membership function p (x). The continuous mem- 
bership function p(x) also gives the degree of set element membership to the fuzzy 
set. Therefore, in literature beside the term "membership hnction", the term mem- 
bership degree is often found. 

Fuzzy set A is completely described by membership function p ~ .  For each 
element x belonging to the basic set X, the membership function p~ (x) gives the 
membership degree of the element x to the set A. In that way, fuzzy set A is 
described by means of sorted pairs: 

A = {.,pA(x)},x E X  (9.4) 

Membership function also gives the membership degree of elements x to the set A, 
which means that it copies set X to the membership area A. Membership function 
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area is the subset consisting of real numbers with upper and lower borders which 
equals zero. If for the membership function upper border value 1 is chosen, nor- 
malized membership function and normalized fuzzy set are obtained. In control 
practice, normalized membership functions and standard fuzzy sets are most of- 
ten used. Hence, from now on normalized set forms will be dealt with in the first 
place. 

9.1.4 Fuzzy Set Parameter Presentation 

In order to show fuzzy set parameter presentation, graphic shape of normalized 
membership function is used. Trapezoid, triangle and rectangle are used as ba- 
sic shapes in control technique. Figure 9.4a shows a trapezoid with parameters 
[ X I  ,x2,x3,x4]. In the case [ X I  = x2 = x3 = x4] we get Fig. 9.4b which is known as 
singletons sets. It is used to show crisp sets (like a type of Dirac's impulse). For 
[ X I  = x 2 , ~ 3  = x4] a rectangle is obtained (Fig. 9 . 4 ~ )  which is rarely used in control 
technique. For ( ~ 1 ~ x 2  =x3,x4],  a triangle is obtained (Fig. 9.4d). This shape as 
well as trapezoid is the basic shape in control technique. 

For [xl,x2,x3 > xq] and [XI < x2,x3,x4] we get graphic presentations (Figs. 
9.4e and 9.4f) which are often used with output values. Figure 9.5 shows common 
membership function in the shape of trapezoid and triangle. This being the case, 
trapezoid is usually given by parameters [XI , X 2 , X 3 , X 4 , U ,  b,y,i,,y,,], and triangle 

Triangle presentation (singleton) that is obtained for a = 0 or b = 0 is often 

For presenting fuzzy sets in other areas different, often nonlinear, forms of 

by [xo, a ,  b,ymin,ym,]. 

used. 

function dependence are used, such as: 

Instead of membership function p (x) graphic representation, numerical entry, 
which can have two forms, is also used. The first form, which is often used, is 
expressed as follows: 

and explains that the fuzzy set A consists of elements xi having membership values 
Pi (x). 

The second form gives a more detailed entry, but it is rarely found in literature. 
That form is shown by the following expression: 
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Figure 9.4: Membership functions in the shape of trapezoid and its derivations. 
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It 

Figure 9.5: Common membership function in the shape of trapezoid and triangle. 

Fuzzy set A “cold” (Fig. 9.3) can be written mathematically: 

9.1.5 Basic Operation on Fuzzy Sets in Control Systems 
For crisp sets whose elements x come from the same basic set X, three operations 
have been defined: 

1. Disjunction : OR 

2. Conjuction, intersection : AND 

3.  Complement : NOT 

Their presentation by characteristic functions leads to well-known binary logic. 
Before these basic operations (operators) are extended to be used with fuzzy sets, 
it is necessary to study their meaning with crisp sets. As an example, all three 
operations on sets A and B are studied (Fig. 9.6). 

1. Disjunction (OR) C = A U B is given to those elements x which belong to 
set A ,  set B or to sets A and B. Disjunction characteristic hnction C is given 
by maximum operator: 

C = A u B = max{A , B }  (9.7) 

2. Conjunction (AND) C = A n B is given to those elements x which belong to 
both A and B sets. Disjunction characteristic function C is given by mini- 
mum operator: 

C = A n B = min{A, B }  (9.8) 
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Figure 9.6: Basic procedures on crisp sets. 
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3. Negation (NOT) C = 1 A  = 2 is given by those elements x which do not 
belong to set A .  Therefore, complement characteristic function is given by 
negation operator: 

C = ?A = { 1 - A }  (9.9) 

Since crisp sets are a special example of fuzzy sets, the described basic proce- 
dures may be transferred directly onto fuzzy sets. In this way, the following three 
operators can be obtained: 

a) for disjunction: 
PcC(x) = max{PAA (x), P B B ( X )  } (9.10) 

(9.12) 

All three fuzzy operators (a, b and c) for fuzzy sets pAA(x)-trapezoid-and 
,&$?(X)-cUt trapezoid-are shown in Fig. 9.7. 

Figure 9.8 shows the meaning of fuzzy operators (a ,  b and c), triangle shape 
for sets A ( x )  and B(x ) .  

Beside the three described operations most other Boolean operators may be 
used (communicativeness, associativity and distributiveness for disjunction and 
conjunction) and De Morgan's laws. So, for example the following operations 
(operators) are valid in the two sets: 

1. Equivalence: 
A ( x )  = B(x)  G' PA = P E  (9.13) 

Two fuzzy sets are equal if they have equal membership functions. 

2 .  Content: 

Fuzzy set B contains fuzzy set A ,  if membership function value ~5 is bigger 
or equal to membership function value for all possible variable values. 

In order to generalize operator AND the following procedures are used: 

a) algebraic product: 
Pc = PAPB 

b) algebraic sum: 
Pc = PA + PB - PAPE 

(9.15) 

(9.16) 
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Figure 9.7: Basic procedures on fuzzy sets. 

Figure 9.8: Basic procedures on triangle fuzzy sets. 
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f) bounded difference: 

For fuzzy sets the following expressions are not valid: 

AU;?= I 

(9.17) 

(9.18) 

(9.19) 

(9.20) 

(9.21) 

(9.22) 

which are basic expressions for crisp sets. 

9.1.6 Language Variable Operators 
Mathematical description of language variables is very important when fuzzy sets 
are dealt with. That description has to be sensitive to language variables, consis- 
tent, understandable and easy to survey. This must be respected when a language 
variable is used repeatedly for the same set. These fundamentals’ powers (whole 
or fraction) describe langauge predicative values ’ operation. For example, lan- 
guage predicative values “little”, “enough”, “more or less”, etc. are included into 
fuzzy sets through their powers. For that purpose, language variable operators 
are used, the most important being: 

1. Normative operator (NOR) is obtained by dividing all fuzzy set values 
with maximum value of the set. As a result, a normative fuzzy set is ob- 
tained. 

2. Concentration operator (CON) is designed for reducing fuzziness of the 
fuzzy set. It is expressed by: 

CON(A) = A * ;  for set A E x (9.23) 

Concentration operator may be used, e.g. for obtaining membership func- 
tion “very big” from membership function “big”. 

P ~ , e r y  big(X) = [Pbig(X) l2  
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3. Dilatation operator (DIL) is designed for increasing fuzziness of the fuzzy 
set. It is expressed by: 

DIL(A) = ~ ‘ 1 ~ ;  for set A E x (9.24) 

Dilatation operator is used when predicative variable “more or less” is real- 
ized. 

4. Operator for increasing contrast (POV) is designed for increasing con- 
trast in the fuzzy set. It is expressed by: 

CON(A); x < 0.5 
DIL(A); x 2 0.5 

POV(A) = (9.25) 

for set A with elements x E X .  

5. Blurring operator (BLR) is designed for increasing blur in the fuzzy set. 
It is expressed by: 

DIL(A); x < 0.5 
CON(A); x 2 0.5 

BLR(‘4) = (9.26) 

For better understanding later in the text last four operators for the fuzzy set will 
be shown: 

A ( x )  = [0.20;0.40;0.60;0.80; I ]  
and we get: 

Aco,v(x) = [0.04; 0.16; 0.36; 0.64; 11 
ADIL(X)  = [0.45;0.63;0.77;0.89; 11 
A ~ o v ( x )  = [0.04;0.16;0.77;0.89; I ]  
ABLR(X)  = [0.45;0.63;0.36;0.64; I ]  

Beside the above operators, language variable operators which change member- 
ship to the function or to the set are also used. 

9.1.7 General Language Variable Operators 
Beside operators for carrying out basic operations and some more important oper- 
ators of specific procedures on language variables, it is necessary to describe the 
most important general operators as well, since they are the fundamentals of the 
above procedures. 

T-operator. T-operator defines the general class of operators by means of which 
conjunctions are shaped. It belongs to the so-called “triangular norms” group 
which are used to design conjunctions of two fuzzy sets as well as for modeling 
operator “AND”. T-operator is a two-parameter function t [ p ~ A ( x ) ,  p ~ B ( x ) ] ,  its 
definition area being [0,1] x [0,1]. 
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S-operator. S-operator defines a general class of operators used for joining of 
variables. It belongs to the so-called “triangular-co-norms” group. Most often 
it is labeled s-operator although it is possible to find co-t-operator. S-operator 
corresponds to t-operator, so it is used for modeling operator shape “OR’. 

Algebraic sum operator, maximum operator and limited sum operator as well 
as some other operators belong to s-operators. 

T-norms and s-norms operators are linked together by means of De Morgan’s 
theorem: 

There are so many good operators that it is difficult to choose the best one. In the 
literature it is possible to find several good criteria for choosing operators, but be- 
side mathematical requirements which are set for certain operators it is necessary 
to respect others as well. 

For control technique the following operators are extremely important: 

0 Minimum operator, 

0 Maximum operator, 

0 Fuzzy operator “AND” (conjunction), and 

0 Fuzzy operator “OR’ (disjunction). 

9.1.8 Fuzzy Relations 

So far all operations on fuzzy sets presented here referred to the elements of the 
same set. In practice, it is often necessary to deal with elements from two or more 
different sets or elements of two or more subsets. 

Let X and Y be two normative sets. From their elements x E X and y E Y we 
have to get, according to a certain rule, elements ( X J )  E R(x , y ) .  The operation 
is called binary relation (because there are two elements in it) or just relation. If 
the set R contains elements from several sets, it is generally defined as a subset of 
a Cartesian product of initial sets. Therefore, binary fuzzy relation is defined as 
follows: 

R =  { ( X > Y ) , P R ( w ) } ;  (X,Y) E P = A X B  (9.28) 

where: 

x - Cartesian product operator 

A ,  B - subsets of X and Y sets 



340 Chapter 9 

P = A x B = { ( x , y ) l x E A , y E B }  (9.29) 

Binary relation membership function p~ is the function of both variables. The 
general form of the relation is written as a matrix of elements, i.e. membership 
functions. As an example of a “fuzzy relation”, a membership function which is 
the number interval between 0.0 and 1 .0 can be taken. 

Cartesian product subset realization is mentioned only in general. Hence, 
(fuzzy) membership function Cartesian products, as a rule, are defined by a mini- 
mum operator. For the binary example it is: 

(9.30) 

(9.3 1) 

where: 

A abbreviation for minimum operator 

V abbreviation for maximum operator 

The general form of the last term has the shape of fuzzy relation matrix whose 
dimension is n x m, where m is the number of membership function discrete values 
p~ (for fuzzy set A )  and n is the number of membership function discrete values 
p~g (for fuzzy set B). 

In order to explain more fully, an example of determining the described binary 
relation is given. The example of the rule “IF - THEN” is studied, i.e. IF A ,  THEN 
B, and its membership function is looked for (then, fuzzy sets A and B belong to 
different basic sets X and Y ) .  

Hence, it is: 

X - basic fuzzy set of the controlled value x; 

A - fuzzy (sub)set of the controlled values with “big” magnitudes; 

Y - basic fuzzy set of the reference value magnitude y ;  

B - fuzzy (sub)set of reference values with “very small” magnitude y. 

The set, which should be shaped according to the rules IF A, THEN B, fits the 
pairs ( x , y ) ,  which belong to the new basic set P = A  x B put up according to a 
Cartesian product rule. This means that the new basic set is the origin of relation- 
ship description and dependence between sets whose elements belong to different 
basic sets. If it is known that basic sets have, as a rule, discrete elements, binary 
dependence from rectangular presentation may be taken as origin. Membership 
functions p~(x) and p ~ ( x )  are represented graphically as coordinates in Fig. 9.9. 
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Figure 9.9: An example of membership function defining for the given fuzzy 
relation. 
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Membership function of the rule IF A ,  THEN B is obtained from equation (9.30). 
For element x1 in fuzzy set A with attributed value (XI) the last operation an- 
nounces membership function p~Lg) restriction to the value p ~ 1  = ,& (XI). In this 
way the last expression changes and becomes: 

Minimum shaping shows that the conclusion part (conclusion = THEN) can have 
premise degree (premise = IF). This is seen in the table (Fig. 9.9) from the exam- 
ple (value p~). 

Membership function rule is determined in this way. 

9.1.9 Fuzzy Relational Equations 
Fuzzy relational equations connect fuzzy relations and fuzzy sets. The operators 
which they use belong to the group of composition operators. They represent an 
important operator group which enables membership function choice (regulation 
law) from the group of membership functions with similar properties. This pro- 
cedure is called inference and is one of the most important procedures of fuzzy 
control. Its fundamentals are IF-THEN rules. In literature a large number of com- 
position operators is found although there is just a slight difference in operation 
between them. The most common of these operators are the following two: 

a) MAX-MIN operator (MAX-MIN inference), known as Marndani ’s mini- 
mum operator. It consists the two known operators MAXIMUM (for fuzzy 
OR) and MINIMUM (for fuzzy AND). 

b) MAX-PRODUCT operator (MAX-PROD inference), known also as Larsen ’s 
product operator. It consists the known operators MAXIMUM (for fuzzy 
OR) and ALGEBRAIC-PRODUCT (for fuzzy AND). 

Both operators can be written like fuzzy relational equations: 

where: 

p,+4 (x) multidimensional fuzzy set A with argument x and membership function 
discrete values: 

P A  =   PA^ 7  PA^, . .. PAir.. .   PA^] (9.33) 

p ~ B b )  multidimensional fuzzy set B with argument y and membership function 
discrete values 

P B  = [PBI PB2, .  . i PBi , .  . , PBm] (9.34) 
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R(x, y )  fuzzy relation between set A and B with arguments x and y ,  given by rela- 
tional matrix with elements [ri,]. 

o composition operator. 

In equation (9.32) the p ~ B ( y )  is solved by inference of p ~ A ( x )  and R(x,y) .  Two 
solutions are possible: 

a) for MAX-MIN operator, the equation becomes: 

PBBb)  = max [ m i n ( p d  , R(x,y) 11 (9.35) 

i.e. for individual components: 

PEjbj = max[min(p~iai,rij)]; 1 5 i 5 m; 1 < - j 5 n (9.36) 

b) for MAX-PROD operator the equation becomes: 

i.e. for individual components: 

In both examples it is seen that matrix product operations, i.e. addition and mul- 
tiplication are replaced by maximum and minimum operations. In the equation 
(9.37) minimum is replaced by simple multiplication. 

9.1.10 Use of Language Variables and Language Expressions 
When using fuzzy sets language expressions are often used. Language expressions 
makeiform larger fuzzy set M(hx) from fuzzy set M ( x )  where: 

hM(x) + M(hx) (9.39) 

In this case different operators are used: concentration operator, dilatation opera- 
tor, negation operator, etc. For better understanding, an example follows: 

EXAMPLE 9.1 
The term “tall” has been given with fuzzy set: 

M ( x )  = (0.0/10), (0.1/20), (0.4/30), (0.8/40), (1.0/50) 

It is necessary to write expression: 

a) “very tall” (operator h = ‘‘very’? 
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b) “very very tall” (operator h= “very v e v ’ y  

c) “not very tall” (operator h = “not very”) 

Solution. 

a) For “very tall” concentration operator given in (9.23) is used: 

M,(hx) = CO“M(x)] = [M(X)]* 

and we get: 

M,(hx) = (0.0/10),(0.01/20), (0.16/30), (0.64/40),(1.0/50) 

b) For “very very tall” concentration operator is used twice: 

Mb(hx) = CON[M,(hx)] = CON{CON[M(X)]}  

and we get. 

Mb(hx) = (O.O/lO), (0.0001/20), (0.0256/30), (0.4096/40), (1.0/50) 

c) For “not very tall” negation operator above operator “very tall” is used. 
Now it is: 

M, (hx )  = 1 -M,(hx) = 1 -CON[M(x)] 

and we get: 

M,(hx) = (l.O/lO), (0.99/20),(0.84/30), (0.36/40), (0.0/50) 

Other operators for  making wider fuzzy sets are used in a similar way. 

9.1.1 1 Fuzzification 
If the data already have language values, then writing them by means of basic 
fuzzy sets is simple. When we have measurement results (real numbers) indi- 
vidual data should be associated with corresponding basic fuzzy sets. In control 
applications such situations are often found before inference (decisionmaking pro- 
cess). 

Real number xg in the set of real numbers X is a degenerated fuzzy set with 
membership function: 

1, forx=xo 
0, for x # xg (9.40) 

where xg E X. 
Basic fuzzy sets are defined in the space of X. The condition of overlapping 

must be fulfilled. At least one fuzzy set must overlap each x in X .  In other words, 
basic fuzzy set disjunction covers all X .  
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9.1.12 Language Description of the System by Means of IF- 
THEN Rules 

The target of system language description by the IF-THEN rules is the realization 
of the inference procedure which, in a way, changes fuzzy and crisp information 
into shapes that the human describes as “possible”. 

The system is described by IF-THEN rule set: 

C =  {Ri; i=  1,2,3 ,..., N }  (9.41) 

where R; is an individual rule and N is the number of the rules. 

tion (input) and one consequence (output): 
Individual rule Ri is a fuzzy statement with basic form, which has one condi- 

R; : ZF(X is A ; ) ,  THEN(  Y is B )  (9.42) 

where X, Y are fuzzy sets with elements A and B; A is the system input and B is 
the system output. 

In classic (binary) logic only one implication is used which logic algebra pos- 
tulates make possible: 

where + is the implication operator; X is the negation operator and U is the dis- 
junction operator. 

In this relation operands x and y can have only two possible values: true ( I )  or 
false (0). The same applies to the result. 

With fuzzy sets for calculating Y = B’ at X = A‘ from the shape rule (9.42): 
IF (X = A), THEN (Y = B )  procedure compositional rule of inference is used. 
Fundamental procedure is the use of operator T-normal and different sorts of im- 
plications I ,  i.e. inference compositional rules, which have the following shape: 

I (x ,y )  = x * y = x u y  (9.43) 

P E b )  =SUP T{PA’(x),z[P~((X),~EbCV)I} (9.44) 

As implication operator I ,  a large number of different implications can appear. 
The following operators are often used: 

0 Algebraic product (expression (9.15)), 

0 Bounded difference (expression (9.20)), 

0 Drastic product, or 

0 Minimum (expression (9.18)). 

It is possible to connect implication operators to operator max() and its dual op- 
erators. This could be the basis for increasing the list of possible implication 
operators. 
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Calculating Y = B’ by expression (9.42) compositional rules of inference are 
used whose shape is (9.44) and bring T-norm as a base with them. With T-norm 
different operators are also used, mostly minimum, algebraic product, bounded 
difference and drastic product, i.e. operators said to be used as implication opera- 
tors. 

For describing the example, only one rule Ri has been used and with one shape 
supposition (9.42). For practical use it is not enough, so when modeling the sys- 
tem it is necessary to use more basic or combined rules. In the language model 
each rule is a fuzzy relation. This can also be said for the overall fuzzy relation 
which represents all rules of the language model: 

R1 : ZF(XisA1) THEN (Y  isB1) 
RZ : ZF(X is A2) THEN (Y  is Bz)  

Ri : ZF(X is Ai)  THEN (Y is Bi) (9.45) 

R, : ZF(X is A , )  THEN (Y is B,) 

In this way system language description can be written as a single rule disjunction 
(relation): 

R s = U R i ;  1 < i < q  (9.46) 
I 

where: 

Rs system model fuzzy relation (fuzzy relation matrix of the system) 

R; fuzzy relation of the single rule (fuzzy relation matrix of singlehndividual rule) 

q system model language rule number 

Ui disjunction operator defined by maximum value choice 

U O,I ,y2, . . . ,yi> . . . ) = max O, 1 , ~ 2 ,  . . . ,yi, . . . ) 
i 

The whole procedure is very complex and requires a lot of work. An adequate 
implicator is chosen for the particular rule. The rules which have been used make 
the corresponding language model. 

In the way which has been described so far, the language model of the system 
may be calculated by means of a fuzzy relation matrix. This model cannot be used 
for dynamic systems. In order to describe dynamic systems it is necessary to use 
“IF - THEN’ and their expanding operators, i.e. AND and OR in their conditional 
part. Then the rule (9.42) becomes (as an example of operator AND use): 

Ri : ZF(X is A )  AND (2 is C )  THEN (Y is B )  (9.47) 
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where X and Z are input quantities; A and C are observed values of the input 
quantities (e.g. desired values); Y is the output quantity; and B is the momentary 
value of the output quantity. 

Operator THEN as well as operator AND can be used several times (in control 
applications it is often Ci = dAi/dt). 

For the values A ,  C, and B predicative expression combinations are often used: 
N - negative, P - positive, ZE - zero, S - small, M - medium, B - big. From the 
above predicates it is possible to make seven combinations which are used very 
often: 

NB Negative Big 
NM Negative Medium 
NS Negative Small 
ZE ZEro 
PB Positive Big 
PM Positive Medium 
PS Positive Small 

It is possible to present (by using the above labels) the language model, i.e. 
individual shape rule (9.46) by a table. Here, language variables are presented 
as fuzzy sets (expressions, terms). Such presentation is often found in the litera- 
ture because it makes detailed model design possible. The above presentation is 
explained by means of the rule example: 

IF  ( V  = PS) AND (v’ = NS) THEN 0, = N S )  

Figure 9.10 shows seven-degree combination by means of the table, and Fig. 9.1 1 
five-degree combination (PB, PM ZE, NS, NB), where v is the control error, v’ is 
the control error change (v’ = dv /d t ) ,  and y is the actuator position (given in the 
table). 

Table or table-graphic presentation is simple for presenting a connection of 
three variables (in given example connection of two variables in the cause and one 
variable in the effect part of the rule). 

Figure 9.10: Table presentation of individual rule in seven-column combination. 
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Figure 9.1 1 : Graphic-table presentation of individual rule in five-column combi- 
nation. 

It is possible to present the dynamic system model in different ways. An 
example of that is fuzzy decisionmaking. 

9.1.13 Language Description of the System with Fuzzy Deci- 
sion Making 

Fuzzy decisionmaking procedure is used with systems defined by two or more 
augmented IF-THEN rules. 

The procedure belongs to the fuzzy logic area defined by the strict mathemat- 
ical accuracy. In control application two forms of fuzzy decisionmaking are often 
found. They are simple to calculate. 

First form of decisionmaking. IF-THEN rule is observed. It is given in the 
expression (9.47) meaning rules for system with two inputs and one output, given 
by one rule: 

R; : IF ( X  is A;) AND ( Z  is Ci) THEN (Y is B;) (9.48) 

If we denote: 
wai := ( X  is A i ) ,  and wCi := (Z is Ci) (9.49) 

then w,i and wci are partial causes (premises) which can be processed in different 
ways. In control applications it is often calculated by means of expression for i-th 
rule: 

w,i = (x is A i )  = max[min(x,Ai)] (9.50) 

w,; = (z is Ci) = max[min(z, Ci)] (9.51) 

Values w,;, w,;, . . . are known as cause (premise) weight or cause measure: 
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In the rule (9.48) we have conjunction AND, which connects cause partial 
weight into complete weight - wi. For the example of the system with two inputs, 
the following expression is used: 

wi := min(wai,w,i) (9.52) 

In the rule (9.48), operator OR may appear instead of operator AND. In that case 
wi is most often calculated by means of the expression: 

wi := max(w,i, wci) (9.53) 

In the rule (9.48) operators AND and OR may also appear on the right side. Then 
the rule becomes: 

Ri : IF (X is Ai) AND (2 is Ci) THEN (Yl is Bi) AND (Y2 is Di) (9.54) 

In such cases the conjunction AND on the right side is present as syntactic con- 
nection at numerating independent outputs Yl , Y2,. . .. On the contrary, when it is 
necessary to create one output, the same rules as those on the left side can be used. 

Let’s see the same system (9.48) with two IF-THEN rule forms: 

R I :  I F ( X l  isAII)AND(ZI isCll)THEN(YisB1) 
R2 : IF  (XI isA21) AND (21 is C21) THEN ( Y  is B2) 

Weights are mostly calculated in the following two ways (other ways are possible): 

1st way (using min operator): 

(9.55) 

(9.56) wi = min[A 1 I ( X O )  , CI I ( zo)]  
wi = min[A21(~0)1C21 (zo)] 

2nd way (using product operator): 

(9.57) 

Then the following expressions are given, i.e. wlBl and w2B2, and a fuzzy set is 
formed: 

B* = W I B ~  Uw2B2 (9.58) 

Second form of decisionmaking. If we study the two-input and one-output sys- 
tems again, given by two rules (system form (9.55)), but shaped by means of a 
kzzy positive (P) and negative (N) set: 

R1 : IF (XI  is N) AND (X2 is P )  THEN (Yl is N) 
R2 : IF (XI  is P )  AND (X2 is N) THEN (Y2 is P )  

(9.59) 
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Figure 9.12: Calculating output value by method of gravity center. 

In this case membership functions P and N are monotonous functions. Weights 
w1 and w2 are obtained by the expression: 

(9.60) 

The first decisionmaking variant is most often found in control systems. Beside 
the above forms, the third form is also found. It is used for systems given by rules 
(9.53, which have the output defined by the expressionyi =J(xI ,x2,. .. , x i , .  .. , x n ) .  

9.1.14 Defuzzification or Fuzzy Set Adjustment (Calculating 
Crisp Output Values) 

The result of the system calculated with fuzzy sets is also a fuzzy set. The influ- 
ence of such fuzzy value on the given (technical) system is possible only by means 
of crisp signals. If, at the beginning, it was necessary to soften or fuzzify the sys- 
tem, now the real numbers are required to control it. This leads to the problem 
of inference result adjustment or defuzziJicution. In control applications it means 
that fuzzy sets should not be brought to an actuator (motor, valve, potentiometer, 
etc.) for its control, because the system cannot understand them. Real values (real 
numbers) of the voltage, pressure, flow or other control value should be applied. 

The fuzzification process (inference and composition-subsection 9.1.9) for 
given momentary input variable values gives as an output information (based on 
defined rule) the membership function pb) ,  which is a fuzzy set. An example of 
such a result may be seen in Fig. 9.12. 

Looking at membership function ,U (y), the crisp value for y should be calcu- 
lated. It is the output of the system (set value - regulator output). There are 
several methods for defuzzification in control applications, but three of them are 
most often used: 
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I .  Max-height method, 

2. Mean of maximum method, and 

3. Center of gravity method or center of area method. 

The first method gives output value yo by means of membership function p ( y )  
belonging to output set Y according to the following expression: 

(9.61) 

The method becomes cumbersome if membership function p (y) has maximum at 
more discrete values. 

With the second method the problem is solved by calculating yo as the mean 
arithmetic value of maximum membership function value p (y). However, this 
method is also inconvenient, i.e. if the output set membership function has a 
particular area (length) where it can have maximum value. 

The third method takes into account the area below a membership function 
p ( y )  like surface area (Fig. 9.12). Crisp output value yo is determined according 
to the gravity center coordinates T ( p ~ , y o )  of the area and is calculated as follows: 

(9.62) 

If the membership function consists of forms made up of straight lines, then the 
integrals in the last expression can be replaced by additions and calculation can be 
carried out analytically. 

In case of m-polygon segments described by two points, Pk(pk,yk) and 
Pk+l (pk+l ,yk+l), the gravity center abscissa (9.62) is obtained from the expres- 

Even more difficult than calculating the gravity center abscissa is preliminary cal- 
culation of intersection points of overlapping membership functions of individual 
fuzzy rules. 

The center of gravity method is most often used in fuzzy control since com- 
pared with other methods it has two advantages. Its first advantage is that it not 
only processes membership function maximum values, but it includes its com- 
plete flow. The second advantage of this method is a relatively simple way of 
calculating crisp values for yo. 

In the literature, an even simpler way of calculating crisp values for yo can 
be found. In that procedure, membership functions which refer to the parts of 
the rule THEN are represented by only one numerical value different from zero 
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Figure 9.13: Description of the fuzzy logic element with SISO nonlinear element. 

(singleton). If Si denotes n-limited singleton values for n-rules, the expression 
(9.63) becomes: 

(9.64) 

such expression makes the whole defuzzification process less complicated. 

9.2 Describing Function of SISO Fuzzy Element 

From the basic properties of fuzzy elements, described in a previous section, we 
can conclude that the fuzzy element is a static nonlinear element which cannot 
be exactly mathematically formalized. This fact makes the determination of dy- 
namics of systems with fuzzy elements more difficult. Analogously to procedures 
described in previous chapters, the describing function method can be applied to 
a class of nonlinear systems with a fuzzy control algorithm. For this purpose it 
is necessary to determine the describing function of a fuzzy element. Knowing 
the describing function of a fuzzy element, and describing functions of other non- 
linear elements in the system, enables the analysis of a nonlinear system in the 
frequency domain. 

To determine the describing function of a fuzzy element, it is necessary to sub- 
stitute the fuzzy element with equivalent nonlinear element with a single input and 
single output (SISO element), see Fig. 9.13 (KuljaEa et al., 1999). The describing 
function can be obtained by experimental method', using the simulation model 
shown in Fig. 9.14, where: 

X,; o - amplitude and frequency of periodic input signal 
k p ,  kd - proportional and derivative coefficients, respectively 
y ~ ( t )  - signal at the output of fuzzy element, 

Y, - amplitude of a first harmonic ofyN(t) 

'This procedure is, contrary to mathematical procedures, relatively simple and efficient 
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error 
Y N ( 4  - y,(t) = Y,$n at 

S + O  

kP 

+ 
d errordot 

I‘ dt 

Figure 9.14: The circuit scheme for experimental determination of the describing 
function. 

EXAMPLE 9.2 
Determine the describing,function G N ( X ~ )  of a fuzzy element (Fig. 9.14), spec- 
ified by rules in Table 9.1, membership functions in Fig. 9.15, and coe@cients 

The experimental results from simulation model in Fig. 9.14 are shown in 
kp = 1; kd = 0.15[s-’]. 

Table 9.2 and Figs. 9.16 and 9.17. 

, ~ . _  - 
-2 -1 5 -1 -05  0 0 5  1 1 5  2 -20 -15 -10 -5 0 5 10 15 

errordot error 

d 06 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2 
Y 

0 

Figure 9.15: Membership functions of the fuzzy element inputs ‘error’ and ‘error- 
dot’ and fuzzy element output y = YN. 
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I l I I 4 I I  

'!I 0.2'0'4 0'6 0:s 1 112 

Figure 9.17: Describing function GN = Y m / X m  = f (&)  
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Table 9.1 : Rule base of the fuzzy element. 
errordot \error I I NB NM NS ZE PS PM PB 
NB 1 1  NB NB NB NB NM NS ZE 
NM 
NS 
ZE 
PS 
PM 
PB 

NB NB NB NM NS ZE PS 
NB NB NM NS ZE PS PM 
NB NM NS ZE PS PM PB 
NM NS ZE PS PM PB PB 
NS ZE PS PM PB PB PB 
ZE PS PM PB PB PB PB 

Table 9.2: Simulation results. 
X m  YI G N ( X m )  

1.999 1.224 0.61234 
1.75 
1.5 

1.25 
1 

0.75 
0.5 
0.3 
0.1 

1.1876 
1.1237 
0.9725 
0.697 
0.629 
0.5289 

1.123e-3 
2.47e-4 

0.6786 
0.7491 
0.7780 
0.697 
0.8387 
1.0578 
0.0037 
0.0025 

The presented procedure is relatively simple and efficient for application in en- 
gineering practice. From the graphical representation of G N ( X ~ )  it is possible to 
determine appropriate mathematical approximations necessary for mathematical 
description of a class of nonlinear systems with a fuzzy control algorithm. 

9.3 Stability Analysis of a Fuzzy Control System 
Stability is the most important feature of any feedback system. Without stability 
disturbance compensation, steady-state performance and any other performance 
index are not possible. In order to reduce the risk of implementing a fuzzy con- 
troller it is necessary to analyze stability. Fuzzy control systems are essentially 
knowledge-based systems that use fuzzy set theory for knowledge representation 
and inference. The definition of the fuzzy control rules is relatively simple. How- 
ever, the assumption that the heuristic rules are robust is not correct and some 
applications prove that. This fact has motivated the research on the analysis tech- 
niques since mid-seventies. As a fuzzy control system can be considered as a 
nonlinear system, achievements from the nonlinear stability theory should be ex- 
plored. In the literature (Maeda and Murakami, 1991; Opitz, 1993; Kiendl and 
Riiger, 1993; Kiendl, 1993; Garcia-Cerezo, Ollero and Aracil, 1992; Tanaka and 
Sugeno, 1992) results from this research can be found. However, in this book 
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G,,(X,, w) -+ Y( t )  
G , , ~ W )  3 1-1 G,AZm. (4 + G,,O'(J4 

Figure 9.19: Block diagram of harmonically linearized system given in Fig. 9.18. 

we explored the describing function method for stability analysis. The method is 
attractive for the engineering practice because it is simple and gives better insight 
of effects which the fuzzy element can have on the stability of the closed-loop 
control system. 

The procedure to determine the describing function of a fuzzy element that 
can be substituted with equivalent SISO element was presented in Section 9.2. By 
knowing the describing function of a fuzzy element, the mathematical formaliza- 
tion of nonlinear systems with fuzzy regulator is made possible. We will present 
the procedure to determine stability of a class of nonlinear systems with structure 
as in Fig. 9.18. 

The notation in Fig. 9.18 is: 

F(x,px)  - nonlinear fuzzy regulator 

F(z ,pz)  - nonlinearity in the system 

GLI (s), G L ~ ( s )  - transfer functions of linear parts of the system that conform to 
the filter hypothesis 

By conducting the harmonic linearization of the system given in Fig. 9.18, the 
block diagram in Fig. 9.19 can be obtained. 

The notation in Fig. 9.19 is: 

GNF(X~) - describing function of the fuzzy regulator 

G N Z ( Z ~ )  - describing function of the nonlinearity F(z ,pz )  

G L ~  ( j w ) ,  G L ~  ( j w )  - frequency characteristics of linear parts of the system 
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The closed-loop characteristic equation of the system in Fig. 9.19 is: 

1 +F(X~)GL~(~O)FZ(Z,,O)GL~(.~W) = 0 (9.65) 

The stability can be analyzed by use of some previously presented stability analy- 
sis criteria. 

EXAMPLE 9.3 
Determine the stability of the power system secondary-load ,frequency control 
(Sijak et al., 2002), with model shown in Fig. 9.20, where: 

GG(s) = 1 /( 1 +  ST^) = 1 / 1 + 0.08s - transferfunction ofthe turbine governor 

Tc- - stream turbine time constant 

AFm - change of the mechanicalpower of the turbine 

APL - change ofpower system load 

APr - power system active power reference change 

AFr - power system frequency change 

G,(s) = &/( 1 +ST,) = 120/1 $ 2 0 ~  - thepower system transfer function 

R = 2.4 - the static speed drop of the uncontrolled system 

F ( z )  - the power system generation rate constraint, static characteristic of satu- 
ration nonlinearity (Fig. 9.21) 

Fuzzy 
controller 

Figure 9.20: Power system secondary-load frequency control model (Example 
9.3). 
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Figure 9.21 : Saturation nonlinearity F ( z ) .  

The describing function of nonlineariQ in Fig. 9.21 is: 

a sin2a I c o s a )  
G N ( Z ~ ) =  - 

4 9 (9.66) 

(9.67) 
6 a = arcsin - 

Zm 
The fuzzy regulator is determined with Table 9.3 and Figs. 9.22a, b and c. 

The Ziegler-Nichols tuning method for conventional PD regulator parame- 
ter tuning (Ziegler and Nichols, 1942) was used to determine kp and kd pa- 

Table 9.3: Rule base of fuzzy regulator. 
rrrordo/\ermr II NB NM NS ZE PS PM PB 

NB NM PM 
NM PM 

PM NS ZE PM PB PB PB 
PB ZE PS PM PB PB PB PB 

1 1 1 
n n m 6 0 6  $ 0.6 $ 0.8 

;02 8 0 2  6 0.2 

n D D E 0 6  $ 0.6 E 0.6 
E E E 
Z 0 4  lo 0.4 Z 0.4 

n n 6 
0 0 

l , . . . , I  1 I I 
- 6 - 4 - 2  0 2 4 6 - 3 - 2 - 1  0 1 2  3 - 3 . 2 - 1  0 1 2  A 

error errordo1 Y 

Figure 9.22: Membership functions of the fuzzy regulator. (a) proportional in- 
put membership function, (b) derivative output membership function, (c) output 
membership function. 
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Figure 9.23: Describing function of fuzzy regulator. 

rameters of SISO equivalent f o r  given fuzzy regulator: The obtained values are 
kp = 6.9134; kd = 0.4564. The graphical representation of describing function 
offuzzy element-obtained by the procedure in previous section-is given in Fig. 
9.23 

Solution. Substitution of given values into (9.65) yields the characteristic equa- 
tion ofthe system: 

T c H ~ T G S ~  + [TGGGNz+ TcH(TG+ c ) ] s 2  
+[TCH+(TG+c)GNZ]s (9.68) 

+ GNZ + (KO + bi G N F K G N Z  = 0 

where KO = 1/R. 

stability condition: 
Applying the Hunvitz stability criterion on equation (9.68) yields the following 

(9.69) 
[ TG & GNZ + TCH ( TG + G)] [ TCH + ( TG + T,) GNZ] 

- TCH ~ T G [  GNZ + (KO -t bi G N F ) K ~  GNZ] > 0 

From (9.69) the parametric equation of stability boundary is derived: 

(TG+K.)GNz + T C H ( T G + T , ; . ) ~ - T G ~ T C H K O K ,  
GNF = 

(9.70) bl TCHKs 
TCH(TG+c) 

+ bl ZTGKsGNZ 

b I TCH c TGKs 
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0 
0 0.1 0.2 0.3 0.4 0.5 

G, 

Figure 9.24: Stability boundary GNF = f(GNz). 

X I 0  

I I 

Figure 9.25: Frequency Af response for APL = 0.5%. 
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The stability boundavy fo r  given parameter values is shown in Fig. 9.24. 
Figure 9.25 shows system responses when a conventional PD regulator and 

a fuzzy regulator was used. The parameters kp and kd are determined using the 
Ziegler-Nichols method, From the obtained results (Figs. 9.23, 9.24 and 9.25), we 
can conclude that it is justijiable to use tuning methods fo r  conventional regulators 
to preliminarily determine parameters kp and kd of the SISO equivalent. 

It can be seen in Fig. 9.25 that in this example it is better to use the fuzzy 
regulator: A much larger static error Af is accomplished when a conventional PD 
regulator is used. 

From the latter discussions, it can be concluded that these preliminary results on 
using the describing function in analysis of a specific class of nonlinear systems 
justifies further research of application of harmonic linearization in nonlinear sys- 
tems with fuzzy logic and neural networks. 

9.4 Influence of Fuzzy Regulator on Resonance 
Jump 

In Sections 1.3 and 6.2.3 we have analyzed the occurrence of resonance jump in 
nonlinear systems. The procedure to determine frequency properties of the class 
of nonlinear systems that conform to the filter hypothesis was presented. In Ex- 
ample 6.7 the procedure to determine frequency characteristics of the system in 
Fig. 6.26 was illustrated. In Section 9.3, Example 9.3, we have shown the proce- 
dure of using a describing function in stability analysis of a system with a fuzzy 
regulator. In the following example, the influence of a fuzzy control algorithm on 
establishment of resonance jump will be analyzed (KuljaEa et al., 2002). 

EXAMPLE 9.4 
For the system with fuzzy regulator shown in Fig. 9.26, determine the frequency 
characteristic of signal X, (m). 

Fuzzy 
element I 

, J I 

Figure 9.26: System with fuzzy regulator (Example 9.4). 
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Y 
F =20.0 F =20 0 

1 

Figure 9.27: Frequency response of the system in Example 9.4. Legend: 1- 
increasing frequency (without fuzzy regulator); 2-decreasing frequency (without 
fuzzy regulator); 3-linear system; 4-increasing frequency (with fuzzy regulator); 
5-decreasing frequency (with fuzzy regulator). 

The quantities in Fig. 9.26 are Kl = 2; p = d /d t ;  kp = 0.05, kd = 0.9, co- 
efficients of proportional, i.e. derivative action of equivalent SISO element, and 
G ( p )  = 2OO/p(p + I ) ,  transfer function of linear part of the system. 

The,fuzzy regulator is determined with Fig. 9.22 and Table 9.3 from the exam- 
ple in Section 9.3. 

Solution. The frequency characteristic X, (q,) was determined by simulation fo r  
diferent values of the amplitude F, of external excitation signal f ( t )  = F, sin cot. 

Figure 9.27 shows frequency characteristics obtained by simulation fo r  the 
amplitude F, = 20. From these results it can be concluded that the application of 
a fuzzy controller decreased the system gain, increased the linear range of the non- 
linear element, increased the system ’s sensitivity at the low-frequency range and 
eliminated the establishment of resonance jump in the possible frequency range. 
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Based on the results from the previous example, we can conclude that further 
research of influence of the fuzzy control algorithms on nonlinear system dynamic 
properties is justifiable. 
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Harmonic Linearization 

Table A. l :  Describing functions of standard nonlinear elements, GN(A)  = 
h ( A )  +j!&(A), A =Xm/xa. 

Name Characteristic G N ( A )  Diagram 

Dead zone 

Saturation 

Backlash 

V A  
4;: 

-1 0 1 A - 1 -  
--x, n + A + -  A = ]  

2 a  + sin2a & = I -  

Q N = O  
s ina  = 1/A 

1 
2 

p"-- 

QN = 

2 a  + sin2a 
2 n  

COS2 a 
-- 

n 
1 

A 
s ina  = - - 1 

365 
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Table A. 1 : Continued. 

Name Characteristic GN (4 Diagram 

Stop-type 
element 

1 2 a - s i n 2 a  
~*z"r P N = T +  2K 

cos2 a 
-2<, Q N =  - 

2za 
X, 

K 

s ina  = - - 1 

X ,  =- 

-G" + X, 2 2" 

TWO- 
position 
relay with 
positive 
hysteresis 

-G;I t G, 

position -.i@- PN = = C ; a  42, A? "v . 
0 A = -  

relay of 
constant 4% QN = - s ina  

KXm width -2" 

1 
s ina  = - 

A 
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Table A. 1 : Continued. 

Name Characteristic GN (A) Diagram 

position 
relay with . 

4zu 
negative Q N = ~  
hysteresis 

42, 
width zxm 

1x1 > xu : PN = 0 

of variable 1x1 < X U  : P N =  - C O S a  

42, . QN = - s ina  
nXt?l 

1 
s ina  = - 

A 

position 
relay with 
positive 
hysteresis -2,) 

sinal = 1/A;sinq = A / A  

A = X b / X U  

Three- 
position 
relay 
without Q N = O  
hysteresis 

A = I  

s ina  = 1/A 
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Table A. 1 : Continued. 

Name Characteristic GN ( A )  Diagram 

E - integer number 



Harmonic Linearization 369 

Table A.2: Coefficients of harmonic linearization of asymmetric nonlin- 
ear elements. 

Nonlinear 
characteristic Coefficients of harmonic linearization 
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Table A.2: Continued. 

Appendix A 

Nonlinear 
characteristic Coefficients of harmonic linearization 

F"(X,,xO) = + 
+K"" E [&I c g  m - c-YO 

c-xo 
4 
TI +K+ q - 

P(x,,~') = t sin-' C+X" +sin-' + "' - h _ _ _ _  
K = P  

t y  



Harmonic Linearization 

Table A.2: Continued. 
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Nonlinear 
characteristic Coefficients of harmonic linearization 
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Table A.2: Continued. 

Appendix A 

Nonlinear 
characteristic Coefficients of harmonic linearization 

K = tan ,I3 

~~ 

" = Kr' 1/: 
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Table A.3: Linearization coefficients for standard nonlinear elements 
(KN = @(x')/x'). 

Nonlinear characteristic 

A Y  

Gain KN, X, = A 

r 1 

2b 1 
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Table A.3: Continued. 

Nonlinear characteristic I GainKN,Xm = A  
I 
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Popov Diagrams 

Table B.l: Nyquist ( G ( j w ) )  and Popov (Gp( jm) )  diagrams for charac- 
teristic linear part transfer functions. 

Transfer function G( jw) GP( i m )  

K - 
s 

K 
S2 
- 

K 
Ts+ 1 
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Table B. 1 : Continued. 

Transfer function G ( j o )  Gp (jo) 

K 
s( T s  + 1 )  

v K m  

K 
(Tls+ 1)(T2s+ 1 )  

Ti + T2 

nogib 
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Table B. 1 : Continued. 
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Transfer function G ( j o )  G p ( j 0 )  
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