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Series Preface

Mathematics is playing an ever more important role in the physical and biolog-
ical sciences, provoking a blurring of boundaries between scientific disciplines
and a resurgence of interest in the modern as well as the classical techniques
of applied mathematics. This renewal of interest, both in research and teach-
ing, has led to the establishment of the series Texts in Applied Mathematics
(TAM).

The development of new courses is a natural consequence of a high level
of excitement on the research frontier as newer techniques, such as numerical
and symbolic computer systems, dynamical systems, and chaos, mix with and
reinforce the traditional methods of applied mathematics. Thus, the purpose
of this textbook series is to meet the current and future needs of these advances
and to encourage the teaching of new courses.

TAM will publish textbooks suitable for use in advanced undergraduate
and beginning graduate courses, and will complement the Applied Mathe-
matical Sciences (AMS) series, which will focus on advanced textbooks and
research-level monographs.

Pasadena, California J.E. Marsden
Providence, Rhode Island L. Sirovich
Houston, Texas M. Golubitsky

College Park, Maryland S.S. Antman



Preface

Mathematics is more an activity than a theory
(Mathematik is mehr ein Tun als eine Lehre)
Hermann Weyl, after L.E.J. Brouwer

Perturbation theory is a fundamental topic in mathematics and its appli-
cations to the natural and engineering sciences. The obvious reason is that
hardly any problem can be solved exactly and that the best we can hope for
is the solution of a “neighbouring” problem. The original problem is then a
perturbation of the solvable problem, and what we would like is to establish
the relation between the solvable and the perturbation problems.

What is a singular perturbation? The traditional idea is a differential equa-
tion (plus other conditions) having a small parameter that is multiplying the
highest derivatives. This covers a lot of cases but certainly not everything. It
refers to boundary layer problems only.

The modern view is to consider a problem with a small parameter € and so-
lution z(t,€). Also defined is an “unperturbed” (neighbouring) problem with
solution z(t,0). If, in an appropriate norm, the difference ||x(t,e) — x(¢,0)]|
does not tend to zero when e tends to zero, this is called a singular per-
turbation problem. The problems in Chapters 1-9 are covered by both the
old(fashioned) definition and the new one. Slow-time problems (multiple time
dynamics), as will be discussed in later chapters, fall under the new definition.
Actually, most perturbation problems in this book are singular by this defi-
nition; only in Chapter 10 shall we consider problems where “simple” contin-
uation makes sense.

This book starts each chapter with studying explicit examples and intro-
ducing methods without proof. After many years of teaching the subject of
singular perturbations, I have found that this is the best way to introduce
this particular subject. It tends to be so technical, both in calculations and in
theory, that knowledge of basic examples is a must for the student. This view
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is not only confirmed by my lectures in Utrecht and elsewhere but also by lec-
turers who used parts of my text in various places. In this respect, Hermann
Weyl’s quotation which is concerned with the fundamentals of mathematics,
gives us the right perspective.

I have stressed that the proposed workbook format is very suitable for
singular perturbation problems, but I hope that the added flavour of precise
estimates and excursions into the theoretical background makes the book of
interest both for people working in the applied sciences and for more theoret-
ically oriented mathematicians.

Let me mention one more important subject of the forthcoming chapters.
There will be an extensive discussion of timescales and a priori knowledge of
the presence of certain timescales. This is one of the most widely used concepts
in slow-time dynamics, and there is a lot of confusion in the literature. I hope
to have settled some of the questions arising in choosing timescales.

What about theory and proofs one may ask. To limit the size of the book,
those mathematical proofs that are easy to obtain from the literature are listed
at the end of each chapter in a section “Guide to the Literature”. If they are
readily accessible, it usually makes no sense to reproduce them. Exceptions
are sometimes cases where the proof contains actual constructions or where
a line of reasoning is so prominent that it has to be included. In all cases
discussed in this book - except in Chapter 14 - proofs of asymptotic validity
are available. Under “Guide to the Literature” one also finds other relevant
and recent references.

In a final chapter I collected pieces of theory that are difficult to find in
the literature or a summary such as the one on perturbations of matrices or
a typical and important type of proof such as the application of maximum
principles for elliptic equations. Also, in the epilogue I return to the discussion
about “proving and doing”.

To give a general introduction to singular perturbations, I have tried to
cover as many topics as possible, but of course there are subjects omitted.
The first seven chapters contain standard topics from ordinary differential
equations and partial differential equations, boundary value problems and
problems with initial values within a mathematical framework that is more
rigorous in formulation than is usual in perturbation theory. This improves
the connection with theory-proof approaches. Also, we use important, but
nearly forgotten theorems such as the du Bois-Reymond theorem.

Some topics are missing (such as the homogenisation method) or get a
sketchy treatment (such as the WKBJ method). I did not include relaxation
oscillations, as an elementary treatment can be found in my book Nonlinear
Differential Equations and Dynamical Systems. Also there are books available
on this topic, such as Asymptotic Methods for Relaxation Oscillations and
Applications by Johan Grasman.

Perturbation theory is a fascinating topic, not only because of its appli-
cations but also because of its many unexpected results. A long time ago,
Wiktor Eckhaus taught me the basics of singular perturbation theory, and at
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about the same time Bob O’Malley introduced me to Tikhonov’s theorem and
multiple scales.

Many colleagues and students made remarks and gave suggestions. I
mention Abadi, Taoufik Bakri, Arjen Doelman, Hans Duistermaat, Wiktor
Eckhaus, Johan Grasman, Richard Haberman, Michiel Hochstenbach, James
Murdock, Bob O’Malley, Richard Rand, Bob Rink, Thijs Ruijgrok, Theo
Tuwankotta, Adriaan van der Burgh. I got most of section 15.5 from Van
Harten’s (1975) thesis, section 15.9 is based on Buitelaar’s (1993) thesis.

The figures in the first nine chapters were produced by Theo Tuwankotta;
other figures were obtained from Abadi, Taoufik Bakri and Hartono. Copyed-
itor Hal Henglein of Springer proposed the addition of thousands of comma’s
and many layout improvements.

I am grateful to all of them.

Corrections and additions will be posted on
http://www.math.uu.nl/people/verhulst

Ferdinand Verhulst, University of Utrecht
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1

Introduction

Perturbation theory, defined as the theory of approximating solutions of math-
ematical problems, goes back to ancient times. An important example is the
practice of measurement, where quantities such as distance and volume (such
as the contents of wine barrels) have been estimated by professional people
through the ages.

The theory of perturbations expanded very rapidly when mathematical
analysis was founded in the eighteenth century, and many classical results
in this field can be traced to Newton, Euler, Lagrange, Laplace, and others.
One of the most stimulating fields of application of that time was celestial me-
chanics, where the controversies and excitement about Newton’s gravitational
theory triggered many detailed calculational studies.

The establishment of more rigorous foundations of perturbation theory had
to wait until Poincaré (1886) and Stieltjes (1886) separately published papers
on asymptotic series, which are in general divergent; see also the discussion on
the literature at the end of Chapter 2. In the twentieth century, an additional
stimulus came from other fields of application. In 1905, Prandtl published a
paper on the motion of a fluid or gas with small viscosity along a body. In the
case of an airfoil moving through air, the problem is described by the Navier-
Stokes equations with large Reynolds number; see also Prandtl and Tietjens
(1934) and, for modern developments, Van Ingen (1998). Ting (2000) and
other authors discuss the boundary layer theory of fluids in a special issue
of the Zeitschrift fiir Angewandte Mathematik und Mechanik dedicated to
Ludwig Prandtl.

In this problem, there are two regions of interest: a boundary layer around
the solid body, where the velocity gradient becomes large, and the region
outside this layer, where we can neglect the velocity gradient and the viscosity.
The mathematical analysis of the problem uses this insight to develop an
appropriate perturbation theory in the case of the presence of boundary layers.
Notes on the historical development of boundary layer theory are given by
O’Malley (1991).
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As mentioned above, the roots of classical perturbation theory, which are
mainly in celestial mechanics, are quite old. A modern stimulus came from the
theory of nonlinear oscillations in electronics and mechanics. The name of the
Dutch physicist Balthasar van der Pol is connected with this field, for instance
in the theory of relaxation oscillations. One can find historical remarks in the
books by Bogoliubov and Mitropolsky (1961), Sanders and Verhulst (1985),
and Grasman (1987).

We conclude this introduction by giving some examples. Note that here
and henceforth € will always be a small positive parameter:

O<ex 1
Quantities and functions will be real unless explicitly stated otherwise.
Example 1.1
The first example is a series studied by Euler (1754) with partial sum

m

Sm(e) = (=1)"nle".

n=0

It is clear that the series diverges as, denoting the terms of the series by a,,

we have
an,

= ne.

Gp—1
However, the size of the terms for small values of ¢ does not increase much in
the beginning (i.e. if ne < 1), but growth seriously affects the partial sum for
larger values of m. The question is, can we use a number of the first terms of
such a divergent series to approximate a function in some sense? This looks
like a wild idea, but consider the function f(g) defined by the convergent

integral
*° dt
_ —t
fe) = /0 C Tyt

Partial integration leads to the expression

e = Smle) + (1 et [Tt D

The integral on the right-hand side converges, and we estimate
f(€) = Sm(e)] < (m+ 1)le™F1,

In some sense, to be made precise later on, for £ small enough, 5,,, constitutes
an approximation of f. To be more explicit, we give some numerical details.

e fle) Sale) =1—e+ 22
.05 .9543 .9550
.10 .9156 .9200
.20 .8521 .8800
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To see when the divergence becomes effective, we list S,,(.10) for m =
1,---,21. The best approximation in this case is found for m = 9.

In Fig. 1.1 we show the behaviour of the error |S,, — f(.1)| as a function
of m. It is typical for an asymptotic approximation that there is an optimal
choice of the number of terms that generates the best approximation. In ap-
proximations by a convergent series, there is not such a finite optimal choice
and usually we take as many terms as possible.

m Sm(f(1) = .9156) m S, (f(.1) = .9156)
0 1 11 9154
1 .9000 12 9159
2 .9200 13 9153
3 19140 14 9161
4 9164 15 9148
5 9152 16 9169
6 9159 17 9134
7 9154 18 9198
8 9158 19 9076
9 9155 20 9319
10 9158 21 8809

0.018

0.016

0.014f

0012}

0.01F

0.008

0.006

0.004

0.002

Fig. 1.1. The error |S,m — f(.1)| as a function of m; this behaviour is typical for an
asymptotic approximation that generally does not converge to the solution.

We shall now discuss some perturbation problems arising from differential
equations.

Example 1.2
The function ¢.(x) is defined for x € [0, 1] as the solution of the differential
equation
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d
—¢ +e¢p =cosx
dx

with initial value ¢.(0) = 0.
Solving the “unperturbed” problem means putting ¢ = 0 in the equation;
we find, using the initial condition,

¢o(z) = / costdt = sin .
0

To solve the problem for € > 0, we might try an expansion of the form

¢5(I) = Z gn(bn(x)’
n=0

which, after substitution in the differential equation, leads to the recurrent

system

46,
000, =12,

In this problem, it is natural to put all initial values for the higher-order
equations equal to zero. We find for the first correction to ¢o(z),d1(x) =
cosx — 1, so we have

b () =sinz +e(cosx — 1) +&2--- .

The expansion for ¢.(x) is a so-called formal expansion, which leads to a
consistent construction of the successive terms. (Note that it is strange that
mathematicians call this a “formal” expansion when it is really “informal”.)
In this example, we can analyse the approximate character i.e., the validity
of this expansion, by writing down the solution of the problem, obtained by
variation of constants,

Pe(x) = e_”/ cos el dt.
0

We can study the relation between this solution and the formal expansion by
partial integration of the integral, see Fig. 1.2. We find

¢=(2) = sinz + e(cosz — e™) — 2. ()

so that we have

P () =

m(sinx +e(cosz — e™)).
€

Expansion with respect to € produces the validity of the formal approximation
on [0,1].
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Fig. 1.2. Solution (full line) and formal expansion (dashed line) with ¢ = 0.1 in
Example 1.2. Calculating higher-order approximations will improve the approxima-
tion.

Example 1.3

Suppose now that we change the interval in which we are interested in the
behaviour of the solution of the equation in Example 1.2 to [0, o0]. Note that
the formal approximation to O(e),

¢(x)=sinz+e---,

still holds on the whole interval but the approximation to O(g?) is not a
formal approximation. For z in a neighbourhood of x = 0, we recover the
formal approximation from the exact solution to O(¢?), but for x very large,
we find from the exact solution the approximation

sinx + € cos x.

This motivates us to be more precise in our notions of approximation; we shall
return to this in Chapter 2.

Example 1.4
We consider for z € [0,1] the function ¢.(z) defined by the initial value
problem

do

e + ¢ =cosz, ¢:(0)=0.

The equation is nearly the same as in Example 1.2 but, as will be apparent
shortly, the different location of € changes the problem drastically. Substitut-
ing again a formal expansion of the form
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(oo}
o.(2) = 3 "6, (x)
n=0
produces, after regrouping the terms,

o) fcosx+25" <¢n+ dil;l) =0.

n=1

don_ .
So we have ¢g = cosz, ¢, = — d’dw L. n=1,2,---, and as a formal expansion

2

¢e(x) =cosx +esine —e“cosz+ - .

However, the expansion makes little sense, as we cannot satisfy the initial con-
dition! To understand what is going on, we write down the solution obtained
by variation of parameters,

1 x
oe(x) = 76—3:/5/ et/ costdt.
€ 0

We expand the integral by partial integration to find

x
po(x) = cosx — e/ + e_“/s/ et/ sintdt.
0
The function exp(—z/¢) is quickly varying in a neighbourhood of z = 0, see
Fig. 1.3. For say, © > +/e, this term is very small; we call it “exponentially
small”.
To order m, we find
Pe(x) = 7 (=1)"e™[cos™ () — e=%/% cos™(0)]

n=0

+ (_1)m+15'me—x/a fox et/a COS(m+1)(t)dt.

Introducing the expansion
m
Sm(z) = Z(—l)"e(") [cos™ (z) — e % cos™(0)],

n=0
we have in [0, 1]

6o () = S(@)| < Ceme=t [Tetdt
<Cemtl(1—e 7).

Note that S,, (x) satisfies the initial condition and represents an approximation
of the solution. The structure of the expansion, however, is essentially different
from the formal expansion. On the other hand, the formal expansion represents
the solution well outside a neighbourhood of = = 0.

In the next chapter, we shall make our terminology more precise. This is
essential to avoid confusion and to obtain a fair appraisal of the results to be
obtained by expansion techniques.
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Fig. 1.3. Solution (full line) and formal expansion (dashed line) with ¢ = 0.1 in
Example 1.4. The solution goes through a fast transition near z = 0.



2

Basic Material

When calculating series expansions for solutions of equations, it is important
to have a clear view of the meaning of these expansions. For this it is necessary
to introduce a number of definitions and concepts that will be our tools in
what follows.

2.1 Estimates and Order Symbols.

In this section, we present a number of basic concepts that are necessary to
discuss approximation theory. We would like to estimate vector fields that
depend on a small parameter ¢, but we start in a simple way by considering
pairs of real continuous functions f(e) and g(e), where 0 < & < ¢g < 1.

To compare these functions, we can use Landau’s order symbols 0 and o.

Definition
f(e) = 0(g(e)) for e — 0 if there exist positive constants C, ey such that in
(0, 0]

[f(e)] < C)gle)] for e = 0.

Example 2.1
Compare the functions

Definition
f(e) = o(g(e)) for e — 0 if we have
fe)

im —= = 0.
e—0 g(e)
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Example 2.2
Compare the functions

fle)=¢g(e) ==,
f(e) =sine —e, g(e) =32 +e.

It is interesting to note that Landau’s order symbols enable us also to compare
functions that do not exist for ¢ = 0. For instance, the estimate

1__ (1
8_0 g2

informs us about the rate of divergence of the two functions 1/ and 1/&? for
e— 0.

A second remark is that, against the rules of the use of Landau’s symbols,
we shall usually leave out the expression “for e — 0” in our estimates as this
is the case that we are always considering in this book.

A third remark is that an estimate f(g) = 0(g(¢)) can sometimes be im-
proved to an o-estimate and that sometimes this is not the case. For instance,
e = 0(2¢) and € # 0(2¢) but €2 = 0(¢) and €2 = o(e). It is natural to compare
order functions, and sometimes we have to be more precise in our estimates;
two definitions are in use in the literature.

Definition of equivalence
The functions f(¢) and g(e) are equivalent, f(¢) ~ g(¢) as ¢ — 0, if
f(e) =0(g(e)) and g(e) = 0(f(g)) for £ = 0.

Although this looks like a natural definition, equivalence is a strong prop-
erty and we shall hardly use it in practice.

Example 2.3

Simple examples of equivalence are
€ =~ 24e,
€~ bsine.

There are many subtle difficulties with these order estimates. One might for
instance think that if two functions f(¢) and g(g) are not equivalent, f(e) %
g(e), and while f(g) = 0(g(e)) for € — 0, we would have f(g) = o(g(e)). This
is not the case, as for instance esin(1/e) = 0(¢) for e — 0, and the reverse is
not true because of the infinite number of zeros of sin(1/¢) as ¢ — 0. However,
e sin(l/e) # o(e), as the ;1_r>r(1) sin(1/e) does not exist.

Another definition enables us to give a sharp estimate of functions that is
more useful.
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Definition
£() = 0,(g(€)) if £ = 0(g) and f # o(g) for = — 0.

It is clear that equivalence of functions implies the sharp estimate, f ~ g =
f = 0s(g). On the other hand, one can show that there exist pairs of functions
such that f = 05(g) while f % g.

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Fig. 2.1. lustration of partial ordering of order functions by considering the func-
tions ¢, €2, and esin®(1/¢) + 3.

In what follows we shall use the 0,0, and 05 symbols. We should keep in
mind, however, that with these tools we cannot compare all real continuous
functions defined in (0, o). Consider for instance the functions f(¢) = €% and
g(e) = € sin®(1/¢)+¢e3, see Fig. 2.1. Consider two infinite sequences of numbers
converging towards zero forn =1,2,---

a, = (2nm)~ 1, sin(1/a,) =0,
by, = (2nm + 2m)71, sin®(1/b,) = 1.

Comparison of the magnitudes of f and g on these sequences produces essen-
tially different answers in each small neighbourhood of € = 0. This example
shows that the ordering of functions with respect to their magnitude intro-
duced by the 0, 0 symbols is a partial ordering. On the other hand, this should
not worry us too much, as we shall find a set of comparison functions, order
functions, that will be sufficient to estimate any continuous function f(e).

Definition
€ is the set of order functions d(g) defined in (0,g¢] that are real, positive,
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continuous, and monotonic and for which 1ir% d(¢) exists. The extended set £

e—
consists of the functions §(¢) with § € £ or §~1 € €.

Example 2.4
The following order functions are often used:

Su(e)=c"ore ™ n=12,- -

The following remarkable theorem enables us to find, in principle, an estimate
for any continuous function.

Theorem 2.1
Suppose that f(¢) is a real continuous function in (0, o), not identically zero,
then there exists an order function 6 € £ such that f = 04(0).

Proof: See Eckhaus (1979).

2.2 Asymptotic Sequences and Series

We have seen in Chapter 1 how the series studied by Euler can be used to
approximate a certain integral. In general, we wish to approximate functions
sometimes given as integrals, or functions implicitly defined as the solution of
a differential equation. First we define asymptotic sequence.

Definition
A sequence of order functions d,(g),n =0,1,2,--- is called asymptotic if for
n=0,1,2,---0,41 = 0(dy),e — 0.

Example 2.5
dp=e"n=0,1,2,---.

Of course, an asymptotic sequence can have a finite or infinite number of el-
ements. It is useful to generalise this as follows.

Definition

A sequence of real continuous functions f,,(g),n =0,1,2,--- in (0, o] is called
asymptotic if one has f,(¢) = 05(d,(¢)) for e = 0 with the d,(g) order func-
tions and 0,41 = 0(dy,),n =0,1,2,--- for e — 0.

The idea here is to compare the functions f,(¢), which are expected to be
asymptotically ordered by using order functions d,(g). This is possible ac-
cording to Theorem 2.1 given in the preceding section.

Example 2.6
sine + e2sin(1/e),esine + 3sin(1/€), e~/ cose can be compared with the

—1/e

order functions ¢, 2, e , which form an asymptotic sequence.
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We are now prepared for the following definition.

Definition
The sum Y " an fr(e) with constant coefficients a,, is called an asymptotic
series if f,(e),n =0,1,2,--- ,m is an asymptotic sequence.

Note that we may put m = oo; the existence or nonexistence of the sum
has nothing to do with the asymptotic character of the series. Sometimes we
call the sum an asymptotic expansion. An example is the series obtained in

the introduction,
(o)

> (=)' lem

n=0
It improves our insight into asymptotic sequences and series to point out
one more basic difference with convergent sequences. As we know, the set of
real numbers is ordered such that if we take a sequence of positive numbers
converging towards zero, the terms of the sequence are ordered such that the
terms become arbitrarily small and there exists no positive number smaller
than all elements of this sequence. An analogous result does not hold for
asymptotic sequences.

Theorem 2.2
(du Bois-Reymond)
For any asymptotic sequence d,,(g),n = 0,1,2,-- -, there exist order functions
§°(e) such that for all n
6% = 0(d,).

Remark
The theorem was introduced by du Bois-Reymond in 1887 (see Borel, 1902)
to study the growth of functions near a singularity. A corollary has been given
by Hardy (1910); the present formulation of the theorem is due to Eckhaus
(1979). For a proof, see Section 15.1.

It is easy to find examples: take 6, = ¢, n = 0,1,2,--- and §° = e~ 1/°.
The amazing thing about the theorem is that such a §° exists for any sequence,
for instance

Si=e Ve sy =e M0 o 5, =e MO L

We take such a §° and construct §; = 6’1/50,52 = e /% ... and we may
repeat the process ad infinitum.

2.3 Asymptotic Expansions with more Variables

Consider a function parametrised by the small parameter ¢ : ¢ = ¢.(z);z €
D C R™. Take for instance the functions ex and esin = for x > 0. Estimating
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these functions with respect to €, one notices that ex is not uniformly bounded
on the domain, while e sinz is bounded. Intuitively we would be inclined to
put esinz = 0(¢) for = > 0; if the domain is finite, for instance 0 < z < 1, we
would also put ex = 0(¢); see Example 1.4 for such a case.

To estimate the magnitude of a function ¢ = ¢.(z),x € D C R"™, we use a
given norm ||-||. The choice of the norm is usually a natural one in the context
of a given perturbation problem, as we shall see. Often we use the supremum
(sup) or uniform norm

|6 (2)l|p = sup |¢c ()],
xzeD

where |.| indicates the Euclidean norm of the vector function. The resulting
magnitude is a scalar function of €, which we can try to estimate in terms of
order functions. So we have in the sup norm

llesinz|g+ = sup |esinz| = ¢,
zeR+

which is a simple estimate.

Definition
Consider ¢(z),z € D C R", with ¢. an element of a linear set of functions
provided with some norm || - || p; d(€) is an order function. Then, for ¢ — 0,

¢e(x) = 0(d(e)) in Dif [|gel|p = 0(4(e)),
¢e(x) = 0(6(¢)) in Dif [|ge||p = 0(d(e)),
¢e(2) = 05(8()) in Dif [|l¢e|lp = 05(5(¢))-

In the previous examples, we have, using the sup norm,

esinz = 04(¢) € R,
ex = 04(e) € [0, 1].

Remark
It is instructive to note the influence of the choice of the norm. Consider for
instance

e = e~/ € 0,1].

Using the sup norm we have e~#/¢ = 04(1). Another norm, the Lo-norm

ool = ( | 1 ¢§<x>dm)%

produces e~ /¢ = 0s(1/2). So we may have an asymptotic estimate of a func-
tion in a particular norm that is not valid in another norm. In real-life appli-
cations it is important to have estimates in the natural norms of the problem
at hand.
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Remark
The definitions given here enable us to give a meaning to the expansion ob-
tained in Example 1.4 of Chapter 1. The problem was to study the solution
of

d¢

- = = 1.
de+¢ cosz, p:(0) =0,z € [0,1]

We have found the expansion

¢ () = Z é‘nwn(w,a) + R,

n=0
with 1, = (—1)"[cos™ (x) — e~*/% cos(™ (0)] and
|Ry| < Ce™TL(1 — e /%),

In the sup norm, ¢, = 0,(1) and (1—e~2/¢) = 0,(1). It is natural to interpret
this expansion as an asymptotic series as follows.

Definition
m

de(?ﬁﬁ) is an asymptotic series in D with respect to a given norm if
n=0
Yn(x,€) = 04(0,) and 6,(c),n =0,1,--- is an asymptotic sequence.

It is clear from Theorem 2.1 that any nontrivial continuous function ¢, (x)
can be estimated by an order function §(¢) such that ¢.(x) = 05(5(g)). This
has the practical consequence that we can always rescale

with &(g) an order function and ¢.(x) = 0,4(1). Rescaling is useful in defining
asymptotic approrimations in the sense that it is natural to rescale before
estimating. If we omit this, we would have a definition such as ¢ is an asymp-
totic approximation of ¢ if ¢ — ¢ = o(1). This implies that e would be an
asymptotic approximation of £2; this makes little sense.

Definition
¢<(r) is an asymptotic approximation of ¢.(x) in D with respect to a given
norm if ¢-(z) = 05(1) and ¢c(z) — ¢=(z) = o(1).

The definitions of an asymptotic series and an asymptotic approximation
can be combined to study asymptotic expansions, which are approximating
series of the form
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m

> 8u(&)nle.).
n=0

In this expression, d,,n = 0,1, - is an asymptotic sequence and ¥, (z,e) =
0s(1).

2.4 Discussion

In this section, we discuss three fundamental aspects of asymptotic expan-
sions: nonuniqueness, convergence, and the practical significance of the du
Bois-Reymond theorem. Consider a function ¢.(x) in D. We wish to study
an asymptotic expansion of the function with respect to a given norm. Note
that there is no uniqueness of expansion.

Example 2.7
(non-uniqueness; Eckhaus, 1979)

o) = (1- 1

Using the binomial expansion rule, we have

-1
x) for z € [0, 1].

m € n
- — n O m+1 .
o= (157) -0
This is an asymptotic expansion with respect to the set of order functions

6n = (152)",mn=0,1,2,--- . However, we may also write

6o(2) = Tt = (149)D(—1)"e"(1 —2)" + 0(=™ )
n=0
=1+ Zs"z(x — 1t + 0(e™Th).
n=1

This is an asymptotic expansion of the same function with respect to a dif-
ferent set of order functions.

Note that the expansion is unique with respect to a given asymptotic se-
quence 6,(g),n =0,1,2,--- with ¢.(x) = 05(dp). We have

m

be(x) = Z‘Sn(g)wn(x)

n=0
with .
Yo = lim ¢ /dp,
e—0

Y1 = &11_1}(1) (¢ — d0tbo) /01,
o = ;1_1% (e — dotho — 6141) /02, etc.
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2.4.1 The Question of Convergence.

We will sometimes put
oo
55(3;) = Z 6nwna
n=0

but this is considered as an asymptotic series generally with no convergence;
compare this for instance with the expansion of the integral in Chapter 1.

Moreover, even if the asymptotic series converges, the limit need not equal
the function that we have expanded. Consider the function

Ge(x) = e (x) +e %/ x> 1.

Suppose we can expand . (z) = Y.~ "), (x) and this series is supposed to
be convergent. It is clear that

QZN)E(I) = Z 6"1/1n,(9€)
n=0

is an asymptotic approximation of ¢.(z) that even converges for m — co. The
limit, however, does not equal ¢.(x).

2.4.2 Practical Aspects of the du Bois-Reymond Theorem.

One might wonder whether the fact that there always exists an order function
smaller than any term of an asymptotic sequence, as discussed in Section 2.2,
has any practical importance. If one has constructed a nontrivial asymptotic
approximation in some application, does this theorem matter? Remarkably
enough it does, if two phenomena that are qualitatively very different are
present in a problem. We shall meet examples of this in Chapter 4 and in
what follows, where we have asymptotic expansions of a very different nature
within one problem. We discuss another example here.
Consider a two degrees of freedom Hamiltonian system near a stable equi-

librium point

. OH OH

p - aq ) q - ap )

with H = Hy(p, q) +eH1(p, q); p and ¢ are two-dimensional, and suppose that
for ¢ = 0 the Hamiltonian system is integrable. This means that for ¢ =0, a
second independent integral exists apart from the Hamiltonian. Near stable
equilibrium the energy manifold is foliated in invariant tori around the stable
periodic solutions.

The KAM-theorem tells us that, under certain conditions, for € nonzero
but small enough, an infinite number of invariant tori survive. Constructing
asymptotic approximations of the solutions by expansion in powers of €, one
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finds these tori and periodic solutions. To any order (power) of ¢, the approx-
imating system is integrable, i.e., in the asymptotic approximation, the tori
fill up phase-space near stable equilibrium.

We know however, that Hamiltonian systems with two degrees of freedom
are generally nonintegrable and that chaotic phaseflow is present. There has
been a lot of confusion in the literature about this, as we do not find these
chaotic orbits in the perturbation expansion described above.

The explanation is that in the case of systems with two degrees of freedom
near stable equilibrium, the measure of the chaotic orbits is o(¢™) for any
n; the measure is exponentially small. An explicit example to demonstrate
this has been studied by Holmes et al. (1988). A general discussion and more
references can be found in Verhulst (1998, 2000).

This shows that the du Bois-Reymond theorem is of practical importance
if a problem contains qualitatively different types of solutions that are char-
acterised by different order functions of the perturbation parameter.

2.5 The Boundary of a Laser-Sustained Plasma

To illustrate the use and efficiency of asymptotic expansions, we consider a
laser beam focused in a monatomic gas. If the laser intensity is high enough,
a region of plasma can be created near the focal point. We consider a very
simple model describing the local temperature T of the gas by an energy
balance equation. In the case of equilibrium, the equation is

ENT — T+ IyF(r,T)H(T —1) =0

with, assuming spherical symmetry, the Laplace operator

10 (5,0

A_ﬂar (T 87“)’
€ is the heat conductivity coefficient, supposed to be small; —T stands for the
radiation losses; Iy is a constant indicating the laser intensity, F'(r, T) describes
the absorption process that takes place if the temperature is high enough (i.e.,
T > 1). The Heaviside function H (T — 1) switches off the absorption process

ifT <1 as
HT-1)=1,T>1
=0,T<1.

The absorption coefficient takes the form

F(r,T) = 1"2—1—#69 exp (— / " H(T() - 1)d§>

where a? represents the imperfection of the focusing device and the exponen-
tial accounts for the loss of intensity due to absorption.
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Note that the trivial solution T' = 0 satisfies the equation. We shall look
for nontrivial solutions, ignited by the laser beam in a sphere around the focal
point, with the properties

T(r)>1,0<r <R,

T(R) =1,

T(r)<1,r >R,
AT =0

where R is the boundary of the plasma.
We start with the solution for T'(r) outside the plasma. The equation is

1 d dT
2 2
el I AD
Erzdr(r dr) 0

or, with v =T'r,

Solving the equation produces
1
T(r)= 7(Ae_’"/5 + Be’"/a).
r

The requirement at infinity means that B = 0. The boundary of the plasma
corresponds with T'(R) = 1, which determines A. We find for the temperature
outside the plasma

T(r) = Be(r=R)/e,
r
where R is still unknown. Inside the plasma, the equation becomes

e~ (=m) — .

I
AT -T+
r“+a

For this equation, we have three conditions:

1. T(R) =1,

2. lim T'(r) exists (regularity of the solution). Moreover,
T—0

3. % |rTR = %L\LR (continuity of the heat flux across the boundary).

The third condition becomes 4L |r R=—-1-— i
dr |TT e

Do we have too many conditions? Usually there are two conditions for a
second order equation, but in this case we have the additional free parame-
ter R. The solution describing the temperature T inside the plasma can be
obtained by variation of constants; we have, using conditions (1) and (3),

1 I . " tdt
T(T) _ = |:_20 {67/5/ e—t/a —(R— t)ﬁ
r € R t*+a

s
_e—r/e/ ety _tdt | o (Rry/e|
R t2 + a?
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This can be verified by differentiation and substitution. Note that condition
2 (regularity at the origin) means that the expression [ ] tends to zero as
r — 0. We determine R with this condition, which produces the relation

R R
r— to —rse V et/sefmft)ﬂ_/ o—t/eo—(R-t)_tdt
0 0

2e 12 + a2 t2 + a2

This relation determines R implicitly as the solution of a transcendental equa-
tion, but it is not an easy one.
To get an asymptotic estimate of R, we integrate partially; we find

R:%]RQL_;_QQ'FO(€) or

R2 = %]0 — Cl,2 + O(E)

We conclude that a plasma solution exists whenever the intensity Iy is such
that Iy > 2a?, a result that is both simple and unexpected. See Eckhaus et
al. (1985) for more results on these plasma problems.

In Chapter 3, we give an elementary introduction to the techniques estimating
integrals.

2.6 Guide to the Literature

A number of the examples and basic results in this chapter can be found in
Eckhaus (1979). For the fundamentals of asymptotic theory, see also Erdélyi
(1956) and De Bruijn (1958).

In the nineteenth century, before the papers of Poincaré (1886) and Stielt-
jes (1886), the use of divergent series and asymptotics was not generally ac-
cepted. This attitude was clearly expressed by d’Alembert, who wrote around
1800: “For me, I have to state that all reasonings which are based on non-
convergent series seem to be very suspect, even if the results agree with correct
results obtained in another way.” However, around 1900, after the papers of
Poincaré and Stieltjes, divergent series became an accepted research topic.

A still very readable text also with historical remarks - among them
d’Alembert’s observation - is Borel (1901); see also Borel (1902, Chapter 3).
The du Bois-Reymond theorem (1887) is discussed by Borel in the context of
orders of infinity; see also Hardy (1910).

New developments in the basics of asymptotic series were the introduc-
tion of neutrices (Van der Corput, 1966) and nonstandard analysis. Neutrix
calculus has not yet fullfilled its promise to start new theories and applica-
tions. Nonstandard analysis is flourishing; it is used to develop new concepts
to characterise asymptotic behaviour together with a number of interesting
applications; see for instance, Van den Berg (1987) and Jones (1997).



2.7 Exercises 21

2.7 Exercises

Exercise 2.1 Consider again the function ¢.(x) = e~%/¢,z € [0, 1]. We have
estimated this function using the sup norm and the Lo-norm; we introduce

two additional norms.
1 do\ 2 3
and ||¢|| = (/ <¢>2+ <> )m) .
0 dﬂ?

Estimate e again using these four norms for x € [1, 2]. Make the statement
in Example 1.4 that this function is nearly zero for x > /¢ more precise.

d¢
Joll = sup o + sup |
xeD z€D | AT

—x/e

Exercise 2.2 Compare the following order functions:

a. Show that: e” = o(e™) if n > m.

b. Compute an order function §(¢) such that esin L is 0(6(¢)); give examples
in which esin(1) = 0,(6(e)).

c. Consider §(¢) = —e2Ine; do we have §(g) = 0(2In?(¢)), or o, or 0,7

d. Show that exp(—1) = o(e") with n € N.

Exercise 2.3 Consider the functions f(x) and g(z), with x € R:
f(z) ==,
g(z) = zexp(x) + 22

a. Compare f(z) and g(z) for x — 0. (This means compute whether f(z) =

0(g()) or g(x) = 0(f(x)), or o, or 0,)
b. Answer the same question as in part (a) for z — +oo.

Exercise 2.4 Compare the functions f(z) and g(z),z € R, for = | 0:

Exercise 2.5 Find an order function d(g) such that
sin(e) = d(g) +0(*).
Does the estimate hold with 0, instead of 07

Exercise 2.6 Consider the following sequences:

a. {0,(2)}22,, with §,(¢) = —e" Ine.
Prove that this sequence is an asymptotic sequence.

b. Answer the same question as in part (a) with §1(¢) = sine and §,(¢) =
em exp(%l) with n =2,3,4,--- .
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c. Answer the same question as in part (a) with the sequences {d,(¢)}52,
where d,,(g) = ™.

Exercise 2.7 Consider the function

1
f(g) =sine + (cose) exp (—) .
€
a. Which asymptotic sequence(s) from Exercises 2.5 and 2.6, can one use to
construct approximations for f(¢)?
b. Are the approximations convergent or only asymptotic? Do they converge

to f(e)?
Exercise 2.8 Prove that if §;(g) = 0(d2(g)), then

b. 0(d1) + 0(d2) = 0(2).
C. 0(51) + 0(52) = 0(52)

Exercise 2.9 We consider expansions for z € RT.
a. Consider the expansion
£ g2
flzse) =vVr+e=\x 1—0—%— +e

82

For which values of z is this an asymptotic sequence.
b. Answer the same question as in part (a) for the expansion

g(z;¢e) =1-ex+eia® -+ ...

1 +ex
Exercise 2.10 Consider the quadratic equation (z € R):
22 +ex—1=0,

with 0 <e < 1.

The solution of this equation is called z.; g is the solution of z? — 1 = 0.

a. Is it true that lim. o . = 207

b. Use the explicit solutions to construct an asymptotic expansion for ..

c. Substitute z = >~°7 ;¢ e™ in the equation and compute the coefficients
cn. We call this expansion a formal expansion. Is this formal expansion
asymptotic? Is it convergent?

d. How do we know a priori (without using part b) that the formal expansion
is asymptotic and even convergent?
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Exercise 2.11 Consider the quadratic equation for x € R:
22 =2+ (1—¢)=0.

a. Is it true that for the solutions of this equation we have lim. g z. = x¢?

b. What is the result of the formal procedure of Exercise 2.107 Is this pre-
dictable? This phenomenon, which appears for ¢ | 0, is called a bifurca-
tion.

Exercise 2.12 Consider the following quadratic equation for z € R:
ex?+zx+1=0.

a. Which expression do we find for the roots of the quadratic equation after
substituting the formal expansion z = xg + ex1 + €29 + -+ - ?

b. Putting ¢ = 0, we obtain one root. Rescale x = y/eP; choose p suitable and
compute the coefficients of the formal expansion y = yo + ey, +eya +---.
Determine gy and y;.

c. Compare the expansion obtained in parts (a) and (b) with the exact (ex-
plicit) solutions of the equation.

Exercise 2.13 Consider a system of two bodies with Newtonian attraction
and loss of mass. The variation of the eccentricity e and the angular variable
E (eccentric anomaly) are given by

de 5(1 —e?) cosE

dt ~ (1—ecosE)’

dE (1 —e?)3/2 sin £
= 5

dt ~ "(1—ecosE) e(l—ecosE)
0 < @ is a dynamical constant independent of ¢, 0 < e < 1, and 0 < e < 1.

a. Determine the stationary solutions e = ey (constant) and E = E; (con-
stant).

b. Approximate the stationary solutions for e. (Construct a formal expansion
in powers of (¢/5).)

For more details and references, see Verhulst (1975).
Exercise 2.14 Consider the equation z = ¥ — 1 for z > 0. This equation
has two roots, one is x = 0. Find an asymptotic approximation of the other

root.

Exercise 2.15 Give an estimate for the integral

1 2
R
/ e < dx.
0
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Approximation of Integrals

The techniques of expanding integrals have proved to be very useful in math-
ematical analysis, physics, fluid dynamics, and the technical sciences. There
exist a number of excellent introductory books on the subject, a reason to be
relatively brief here. A useful book has been written by Olver (1974); see also
Erdelyi (1956), De Bruijn (1958), Jeffreys (1962), and Lauwerier (1974).

In practice, one often meets integrals for which no clear-cut theorem or
result in the literature seems to be available. Therefore, instead of listing
theorems, it is more important to obtain an idea of how to use the current
methods such as partial integration, the method of Laplace, Fourier integrals,
the method of stationary phase, the steepest descent, and the saddle point
method. We discuss briefly the first three of them.

3.1 Partial Integration and the Laplace Integral

Consider the function ¢(x) defined for = > 0 by

_ [T At
¢(x)_/0 © i

Note that the integral exists for positive values of . We are interested in the
behaviour of ¢(z) for large values of x (i.e., for £ — 00). In the context of this
book, it would be natural to introduce € = 1/x and consider the behaviour of
the corresponding integral for ¢ — 0; however, we conform ourselves here to
the standard formulation in the literature.

Intuitively, it is clear that the largest contribution to the value of the
integral will come from a neighbourhood of t = 0. It is easy to obtain an
expansion. From the geometric series, we have

1 m (_t)m
[ — _t n—1 .
t+1 ;( ) + t+1
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Substitution produces

¢(@) t1

fooo e—tac ( - (_t)n—l + (_t)m> dt

n=1

~ L. (—1)ym-1m=Db oy po(2)

Tm

8=

with - -
| R ()| = fo eitrt-Tldt

— !
< JJTeTtmtmdt = iy

and so we have obtained an asymptotic expansion for ¢(z) with respect to the
order function (1/2)",n =1,2,--- for x — oo. Note that the series diverges;
the ratio of subsequent terms yields

m

am+1
am

X

We now generalise this result somewhat.

Theorem 3.1
Consider the Laplace integral

o(x) = / T e (e

with f(t) uniformly bounded for ¢+ > 0; the derivatives f((t)--- f(m+1(¢)
exist and are bounded on [0, a],a > 0. Then

m—1

o= oo (k) o )

n=0

for x — oo.

Proof
The proof is simple and can be found in section 15.2.

The idea that the contribution from the integrand near ¢ = 0 dominates
the result can be generalised; for instance, to study integrals such as

$(z) = / b ™™ f(t)dt,

one can consider the case where
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with Re A > —1 and where g(t) is supposed to have an asymptotic expansion
for ¢ — 0 and does not grow faster than exponentially for ¢ — oco. Again
one can expand the integral, and the corresponding result is called Watson’s
lemma. The lemma can be formulated for functions that are real and complex;
see the references mentioned in the introduction.

3.2 Expansion of the Fourier Integral.

Consider the oscillating or Fourier integral

B
o) = [ e oy

with «, G real; f(t) is integrable and we wish to study the behaviour of the
integral for x — oo. The intuitive idea is that for = large enough there are fast
oscillations that tend to average out all contributions of the integrand except
near the endpoints. One of the simplest results runs as follows.

Theorem 3.2
Consider the Fourier integral ¢(x fﬁ et f(t)dt with f(t) that is (m + 1)
times continuously dlfferentlable in [«, 5]; then

7 n— ™ (a 1ro n— ) ix —m—
(o) = = Cony inH ety yoinmt Ll eind 4 o2,

Remark
The result remains valid if « = —oo or 3 = oo, but we have to require that
fO(t) = 0 for t = —o0 or +oo.

Proof
See section 15.2.

In a number of problems, we encounter integrals in which f(¢) has a sin-
gularity at ¢ = « or §. Similar results can be obtained in these cases with
weaker estimates for the remainder.

3.3 The Method of Stationary Phase

We consider more general oscillating integrals

16
o) = / IO g(1)dt

for £ — oo; f and g are real functions.
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Kelvin reasoned that the most important contribution to the integral arises
from a neighbourhood of tg where the phase f(t) is stationary (i.e., f'(to) = 0).
It turns out that this intuitive reasoning leads in a number of cases to correct
first terms of an expansion. Note that in Theorem 3.2, where the contributions
of the endpoints dominate, there are no stationary phase points.

Example 3.1

iwt?
Consider ¢(z) = [~ ir—ftgdt. The phase t? is stationary if ¢ = 0, which

suggests expanding the integrand around ¢ = 0. A probable first asymptotic
approximation of the integral would then be

+oo 5
oo(x) :/ et dt.

Rotating over 7/4 by z = e~ "™/t yields

¢o(x) = e/ /OC e dy = ei”/‘*\/?.
e x

¢o(z) turns out to be an asymptotic approximation of ¢(z).

A simple example of a theorem using the method of stationary phase runs
as follows. We start by splitting the interval of integration into subintervals
with stationary points at one of the endpoints. Consider an integral corre-
sponding with one of the subintervals.

Theorem 3.3

Consider ¢(z) = fj eI g(t)dt with f € C?[a,b], f'(t) # 0 in (a,b], f'(a) =
0, f”(a) # 0,andg(t) is bounded in a neighbourhood of ¢ = a and integrable.
If f(a) is a minimum,

- :L 7r : a)e E+izf(a) 21
o0) = = (507 ) 9@ o)

If f(a) is a maximum, the coefficient of f”(a) changes sign.

Proof
See Lauwerier (1974) or Olver (1974).

3.4 Exercises

Exercise 3.1 Consider the incomplete gammafunction

xr
~v(a,z) = / e 't Yt a > 0,z > 0.
0
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a. Show that a suitable series for calculation is given by
& (_1)nxn+a

v(az) = Z (a+n)n!’

n=0

if x > 0 is small.

b. Is the expansion obtained in (a) a useful series for numerical calculations?
(For example, a = 3,2 = 10, (I'(3,10) = /7 + 0(1075).)

If x is large and positive, it seems better to consider the function
oo
I'(a,z) =TI'(a) —v(a,z) = / e 't ldt,a € R.
x

c. Give an asymptotic expansion for £ — co and an error estimate.

d. How suitable is the result, obtained in (c¢), for numerical calculations?

e. Put =z = %,F(a, %) = f(g). Which asymptotic sequence is used in the
expansion of f(g)?

Exercise 3.2 Consider the error function

erfe(x) = %/ e dt.
T Jo

Give an asymptotic expansion of erfc(z) for x — oo, and give also an error
estimate. (Remark: The error function is by transformation related to the
incomplete gammafunction.)

Exercise 3.3 Consider the oscillatory integral

o(x) = [ e f(t)dt
a,B €R, f(t)is N times continuously differentiable

for x — 0o (or x — —00). Prove that:

N—-1
$(z) = Y (fr(@)e™ = fr(B)e™™?)(=iz) "' + o(z ™)

n=0

for x — oo (and x — —o0).
(Remark: Use Weierstrass’ approximation theorem.)

Exercise 3.4 Consider the integral

fluy = [T el
0

The function ¢(t) =t —In(1 + ¢) is concave with minimum zero at ¢ = 0.
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a. Compute the Taylor expansion for ¢(¢) in a neighbourhood of ¢ = 0:

B(t) =Y ant™.

n=0

b. Substitute this expansion in 2u? = $(t) and obtain

o0
u = Z bt".
n=0

¢. Compute the inverse expansion of w:

o0
t= Z ent™.
n=0

d. Differentiate this expansion and compute the first two terms of the asymp-
totic expansion of f(w).

Remark: ,
fw) = [T e zwu 4L .
flw) = wlw=v=lew.

Exercise 3.5 Prove that

e 1
/ cos (t + 25t2> dt =0(1), forel 0,
0

e 1 1
/ cos (—t + 5t2> dt =0 () , fore | 0.
0 2 €

(Remark: Find a suitable transformation and use partial integration.)

and



4

Boundary Layer Behaviour

In this chapter, we take a closer look at boundary layer phenomena. The
tools we shall develop for our analysis are local boundary layer variables and
degenerations of operators.

4.1 Regular Expansions and Boundary Layers

In Chapter 1, we considered two examples of first-order differential equations.
For the solutions, we substituted a formal expansion of the form

=2_&"nla)
n=0
In the case of the problem

¢ +ep =cosz,p(0) =

this led to a consistent formal expansion. In the problem

e’ + ¢ = cosz, $(0) =

by comparing this with the exact solution, we have shown that the formal
expansion is far too simple to represent the solution. The difficulty with the
formal expansion arises when applying the boundary condition; a problem of
this type is often called a singular perturbation or boundary layer problem.
The asymptotic expansion in the second case looks like

25 €)hp(x,€).

The simpler expansion that we used in the first case will be called regular.
Note that in the literature the term “regular” is used in many ways.
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Definition
Consider the function ¢.(x) defined on D C R™; an asymptotic expansion for
@< (x) will be called regular if it takes the form

¢=(x) =Y Gn(e)ton(@) + 0(Sm+1)
n=0
with d,(¢),n =0,1,--- an asymptotic sequence and ¥, (z),n = 0,1, - func-

tions on D.

It turns out that in studying a function ¢.(z) on a domain D we have
to take into account that regular expansions of ¢.(z) often only exist on
subdomains of D.

Example 4.1
Consider the function

be(x) = e/ + €5z € [0,1].

On any subdomain [d, 1] with 0 < d < 1 a constant independent of €, we have
the regular expansion

However, there exists no regular expansion in functions of z on [0, d] or [0, 1].

Example 4.2
The function ¢.(z) is for x € [0, 1] defined as the solution of the two-point
boundary value problem

¢ +¢' = 0,6(0) = 1,6(1) = 0.

The solution is
e—ac/a e—l/e

T l-e e 1-—e Ve

pe(x)

Ignoring this exact solution and looking for a regular expansion by substituting
into the differential equation

¢ () = Z e"pn(z),
n=0

we find
¢y =0,

0+ ¢ =0, ete.
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This leads to ¢g(x) = constant, ¢;(x) = constant, etc. There is no way to
satisfy the boundary conditions with the regular expansion.
The exact solution can be written as

¢g($) — 67:6/6 _‘_0(671/5)7

which shows that the behaviour of the solutions is different in two subdomains
of [0,1]: in a small region of size 0(¢) near = 0, the solution decreases very
rapidly from 1 towards 0; in the remaining part of [0, 1], the solution is very
near 0. The regular expansion is valid here with, rather trivially, ¢,(z) =
0,n =0,1,---. Note that even in the domain where the regular expansion is
valid, the choice to expand with respect to order functions of the form &™ is
not a fortunate one as e~/ = o(e"),n=1,2,---.

Fig. 4.1. Domain D with boundary layer near S.

The small region near x = 0 where no regular expansion exists in Example
4.2, is called a boundary layer. We now characterise such regions.

4.1.1 The Concept of a Boundary Layer

Consider the function ¢.(z) defined on D C R™. Suppose there exists a con-
nected subset S C D of dimension < n, with the property that ¢.(z) has no
regular expansion in each subset of D containing points of S (see Fig. 4.1).
Then a neighbourhood of S in D with a size to be determined, will be called
a boundary layer of the function ¢.(x).

In Examples 4.1 and 4.2 the domain is one-dimensional. A boundary layer,
corresponding with the subset S, has been found near the boundary point
x = 0 of the domain. Note that in applications we also may find a boundary
layer in the interior of the domain and, if we have an evolution equation, the
boundary layer may even be moving in time.

To study the behaviour of a function ¢.(x) in a boundary layer, a fun-
damental technique is to use a local analysis. This is a technique that we
shall meet again and again. In this chapter, we consider local analysis in a
one-dimensional context. Later we shall meet higher-dimensional problems.
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Suppose that near a point zy € S the boundary layer is characterised in
size by an order function d(g). We “rescale” or “stretch” the variable z by
introducing the local variable

r — X

o(e)

&=

If §(e) = o(1), we call £ a local (stretched or boundary layer) variable. The
function ¢.(x) transforms to

¢s(l‘) = ¢e(3€0 + 5(5)5)
= ¢z(§).

It is then natural to continue the local analysis by expanding the function ¢}
with respect to the local variable £; we hope to find again a reqular expansion.
To be more precise, assume that

¢2(&) = 05(1) near & =0.

We wish to find local approximations of ¢ by a regular expansion of the form
$2(€) =Y Sn(e)vn()

with 6% (e),n=10,1,2,--- an asymptotic sequence.
When solving the problem of approximating a function ¢.(x) in a domain
D, our program will then be as follows.

1. Try to construct a regular expansion in the original variable x. This is
possible outside the boundary layers (by definition), and this expansion
is usually called the outer expansion.

2. Construct in the boundary layer(s) a local expansion in an appropriate lo-
cal variable. Such a regular expansion is usually called the inner expansion
or boundary layer expansion.

3. The inner and outer expansions should be matched to obtain a formal
expansion for the whole domain D. As we shall see later, in a number of
problems, techniques have been developed to combine the three stages,
which makes the process more efficient. This formal expansion, which is
valid in the whole domain, is sometimes called a uniform expansion. Note,
however, that in the literature and also in this book, expressions that
are called “uniformly valid expansion” are more often than not formal
expansions. So we come to the next point.

4. Prove that formal expansions, obtained in the stages 1-3, represent valid
asymptotic approximations of the function ¢.(z) that we set out to study.

In many problems, the function ¢.(x) has been implicitly defined as the
solution of a system of differential equations with initial and/or boundary
conditions. To study such a problem by perturbation theory, we have to be
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more precise in the use of the expressions “formal expansion” and “formal
approximation”. Suppose that we have to study the perturbation problem

L.¢ = f(x),x € D+ other conditions.

L. is an operator containing a small parameter . For instance, in Example
4.2 we have
L. = Ed—Q + @
N dz?  dx
D =10,1], f(z) = 0 and boundary conditions ¢(0) = 1,¢(1) = 0.
The function QNSE(:E) will be called a formal approximation or formal expan-
sion of ¢ (x) if gg satisfies the boundary conditions to a certain approximation
and if

Leg = f($> + 0(1)'
We shall see that to require ¢ to satisfy the boundary conditions in full is
asking too much and in practice it suffices for <;~$ to satisfy the boundary
conditions to a certain approximation.

To prove that if (;~5 is a formal approximation it also is an asymptotic
approximation of ¢ is in general a difficult problem. Moreover, one can give
simple and realistic examples in which this is not true. Remarkably enough,
we shall later also meet cases where we have an asymptotic approximation
that is not a formal approximation.

Example 4.3
(a formal approximation that is not asymptotic)
Consider the harmonic oscillator

b+ (1+e)2p=0,t>0

with initial conditions ¢(0) = 1,¢(0) = 0. The solutions of the equation are
bounded, and with these initial conditions we have

o(t) = cos((1 +e)t).

On the other hand, ¢(t) = cost satisfies the initial conditions and moreover

qNb +(1+¢)%¢ = 2ecost + 2 cost = O(e).

However, using the sup norm, it is easy to see that ¢(t) — @(t) = 04(1),¢ > 0.

4.2 A Two-Point Boundary Value Problem

We shall now illustrate the process of constructing a formal expansion for a
simple boundary value problem.
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Example 4.4
Consider the equation

d?¢

“ 2

with boundary values ¢.(0) = ¢-(1) = 0. The function f(z) is sufficiently

smooth on [0, 1] to allow for the construction that follows. We note that the

choice of boundary values equal to zero (homogeneous boundary values) is

not a restriction: aif ¢.(0) = o, ¢-(1) = B, we introduce 9. (z) = ¢c(z) — a —

(8 — @)z, which produces zero boundary values for the problem in . (while

of course changing the right-hand side).

In the spirit of Section 3.1, we assume that in some subset Dy of [0, 1] the

solution has a regular expansion of the form

—¢=f(z),z<[0,1]

Pe(x) = Z " ().

n=0

Substitution in the preceding equation produces successively
po(z) = —f(2),

2
¢n($): 4 ¢n71’n:1,27"' .

dx?

The expansion coefficients ¢,, are determined completely by the recurrency
relation so that we cannot impose the boundary conditions to the regular
expansion. (Even if accidentally f(0) = f(1) = 0, the next order will change
the boundary conditions again.) We conclude that for the regular expansion
to make sense in Dy, this subset should not contain the boundary points z = 0
and x = 1 (see Fig. 4.2). Before analysing what is going on near the boundary

Do

Fig. 4.2. Boundary layers near the end points.

points, we carry out the subtraction trick; this trick is of no fundamental
importance but is computationally convenient, as it shifts the equation to a
homogeneous one. For nonlinear equations, the subtraction trick can be less
convenient. Introduce

V() = () — Z e"pn ().
n=0

The two-point boundary value problem for 1. becomes
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ﬁ — ¢ =0(E"")

and
Z £"¢n(0 Z e"¢n(1

Near z = 0, we introduce the local variable

with §(¢) = o(1); at this point, we have no a priori knowledge of a suitable
choice of §(e).
The equation with respect to this local variable becomes

i de*
52 de2

_ ,(/}* _ 0(8m+1),

where ¢¥* = 1:(6(¢)§). How to choose d(¢) will be the subject of discussion
later on; here we just remark that

6%(e) =€ or 8(e) = /e

seems to be a well-balanced choice. We now assume that there exists a regular
expansion of ¥, so

lim ¥7(€) = o(€) exists
el0
and satisfies the formal limit equation

d*o
g2

— 1o =0.

1o would be the first term in a formal regular expansion in £ near the point
x = 0. Solving this limit equation, we find

o(€) = ae™¢ + be™s.

Imposing the boundary condition at £ = 0, we have

a+b=—¢o(0) = f(0).

We have to find a second relation to determine a and b; for this we observe
that the solution in the boundary layer near x = 0 should be matched with
the regular expansion in Dy. Rewriting 1o(§) in x, we note that the term
exp(z/+/€) becomes exponentially large with x in Dy unless its coefficient b
vanishes, so we propose the matching relation lime_, o0 ¥(§) =0 or b = 0 and
we have
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We can proceed to calculate higher-order terms by assuming a regular expan-
sion of the form

P& =D " Yn(9),
n=0

where for each term in the expansion we have again one boundary condition
and one matching relation. The equations for 11,3, - - - will become increas-
ingly complicated. We can repeat this local analysis near = 1 by introducing

the local variable
1—x

n= N
The calculation runs along exactly the same lines and is left to the reader.

Adding the terms from the outer expansion and the two local (boundary layer)
expansions, we find to first order the formal uniform expansion

be(a) = —f(x) + F(0)e™/VE 4 f(1)em -0V o

The dots are standing for terms such as ¢y (), /e1(£), ete. It follows from
the construction that gge(x) satisfies the equation to a certain approximation
and it is a formal approximation of the solution, as we allow for exponentially
small deviations of the boundary conditions. Later we shall return to the
question of whether ¢ is an asymptotic approximation of ¢. At this stage, it
is interesting to note that one easily finds an affirmative answer by analysing
the exact solution, which can be found by variation of constants.

4.3 Limits of Equations and Operators

We consider differential operators L. parametrised by €. We are interested in
discussing the limit as ¢ — 0 of L. while keeping in mind our experience of
the preceding sections where in various subdomains different variables have
played a part. Consider again Example 4.4 of Section 4.2,

Legp = f(2),0:(0) = ¢(1) =0,

with
d2
= 5@

Taking the formal limit of L. as € — 0, we obtain

L. —1.

Lo=—1.

Introducing local variables of course changes the limiting behaviour of the
operator. Consider for instance the boundary layer near x = 0 and introduce

&= with d(e) = o(1).

5(e)
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We find
., & d?

e
Our choice of d(e) determines which operator L} degenerates into as € — 0.
For instance, if 6%(g) = ¢, then

L 4
L0:d7§2_1

If € = 0(6%(¢)), and for instance § = £'/4, we have
L =-1.

If §2(¢) = o(e), the limit does not exist and it makes sense to rescale,

62 * *%
?LE - L6 .
We find the degeneration
s,k d2
LO = d7§2

Making these calculations, we observe that, taking the formal limits, the de-
generations of the operator in the cases ¢ = 0(§?) and §2 = o(¢) are contained
in the degeneration obtained on choosing 4% = . We call L in this case,

Ly = a2 -1,
a significant degeneration of the operator L. near x = 0. Put in a different way,
a significant degeneration implies a well-balanced choice of the local variable &
such that the corresponding operator as € — 0 contains as much information
as possible.
Note that a number of authors are using the term distinguished limit instead
of significant degeneration.

Definition

Consider the operator L., written in the variable z, near the boundary layer
point x = zo and the operator L. rewritten in all possible local variables of
the form (x — x0)/0(g) near xg. L is called a significant degeneration of L. if
L} is obtained by writing L in the local variable £ and taking the formal limit
as € — 0 (possibly after rescaling), whereas the corresponding degenerations
in the other local variables are contained in Lg.

Remark
In practice, many operators can be analysed for significant degenerations by
considering the set of order functions §(¢) = ¢”,v > 0. For instance, in our
example
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L. = 5%22 -1,
we have, introducing the local variable £, = z/e”,
L. = gl_g”j; -1,
v= %, Li = dCZ -1,
2
v>—, L= j;,

L
V<§,L0:—]..

Remark

This definition is too simple in some cases. For instance, it is possible that near
a point x = x(, more than one significant degeneration exists corresponding
with a more complicated boundary layer structure. For these cases, we have
to adjust the definition somewhat, but we omit this here.

By introducing the concept of significant degeneration, we have a formal
justification of our choice of boundary layer variables in the problem of Ex-
ample 3.3 in Section 3.2. The underlying assumption here and in the following
is that on analysing the significant degenerations of an operator, we find the
correct boundary layer variables and the corresponding expansions in these
variables. It turns out that this asumption works very well in most problems.

Still we have to keep in mind the possibility of hidden pitfalls. One of
the assumptions in the construction is that the problem obtained by taking
the formal limit of the operator does have something to do with the original
problem. That is, if we study the function ¢.(x) in a domain D given by the
equation

Legp = fa (LL'),
by taking the limit we have

Loy = fo(x).

Does this mean that we have lim. o ¢.(x) = ¢(x) in some nontrivial subdo-
main Do C D?

In applications, the answer seems to be affirmative. The reason is that
equations in practice have been obtained by modelling reality. In these equa-
tions, various distinct effects or forces (in mechanics) play a part. For a de-
generation to make sense, we have that locally in space or time one or a few of
these effects or forces is dominant. This is quite natural in applications. Math-
ematically, this is not a simple question, and we give an example, admittedly
artificial, to show that we may have a serious problem here.
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Example 4.5
(Eckhaus, 1979)
Consider the following initial value problem in a neighbourhood of x = 0:

Legp = fa($)7¢e(0) = 17¢/5(0> =0,
_ s T Lxyd
L.=¢ (:os(a€2)dx2 +€Sln(€2)d1’ 1,

Jo(@) = —&(1 = cos(5)).

Taking the formal limit Loy = fo(z), we find ¢(x) = 0, but the solution of
the problem is

¢p(x) =1+ —ecos (;2)

with, for all z > 0,
lim ¢.(z) = 1.

e—0

Note that ¢ (z) = 0 is not a formal approximation since it does not satisfy the
boundary conditions. However, more dramatically, there is also no subdomain
where ¢ (x) represents an asymptotic approximation of ¢. On the other hand,
the function ¢g(x) = 1 does represent an asymptotic approximation, but this
function does not satisfy the limit equation!

Fortunately, this example is not typical for applications, but it is instruc-
tive to keep it in mind as a possible phenomenon. It also illustrates the im-
portance of giving proofs of asymptotic validity.

4.4 Guide to the Literature

The idea of a boundary layer orginates from physics, in particular fluid me-
chanics; see Prandtl (1905) and Prandtl and Tietjens (1934). Degenerations
of operators, significant degenerations in local variables, and matching tech-
niques are more recent concepts. Both the terminology and the techniques
may take rather different forms.

One of the approaches to validate matching is the assumption of the so-
called overlap hypothesis. This assumes that if one has two neighbouring local
expansions or a neighbouring local and a regular expansion, there exists a
common subdomain where both expansions are valid. This provides a sufficient
condition to match the expansions by using in this subdomain intermediate
variables. Such variables were considered by Kaplun and Lagerstrom (1957).
More discussion of matching rules is found in Section 6.2 and Section 15.4.

The foundations are further discussed by Van Dyke (1964), Fraenkel
(1969), Lagerstrom and Casten (1972), Eckhaus (1979) and Kevorkian and
Cole (1996).

A different approach to identify scales and layers is to use blow-up transfor-
mations; see Krupa and Szmolyan (2001) and Popovié¢ and Szmolyan (2004).
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The theory of singular perturbations as far as boundary layer theory is con-
cerned, is still largely a collection of inductive methods in which taste and
inventiveness play an important part.

4.5 Exercises

Exercise 4.1 Compute a second-order approximation of Example 4.4 treated
in Section 4.2. Discuss the asymptotic character of the approximation.

Exercise 4.2 Consider the boundary value problem

{6y”+y’+y=0,
y(0) =a,y(1) =b.

Compute a first-order approximation of the solution y.(z) of the boundary

value problem and compare this approximation with the exact solution. Is
this first-order approximation a formal approximation?

Exercise 4.3 Consider the operator

d
LEZE(€2+$—1)%+E(E+1)+"E—1.

a. Compute the significant degenerations of the operator L. in a neighbour-
hood of x = 0 and x = 1. (Show that the other degenerations are contained
in them.)

b. To illustrate the result of (a), we solve the initial value problem

L.y= O,y(l) =1

Compute the solution of this problem and compare it with the result in

(a).
Exercise 4.4 Consider the boundary value problem

eLiy—y=1z¢€(0,1),
y(0) = a,y(1) = b,a,b # 0,
— 2y d® d
Ll—(1+l' )W+%—.’E
Compute the first- and second-order terms of a formal approximation; show
explicitly that this expansion is a formal approximation.
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Two-Point Boundary Value Problems

In linear problems, much more qualitative information is available than for
nonlinear systems. Still, in general we cannot solve linear equations with vari-
able coefficients explicitly. Therefore it is very surprising that in the case of
singularly perturbed linear systems, we can often obtain asymptotic expan-
sions to any accuracy required.

In most of this chapter, we shall look at rather general, linear two-point
boundary value problems. To start, consider a second-order equation of the
form

eLi¢+ Log = f(z), = €(0,1)
with boundary values ¢.(0) = «, ¢-(1) = . For the operator Lq, we write
d2

d
pe) +a1(z)—— + ao(w)

L; = as(x) T

with ag(z), a1(x), az(x) continuous functions in [0, 1]; moreover,
az(z) >0, z€[0,1].

We exclude that as(x) vanishes in [0, 1], as this introduces singularities re-
quiring a special approach.Taking the formal limit for ¢ — 0, we retain
Lo¢ = f(x); for the operator Ly, we have

Lo =b1(x) d + bo(x)

=by(x)— x).
0= 01(z) 7+ 0o

We assume by(z) and by(x) to be continuous in [0, 1]. It turns out that the
analysis of the problem depends very much on the properties of by and b;.

5.1 Boundary Layers at the Two Endpoints

We first treat the case where by (x) vanishes everywhere in [0, 1], so we are
considering the equation
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eLi¢ +bo(z)¢ = f().
Assume that by(z) does not change sign; for instance,
bo(x) <0, z€[0,1].

If by(x) changes sign, the analysis is more complicated; we shall deal with
such a case later on. As before, we suppose that in a subdomain of [0, 1] there
exists a regular expansion of the solution of the form

Do) = 3 " n(2) + O ).
n=0

On substituting this into the preceding equation, we find
po(x) = f(x)/bo(x)

¢n = *Ll(bn—l(w)/b(](x)a n= 132, Tt

It is clear that to perform this construction bo(z) and f(x) have to be suf-
ficiently differentiable. By these recurrency relations, the terms ¢, of the
expansion are completely determined and, of course, in general they will not
satisfy the boundary conditions. Therefore we make the assumption that this
regular expansion will exist in the subdomain [d,1 — d] with d a constant,
0 <d< % Near the boundary points © = 0 and =z = 1, we expect the
presence of boundary layers to make the transitions to the boundary values
possible.

First we use the “subtraction trick” by putting

() = D e"pn(x) + ve(2)
n=0

to obtain, using the relations for ¢,,

eLyth + bo(z)y) = =™ Lig, ().

The subtraction trick is not essential, to use it is a matter of taste. Its ad-
vantage is that in the transformed problem the regular (outer) expansion has
coeflicients zero, which facilitates matching. The boundary conditions become

$e(0) = a = 310 " dn(0),
be(1) = B =o€ dn(1).

We start with the analysis of the boundary layer near x = 0. In a neighbour-
hood of z = 0, we introduce the local variable

= 35@ 5(e) = o(1),
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and write ¥.(0¢) = 2 (§). The orderfunction d(e) and correspondingly the
size of the boundary layer still have to be determined. The equation in the
local variable £ becomes

dQQ/J*

T+ (880" + bo(B€)u" = O(=™ ).

dy*
a1(8¢) i

A significant degeneration L arises if §(g) = /e, which yields

L™ = *@(55)

d2

sz) = 112( )d§2

+ bo(0).

The equation with this local variable has terms with coefficients containing ¢
and /. This suggests that we look for a regular expansion in £ of the form

2m
= 32, (6) + O™
n=0

We find at the lowest order

d*4o

Lgd)o:a ( ) d€2 +b0( )’lﬂozo.

Assuming that the coefficients have Taylor expansions to sufficiently high
order near x = 0, we can expand as, a1, ag, and by, rewritten in the local
variable &, in the equation for ¥*. So we have for instance

az(ve€) = a2(0) + Ve§as(0) + &

Collecting terms of equal order of €, we deduce equations for 11, 19, - - - . Keep-
ing terms to order /¢, this looks like

! d% dzwl
(a2(0)+ /€ £asy(0) + -+ +) < d§20 +\[d§2 )

- VE (a1(0) + - )(‘Z@H )
+(bo(0)+ & £bG(0) + -+ ) (1o + Verr + -+ ) = O(e™ ),

where the dots stand for O(e) terms. For 1, we find the equation

2 2
(0 = €0 — (05 -

dg?
In fact, it is easy to see that the coefficients v, all satisfy the same type of
differential equation (with different right-hand sides) of the form

ngn = Fn(¢0(§)7 ---’wn—1(5)7§)-

Lyihr = a(0) €05(0) -
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The boundary values at © = 0 are

1/)0 = a— d)O(O)a

’lﬂg(O) = —(bl (0), etc.

So we have for ¥,,, n = 0,1,... a second-order equation and one boundary
condition at £ = 0, which is not enough to determine ,, completely. As in
Chapter 3, we determine the functions 1, by requiring the boundary layer
functions ¥, (£) to vanish outside the boundary layer. This means that we
will add the matching relation

£—o0
That we have to match towards zero is a result of the subtraction trick. Of
course, for £ — oo the variable £ leaves the domain we are considering. How-
ever, if we let = tend to 1, £ tends to 1/4/¢, which is very large, and we use
+o0 instead.
The solution of the equation for g is

Yo(§) = Ae™*¢ + Bes,

where we have abbreviated wy = (—bo(0)/a2(0))2; note that we assumed
bp(0) < 0. From the boundary condition, we find

A+ B=a—¢0).

The matching condition yields B = 0, so 1y is now determined completely.
The determination of i1 runs along the same lines. We find

P1(€) = A1 (€)e % + By(£)e*°f,

where A; and B are polynomial functions of £ that are determined completely
by the boundary condition and the matching relation.

To satisfy the boundary conditions of the original problem, we have to
repeat this analysis near the boundary at x = 1; the calculations mirror the
preceding analysis. We give the results; the details are left as an exercise for
the reader.

A suitable local variable is

The operator degenerates into

ag(l)—
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We propose a regular expansion of the form

2m

Z ey, (n),

n=0
which yields for the first term

o) = A1 4 B
with wy = (—bo(1)/az(1))2. The boundary condition at 2 = 1 produces
A+ B=p-¢o(1).

The matching relation becomes

n—00

so B = 0. Collecting the first terms of the expansion with respect to z, £, and
7 in the three domains, we find

@) FO\ o) FOY o
¢€<x>bo<x>+(“bo<o>>e /Q(ﬂbou))e IO,

For an illustration see Fig. 5.1.

Fig. 5.1. Matching at two endpoints for the equation ed®¢/da*+¢ = 14222, $(0) =
5,6(1) = 2, = 0.001.

Remark

Omitting the O(y/e) term in the preceding expression and substituting the
result in the differential equation, after checking the boundary conditions,
we find that we have obtained a formal approximation of the solution of the
boundary value problem. Because of the construction, this seems like a natural
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result; in the next section, we shall see, however, that this is due to the absence
of the term b (z).

Once we knew how to proceed, the calculation itself was as simple as in
Section 4.2 even though the problem is much more general. We shall now
consider other boundary value problems and shall encounter some new phe-
nomena.

5.2 A Boundary Layer at One Endpoint

We consider again the boundary value problem formulated at the beginning
of this chapter,

EL1¢+LO¢ = f(x)v ¢E(O) = aa¢€(1) = Ba

but now with

Lo=1b — + b
0="bi() o T 0(z)
As before, we have
d? d
L= ag(x)@ + al(x)% + agp(x)

with as(xz) > 0, = € [0,1]; all coefficients are assumed to be sufficiently
differentiable. Suppose, moreover, that by (x) does not change sign, say

bi(z) <0, z€l0,1].

The case in which bi(x) vanishes in the interior of the interval is called a
turning-point problem. For such problems, see Sections 5.4 and 5.5 and some
of the exercises.

Here we assume again the existence of a regular expansion in a subdomain
of [0, 1] of the form

Pe(z) = e"bn(x) + O™H).
n=0

After substitution of this expansion into the equation, we find

Logo = f(z),
Lo(bn = —L1¢n_1(aj)’ n = 1’27 A

For ¢o(x), we find the first-order equation

which can be solved by variation of constants. We find, abbreviating,
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= Iy 52

po(z) = Ae=9®) 4 ¢—9(®) fow eIM f(t) dt.

In contrast with the preceding boundary value problem, we have one free
constant in the expression for ¢g(z); we can verify that the same holds for
@1, @2, -+ . This means that the regular expansion in the variable x can be
made to satisfy the boundary condition at = 0 or at x = 1. Which one do
we choose?

Suppose that we choose to satisfy the boundary condition at x = 1 and
that we expect the existence of a boundary layer near x = 0. Does this lead
to a consistent construction of a formal expansion? First we perform the sub-
traction trick

Zawn ) + e ().

The equation for 9. (x) becomes
el + Loy = O(e™ )
with the boundary conditions

¢5(0) =a— Z;Z:o £"¢n(0),

Pe(l) =B =o€ dn(1).
With our assumption that the regular expansion satisfies the boundary con-
dition at x = 1, we have ¢o(1) = 3 so 1-(1) = 0. Introduce the local variable

The differential operator written in the variable & takes the form

L* 52 2(5§)d€2 + al(éf) +€a0((5€)+ bl(éf) +b0((5§)

dg dg

Looking for a significant degeneration, we find §(¢) = ¢ and the degeneration

. d? d
Ly = az(0 )d£2 +61(0 )dg
Expanding
=Y "pn(€) + O™,
n=0
we find 2 p
Lo = az(0) Yo Ly, 0)—2 Yo _

dg2 dg
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The solution is
_bh1(0) ¢
Yo(§) = B+ Ce =20,
Because of the subtraction trick, the matching relation will again be

lim 4(§) = 0.

£—o0
As we assumed b1 (0)/az(0) to be negative, this implies
B=C=0.

A similar result holds for 11,9, - - -, namely all boundary layer terms (func-
tions of £) vanish from the expansion. We conclude that the assumption of
the existence of a boundary layer near z = 0 is not correct.

We consider now the other possibility, which is assuming that the regular
expansion in the variable = satisfies the boundary condition at z = 0 that
produces 1:(0) = 0; we then expect the existence of a boundary layer near
z = 1. Introduce the local variable

1-z
e
Looking for a significant degeneration of the operator written in the variable
n, we find d(e) = e. Expanding

m

Ye(l—en) = Z 5711;71(77) + O(5m+1)7

n=0

we find

Lo = as(1) 5% — b:(1)

&
3 ‘O@‘

Il
o

E(’an - Fn(&ﬂa cey 1;71—1777)7 n= 17 27 Tt
Putting w = —b1(1)/az(1), we have
do(n) = B+ Ce™".
The matching relation is

lim o(n) =0

71— 00

so that B = 0. (Note that w > 0.) The boundary condition yields
C =B —do(1).

We compose an expansion from regular expansions in two subdomains, in the
variables x and 7, respectively, to obtain

¢<(x) = do(x) + (B = ¢o(1))e /% + O(e),
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Fig. 5.2. Matching at one endpoint for the equation ed’¢/dax? — do/dx — 2¢ =
0,6(0) = 5, (1) = 4, = 0.02.

where .
bo(z) = ae9®) 4 ¢—9(x) fo e9® f(t) dt,

9(e) = [ 55 dt.

For an illustration, see Fig. 5.2.
Remark
When omitting the O(e) terms, do we have a formal approximation of the
solution? The boundary condition at x = 0 is satisfied with an exponentially
small error. However, on calculating (¢L; + Lo)w_o, we find a result that is
0O5(1), so we have not obtained a formal approximation. It is easy to see that
to obtain a formal approximation we have to include the O(e) terms of the
expansion. This is in contrast with the calculation in the preceding section.

On the other hand, it can be proved (see Section 5.6 for references) that
on omitting the O(g) terms we have an asymptotic approximation of the so-
lution! This looks like a paradox, but one should realise that a second-order
linear ODE is characterised by a two-dimensional solution space. In the case
of a scalar equation this is a space spanned by the solution and its derivative.
In the problem at hand, omitting the O(e) terms produces an asymptotic ap-
proximation of the solution but not of the derivative.

Remark

Note that the location of the boundary layer is determined by the sign of
b1(z)/az(zx). If we were to choose by(z) > 0, = € [0, 1], the boundary layer
would be located near x = 0, while the regular expansion in the variable x
would extend to the boundary x = 1. Note, however, that it is not necessary
to know this a priori, as the location of the boundary layer is determined while
constructing the formal approximation.
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5.3 The WKBJ Method

The method ascribed to Wentzel, Kramers, Brillouin, and Jeffreys plays a
part in theoretical physics, in particular in quantum mechanics. One of the
simplest examples is the analysis of the one-dimensional Schrédinger equation

d%i)

=t (k* = U(z)) =0.

U(z) is the potential associated with the problem and k the wave number
(k/2m = 1/ with A the wavelength). We are looking for solutions of the
Schrédinger equation with short wavelength (i.e., k is large). Over a few
(short) wavelengths, U(x) will not vary considerably, so it seems reasonable
to introduce an effective wave number ¢(x) by

q(z) = Vk* = U(z)
and propose as a first approximation of the Schrédinger equation

1; — e:i:i J[a(z) dm.

One expects that this type of formal approximation may break down if, after
all, U(z) changes very quickly (dU/dz > 1) or if k? — U(z) has zeros. Both
situations occur in practice; in the case of zeros of k? — U(z), one usually
refers to turning points. For a discussion of a number of applications of the
WKBJ method in physics, the reader may consult Morse and Feshbach (1953,
Vol. II, Chapter 9.3). Here we shall explore the method from the point of view
of asymptotic analysis for one-dimensional problems. Consider the two-point
boundary value problem

2¢

6W—w(a:)¢):0, 0<z<l.

w(x) is sufficiently smooth and positive in [0, 1] with boundary values ¢(0) =
a, ¢(1) = . We analysed this problem in this chapter to find boundary
layers near x = 0 and x = 1. We propose to interpret the WKBJ method as
a regularising transformation in the following sense. We try to find solutions

in the form
exp.(Q(x)/4(e)).

The regularisation assumption implies that we expect ) to have a regular
expansion that is valid in the whole domain. In the case of the two-point
boundary value problem, we substitute

¢ = exp.(Q/Ve)

to find
VeQ" +(Q')? —w(z) = 0.
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This does not look like an equation with a regular expansion. However, if it has
one, and because of 1/ in the equation, we expect such a regular expansion
to take the form

2m
Q:(x) = Z £"2q, (x) + O(e™F3).
n=0
We find after substitution
(9)? = w(x),
2q4q1 = —q(, etc.

with solutions

qo(x) = :l:fow \/lw(t) dt + Cy,
q1(z) = —In wi(x) + Ch.

The original differential equation is linear and has two independent solutions.
Using the first two terms qg, ¢; to determine @), we find from the calculation
up to now two expressions that we propose to use as approximations for the
independent solutions:

dila) = e VO,
o) = eVl VRO,

Note that 11 (1) and ¥2(0) are exponentially small. A linear combination of
11 and o should represent a formal approximation of the boundary value
problem; we put

¢ (x) = A (z) + Bipa ().
Imposing the boundary values, we have

A =oouw

B = pw

(0) + O(e=/Ve),
(1) + O(e=?/Ve),

NI

with 2 = f01 w(t) dt. Tn Section 5.1, we found a formal approximation ¢, (z) of
the boundary value problem with two boundary layers and a regular expansion
identically zero. To compare the results, we expand ¢.(x) with respect to
and 1 — a:

9o () = ae~VEOIVE L gemVDO=0/VE L o1, 7 € [0,1].

So, to a first approximation, the results of the boundary layer method in
Section 5.1 (which can be proved to be asymptotically valid) agree with the
results of the WKBJ method. The quantitative difference between the meth-
ods can be understood in terms of relative and absolute errors. One can show
that in this case one can write for the independent solutions ¢ and ¢5 of the
original differential equation solutions ¢, and ¢o of the original differential
equation
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o1 =11(1+ O(Ve)),

¢2 = ¢2(1 + O(\ﬁ))’ U [07 1]'
The error outside the boundary layers is in the case of our boundary layer
expansion an absolute one of order 1/; in the case of the WKBJ expansion, we
have a relative error O(+/¢), and as 11, 12 are exponentially decreasing, this is
a much better result. However, this advantage of the WKBJ method is lost in
slightly more general perturbation problems, as it rests on the regular expan-
sion being identically zero. As soon as we find nontrivial regular expansions,
the corresponding errors destroy the nice exponential estimates. Finally, we
note that proofs of asymptotic validity involving WKBJ expansions are still
restricted to relatively simple cases.

5.4 A Curious Indeterminacy

If we omit some of the assumptions of the preceding sections, the expansion
and matching techniques that we have introduced may fail to determine the
approximation. We shall demonstrate this for an example where we have an
exact solution. The phenomenon itself is interesting but, even more impor-
tantly, it induced Grasman and Matkowsky (1977) to develop a new method
to resolve the indeterminacy. We shall discuss this at the end of this section.

Consider the boundary value problem (see also Kevorkian and Cole, 1996,
Section 2.3.4)

2
a%—x%+¢=0,—l<x<+l,
P(=1) = a, ¢(+1) = .

Assuming the existence of a regular expansion of the form
Ve(x) = Z "n(z) + O™,
n=0

we find

so that ¢g(x) = coxz and actually to any order ¢,(z) = c,x with ¢,,n =
0,---,m arbitrary constants. We can satisfy one of the boundary conditions
by setting either —cop = a or +c¢g = .

In fact, if & = —f, ¢o(z) solves the boundary value problem exactly. In
the following we assume that « % —( with the presence of a boundary layer
near t = —1 or x = +1. We expect that one of the choices will lead to an
obstruction when trying to match the boundary layer solution to the regular
expansion. Subtraction of the regular expansion by

de(z) = Z e"cpx + e ()
n=0
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leads to
d? d
sd—;/; i —HZ) OE™ ™M), p(=1)=a+co—e---,(+1) =B —co+e---
Suppose we have a boundary layer near x = —1 with local variable
z+1
§=—
€

We find

Lo, @Y e¥E—1dy

dg? ev  d¢
with a significant degeneration for v = 1; expanding 1. produces to first order
d*o | diyg

= tae =0

+=0(""),

with solution

Yo(§) = A1 + Aze™®

with Ay, A constants. The matching relation will be

lim vo(§) =

£—o0

so that A; = 0; the boundary condition yields Ay = a + ¢p.
We expect no boundary layer near x = +1; let’s check this. Introduce the

local variable
1—=z

n= v

so that we have locally

51*2”ﬁ —&"n dw
dn? gv

”L/) O( m+1)

with a significant degeneration for v = 1. To first order, we find

Fiy | dio

=0
dn? dn

with solution B
to(n) = By + Bae™ "

with By, By constants. The matching relation

lim o(n) =0

n—00

produces By = 0, and the boundary condition yields By = 3 — ¢p.
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It turns out there is no obstruction to the presence of boundary layers
near x = —1 and near x = +1. The approximation obtained until now takes
the form

z+1

de(z) = cor + (+co)e™ = +(6— co)e*% +O(e)

with undetermined constant cy. It can easily be checked that introducing
higher-order approximations does not resolve the indeterminacy.

This is an unsatisfactory situation. In what follows we analyse the exact
solution, which luckily we have in this case. In general, this is not a possible
option and we shall discuss a general method that enables us to resolve the
indeterminacy.

As ¢.(z) = x solves the equation, we can construct a second independent
solution to obtain the general solution

22 z [T 2
pe(x) = Crz + Cy (625 - f/ e%dt) .
€/
We assume again « # —( to avoid this simple case. C; and C5 are determined
by the boundary conditions. Analysing the exact solution is quite an effort;
see Exercise 5.6 or Kevorkian and Cole (1996). The conclusion is that indeed

near x = —1 and = +1 a boundary layer of size O(¢g) exists. In the interior
of the interval, there exists a regular expansion with first-order term cox, cg =
(B—a)/2.

The method developed by Grasman and Matkowsky (1977) to resolve the
indeterminacy is based on variational principles. The solution to our boundary
value problem can be viewed as the element of the set

V ={C*(—=1,+1)|y(-1) = o, y(+1) = 5}
that extremalises the functional
+1
I = / L(z, ¢, ¢';)dz,
-1

where L is a suitable Lagrangian function. Extremalisation of the functional
leads to the Euler-Lagrange equation

d(oLy oL _

dz \ 0¢' dp
For a general reference to variational principles, see Stakgold (2000). In the
case of the equation

e¢ —x¢' +¢ =0,

a suitable Lagrangian function is

_1 2 42\ ,— 5
L= 36" - 6)e ¥,
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The approximation that we derived can be seen as a one-parameter family of
functions, a subset of V', parameterised by c¢g. We can look for a member of
this family that extremalises the functional I. by substituting the expression
and looking for an extremal value by satisfying the condition

dl.
=0
dCo

Keeping the terms of L to leading order in €, we find again ¢y = (8 — «)/2.
This result has been obtained without any explicit knowledge of the exact
solution.

We can apply this elegant method to many other boundary value problems
where a combination of boundary layer and variational methods is fruitful.

5.5 Higher Order: The Suspension Bridge Problem

Following Von Kédrmén and Biot (1940), we consider a model for a suspen-
sion bridge consisting of a beam supported at the endpoints and by hangers
attached to a cable. Without a so-called live load on the bridge, the cable
assumes a certain shape while bearing the beam that forms the bridge (the
dead weight position). Adding a live load, and upon linearising, we obtain an
equation describing the deflection w(z) from the dead weight position of the
cable,
dw  d*w _
S e A p(x).

On deriving the equation, we have assumed that the beam and cable axes are
lined up with the z-axis and that the total tension in the cable is large relative
to the flexural rigidity (Young’s elasticity modulus times the inertial moment).
Also, we have rescaled such that 0 < z < 1; p(z) represents the result of a
dead weight and live load. Natural boundary conditions are clamped supports
at the endpoints which means

w(0) =w(l) =0; w'(0)=w'(1)=0.

We assume that in a subdomain of [0, 1] a regular expansion exists of the form

w(zx) = Z e"wy, (x) + O(e™Th).
n=0

We find after substitution

dwy Pw,  d*w,_1

_ - = —1.2.-..

The second derivative d?w/dz? is inversely proportional to the curvature and
so proportional to the bending moment of the cable. In the domain of the
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regular expansion, tension induced by the load p(x) dominates the elasticity
effects. Solving the lowest-order equation, we have

wo(x) = _/0 /0 p(t)dtds + ax + b

with a and b constants. On assuming p(z) to be sufficiently differentiable, we
obtain higher-order terms of the same form.

We cannot apply the four boundary conditions, but a good choice turns
out to be

We could also leave this decision until matching conditions have to be applied,
but we shall run ahead of this. We find

1 s
a= / / p(t)dtds, b = 0.
o Jo

Subtracting the regular expansion
m
b(x) = w(w) =Y "wn(x)
n=0

produces
4 2
d ’(/} d w _ O(€m+1)

“dat T da?

with boundary conditions

1
$(0) = p(1) = 0, $(0) = —a,r(1) = / p(s)ds — a.

Expecting boundary layers at « = 0 and z = 1, we analyse what happens
near x = 0; near x = 1 the analysis is similar. Introduce the local variable

and the equation becomes

1—4v d4’¢* —2v de* _ O(Em+1).

e T e T
A significant degeneration arises if 1 — 4v = —2v or v = . Expanding ¢* =
Po(€) + eV/24p1(€) + - - -, we have
d'vo  d’%o _
¢t dg2

with boundary conditions
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_ %0(0)

de =0

$0(0)

and general solution
Yo(€) = co + 1€ + coe™¢ + czett.
Applying the matching condition

we have ¢y = ¢; = ¢z = 0; the boundary conditions yield co = 0 so we have
to go to the next order to find a nontrivial boundary layer contribution. Note
that this is not unnatural because of the clamping conditions of the cable
(w(0) = wr(0) = 0). For ¢ (and to any order) we have the same equation;
the boundary conditions are

dip1(0)
0)=0, = —a.
¥1(0) dé
However, applying the matching condition, we find again ¢y = ¢; = ¢3 = 0,
and we cannot apply both boundary conditions.
What is wrong with our assumptions and construction? At this point, we
have to realise that the matching rule

(Jm P(E) =0

is matching in its elementary form. What we expect of matching is what
this terminology expresses: the boundary layer expansion should be smoothly
fitted to the regular (outer) expansion. If the boundary layer expansion is
growing exponentially as exp(+¢), there is no way to fit this behaviour with a
regular expansion. Polynomial growth, however, is a different matter; a term
such as £'/2¢ behaves as 2 outside the boundary layer and poses no problem
for incorporation in the regular expansion.

To allow for polynomial growth, we have to devise slightly more general
matching rules. This will not be a subject of this chapter, but it is important
to realise that one may encounter these problems. See for more details Section
6.2 and Section 15.4.

To illustrate this here and to conclude the discussion, one can compute
the exact solution of the problem by variation of constants and by applying
the boundary conditions. It is easier to look at the equation for ¢)(x) obtained
by the subtraction trick. Its general solution is

Y(z) =co+ 1z + cze_x/‘/g + 036(90—1)/\/5_

Applying the boundary conditions, one finds that in general ¢; = O4(/2).
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5.6 Guide to the Literature

Linear two-point boundary value problems have been studied by a number of
authors. An elegant technique to prove asymptotic validity is the use of max-
imum principles. It was introduced by Eckhaus and De Jager (1966) to study
elliptic problems. Such problems will be considered in Chapter 7; we give an
example of a proof in Section 15.6. The technique of using maximum prin-
ciples was applied extensively by Dorr, Parter, and Shampine (1973). Other
general references for two-point boundary value problems, including turning-
point problems, are Wasow (1965), Eckhaus (1979), Smith (1985), O’Malley
(1991), and De Jager and Jiang Furu (1996). A number of basic aspects were
analysed by Ward (1992, 1999).

An interesting phenomenon involving turning points is called Ackerberg-
O’Malley resonance and has inspired a large number of authors. De Groen
(1977, 1980) clarified the relation of this resonance with spectral properties
of the related differential operator; for other references, see his papers.

Higher-dimensional linear boundary value problems can present them-
selves in various shapes. One type of problem is the linear scalar equation

ep™ + Ly 1¢. = f(x)

with L, a linear operator of order (n—1) and appropriate boundary values.
Another formulation is for systems of first-order equations of the form

i = alt)z + b(t)y,

ey = c(t)x + d(t)y,
with x an n-dimensional vector, y an m-dimensional vector, a, b, c and d matri-
ces, and appropriate boundary values added. The vector form is also relevant
for control problems. For a more systematic treatment, see O’Malley (1991).
More details about the WKBJ method can be found in Eckhaus (1979),

Vainberg (1989), O’Malley (1991) and Holmes (1998). For turning points, see
Wasow (1984), Smith (1985), and De Jager and Jiang Furu (1996).

5.7 Exercises

Exercise 5.1 We consider the following boundary problem on [0, 1]:

e (dQ(b + arctan(m)@ — €x2 COS(m)d)) - cos(x)gb = IE2,

dx? dx

¢(0) = o, 9(1) = B.

Compute a first-order approximation. Is this a formal approximation?
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Exercise 5.2 Consider the following boundary value problem on [0, 1]:

dQ
d;s + dib + cosx¢ = cos,

¢(0) =G, ¢(1) =p.

Compute a first-order approximation. Is the approximation formal?
Exercise 5.3 Consider the boundary value problem

sdrz (1+2x) y=0, z€(0,1),
y(0)=a, y(1) = 5-

a. Compute a first-order approximation of y(x) using Section 5.2.
b. Compute a first-order approximation of y(x) by the WKBJ method and
compare the results of (a) and (b).

Note that for a one-parameter set of boundary values no boundary layer is
present.

Exercise 5.4 Consider the so-called “turning-point problem”:

Lsy*(sLl"‘LO)( ) O,IEG [0,1]a
2

L1 = as(2) f& + a1 (2) 45 + ao(@), az(x) # 0,

Lo = b1(z) g + bo(x).

Suppose by (x) has a simple zero xg € (0,1) and bo(z) # 0 in [0,1]. This is

usually called a turning-point problem.

a. Compute the significant degenerations of L. in a neighbourhood of x = .
Take for instance by (z) = Bo(x —xo) +- - -, where [y is a nonzero constant
and the dots indicate the higher-order terms in (z — x) so that by (z) has
a simple zero.

b. Does a significant degeneration arise if b; = 0 in [0, 1] and by has a simple
zero?

Exercise 5.5 To recognise some of the difficulties arising with singular dif-
ferential equations mentioned in the introduction to this chapter, we consider
the Euler equation

e(z?y" +3xy’) —y = 0,2 € (0,1),

y(0) = a,y(1) = B,0> + B2 #0,p € R.

a. Try to find a suitable local variable near x = 0.
b. Show that the boundary value problem has no solution.
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Exercise 5.6 In Section 5.4 we obtained an exact solution,

. (z) = Crz + Cs (e - g/ eéadt> ,
-1
which has to satisfy the boundary conditions ¢.(—1) = a, ¢-(—1) = 3. We
wish to determine the first-order term of the regular expansion in the interior
of [—1,41]. We also want to show that there exist boundary layers near x =
—1 and = = +1. The calculation closely follows Kevorkian and Cole (1996),
Section 2.3.4.

a. Apply the boundary conditions to find

(B — a)el/? + aAl(e)
2el/2e — A(e)

B 0+ a
o 2el/2e — A(e)’

Cl = 702

with
1 [+ .
Ae) = = / et /2 qt.
-1

€
In the following, we assume § 4+ « # 0. Putting 8 + a = 0 eliminates the
boundary layers and produces the exact solution ¢.(x) = Sx.

b. Use Laplace’s method (Chapter 3) to evaluate

e 12 A(e) = 2(1 4 € + 3e%) + O(e%),

ﬁ+a+3ﬁ+a
2e 2

0= - +0().Co= (B + ) (—5 45 +06)).

2e 2

c. To expand ¢.(z) in the interior of [—1,+1], note that, away from the

z2/2e

boundary layers, Cse is exponentially small.

d. Again with Laplace’s method show that in the interior of [—1,+41] with
x#0

€

T2 2
/ ex=dt =ee/* (14 e+ 0(?)) + ;6 (1 + 3 + 0(52)) en /2
—1

e. Conclude that in the interior of [—1, +1]

_B-a

¢ () B

x + O(e).

f. Introduce local variables to analyse the exact solution near the endpoints.
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Nonlinear Boundary Value Problems

For nonlinear problems a number of ideas have been developed to obtain
formal approximations and proofs of asymptotic validity; however, there are
so many complications and interesting phenomena that the theory is far from
complete. To start with it is not a priori clear that a nonlinear boundary value
problem has a solution. There may be various reasons for this.

Example 6.1

Consider the problem
P _(90) 1 4 0) = a6u(1) = 8
de?  \dx » Pl T XL =P

Note that we cannot obtain a regular expansion, as putting e = 0 produces
no solution. Integration of the equation is possible by putting v = d¢/dx and
separation of variables. We find

do x
— = tan (f + a)
dz €

with a a constant of integration. We observe that, whatever the value of a,
within an O(eg)-neighbourhood of any point in the interval, the derivative of
@< () becomes unbounded. There exists no solution of the boundary value
problem. Van Harten (1975) gives a more general formulation for “explosion”
of solutions to occur; see Section 15.5.

Another cause of unsolvability may be the presence of restrictions on the
boundary conditions: the solutions may not be malleable enough to admit
boundary layers. In a paper on the existence of solutions of nonlinear boundary
value problems, Coddington and Levinson (1952) give an example; see also
Chang and Howes (1984, Section 6.1).

Example 6.2
Consider
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2o (do dg\* _ _
E@ + (dm) + (d:c) =0, ¢:(0) = a, ¢(1) = B.

By putting v = d¢/dx and by separation of variables, we can obtain the
solution of the equation

Pe(x) = *e arcsin(e(l’+a)/s) +b

with a and b constants of integration. As the arcsin function is bounded, ¢.(x)
can only produce O(g) variations around a constant. If |« — 3] = O,(1), the
problem has no solution.

As we shall show in this chapter, there are examples that can be studied
along the same lines as in the preceding chapter but also cases where new
phenomena take place.

6.1 Successful Use of Standard Techniques

We start with some simple-looking equations that can be associated with
conservative problems. For a related analysis, see O’Malley (1991).

6.1.1 The Equation e¢” = ¢3

We consider the equation with special boundary values in the following ex-
ample.

Example 6.3

26
eos = 0, 9:(0) = 1,6.(1) = 0.

Starting with a regular expansion, one finds that to any order the terms
vanish. This suggests that the regular expansion extends to z = 1 and that a
boundary layer exists at x = 0. Introducing the boundary layer variable

x
g = 7R
€
we find a significant degeneration for v = 1/2. Transforming ¢(x) to ¥(£), we
find
&y
dg?
which is the original equation in a slightly different form. Fortunately, we can
find an integral by multiplying with di/d¢ and integrating. We find

1 (dp\° 1,
1 (%) =30+

=7,
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with a a constant of integration. As the solution has to decrease from the
value 1 to 0, we choose the minus sign:

w1
dig—* §¢4+2a.

In the limit for £ — +o00, 4 will vanish to any order, so matching will require
a = 0. Integrating once more, applying the boundary condition at x = 0, and
transforming back to x, we find

. 1
¢e(z) = m

This turns out to be an exact solution of the equation and an asymptotic
approximation of the boundary value problem.

The problem becomes less simple if we consider more general boundary con-
ditions, ¢.(0) = «, ¢:(1) = 3. However, the equation will have the integral
formulated above, which facilitates the study of the solutions; see Exercise
6.1.

6.1.2 The Equation e¢” = ¢?

For this equation, there are some interesting aspects of existence or non-
existence of solutions. Consider the equation with Dirichlet boundary values
in the following example.

Example 6.4

¢ 5
5@ = ¢ ) ¢€(O) = aaqu(l) = 6
As in Example 6.3, the regular expansion vanishes to any order. So, if a3 #
0, we expect boundary layers at both endpoints. As before, we find O(y/2)

boundary layers. Near = 0, the boundary layer equation is, with £ = z/./z,

d*y

e

which can be integrated to

1 (dp\° 1,
(%) =50+

with a a constant of integration. As before, matching yields a = 0 and we

have
dyp 2 3
a jE\/;” ‘
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If @ < 0, we choose the + sign; integration produces

15
P G +b
with b a constant. However, we cannot satisfy the condition ¢(0) = .

A similar conclusion holds when calculating the boundary layer behaviour
near x = 1 for § < 0. We conclude that the boundary value problem has no
solutions if « or ( is negative.

Chang and Howes (1984, Chapter 3) concluded this in a different way. It is
clear that near = 0 and 2 = 1, where ¢(z) does not vanish, we have ¢ > 0.
So the graph of ¢(z) has to be convex. This makes it impossible to connect
negative boundary values with the trivial regular solution.

If a, 8 > 0, there is no such problem. The reader may verify that we find
as a first-order approximation

5 a 3
¢s(x): T 2 + 5
1+ V) (1+\/65€(1:c)>

The asymptotic validity of this approximation can be shown by analysing the
exact solution in terms of elliptic functions.

6.1.3 A More General Equation

The function ¢ is for z € [0, 1] the solution of

2

L=< (o + o) +ao(e) ) - g(a,) = 0

with boundary values ¢(0) = a > 0, ¢(1) = 0; ag(x), ai(x), and g(z, §) are
sufficiently smooth functions. Furthermore,

g(z,0) = 0.

Suppose that a regular expansion exists in a subdomain of [0, 1]:
b (x) = Z " () + O(e™T).
n=0

Substitution produces
g(x7 ¢0) =0.

¢o(z) = 0 is a solution of this equation, and we suppose this solution to
be unique by assuming g.(z,z) # 0. It is easy to see that we have also
on(z) =0, n=1,...,m. Note that the regular expansion satisfies the bound-
ary condition at x = 1. We expect a boundary layer near x = 0 and we
introduce the local variable
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x
= v

The equation becomes, after transformation,
1m0 @9 do*

Liot = T + () G+ a0 — gl 67) = 0.

A significant degeneration arises if v = % Assuming that

lim 67(€) = ¢o(8),

we find 20
0
d£2 - g(O» 1/]0) =0.
We add the boundary value 1o(0) = a and the matching relation
lim ¢o(§) = 0.
£—o00

To solve this problem for vy, we have to be more explicit about g. Suppose
for instance that g.(z,2) > 0, = € [0,1], z € R, and introduce

Yo
wazé 0(0. ) dt.

The equation for 1y can be integrated to give

1 [ dpo\? B
with a a constant. We have

d 1

d%o = £(2G(vo) + 2a)2.

As a > 0, the matching relation requires us to take the minus sign, cor-
responding with a decreasing solution (the plus sign if a < 0). Matching
produces a = 0. The solution for ¢y is given implicitly by

o Yo d77
e 26t

Note that higher-order terms satisfy linear equations that we can solve in
terms of ¥y. In the boundary value problem, a boundary layer near x = 1
would arise if we were to put ¢.(1) = 8, [ # 0. The analysis of the behaviour
of the solution near z = 1 in this case runs along exactly the same lines.
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6.2 An Intermezzo on Matching

In the examples of the preceding section, we have deliberately introduced con-
ditions such that the regular expansion vanishes to all orders. This facilitates
matching, which obeys for instance a rule such as

EEYEOO Yo(§) =0,
where £ is a local variable at the left endpoint of the interval.

In the linear problems of the preceding chapters, this type of matching
is easy to achieve by applying the subtraction trick. In the case of nonlinear
problems, this trick can also be used but it may cause technical complications.
Also, in more difficult problems, we need a matching principle that can be
generalised.

In Section 4.4, we noted that in the justification of matching rules the
overlap hypothesis plays a part. To fix the idea, consider an interval with left
endpoint = 0. Suppose that in the interior of the interval we have a regular
expansion of the form ¢g(z) + ¢y (x) + - - -. Near z = 0, we have a boundary
layer expansion 1g(€) + k(g)1¥1(€) + -+, k(e) = o(1), in the local variable

The overlap hypothesis assumes that there exists a subdomain near z = 0
where both the regular and the boundary layer expansions are valid and where
they can be matched. A local variable £, corresponding with such a subdomain
can be of the form

do(€) = o(1),6(¢) = o(do(€))-

In the overlap domain, the first terms of the regular and the boundary layer
expansions are transformed:

do(e
Yo(§) = Yo ((;(i))fo) s o(x) = do(d0(€)€o)-
For ¢0(€) and ¢o(z) to be matched in the overlap domain as ¢ — 0, we have,
upon expanding from the equality of the leading terms,

lim 4o (§) = lim ¢o(z).

=+

This is a slightly more general matching rule than the one we derived in
Section 4.2. We illustrate this as follows.
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Example 6.5
¢ do
The first-order term of a regular expansion ¢g(z) + ... will be a solution of
2390 | g0 _ g
dx
so that

¢o() =1n (:E —21— a>

with a a constant of integration. Assume that we have a boundary layer at
x = 0 and that ¢o(1) = 0; in this case a = 1. Near = 0, we introduce the
boundary layer variable

X
f = YR
€
which produces the equation
d* dip
1—2v —v v o
9] d7€2 + 28 dif +e” = 0

A significant degeneration arises for v = 1; expanding ¥(§) = ¥o(§) +¢---
yields for 1o (€) the equation
1y 2%

ag TP

with solution
Yo(€) = A+ Be %,

From the boundary condition ¢y(0) = 0, we have A + B = 0. Matching
according to our new rule produces

A=1In2

and

o(§) = In2(1 — 7).
In composing a first-order approximation, we cannot merely add ¢g(z) and
¥o(€); we have to subtract the common part, which is in this case In2. The
approximation takes the form

2
o (x) = lng:_|_1

—In2e2%/¢,

Remark

The matching rule that we have formulated here is slightly more general than
the rule formulated in Section 4.2. In applications, we may still encounter cases
where this rule does not enable us to match different local expansions. One
of the problems lies in the requirement that we restrict ourselves to leading
terms. A more general matching rule, intermediate matching, is discussed in
Section 15.4.
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6.3 A Nonlinearity with Unexpected Behaviour

We consider now a problem with new, rather unexpected phenomena.

Example 6.6
The function ¢ is for € [0,1] the solution of

2o  do (do

with boundary values ¢.(0) = a, ¢-(1) = 0; we take 0 < o < 1. The problem
was discussed by Van Harten (1975). The assumption of the existence of a
regular expansion in x suggests the expansion

¢5($) — Z&_n¢n(x) + O(Em-"_l).
n=0

We find for ¢ the equation
dgo (dpo
— | —+1)=0
dx < dx i

with solutions
¢do1(x) =1 and ¢p2(x) = —x + ca.

01 02 03 04 05 06 07 08 03 1 o1 02 03 04 05 06 07 o8 05 1 01 02 03 o4 05 08 07 08 05

Fig. 6.1. Various possibilities in Example 6.6

From this point on, there are several possibilities. We could for instance as-
sume that one of the solutions can be used in a subdomain of (0,1) and the
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other should be discarded; there are many other choices possible, see Fig. 6.1.
It turns out, however, that the following construction leads to correct results:
assume that ¢g1(z) is a valid first approximation in a subdomain that has
x = 0 as a boundary, so we take ¢o1(z) = ; ¢o2(x) is valid in a subdomain
that has = 1 as a boundary, so take ¢p2(z) = 1 — 2. The two local ap-
proximations intersect at © = 1 — «; in this case we find a boundary layer at
x = 1 — «, the location of which clearly depends on the boundary values!

To obtain more insight into what is going on, we analyse the exact solution.
The solution for a € (0,1) is of the form

—¢cln (Ae% + B)
with A and B constants. Applying the boundary conditions, we can write for

the solution
z—l1+ta z—1 11—«
14+e = —e = —e =
bola) = a—cln | — : ,
1—e ¢

which on [0, 1] simplifies to

x

pe(x) =a—cln (1 Lt —e%l) +o(e).

Inspection of this expression confirms the validity of the two regular expan-
sions:
¢e(x) =a+0(), 0<z<l—-a-—d, d>0,
pe(x)=1—-24+0(), 1l—a+d<z<L

To describe the behaviour in the free boundary layer, we introduce the local

variable
z—(1—a)

3

&=
and we find
Pi(€) =a—cln (1 —e Tt 4 65) + o(e)
=a—cln(l+e) +o(e).

What happens if we take o > 17

The equation that we studied here is an example of an equation with
quadratic nonlinearities of the form

2 do\> d
s = a(.0) (52) b )G+ clo.0)

For more details, see Section 15.5.
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6.4 More Unexpected Behaviour: Spikes

As we have seen, relatively simple differential equations can have solutions
with striking behaviour. Another type of equation, producing spike-like be-
haviour, has attracted a lot of attention. A transparent demonstration of
such behaviour for autonomous, conservative equations was given by O’Malley
(1976); see also O’Malley (1991) and De Jager and Jiang Furu (1996).

We sketch the ideas by considering the problem in Example 6.7.

Example 6.7

d*¢ 9
) +¢—9¢"=0, ¢(0) =, (1) = 3.
In the ¢,d¢/dx phase-plane (see Fig. 6.2), there are two critical points,
(¢,dp/dx) = (0,0), which is a centre, and (¢,d¢/dz) = (1,0), which is a
saddle. The phase orbits are given by the integral of the equation

Fig. 6.2. The phase-plane of Example 6.7. Phase orbits such as PQQ’ or
PQQ'--- PQ correspond with spiked solutions with boundary conditions ¢.(0) =

a7¢5(1) = /B
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1 (de\* 1., 1.,
2E<dm> T30 T 30" =k

for all possible values of the constant Ey. The closed orbits around (0,0) and
within the saddle loop, given by

o\’ o 2.5 1
(m) T3 Ty

correspond with periodic solutions (i.e., periodic in x when disregarding the
boundedness of the interval). Near (0,0), the frequency approaches 1/./z,
which means very fast oscillations.

To apply the boundary values, we have to select a part of a phase orbit
corresponding with length 1 in x, starting in ¢ = « and ending in ¢ = (.
Suppose that —1/2 < «, f < 1 and that a and § are not close to either —1/2
or 1 as ¢ — 0. It is always possible to find a suitable part of a phase orbit
inside the saddle loop as, moving out from the centre point to the saddle, the
period increases monotonically from 0 (as € — 0) to oo.

Fig. 6.3. Spikes in Example 6.7 with a = —0.4, 3 = 0.5, = 0.00025.

To use a phase orbit such as PQQ’, we have to pass fairly close to the
saddle to obtain a “time interval” of length 1 in x. The motion near the
saddle will be slow. (The solution ¢ stays for a long “time” near the value 1.)
Outside a neighbourhood of the saddle, the motion will be fast. This solution
corresponds with boundary layer behaviour near z = 0 and = = 1, connecting
«a and @ with regular behaviour near ¢ = 1.

Moving to a phase orbit slightly more inwards, we can construct a solution
PQQ’ - -- PQ corresponding with a chosen number of rotations of the phase
orbit. Each time the phase orbit moves from a neighbourhood of the saddle
through @Q'P'PQ back to this neighbourhood, we observe a spike (see Fig.
6.3). The sizes of the spikes are bounded by the size of the saddle loop, and
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they will hardly increase as € — 0. So remarkably enough, we can construct as
many solutions with as many spikes as we want. For a more detailed analysis
and proofs we refer to the literature cited.

6.4.1 Discussion

1. In our example, the analysis is made easier by the a priori knowledge that
the period function, when going from the centre to the saddle, increases
monotonically from O(y/€) to co. We know for equations of the form

d?*¢

i

with f(¢) quadratic that the period function is a monotonic function (as

in the case of the pendulum equation), see Chow and Sanders (1986).

If f(¢) is cubic, the period function can already be nonmonotonic. This
opens the possibility of more complications.

2. In the analysis of a boundary value problem for e¢” + f(¢) = 0, the crit-
ical points (¢,d¢/dx) = (20,0) with f(xz¢) = 0 play an essential part.
Excluding the degenerate case f'(xg) = 0, all critical points are either
centres (when f’(xg) > 0) or saddles (when f’(xg) < 0). Near the cen-
tres, we have high-frequency oscillations that are not suitable for solving
boundary value problems. Near the saddles, the motion is slowed down as
much as we want to produce solutions as discussed above. For a general
background on conservative equations of this type, see Verhulst (2000,
Chapter 2).

3. Various generalisations of the boundary value problem for the equation
e’ + f(¢) = 0 are possible. A natural one is to add linear damping.
The qualitative analysis remains the same as a saddle (hyperbolic critical
point) remains a saddle under perturbation. The centre becomes a slowly
attracting focus, but the time-scale of circulation remains asymptotically
the same.

+f(¢)=0

6.5 Guide to the Literature

Nonlinear boundary value problems are extensively discussed in Chang and
Howes (1984), O’Malley (1991), and De Jager and Jiang Furu (1996). Eck-
haus (1979) uses the examples of van Harten (1975), discussed in Section 6.3
(see also Section 15.5), to analyse significant degenerations of operators and
matching problems.

In applied mathematics, difficult examples often play an important and
stimulating part. Lagerstrom and Cole (see Kevorkian and Cole, 1996) intro-
duced the problem

d?¢  do _ — =
U2 +¢% —¢=0, :(0) = @, ¢(1) = 5,
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which involves all kind of problems such as shocks, the location of boundary
layers, and matching of expansions. Of the many studies see Dorr, Parter, and
Shampine (1973), Howes (1978) and Kevorkian and Cole (1996). For another
Lagerstrom model problem studied by blow-up transformation, see Popovié¢
and Szmolyan (2004).
Carrier and Pearson (1968) formulated the problem
2
T8 1236 - %) =0, 6u(-1) = 6.(1) = 0.

dz?

which displays shock-layer phenomena and spikes. This has triggered a lot of
research, of which Section 6.4 is only a very small part. Carrier and Pear-
son noticed that the perturbation scheme produces “spurious solutions” that
do not represent actual solutions. It is not easy to find a selection-rejection
criterion to handle these spurious solutions. The phase-plane method for au-
tonomous problems (O’Malley, 1976) solves this by adding a new, geometric
element to the discussion.

A number of authors have tried to solve this selection-rejection problem
within the theory of singular perturbations. We mention Lange (1983), who
uses exponentially small terms in his analysis. In the same spirit, MacGillivray
(1997) also uses transcendentally small terms in the matching process.

A completely different analysis of these problems has been proposed by
Ward (1992); for a survey and introduction, see Ward (1999). He associates
the Carrier-Pearson problem with a linear eigenvalue problem that is ill-
conditioned (i.e., there are exponentially small eigenvalues). By using an
asymptotic projection on the space spanned by the eigenfunctions, the asymp-
totic approximation can be identified.

Another very different approach is to use nonstandard analysis. For a
readable account, one should consult Lutz and Goze (1981). In this type of
analysis, quantitative information is more difficult to obtain without returning
to standard analysis of singular perturbations.

A large and important field that we do not discuss in this book is the
application of singular perturbations to control theory. Some of its topics
can be found in O’Malley (1991); for a systematic study and references, see
Kokotovié¢, Khalil, and O’Reilly (1999).

6.6 Exercises

Exercise 6.1 Consider the problem

20 9, 6.0 = a,0.(1) = B
d$2 ) € )y Y€ bl
with o < 0,5 > 0.
a. Note that the regular expansion vanishes to each order.
b. Compute a first-order approximation of the solution.

c. Can you say anything about the validity of the approximation?
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Exercise 6.2 Consider the nonlinear boundary value problem

The function ¢ is sufficiently differentiable and is chosen in such a way that
the reduced equation (¢ = 0), for any given y(zo) = yo, o € [0,1], has a
unique solution y(z) for = € [0, 1].

a. Localise the possible boundary layer(s).

b. Give a first-order approximation.

Exercise 6.3 Consider the nonlinear boundary value problem

d

Ed—f =y—2% z(0)=0,

B _, 1) =1, 2,y >0
dt_ ) y - ) 7y— *

Compute a first-order approximation.

Exercise 6.4 Consider the boundary value problem on [0, 1]:

Py (dy
dz2 ~ \dz

) y(0) = auy(1) = B.

We exclude the trivial case o = 3. This example will show that the location
of the boundary layer depends on whether a > (8 or a < .

a. Consider the various possibilities for constructing a regular expansion. Is
it possible to locate boundary layers? Can you find a significant degener-
ation?

b. Compute the exact solution and show that there is one boundary layer
location.

c. Identify a boundary layer variable in the case o > (.

Exercise 6.5 Consider again the problem

d%¢
eoato— ¢* =0, ¢:(0) = a, ¢c(1) = 5.

a. Does the boundary value problem have solutions if «, § < —1/27
b. The same question as in (a) if @ < —1/2,6 > 1.
c. Sketch the solutions for the orbits PQQ’" and PQQ'P' PQ.

Exercise 6.6 Consider the solvability of Dirichlet boundary value problems
on [0, 1] for the equations ¢ — ¢ + ¢ = 0 and ¢" + ¢ — ¢* = 0.
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Elliptic Boundary Value Problems

We now turn our attention to partial differential equations and, in particular,
to elliptic boundary value problems in the plane. At the end of this chapter,
we shall sketch some developments for nonconvex domains and for domains
in R3.

Consider a bounded domain D C R? with boundary I". We shall study a
function of two variables ¢.(z,y), that in D is given implicitly as the solution
of a differential equation; on the boundary I', ¢ will take values prescribed by
the function 6. This type of prescription of boundary values is usually called
a Dirichlet problem.

We shall restrict ourselves to Dirichlet problems to keep the presentation
simple but note that other boundary value problems can be treated by a
similar analysis. We start with what appears to be a direct extension of the
boundary value problem of Section 5.1.

7.1 The Problem eA¢ — ¢ = f for the Circle

Consider the domain D = {x,y|z?+y? < 1} with the circle I = {x, y|z2+y? =
1} as boundary. The problem is to find ¢.(x,y) as the solution of

eAp—¢ = f(z,y)

with boundary condition ¢|r = 6(x,y). The functions f and @ are defined
in D and I', respectively, and are sufficiently differentiable; A is the Laplace
operator.

Note that choosing the boundary condition to be homogeneous, ¢|r = 0,
we have no restriction of generality.

We assume that, in a subdomain of D, a regular expansion of the solution
exists:

be(,y) =D e"¢n(w,y) + O™ ™).

n=0



78 7 Elliptic Boundary Value Problems

Fig. 7.1. A boundary layer along a circle.

Substitution in the equation produces

do(z,y) = —f(2,9),
¢n($,y) =A¢n,1(x, ), n=1,---

In general, this expansion will not satisfy the boundary conditions, so that
we expect the existence of a boundary layer along I'. As in the preceding
chapters, it is convenient to subtract the regular expansion; we put

1/)(£E,y) = qb(x,y) - and)n(xay)
n=0

and calculate

eAY =eAp— 3" (e"TLAS,
= (b + f _mZ;,n:O €n+1¢n+1 m
= ’l/) + Zn:O 6n¢" + f - Zn:O €n+1¢'fl+1

=1 — 5m+1¢m+1~
So we have
AP —p = O )

with boundary value ¢|p = 0(z,y) — > €"¢y,|r. To study the behaviour
of the solution along the boundary, it is natural to introduce the radius-angle
coordinates p, a by

z=(1-p)cosa,
y=(1—p)sina.

The equation for 1) becomes
0? 1 0 1 0?

L¢e< >ww0(€’"“)-

97 1-pop  (1-proaz

The boundary corresponds with p = 0, and we put
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m

¢‘p:0 = Zgnan(a)
n=0

where 6 is obtained by transforming z,y — p,« in 0(z,y) — ¢o(z,y) and
putting p = 0; 67 is obtained from —¢1(z,y) etc.
We introduce a boundary layer variable along I" by

¢=2Z.
The equation becomes

o 62w* 5171/ dq/}* c 82’(/)*

082 1—ev€ d + (1—¢ev€)? da?

L*'(/)*— 71)[}* :0(€m+1)'
The differential operator has a significant degeneration Lf if v = % so that
€= p/e? and then
82
Ly =— —
0 852

*

The equation has terms containing ¢ and 5%, so we suppose that near the
boundary a regular expansion exists of the form

2m

Vi a Zs"/z €a)+0 ().

Substitution of the expansion and comparing terms of the same order in &
produces

Lgho = % Yolr = bo(a),
Ly = Tdé Yi|lr =0,
2
Lgtps = +§% — 66;[}20, Y| = 61(), ete.

Note that the equations for g, 1, ... are all ordinary differential equations.
For this reason, we call the boundary layer along I' an ordinary boundary
layer (see Fig. 7.1). The equations are easy to solve; we find for vy

Yo(€, @) = A(a)e™® + B(a)e™®

Again we introduce a matching relation, and it takes the form
51520 Yn(&,a) =0, n=0,..,m.

For vy this implies that B(a) = 0. We find successively

wﬂ(fa )*00 )6 53
1€, @) = —50o(a)ée .

/—\
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The formal approximation of the original boundary value problem becomes,
to O(e),

o= 1) + 0e.9) + Fallr (1 g0) Vb,

in which p =1 — /22 4 y2. It would appear that in the expansion only terms
that are O4(1) arise; the reader may verify, however, that we have

pe ?/VE=0(Ve), 0<p<L.

7.2 The Problem e A¢ — g—‘}; = f for the Circle

Consider again the domain D = {x,y|2? + 3? < 1} with boundary the circle
I = {x,y|z? + y? = 1}. The equation is
9¢
A _—_— =
40— 50 = (e

with boundary condition
¢|F = 9(1‘, y)

The equation with boundary condition models the laminar flow of a conduct-
ing, incompressible fluid in the presence of a magnetic field; see Van Harten
(1979) and references therein.

We start again in the usual way: assume that in a subset of D a regular
expansion exists,

Ge(z,y) =D e"bnlx,y) + O(e™ ).
n=0

Substitution in the differential equation produces

%ZIO :7f(xvy)a
aT;:Aqsnflv ’I’L:].,27"',

which are first-order equations. For ¢g, we find

bo(@,y) = — /y Fo8)dt + A(z).

We are still free to choose the function A(z). On the boundary, we can elimi-
nate y; we separate I into an upper and a lower half,

It ={zyle*+y*=1, y=>0},
I~ ={x,ylz*+y*=1, y <0},
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and accordingly the boundary conditions become

I't:0%(z) =0 (z,V1—a?),

I'~:607(z) =0 (z,—V1—2?).
It is clear that we can choose A(z) such that the boundary condition on
either I or I'~ is satisfied. A good guess is then that imposing the boundary
condition on one half will evoke the existence of a boundary layer along the

other half of the boundary. We have to analyse the boundary layer equations
before making this choice. We subtract the regular expansion

¥(x,y) 26 b (2,7)
to find, in an analogous way as in Example 7.1,
AﬂJ*%—O( m+1)'

The boundary conditions must also be transformed, but we postpone this cal-
culation until we know the location of the boundary layer. Again we introduce
the radius-angle coordinates to study what happens along the boundary
x=(1-p)cosa,
y=(1-p)sina.
The equation becomes

0% 1 oy 1 0% 81/) cos o O mal
€<3p2_1—p<9p+(1—p)2%2>+sm 9 T-paa O

The boundary corresponds with p = 0, and so we introduce the local variable
¢=2.

Transforming =,y — p, a — &, « and replacing ¢¥(z,y) by ¥*(§, «), we find
the equation

o 82¢* B 617'/ % N € a2¢*

02 1—ev€ O (1 —e¥€)? da?
o* cosa 0P
o€ 1—ev€ da

L*’l/)* —

+e Vsina (™).
The operator L* has a significant degeneration if v = 1. After rescaling, the
degeneration takes the form

2
Ly = +sino—

€2 o0&



82 7 Elliptic Boundary Value Problems

Note, however, that we may have to exclude the points « = 0 and a« = 7
where the second term vanishes and which corresponds with the points where
I'™ and I'" are connected. As we have only entire powers of € in the equation,
it is natural to postulate the regular expansion

PI(Ea) = eMpn(E ) + O™,
n=0
We find

Lio =0

with the solution .
Yo(€,a) = Bla) + C(a)e 5ne,

Fig. 7.2. Boundary layer at one side of a circular domain.

If we move into the interior of the domain, the boundary layer solution has
to match the regular expansion in z,y. So we have the matching relation

Jim 2 (€,0) =0.

Along I'", m < a < 2w, the exponent of 1y is positive so that matching
produces B = C' = 0. Clearly, we then have no boundary layer along I'~, so
we propose the regular expansion in x,y to satisfy the boundary condition on
I'™ and we expect a boundary layer along I'" (see Fig. 7.2). This determines
A(zx) (and the lower constant of integration) as

0~ (z) = —

I w1
/ F, t)dt + A(z).

Furthermore, we have the boundary condition
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m
Vel =07 (@) = D 0nlr+.
n=0

We find with this condition and the matching relation
Yo(€,a) = (07 (cosa) — ¢o(cos a,sina))e s5ne

with 0 < o < 7. The next term, 11 (€, @), follows from the boundary condition,
the matching relation, and the equation
0 0
Liyr = +6'i§0 + cosa%.

In our analysis, we excluded the points where o« = 0, 7; let us call them P and
Q. There is another reason to exclude a neighbourhood of these points. The
regular expansion coefficients ¢, (x, y) will in general be singular at P and Q.
To illustrate this, take for instance 6~ (x) =1, f(z,y) = 1. We find

A(z) =1-+V1-2a2
¢0(x7y) =-—y+1-v1-a?

which has branch points at x = £1. On calculating ¢;, one finds expressions
that contain singularities at = £1. It is not difficult to see that this example
illustrates the general situation. We conclude that our first-order calculation
is complete except for a neighbourhood of the points P and @. To complete
the analysis, we have to introduce local variables near these points. It turns
out that boundary layer regions arise near P and @ that form a transition
between the boundary layer along I'" and the boundary I'~ where no bound-
ary layer exists. The analysis becomes much more sophisticated, and we do
not perform it here.

Remarks

1. On adding the analysis for a neighbourhood of the points P and @, one
still has not obtained a formal approximation, although the result can
be proved to be an asymptotic approximation. This is analogous to the
discussion in Section 5.2.

2. In the equation for ¢, the term 0¢/Jy has coeflicient —1. Replacing —1
by +1, we can repeat the analysis and find that the parts played by '~
and I't with respect to the boundary layer structure are interchanged.

3. A difference between the results of Section 7.1 and the present one is that
we have in the second case a part of the boundary where no boundary
layer exists and special problems in the transition regions near P and Q.
In general, such problems arise if we have an equation such as

eLip+ Lop=f
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in which L; is an elliptic second-order operator and Lg is a first-order
operator. Special boundary layers, as above near P and @, arise whenever
the characteristics of Ly are tangent to the boundary. This is in agree-
ment with the theory of boundary value problems in partial differential
equations and the part played by characteristics.

7.3 The Problem e A¢p — g—z = f for the Rectangle

We have seen in the preceding section that the presence of characteristics in
the reduced equation (¢ = 0) causes special problems at the points where
these characteristics are tangent to the boundary. In this way, the geometry
of the domain plays an important part.

We shall now consider a problem that is typical for the case in which part
of the boundary coincides with a characteristic (see Fig. 7.3). The equation is
again

240~ 57 = flaw).
which we consider on the rectangular domain D given by
D={z,yla<z<b c<y<d}
On the boundary I' of D, we have the condition
¢lr = 0(z,y).

We assume again that in a subdomain of D a regular expansion exists of the
form

Ge(z,y) = Y e"bn(x,y) + O(E™).

n=0
We find after substitution
%13/0 = _f(xa y))
%:Agbn—l’ 77,:1,2,"’.

dy

Inspired by the problem of the preceding section, we suppose that the regular
expansion satisfies the boundary condition for y = ¢. We find

ooz, y) = — /y flz, t)dt + 0(x, ).

We subtract the regular expansion

U@, y) = d(w,y) = Y "dn(w,y)
n=0
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y
R T mo————
D r
e :

Fig. 7.3. Boundary layers in the case where characteristics coincide with part of
the boundary.

to find, as before,
A — % _ O(g™*1).

Ay
The boundary conditions for ¢ are ’
P(x,¢) =0,
U(a,d) = 0(z,d) = 37 " bn(, d),
ba,y) = 0(a,y) = 32,0 " nla,y),

Y(b,y) = 0(b,y) — > om_ €™ bu(b,y).

We expect the presence of boundary layers along the part of I" where x = a, b
and y = d. We shall compute the first terms of the boundary layer expansions.

Near y = d, we propose the local variable
d—
§a = Y

EV

The equation becomes (we omit *)

Py 5, 0% L0
Ew +e€ 8753 +e€ (r“)ifd = 0(6 )

The significant degeneration of the operator arises if ¥ = 1 and becomes

» 0
&5 0
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Near y = d, we have an ordinary boundary layer. Expanding here v, =
S el (x,€q) + O(e™ ), we find

ol ol
22 o

:O7

which we can solve using the boundary condition at ¥y = d and the matching
condition

Jim_ 5z, &) = 0.
We find
Vg (x,&a) = [9(% d) — 0(x,c) / f(z,t) dt]

Near x = a, we propose the local variable

r—a

ga:

EV

The equation becomes

—2u 32¢ 52¢ 31/J O(€m+1).

—— +¢
92 " “oy? oy
The significant degeneration arises if v = % and becomes

. 90
M0 oy

This is a parabolic differential operator, and therefore we call the boundary

layer near x = a parabolic. The equation contains only integer powers of €, so
we propose an expansion of the form

=3 et (Ea, ) + O™,
n=0

To first order, we have
Loyg =0
with boundary condition
0§0.9) = 0a.) ~ 00,0 + [ Fla.t)de = g(0)
and the matching condition

lim 9§ (&, y) =0
Eq—00

The solution of the equation is well-known, and we find
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2 > 1,2 2
¢a §ary) = \/>/ e 2! g ( - a) dt.
0( ) - ,,,/2\/5 2t2

It is not difficult to calculate higher-order terms of the expansion, and it can
be shown that in this calculation difficulties arise near the boundary points
(a,c¢) and (a,d). At (a,c) there is a transition between a parabolic boundary
layer and the lower boundary where no boundary layer exists; at point (a, d)
there is a transition between a parabolic and an ordinary boundary layer. In
the analysis given here, we must exclude a neighbourhood of these points. It
will be clear that the discussion of the formal expansion near the boundary
x = b runs along exactly the same lines. We find the boundary layer variable

b—=x

NG
and a parabolic boundary layer. In this case, we have to exclude a neighbour-
hood of the points (b, ¢) and (b, d).

& =

7.4 Nonconvex Domains

In applications, nonconvex domains arise naturally, for instance in ocean and
seabasin dynamics. The analysis of such problems shows some interesting new
features. We demonstrate this by looking at an example (see Fig. 7.4).

y
c
s —
2p 3 3 C D
o Al 'B
: 1 X
1 2 3

Fig. 7.4. Boundary layers in the case of a nonconvex domain; a free boundary layer
arises.

Consider again the Dirichlet problem for the elliptic equation

o
Ap — L =
g Y 0
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on the interior of the domain ABCDEF A. The boundary conditions are spec-
ified as follows. On the boundary I, ¢.(z) is given by

AB: 1, DE: vy,
BC: y, EF: 3,
CD: 2, FA: y.

We start again with the regular expansion

d)e(xvy) = an¢n($,y) + O(€m+1)‘

n=0
From the analysis in Section 7.3, we expect:

o ¢o(z,y) satisfies the boundary condition on AB and CD. Explicitly,
¢o(x,y) = 1 on the rectangle ABC'F, ¢o(x,y) =2 on CDEC".

e An ordinary boundary layer of size O(e) exists along EF and parabolic
boundary layers of size O(y/¢) exist along BC, DE, and FA.

e Transition boundary layers are present at all the corner points.

The verification runs along the same lines as in Section 7.3 and is left to the
reader. What concerns us here is that, because of the nonconvexity of the
domain, ¢o(x,y) has a nonsmooth transition on CC’, where it equals 1 to the
left and 2 to the right.

To describe this transition by our approximation scheme, we have to as-
sume the presence of a free boundary layer along CC’ and an additional tran-
sition layer at C' and C’. Note that this free boundary layer is located along a
characteristic of the reduced (¢ = 0) equation. Introducing the local variable

2—x
§= ;

EV

the equation becomes

a0 0w

€2 e oy* 9y
A significant degeneration arises if ¥ = 1/2 with leading operator
2 _ 9
o0& oy’
so the free boundary layer is parabolic. Expanding . (§) gives
Oho 0o

&2 Oy

If £ — +o0,x has to decrease, so we move into ABC'F. This produces the
matching condition
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lim (¢, y) = 1.

E—+oo

Moving into CDEC’ we must have
lim o(E,y) = 2.
£——o0

The smoothness that produces these matching conditions is a global effect
induced by the smoothness of the boundary conditions of the problem. The
complete analysis is rather technical; for details see Mauss (1969, 1970).

7.5 The Equation e A¢ — g—;’j = f on a Cube

The analysis until now was for second-order elliptic problems in one and two
dimensions. The transition from one- to two-dimensional domains produced
a number of new phenomena, and the same holds for the transition to three-
dimensional problems.

Explicit calculations for three dimensions are less common; an example
can be found in Van Harten (1975, Chapter 3.7) and in Lelikova (1978). One
considers the analogue of the problem treated in Section 7.3: the interior
Dirichlet problem for

EA(é_% :f(.’L’,y7Z)

on the cube in 3-space. In this case, one finds from a formal analysis the
following phenomena:

- aregular expansion in the variables z,y, z in the interior of the cube that
satisfies the boundary condition on the base plane;

- an ordinary boundary layer near the upper plane of size O(¢);

- parabolic boundary layers along the side planes of size O( /€);

- parabolic boundary layers along the vertical edges of size O(1/¢);

- elliptic boundary layers along the edges in the base plane of size O(e);

- elliptic boundary layers at the corner points of size O(g).

It is interesting to note that although there are more complications as the
dimension of the domain is increased, the calculation scheme can still be
carried out as explained before.

7.6 Guide to the Literature

The subject of elliptic equations was pioneered by Levinson (1950) and Vishik
and Liusternik (1957); there is a survey paper by Trenogin (1970). Regard-
ing proofs to establish the asymptotic character of approximations in elliptic
problems, the first study introducing maximum principles was the paper by
Eckhaus and De Jager (1966); see also Dorr, Parter, and Shampine (1973) and
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Section 15.6 of this book. Since then, the theory has been extended consider-
ably to involve other a priori estimates and Hilbert space techniques. Good
references are Lions (1973), Huet (1977), and II'in (1999); see also Van Harten
(1978).

Constructions as in Section 7.2, where a characteristic of Ly is tangent
to the boundary (points P and @), were handled by Grasman (1971, 1974).
The phenomenon is called “birth of boundary layers”. Applications to exit
problems, groundwater flow, and pollution are described by Grasman and
van Herwaarden (1999). For a general introduction, extensions to quasilinear
and higher-order problems and for more references, we refer to the books by
Eckhaus (1979, Chapter 7) and De Jager and Jiang Furu (1996).

We did not discuss singular perturbations of eigenvalue problems. Sanchez
Hubert and Sanchez Palencia (1989) discuss spectral singular perturbations,
for instance in the case of clamped plate vibrations; more references can be
found in their monograph.

7.7 Exercises

Exercise 7.1 Consider a pipe with a circular cross section in the z, y-plane
and a flow in the z direction of an incompressible, electrically charged fluid.
The wall of the pipe is insulating. The velocity field ¢(z,y) of the flow is
described by the problem

EA(b - % =4
¢(x,y) =0, if (z,y) € I' ={(x,y) € R%a? +y* =1},
e =47, (where M is the Hartmann-number)

Compute an approximation of ¢ up to and including the second-order term
with the possible exception of some point(s) with their neighbourhood(s).

Exercise 7.2 Consider the elliptic problem

eAp— 52+ ¢ =0 with
o|r =1, where I' is the boundary of the rectangle,
R={(r,y) €R?*|0<z<a, 0<y<b}

a. Localise the boundary layer(s).

b. Compute the regular expansion.

c¢. Formulate the boundary layer equations to third order for the horizontal
boundary layer. Solve the first of these equations.

Exercise 7.3 Consider again the interior problem for the circle described in
this chapter but now for the equations

€A¢ - g(x7y)¢ = f(xay)a
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eAp — g(xvy)(by = f(xvy)

Assume that g(x,y) is sufficiently smooth and positive for 22 + 32 < 1. Show,
without giving all detailed calculations, that the same perturbation scheme
as in Section 7.1 resp. Section 7.2 carries over.

Exercise 7.4 We assume that ¢.(z,y) is the solution of the equation
eAp— ¢y = f(z,y), 1<a®+y* <4,
¢|x2+y2=1 =01, ¢|x2+y2=4 = 927

f(x,y) is sufficiently smooth, and #; and 65 are functions describing the be-
haviour of ¢ on the boundary. Construct an expansion of the solution by
giving a regular expansion, locating the boundary layers and giving the first
terms of the boundary layer expansions.

Exercise 7.5 Assume that ¢.(z,y) is the solution of the equation
eAp — ¢ =1z in the rectangle 0 <z <a, 0<y<b.

On the boundary I', we have the Neumann condition

o

— | I'=0.
on

Construct an expansion of the solution by giving regular and boundary layer

expansions while ignoring corner boundary layers.
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Boundary Layers in Time

In the preceding chapters, we have analysed problems in which fast changes
in the solutions take place near the spatial boundary of the domain. In this
chapter, we consider initial value problems and restrict ourselves to ordinary
differential equations. PDEs will be studied later.

As usual, the independent variable will be ¢ € R. It is clear from the outset
that there exist various types of initial value problems. Consider for instance
the harmonic oscillator )

ep+o=0

with initial values. The solutions consist of high-frequency oscillations of the
forms sin(¢/+/€) and cos(t/+/€); no boundary layer can be found. Or consider
the problem ) _ _

ep+ap=0, ¢(0)=a, ¢(0)=05,

where the constant a is positive. The solution is

Pe(t) =a+ aé — 5ge*‘”/5.
a a

We have boundary layer behaviour of the solution near ¢ = 0. If a were
negative, this would not be the case.

Analysing this problem using the formal calculations of the preceding chap-
ters, we would assume the existence of a regular or outer expansion of the form

> e bn(t),

and we would have found ¢o = 0 or ¢o(t) = constant. The condition that a
is positive guarantees that such an outer expansion exists. Conditions such as
this, in a more general form, will arise naturally in initial value problems; we
shall formulate theorems later.

We start with two examples to show that these assumptions arise while
constructing expansions.
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8.1 Two Linear Second-Order Problems

In the first example, our construction is rather straightforward. In the second
example, because of its slightly different character, decisions have to be made
in constructing the expansion. However, it is interesting that for a consistent
construction of asymptotic expansions, we need not know the Tikhonov the-
orem to be formulated in the next section. Of course, the knowledge of that
theorem will clarify the background of these initial value problems enormously.

Fig. 8.1. Solution in Example 8.1 starting in (z,y) = (1,4). The solution is to O(¢)
attracted to the approximate slow manifold y = 2z (dashed), which corresponds
with the regular expansion zo(t), yo(t),e = 0.1.

Example 8.1
Consider the two-dimensional system

t=r+y, x(0)=1,
ey = 20—y, y(0)=4.

As usual, we assume the existence of a regular expansion

2(t) = 2o(t) +ex1(t) + €2,
y(t) = yo(t) +eyr(t) + &2,

which yields

To = To + Yo, Ln = Tn + Yn,
yO:2x07 yn:zrn_ynfla n=12---.

At lowest order, we find zo(t) = Ae3 yo(t) = 24e3'. We can apply the initial
condition for x so we take A = 1. At the next order, we have
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T1=x1 + Y1, Y1 = 2T, — 6€3t,
so that
i = 3x; — 63
and
x1(t) = Be3* — 6te®, y(t) = (2B — 6)e® — 12te3".

We could take z1(0) = 0 so B = 0, but then we will be in trouble with the
boundary layer expansion later on. So for the moment we leave the decision
on the value of B. Summarising, we have the regular expansion (see Fig. 8.1)

r: e 4 e(B—6t)ed +e%
y: 2% +e(2B—6—12t)e3 + &2 .
Note that in the regular expansion y(0) = 2+ (2B — 6) +&2 - - - so we expect

a boundary layer jump near ¢ = 0 as initially y equals 4. Subtracting the
regular expansion, we have

(zo(t) +exr(t) +2--),
(yo(t) +eya(t) +-€*---),

X(t) = =(t) —
Y(t) =y(t) -
and because of the linearity, the same equations with different initial values

X:X+Y, X(0)=—-eB+¢e%--,
eV =2X Y, Y(0)=2+¢e(6—2B)+¢e2---

Introducing the local time-like variable

we find the significant degeneration v = 1 and the equations

dX

— =X + ¢y,
dr
dY
— =2X-Y.
dr

For X and Y, we propose the expansions
X(1) = ao(r) +ear(t) +&%---, Y(7)=Bo(r) +eBi(r) + %,

to find at lowest order

da d
TTO :07 % :2C¥0—ﬂ0, aO(O) :07ﬂ0(0) :27

so that ag(7) = constant. The matching rules

lim a,(7),B.(7) =0, n=0,1,2,---,

T—+00
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produce ao(7) = 0; this fits with the initial condition. Solving the equation
for By, we find exponential decay, which agrees with the matching rule, and
after applying the initial condition

Bo(r) =277
At the next order, we have

d d
%:ao—FBQ, ﬂ:2a1—ﬂ1, a1(0) = —-B, B1(0) =6 —2B.
T dr

Solving the equations, applying matching and the initial conditions, we find
B =2 and
ai(r) = T P(T) = —dre” T + 277

As an expansion of the solution of the original initial value problem, we then
propose

= 3 4 (23 — 2 ¢ 76te3t)+€ ,
y(t) = 2e *§+2e‘3t+€( fe=: 42 ¢ 7(2+12t) ) +e?eo

The term [y(7) represents the major part of the boundary layer jump from
the initial value to the regular expansion.

Example 8.2
Consider the linear second-order equation

Lep=clidp+ Lop = f(1), t=0,

with
d? d
L= ) ool
d
Lo = bi(t )dt+b0( )

ag, a1, b, by, f(t) are sufficiently smooth functions. The initial values are
#:(0) = a, qBa(O) = (. As usual, it is not clear a priori what kind of ex-
pansion we should expect; we proceed, however, as before.

Suppose that a regular expansion exists in a subdomain of R™,

t) = i e"pn(t) + O(e™ ).
n=0

Substitution produces

Logo = f(t),
LOd)n = _Ll¢n717 n= 1723 Tt
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We avoid singularities in the regular expansion by assuming b (t) # 0, ¢ > 0.

Introduce . (5)
bo S

B(t :/ ds
0=, ns)

to find .
po(t) = Coe™BW 4 ¢=BM) / eBE f(s)ds
0

and similar expressions for ¢,,(t). There is one free constant at each step, so we
can impose one of the initial values. We leave this decision until later. In any
case, we expect a boundary layer near t = 0. Subtract the regular expansion

¢(t) = (b(t) - Z 5n¢n(t)
n=0

to find an equation for ¢ with initial conditions

Loy = O(strl)a
P(0) = a =33 " (0),
1/)(0) =p- ZZL:() End)n(o)'

Introduce the local variable 7 = E—t,,, and then

2 ok *
L™ = 61_2"% + sf"m(e”r)% + eap(e¥ 1)
+e Vb (€ T) WS 4 by (e 1)t = O(e™ ).

A significant degeneration arises if v = 1; we have

d? d

L= ) +61(0)—

For the solution 1, we assume the existence of a regular expansion of the form
m
Y=Y Mh(r) + O,
n=0

The equations for the coefficients are obtained after expanding the coefficients
a1, ap, b1, by and collecting terms of the same order of ¢,

L6¢0 = 07
d d
Lign = ~a1(0) 2 — b0}y — 75,(0) 22,

with initial values derived from
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PI0) =a = e"gn(0),
n=0

dy?
dr

(0) =eB— > e"™$n(0).
n=0
For g, we find
11)0(7’) = A1 + Age_bl(O)T.

We expect 19, 11, ... to vanish outside the boundary layer so that we have the
matching relation

lim 1/)0(’7’) =0.

T—00
It is clear that we have to require b1(0) > 0; if not, our formal construc-
tion breaks down completely. Assuming by (0) > 0, we also deduce from the
matching relation that
A =0.
The initial values ¥y(0) = a — ¢o(0), C%U(O) = 0 imply also that A2 =0 and
we have to choose
(CO :) ¢0(0) =,
which determines ¢o(t). It looks like we lost our boundary layer, but to show
that this construction still involves boundary layer behaviour near t = 0, we
must find the next order of the formal approximation. We have

¢
P1(t) = cre B0 — 67B(t)/ eBE Lo (s) ds.
0

Y1(7) follows from the equation Lgy; = 0 with initial values 11(0) =
—$1(0), %(O) = B — ¢o(0). This produces nontrivial terms for ¥ (7):

_B=60) n o(0) — B i)

R T RO —o
The matching relation lim,_, . 1 (7) = 0 produces
_ _ B—60(0)
(C1=) ¢1(0) = bi0)

so 11(7) and ¢4 (t) have been determined completely. The formal approxima-
tion satisfies the initial values and is of the form

0:0) = Y- on(t)+ 3 <" (£) +0lem ),
n=0 n=1

We remark finally that the requirement b1(0) > 0 corresponds with a kind of
attraction property of the regular (outer) solution. Initially the solution moves
very fast (initial layer), after which it settles, (at least for some time) in a
state described by the regular expansion, which corresponds with relatively
slow behaviour.
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8.2 Attraction of the Outer Expansion

As we have seen, certain attraction properties of the regular (outer) expan-
sion play an essential part in the construction of the formal approximation.
This is also true for the analysis of nonlinear initial value problems; in the
constructions, the following theorem provides a basic boundary layer property
of the solution.

Theorem 8.1
(Tikhonov, 1952)
Consider the initial value problem

jj:f(xay7t)+8"'a x(o):%, J)EDCRn,tZO,
6y:g(z,y,t)+€~~, y(O):yOa yEGCRm'

For f and g, we take sufficiently smooth vector functions in z,y, and ¢; the
dots represent (smooth) higher-order terms in e.

a. We assume that a unique solution of the initial value problem exists and
suppose this holds also for the reduced problem

T = f(xayat)v J)(O) = Zo,
0 =g(z,y,1),

with solutions Z(¢), §(t).

b. Suppose that 0 = g(x,y,t) is solved by § = ¢(z,t), where ¢(z,t) is a
continuous function and an isolated root. Also suppose that § = ¢(x,t) is
an asymptotically stable solution of the equation

dy
E - g(l‘vyat)

that is uniform in the parameters x € D and t € R™T.
c. y(0) is contained in an interior subset of the domain of attraction of § =
¢(x,t) in the case of the parameter values x = x(0), t = 0.

Then we have
lim. o z:(t) = Z(t), 0<t <L,

lim, oy(t) = §(t), 0<d<t<L

with d and L constants independent of e.

An interior subset of a domain is a subset of which all the points have a
positive distance to the boundary of the domain, which is independent of «.
The necessity of this condition is illustrated by Example 8.6 at the end of this
section.

In assumption (b), ¢ and x are parameters and not variables. The idea is
that during the fast motion of the variable y, the small variations of these
parameters are negligible as long as the stability holds for values of the pa-
rameters © € D and t € RT.
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Example 8.3
We can apply Tikhonov’s theorem to the second example of Section 8.1. Writ-

ing the equation in vector form by transforming gzﬁ,gé — @1, @2, we have,

¢1 = ¢a,
epg = —bi(t)p2 — bo(t)p1 + f(t) — car(t)p2 — eao(t) 1,
$1(0) = o, $2(0) = 5.

The reduced problem is
Q.Sl = ¢27¢1(0) = Q,
0= —by(t)pa — bo(t)p1 + f(t).
If for 0 <t < L, by(t) > 0, then the root
(t) f(t)
t) bi(t)

satisfies the conditions of the theorem. In particular, this root corresponds
with an asymptotically stable solution of

% = —by(t)s — bo()pr + (1),

—b

_ 0
¢z = b

1+

where t and ¢ are parameters.

Example 8.4
(restriction of the time-interval)
Consider the initial value problem

T = f(x’y)a ‘T(O) = o
ey = (2t — Dyg(x), y(0

with z,y € R;t > 0; f and g are sufficiently smooth, and g(z) > 0. On the
interval 0 <t < dwith 0 < d < % (with d a constant independent of ), y = 0
is an asymptotically stable solution of the equation

) =0

W~ (o1~ 1)ygla)

with ¢,z as parameters. We expect a boundary layer in time near ¢t = 0 after
which the solution will settle near the solution of

&= f(z,0),y = 0,2(0) = zg

as long as 0 <t < d.
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251

0.5

|

Fig. 8.2. Solutions in Example 8.5 starting in (z,y) = (—2,2) and (—1,2),e = 0.1. If
z < 0, they are attracted to the slow manifold y = 0; if x > 0, the attraction is to the
approximate slow manifold y = x. Near the x-axis, the solutions get exponentially
close and the closest one, starting in (—2, 2), sticks longer to the z-axis after passing
a neighbourhood of the origin; see Section 8.6.

Example 8.5
Consider the two-dimensional autonomous system

with z,y € R, > 0.

In the case of autonomous (dynamical) systems as in this example, the
attracting outer expansions correspond with manifolds in phase-space and so
have a clear geometrical meaning. In this case, there are two roots correspond-
ing with “critical points”:

y=0, y=u.

If x < 0,y = 0 is stable and the second one unstable.
If x > 0, the second one is stable and y = 0 is unstable.

It follows that for x < 0 we expect a boundary layer jump towards the
z-axis (y = 0) and for x > 0 we expect a boundary layer jump towards the
line y = x. Note, however, the domains of attraction by sketching the phase-
plane (see Fig. 8.2); solutions may also move off to infinity. The manifolds
corresponding with the outer expansions, the lines y = 0 and y = =z, are
called slow manifolds to indicate the difference from the fast behaviour in the
boundary layers.
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There are two other interesting aspects of this behaviour. In the example,
the solutions starting on the left-hand side move on to the right-hand side.
On passing the y-axis, there is an exchange of stability; there are interesting
applications showing such behaviour.

A second interesting aspect is that the slow manifold y = 0 corresponds
with an invariant manifold of the full system; y = x, however (excluding a
neighbourhood of the origin), is an approximation of a nearby existing invari-
ant manifold; see Section 8.5. The orbits in the first quadrant of the phase-
plane are following the manifold given by y = z closely, but this is not an
invariant manifold of the full system.

Another interesting point is that to the left of the y-axis the solutions
get exponentially close to the invariant manifold y = 0. This results in the
phenomenon of “sticking to the z-axis” for some time after passing the origin.
We shall return to this in Section 8.6; see also Exercise 8.6.

Example 8.6

Condition c of the Tikhonov theorem requires us to choose the initial condition
y(0) in an interior subset of the domain of attraction. We show by an example
that this is a necessary condition. Consider the equation

e = —y+y° + 29

with initial condition y(0). Putting e = 0, we find the critical points y = 0,
which is asymptotically stable, and y = 1, which is unstable. Choose y(0) =
1 — e, which is in the domain of attraction of y = 0.

For the full equation (¢ > 0), the critical points are y = 0,y = 1 — 2¢ +
e2... and our choice of y(0) puts it outside the domain of attraction. The
solution runs off to +oo.

It is possible to weaken the interior subset condition. For instance, in this
example, we may take y(0) = 1 — d(¢) with §(g) an order function such that

e =0(d(e)).

8.3 The O’Malley-Vasil’eva Expansion

How do we use Tikhonov’s theorem to obtain approximations of solutions
of nonlinear initial value problems? The theorem does not state anything
about the size of the boundary layer (the parameter d in the theorem) or
the timescales involved to describe the initial behaviour and the relative slow
behaviour later on.

Asymptotic expansions are often based on Tikhonov’s theorem and the
additional assumption

Re Sp gy(-%ﬂ:ﬂ < —M<O,.’E€D70§t§L,

with Re Sp the real part of the spectrum (the collection of parameter-
dependent eigenvalues of the matrix). This condition guarantees that the root
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g = ¢(x,t) is asymptotically stable in the linear approximation. Following
O’Malley (1974), we start with the system
&= f(z,y,t,e), z(0) =29, x€ DCR", t>0,
ey = g(z,y,t,€), y(0) =yo, y€ GCR™, t>0,

in which f and g can be expanded in entire powers of . First, we substitute
the regular expansion

T = Z e"an (t) + O(e™h)
n=0

y= Z " (t) + O(e™ ).
n=0

We write down the first equations for a,,, b,:

ao + Edl'—i- .= f(ag+eas + ....,bp + by + ...,t,E),
Ebo + €2b1 +...= g(ao +eay + ...,bo +5b1 + ...,t, 6).

For a¢ and by, we find, on adding one initial condition,

ap = f(a()v(z)(a()vt)vtvo)a aO(O) = Zo,
g(a07¢(a07t)7t70)7

with bo(t) = ¢(ao,t). The next order produces

[?‘1 = fm(a()?b()atvo)al + fy(aovb()at?O)bl + fE(aO’b()?t’O)?
bO = gm(a07b07tu 0)0,1 +gy(a07b03t70)b1 +g&(a07b07t70)'

The last equation enables us to express b1 in terms of a; and known functions
of t. The equation for aq, after elimination of by, is linear; we add the initial
condition a1(0) = 0. It is easy to see that in higher order the equations are
linear again.

In general, the regular expansion will not satisfy the initial condition for .
We now postulate the following expansion, which has to satisfy the equations
and the initial conditions for ¢ € [0, L]:

)= Y i)+ 3 o ()
yo(t) = ianbn(t) n Zm:enﬂn (Z) o
n=0 n=0

As we have two timescales, ¢ and /e, in the expansion, this is called a mul-
tiple timescales expansion. Note that this also agrees with application of the
subtraction trick. We substitute the expansion in the equations, finding to

O(e)
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o + ey +ecy = f(ag +ear +eaq, by + by + Bo + b, t,€) + O(e?),
ebo + €80 = g(ap + car + e, by + by + Bo + B, t,€) + O(e?),
where ag, a1, bg, by are known functions of ¢; a dot still denotes derivation with

respect to t. Putting ¢ = e7, using the equation for ag, and expanding, we
have

D F(a0(0), bof0) + (7). 0.0) ~ F(ao(0),50(0).0.0),
% = g(ao(0),b0(0) + Bo(7),0,0).

Together with the initial condition (boundary layer jump)
Bo(0) = yo — bo(0),

the last equation determines (7). The equation for oy can be integrated
directly; as we took aq(0) = 0, we have to put a;(0) = 0. The equations for
Qn, Bn at higher order are linear and can be derived in the usual way. The
initial conditions are

an(0) =0,5,(0) = =b,(0), n=1,2,---.

The construction given here follows the treatment given by O’Malley; see Sec-
tion 8.8 for references. A computationally different construction has been given
by A.B. Vasil’eva (1963) with asymptotically equivalent results; both authors
prove the asymptotic validity of the expansions for which O’Malley uses an
integral equation method based on a contraction argument. We summarise as
follows:

Theorem 8.2
(O’Malley-Vasil’eva)
Consider the initial value problem in R x R™ x RT

z = f(z,y,t,e), z(0) =29, x€ DCR", t>0,

Ey = g(xay7t75)7 y(o) =Y, Y€ G C Ian7
where f and g can be expanded in entire powers of . Suppose that the
requirements of Tikhonov’s theorem have been satisfied and moreover that
for the solution of the reduced equation 0 = g(z,7,t,0), § = ¢(z,t), we have

Re Sp gy(z,9,t) < —pu<0,z2€ D,0<t<L.

Then, for t € [0, L],z € D,y € G, the formal approximation described above
leads to asymptotic expansions of the form

r(t) = Z e"an(t) + Z "o, <z> +0(e™t),
n=0 n=1

ye(t) =D _"bu(t) + > e"Bn (i) + 0™,
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The constant L that bounds the domain of validity in time is in general an
O(1) quantity determined by the vector fields f and g. We shall return to this
later on.

8.4 The Two-Body Problem with Variable Mass

In astrophysics, a model is being used that describes a binary system from
which fast, spherical ejection of mass takes place. The equations of motion are

m(t) 2
7’737

in which r, 0 are polar coordinates, and ¢ and G are positive constants. We
add initial values, rescale such that ¢ = G = 1 and take for the first initial
mass m(0) = 1. For the function describing quick loss of mass, we take

m(t) = my, 4+ (1 —m,)e /e,

where m,. is the rest mass, 0 < m, < 1. For a discussion of the model and
calculations in the case of other choices of m(t), see Verhulst (1975). Putting
p = 1/r, the problem can be transformed to the initial value problem

d?p dp
_ = = 1 —— =
7 +p=m,+u, p0)=1, =0 (0) = «,
du u
—_— = —— = 1 — .
o7 L u(0) my

The first equation can be written in vector form by putting

d
pP=p1, g = pe

% =—p1 +m, +u.
Ejected shells transport momentum out of the system, and one of the questions
of interest is whether orbits that are elliptic at ¢ = 0 can become hyperbolic
as a result of the process of loss of mass. The energy of the system is given
by the expression

1 /dp\> 1,
2<d(9) +§p — Mypp — up.

Initially F(0) = 1(a? — 1), so that starting with an elliptic orbit we have
0 < o? < 1. It is not difficult to see that the requirements of the Vasil’eva -
O’Malley theorem have been satisfied, and we propose to apply the O’Malley

expansion method. We start with the regular expansion
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,0(0) = GO(Q) + 6&1(9) L2 ,
dp

@(9) = bo(o) + 5b1(9) + 62 tee

u(0) = co(0) 4+ ec1(0) +%---

We substitute these expansions in the equations to find ¢g = ¢; = ... =0 and
dao dbo
2=t 2 =—ao+m,
a9 g et
day, db,,
a :bn> - —Qp, n:1727...

o a6

Satisfying the initial conditions for ag, by, we have

ap(0) =m, + (1 —m,)cosf + asind,
bo(0) = —(1 — m,.) sin @ + a.cos 6.

~"m, =055 T I Es 1
of o7 4
.
. \
z |
b y J 1
p
; 1
/ /
-2 / / q
/ /
1 7/
,
3 i , i
! e
1 7
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N .
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6 s s ‘ s ‘ ‘ s
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Fig. 8.3. Asymptotic approximations (dashed) of Kepler orbits after fast ejection
of mass. The initial values for the original, unperturbed orbit (solid line) are p(0) =
1,dp/d0(0) = 0.35,mo = 1. If one third of the mass is shed (m, = 2/3), the
orbit remains elliptic; if 0.45 of the mass is shed (m, = 0.55) the system becomes
unbounded. For disruption of the two-body system, the limit value is m, = 0.57.

Note that the regular expansion corresponds with a state of the two-body
problem where the process of mass ejection has been finished. Following
O’Malley, the complete expansion will be of the form
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o1 = p(6) = ao(6) + a1 (6) + = (") R

O (ORI NORENOREN (AR

u(f) =0 (i) +em (i) +e2e..

The initial conditions for aq, b1, etc., will be derived from the boundary layer
terms as

a1(0) = —a31(0),b1(0) = —B1(0), etc.
We have
an () = —an(0) cosf — 3,(0)sin b,
bn(0) = an(0)sin® — 5,(0) cosd, n=1,2,---.

Substituting the complete expansion into the equations in vector form, we
obtain with v = /e and a dot for derivation with respect to 6

. e
a0+ea1+d—;+52~- bo+eby +efy +% -,

dp

i)o+651+5+62~-- = —agp — €a1 — a1 +m, + Y + €71,
d d
%‘FE%‘F&Q'“ = —(’}/0+6’}/1>(ao—|—€a1 —|—5051+62'--)72.
For the first boundary layer terms, we find
doy dp dvo )
et = = —_— == 0)=.
dv ) dv Y0, dv ’}/Oa()( )

Note that we developed the outer expansion terms ag(6), etc., with respect to
¢ after putting 6 = ev; ap(0) = 1. As ¢p = 0, the boundary layer jump for vy
corresponds with the initial condition for u. Applying the matching conditions

Mg et) = B A) =0,

we find
a(v) =0,01(v) = =1 —my)e™” y) =1 -mp)e”,
so a1(0) =0, B1(0) = —(1 —m,), which determines a; and b;. Summarising
our results, we have
p(0) = m, + (1 —m,)cosd + asinf + (1 — m,)sind + O(g?),

dp

d9(9) = —(1—m,)sinf + acos + (1 —m,) cos b

—e(1 —my)e % + 0(e?),
u(®) = (1 —m,)e %+ 0(e).
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For an illustration, see Fig. 8.3. If we were to continue the expansion, we
would find v1(v) = 0, so the last O(e) estimate can be improved to O(g?).
We can use these expressions to obtain an asymptotic approximation for the
energy E; outside the boundary layer, when most of the ejected mass is shed,
we omit the terms exp.(—6/¢) to find

E=E0)+ (1 —-m,)+ea(l —m,)+ O(?).
The orbits will become hyperbolic if £ > 0 or

E(0)+1+ca
< —.
1+ ca

T

Starting in a circular orbit, the radial velocity is zero, or @ = 0. In that case,

we have simply
1

2

So, for orbits starting in a circular orbit to become hyperbolic, more than half
of the mass has to be shed; note that this statement is based on expansions
that are valid to O(¢e). To find the dependence of m, on ¢, the rate of mass
loss, we have to go to O(g?) approximations in the case of orbits that are
initially circular; see Hut and Verhulst (1981).

my <

8.5 The Slow Manifold: Fenichel’s Results

Tikhonov’s theorem (Section 8.2) is concerned with the attraction, at least
for some time, to the regular expansion that corresponds with a stable critical
point of the boundary layer equation. The theory is quite general and deals
with nonautonomous equations.

In the case of autonomous equations, it is possible to associate with the
regular expansion a manifold in phase-space and to consider the attraction
properties of the flow near this manifold. This raises the question of whether
these manifolds really exist or whether they are just a phantom phenomenon.
Such questions were addressed and answered in a number of papers by Fenichel
(1971, 1974, 1977, 1979), Hirsch, Pugh, and Shub (1977), and other authors;
the reader is referred to the survey papers by Jones (1994), Kaper (1999), and
Kaper and Jones (2001).

Consider the autonomous system

&= f(z,y)+e---, x€DCR",
ey =g(z,y)+e---, ye GCR™.

In this context, one often transforms ¢t — 7 = t/e so that

o =cf(x,y)+e2---, z€DCR",
"=g(z,y)+e--, yeEGCR™,
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where the prime denotes differentiation with respect to 7.

As before, y is called the fast variable and z the slow variable. The zero set
of g(x,y) is given again by y = ¢(x), which in this autonomous case represents
a first-order approximation My of the n-dimensional (slow) manifold M.. The
flow on M. is to a first approximation described by @ = f(x, ¢(x)).

In Tikhonov’s theorem, we assumed asymptotic stability of the approxi-
mate slow manifold; in the constructions of Section 8.3, we assumed a little
bit more:

Re Sp gy(z,¢(z)) < —p <0,z € D.

That is, the eigenvalues of the linearised flow near My, derived from the equa-
tion for y, have negative real parts only.

In geometric singular perturbation theory, for which Fenichel’s results are
basic, we only assume that all real parts of the eigenvalues are nonzero. In
this case, the slow manifold M, is called normally hyperbolic. A manifold is
called hyperbolic if the local linearisation is structurally stable (real parts
of eigenvalues all nonzero), and it is normally hyperbolic if in addition the
expansion or contraction near the manifold in the transversal direction is
larger than in the tangential direction (the slow drift along the slow manifold).

Note that, although this generalisation is not consistent with the con-
structions in Section 8.3 where all the real parts of the eigenvalues have to
be negative, it allows for interesting phenomena. One might approach M. for
instance by a stable branch, stay for some time near M., and then leave again
a neighbourhood of the slow manifold by an unstable branch. This produces
solutions indicated as “pulse-like”, “multibump solutions”, etc. This type of
exchanges of the flow near M, is what one often looks for in geometric singular
perturbation theory.

8.5.1 Existence of the Slow Manifold

The question of whether the slow manifold M. approximated by § = ¢(x)
persists for € > 0 was answered by Fenichel. The main result is as follows. If
My is a compact manifold that is normally hyperbolic, it persists for € > 0
(i.e., there exists for sufficiently small, positive & a smooth manifold M. close
to Mpy). Corresponding with the signs of the real parts of the eigenvalues,
there exist stable and unstable manifolds of M., smooth continuations of the
corresponding manifolds of My, on which the flow is fast.

There are some differences between the cases where My has a boundary
or not. For details, see Jones (1994), Kaper (1999) and the original papers by
Fenichel.

8.5.2 The Compactness Property

Note that the assumption of compactness of D and G is essential for the
existence and uniqueness of the slow manifold. In many examples and appli-
cations, My, the approximation of the slow manifold obtained from the fast
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equation, is not bounded. This can be remedied, admittedly in an artificial
way, by applying a suitable cutoff of the vector field far away from the domain
of interest. In this way, compact domains arise that coincide locally with D
and G. However, this may cause some problems with the uniqueness of the
slow manifold. Consider for instance the following example.

Example 8.7
Consider the system

i =22, 2(0) = 29 > 0,
ey = —,4(0) = yo.

Putting € = 0 produces y = 0, which corresponds with M. We can obtain a
compact domain for x by putting | < x < L with [ and L positive constants
independent of €. However, the limiting behaviour of the solutions depends
on the initial condition. Integration of the phase-plane equation yields

y(z) = yoexp (1 - 1) :

ET ETo

As z(t) increases (for t = 1/xq, x(t) becomes infinite), the solution for y(t)

tends to )
wen (1),
EXo

so the solutions are for 2:(0) > 0 and after an initial fast transition all exponen-
tially close to y = 0. There are, however, an infinite number of slow manifolds
dependent on zg, all tunnelling into this exponentially small neighbourhood
of My given by y = 0.

A variation of this example is the system

T = 1,1’(0) =z9 >0,

. y
ey = fﬁ,y(O) = Yo-

To avoid the singularity at = 0, we take x¢p > 0. We have the same phase-
plane solutions but now we can take t arbitrarily large. The conclusions are
similar.

One might wonder about the practical use of exponential closeness as such
solutions cannot be distinguished numerically. The phenomenon is important
and of practical use when there is a change of stability, a bifurcation of the
slow manifold. As we have seen in a number of examples, exponentially close
orbits may demonstrate very different sticking phenomena; see also Section
8.7.
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8.6 Behaviour near the Slow Manifold

In this section, we consider the estimates on the regular expansion that cor-
responds with the slow manifold in the autonomous case. We also introduce
conditions that enable us to extend the timescale of validity beyond O(1).

8.6.1 Approximating the Slow Manifold

As we have seen in the discussion of Tikhonov’s theorem, the solutions may
leave the slow manifold (in the case of autonomous systems) or a neighbour-
hood of § = ¢(z,t) (for nonautonomous systems) in a relatively short time.
How close do the solutions stay near § = ¢(z,t) during that time?

Example 8.8
Consider the system

Z4+x=0, 2(0)=0,2(0) =1,
ey = —(y— ), y(0) = yo.

Putting € = 0, we find § = z, and we note that this critical point - in the sense
of Tikhonov’s theorem - of the boundary layer equation is asymptotically sta-
ble in the linear approximation (eigenvalue —1), uniformly in the parameters
z and t. The corresponding approximate two-dimensional manifold M, in the
system is described by y = x.

Introducing a regular expansion for y, we find

y(t) = x(t) — ei(t) + O(?).
On the other hand, solving the system, we find
z(t) =sint, y(t) = yoe V¢ + x(t) — e(cost — e ) + O(e?).

So, putting § = x yields an O(e) (first-order) asymptotic approximation of
the slow manifold, which, in this case, is valid for all time. The uniformity of
the eigenvalue estimate does not lead to exponential closeness as would be the
case for critical points of the full system.

The O(e)-estimate that we obtained above follows directly from the
O’Malley-Vasil’eva theorem in Section 8.3.

Corollary (O’Malley-Vasil’eva)
Consider the system
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We assume that the vector fields f and g are C! on the compact domains
D and G. Suppose that g(x,y,t) = 0 is solved by § = ¢(z,t), and choose
Yo = ¢(x0,0) + () with () = O(e). If

Re Sp gy(z,9,t) <—pu <0, 2€D,0<t< L,
we have for x € D,y € G

lly(t) — ¢(z,t)|| = O(e), 0 <t < L.

Example 8.8 shows that under these general conditions this estimate is opti-
mal.

The size of the time-interval

If the equations are autonomous, there is no a priori restriction on the interval
bound L. The restriction of the time interval arises from the conditions that
z and y are in the compacta D and G. If z(t) leaves D as in Example 8.5
of Section 8.2, this imposes the bound on the time interval of validity of the
estimates. In this example, we also have the phenomenon of the solutions
“sticking” to the z-axis, even after passing the origin. The explanation is in
the exponential closeness to the slow manifold for x < 0 predicted by the
theorem of Section 15.7.

8.6.2 Extension of the Timescale

To use regular expansions on a timescale longer than O(1), we have to take
care of secular terms. This is discussed extensively in textbooks; see for in-
stance Kevorkian and Cole (1996), Holmes (1998), or Verhulst (2000). We
illustrate this as follows.

Example 8.9
Consider the three-dimensional system

F+ei+(1+y)z=0, xz(0)=1,%0)=0,

d
8% = _f(m7j")y7 y(O) = 17

with f(z,4) > pu > 0, (z,4) € R?. Both Tikhonov’s theorem and the O’Malley-
Vasil’eva expansion technique can be applied, and we put

x(t) = ao(t) +ear(t) + &%+,
y(t) = bo(t) +ebi(t) +e%--- .

We find by (t) = b1(t) = - - - = 0; outside an initial boundary layer, the solution
y(t) remains exponentially close to y = 0 for all time. Note that the equation
for x reduces to

T+er+ax=0,
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which describes damped oscillations. The expansion for x, however, leads to
the set of equations

ag + ag =0, ao(O) = 1,@0(0) =0,
a1 +eapg+a; =0, CL1(0) = 0,@1(0) =0.

The solutions are ag(t) = cost, ai(t) = 2sint — 1t cost, in which a;(t) has
an amplitude increasing with time. The expansion is valid on an O(1) time
interval only.

Consider again the system

:i::f(z,y)+5f1(a:,y)+€2~-,x(O):xo, reDCR" t>0,
ey = g(z,y) +egi(z,y) ++, y(0) =y, y€GCR™, t>0.

The slow manifold corresponds with y = ¢(z), which is a critical point of the
boundary layer equation and asymptotically stable in linear approximation as
long as x € D,y € G.

Suppose now that the solutions stay close to the slow manifold for at least
a time interval of the order 1/e; we have seen such cases in earlier sections.
To obtain asymptotic approximations valid on such a long timescale in the
slow manifold, we have to employ two timescales: ¢t and et. There are various
techniques, of which the method of averaging is very efficient; see Chapter 11.
The procedure is illustrated by the following example.

Example 8.10
Consider the three-dimensional system

i+x=c(l—a2?)i+ef(e,2,y)
ey =g(x,y)+e .
We have g(z,¢(z)) = 0 with g,(z,¢(z)) < —p < 0. The conditions of
Tikhonov’s theorem (Section 8.2) have been satisfied, and putting z(0) =
20,y(0) = ¢(xp), we have with z(¢) the solution of the reduced equation
(e=0)
y(t) — ¢(z(t)) = O(e), 0<t<L.

To improve the approximation of x(t), we propose the solution of the slow
manifold equation

X+ X =e(1-X)X +ef(X,X,6(X))
with appropriate initial values. X in its turn can be approximated by aver-
aging. We choose as an example f(z,y) = ayi,g(z,y) = —y + 22, so that
¢(x) = 2%; Tikhonov’s theorem can be applied. We find

X+ X=¢(1-X?X+eaX?X.
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Averaging (see Chapter 11), produces that no periodic solution exists if a > 1;
if a < 1, we have the approximation for the periodic solution X (¢) and so of
2(t) in the slow manifold in the form

X(t) = \/12—ﬁ cos(t + 1) + O(e),

valid on the timescale 1/e; 1 is the initial phase. Note that if the equation
for  contains y in the O(1) terms, the perturbation scheme changes.

Suppose for instance that a = —3 and that we start outside the slow man-
ifold at (z(0),4(0), y(0)). The solution will jump to an O(e) neighbourhood of
the slow manifold given by y = 22, and the flow is then to first order described
by

X+X=¢(1-4X%)X,y= X2
Averaging produces an approximation X,s of X(t),
To

(i + (=)
with 79 = (2(0)244(0)?)*/? and (0) determined by the initial conditions. The
asymptotic approximation of the solution to O(e) contains three timescales:
t/e,t, and et. For x(t) and y(t), they take the form

x(t) = Xos + O(e),
y(t) = (y(0) — z(0)*)e” " + X2, + O(e),

for 0 <t < ¢/e with ¢ a positive constant, independent of ¢.

Xos = 7 cos(t + o),

General procedure for long-time approximations
The general procedure would run as follows. Suppose we have the initial value
problem

i= folz)+efi(z,y,t)+e2---, z(0) =z, z€DCR", >0,
Ey:g(xayat)+5"' ) y(O) =Y, Y€ GCRma t>0.
Suppose that y = ¢(z, t) solves the equation g(z,y,t) = 0 and that Tikhonov’s
theorem applies. Assume also that we can solve the equation for  with ¢ = 0.
The solutions for e = 0 will be of the form z(t) = X (¢,C) with C' a constant

n-vector.
Variation of constants according to Lagrange gives the transformation

z(t) = X(t, 2),
which produces the system
S efi(ny )+ et
ey =g (z,y,t) +e---.

If we can average the regular part of the equation for z over ¢, in particular
the vector field fi(z, (X (t,2),t),t), this produces the regular part of the
expansion with validity on the timescale 1/e.
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8.7 Periodic Solutions and Oscillations

Consider again the equations in Example 8.10,

i+a=¢e(l—a2*)i+ ecayt,

Ey = _y+$2,

where we have found a periodic solution for a < 1 of the equation describing
the flow in the slow manifold. Does this periodic solution exist for the full
system?

In a number of cases, the existence of periodic solutions is obtained by the
following theorem.

Theorem 8.3
(Anosov, 1960)
Consider the system

&= f(x,y)+e---, ve€DCR",
ey =g(z,y)+e..., ye€GCR™,

and again that g(z,y) = 0 yields § = ¢(x). Assume that: a. g,(z, ¢(x)) has
no eigenvalues with real part zero in D;

b. the slow manifold equation & = f(x,¢(z)) has a Ty-periodic solution Py
with only one multiplier 1 (only one eigenvalue purely imaginary).

Then there exists a T.-periodic solution P of the original system for which
we have P. — Py, T, — Ty as € — 0.

A theorem under related conditions was formulated by Flatto and Levinson
(1955); in their paper, condition (a) is the same and condition (b) is formulated
differently.

Anosov’s theorem does not apply to Example 8.10. The reason is that
the slow manifold equation & = f(z,¢(x)) (here & + x = 0) is conservative,
admitting a family of periodic solutions. In such a case, both resonance and
dissipation may destroy the periodic solutions, as the simple example & +x =
—et shows. Theorems have been formulated to allow for conservative systems
ruling the regular expansion, see Alymkulov (1986).

Another way out of this is to observe that, according to Fenichel (Section
8.5), the slow manifold exists. The next step is then to determine the per-
turbation equations for the flow in the slow manifold. These equations may
contain periodic solutions as in Example 8.10 or Example 8.11.

Example 8.11
Consider the three-dimensional system

I+I = ,LL(I — IQ)I + Vf(xvibay%
€y = —g(x,x)y + €h(l',-j3,y),
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with g(z, &) > a > 0 in R2.

If p is a positive constant independent of € and v = ¢, Anosov’s theorem
applies, predicting the existence of a periodic solution close to the periodic
solution of the Van der Pol equation.

If u = ¢,v = 2, Anosov’s theorem does not apply, and we have to follow
the procedure outlined above. The slow manifold exists in an e-neighbourhood
of § = 0. The flow in the slow manifold is described by the equation

it+x=c(l—a?)i+ef(x,2,0) 4+ .

As we will see in Chapter 11, this equation admits a periodic solution that is
close to the periodic solution of the Van der Pol equation.

Example 8.12
There may be critical values of the parameters that necessitate the calculation
of higher-order terms of the perturbations. Consider the system

1
5é+x+yx2u(13:‘v2):t,
6y:_y+>\+€f(xaxay)7

with parameters A\, > 0. The flow in the slow manifold is to first order
described by

i+ + A =u<1— ;:&) i
In the limiting case A = 0, we have the Rayleigh equation that admits one
(stable) periodic solution. If A = O(¢), we have the same result (see Chapter
11).

A subtle phenomenon arises if we increase A. Doelman and Verhulst (1994)
showed that at \;, = 0.28--- a homoclinic bifurcation takes place where the
stable solution vanishes. However, there exists a number Agy > Aj such that
for A\p, < A < Mgy there exist two periodic solutions, one stable and one
unstable. The surprise is that Agy — An = 107° as ¢ varies from 0 to 0.8.
The implication is that for A near A\;, = 0.28--- we certainly have to include
higher-order terms to analyse the behaviour of the solutions.

Interesting phenomena take place when the solutions jump repeatedly from
one manifold to another, nonintersecting one. This may give rise to periodic
solutions or oscillations with fast and slow motions. The classical example is
the Van der Pol equation in the form

ei 4z = (1—2?)i.

This very important subject is dealt with extensively by Grasman (1987), a
reason why we only mention the subject here. We end with an explicit example
of jumping phenomena.
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Example 8.13
Consider the system

&= f(x7y)7
ey = —azy(l—y).

We assume that the equation for x contains oscillatory solutions. As an illus-
tration we replace it by an explicit function. The slow manifolds are y = 0
and y = 1 with eigenvalues —z and x, respectively.

Choosing periodic behaviour of z, we find spike-like relaxation behaviour
as shown in Fig. 8.4.

Another possibility is to take for x a solution with almost-periodic or
chaotic behaviour. Choosing for instance the Lorenz equations

l"l = 10(.’172 — .’1?1),
{Ifg = 28%1 — T — X123,
T3 = T1T2 — 373

we identify a with x1/10 (10 because of the O(10) variations of x;(t)). As
expected, this leads to chaotic jumping.

8.8 Guide to the Literature

The Tikhonov (1952) theorem predicts qualitatively the behaviour of bound-
ary layer jumps in time. Related work was done by Levinson and his stu-
dents; see Flatto and Levinson (1955) or Wasow (1965). Vasil’eva (1963) and
O’Malley (1968, 1971) produced actual constructions of the solutions includ-
ing proofs of asymptotic validity. In the paper by Vasil’eva, the construction
is carried out by calculating regular and boundary layer expansions followed
by a matching process. O’Malley gave the multiple-timescale expansion of
Section 8.3; this is an efficient way of obtaining approximations.

There were some imperfections in the original formulation of Tikhonov’s
theorem. It is interesting to note that Hoppensteadt (1967, 1969) added the
uniformity requirement (Section 8.2, condition b). He also gave a modified
proof using a Lyapunov function. We have added condition (c), requiring
solutions to start in an interior subset, and we expect that now the formulation
of Tikhonov’s theorem in Section 8.2 is final.

Attention was given to the so-called critical case where a root, describing
the regular expansion corresponding with the slow manifold, is not isolated.
Flaherty and O’Malley (1980) called this a “singular singular perturbation
problem”. This actually happens in applications. For more references and
examples, see O’Malley (1991), and Vasil’eva, Butuzov, and Kalachev (1995).
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Fig. 8.4. The solution y(¢) of the equation ey = —zy(1 — y) with x(¢) = sin¢ that
starts being attracted to the slow manifold y = 0. Although the stability between
the slow manifolds ¥ = 0 and y = 1 changes periodically, exponential sticking delays
the departure from y = 0 and produces spike behaviour; € = 0.01.

Another problem that arises in applications is that the root describing
the regular expansion is stable but not stable in the linear approximation. In
other words, the slow manifold is not hyperbolic. Such a case was discussed
by Verhulst (1976), where it is shown that the regular expansion has to be
adjusted to contain broken powers of € and logarithmic terms.

Example 8.5 in Section 8.2 shows a case where two roots of the fast equa-
tion cross each other. Interesting here is the exchange of stabilities and what
has been termed “delay of stability loss” (Neishtadt, 1991). In our example,
this is simply due to sticking by exponential attraction. Delay phenomena
in this context were first discovered by Shiskova (1973) and Pontrjagin; the
demonstration is for a three-dimensional model equation containing focus-
limit cycle transitions. Neishtadt (1991), and more references therein, shows
how delay of stability loss can be tied in with temporary capture in a resonance
zone of a dynamical system. Such resonance phenomena can be described by
averaging methods that we shall discuss in Chapter 11. We note that regard-
ing the problem of exchange of stabilities without delay phenomena, a detailed
analysis was given by Lebovitz and Schaar (1975, 1977).

An early result on periodic solutions was obtained by Flatto and Levinson
(1955). Apart from the important Anosov (1960) theorem, Hale (1963, Chap-
ter 5), formulated a theorem combining results on slow and fast equations.
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Two important subjects have only been lightly touched upon in the present
chapter. First there are relaxation oscillations, for which the reader is referred
to Grasman (1987) and also Mishchenko and Rosov (1980). Then there is
geometric singular perturbation theory, which was prepared by Tikhonov and
Anosov but really got started with Fenichel’s results (Section 8.5); this theory
also led to a subtle instrument, the exchange lemma; for surveys see Jones
(1994), Kaper (1999), and Kaper and Jones (2001).

8.9 Exercises

Exercise 8.1 Consider a harmonic oscillator that is excited from the equi-
librium position by a sudden impulse.

Model a (exponential decay):
.. —t
T+ x =exp <> .
€

T+x=

Model b (algebraic decay):
e+t
with initial conditions z(0) = 0,4(0) = 0. Compute the asymptotic approxi-

mations of the solutions.

Exercise 8.2 Consider the equation

d

d—f:emBSiny—&—emyzsinx—yQ—xy—l, 2(0) =a >0,
d

Ed—i{ =y? 2% ylo) =B

a. Apply the theorem of Tikhonov. For which values of a and (8 does the
theorem predict boundary layer behaviour near t = 07
b. Determine in this case for ¢t > d > 0

li li .
Elﬁ)lx(t) and glﬁ)ly(t)

Exercise 8.3 Consider the initial value problem

d
d—f:x+2y, 2(0) =2, t>0,
d
5d—ztl=33—2y—i—sint7 y(0) = 3.



120 8 Boundary Layers in Time

a. Are the conditions of the theorem of Tikhonov satisfied?
b. Construct a first-order formal approximation, and give a sketch of the
construction of a second-order approximation.

Exercise 8.4 Consider the mathematical pendulum with large damping
T+ px +sinz =0,
z(0)=«a, pu>1,
z(0) = 4.

Put 1 = ¢ and describe up to and including the second order in € the initial

boundary layer expansion that arises.

Exercise 8.5 Consider the two-body problem with variable mass given by

@—i— =m, tu
d92 p T I
du —u
E@ = F7 U(O):l_mr

Starting in a circular orbit p(0) = 1, %(0) = 0, compute the critical masslimit

up to O(g?) for the orbits to become hyperbolic. Compare the results with
numerical calculations.

Exercise 8.6 Consider the initial value problem

i = f(r,y), 2(0) =z9, € DCR", t>0,
ey =y*(1—y) +eg(z,y), y(0) =yo,0 <yo <1, t>0.

a. Consider the two cases yg = 1/2 and yo = €. Can one apply Tikhonov’s
theorem to these cases?

b. Estimate in both cases the time needed to arrive in an O(e) neighbourhood
of the slow manifold y = 1; explain the estimates.

Exercise 8.7 In Example 8.12 we formulated the equation for the flow in the
slow manifold to first order. Derive the equation in the case u = €.

Exercise 8.8 Use Example 8.13 to construct a relaxation oscillation in which
both the jumping times and the amplitude vary chaotically.
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Evolution Equations with Boundary Layers

Evolution equations form a rich problem field; the purpose of this chapter is
to introduce the reader to some prototype problems illustrating the analysis
of expansions for parabolic and hyperbolic equations.

The analysis in Sections 9.5 and 9.2 for wave equations is well-known; see
Kevorkian and Cole (1996) or De Jager and Jiang Furu (1996). We include
these problems because they display fundamental aspects.

9.1 Slow Diffusion with Heat Production

In this section, we consider a case where the ideas we have met thus far can
be extended directly to a spatial problem with time evolution. Slow spatial
diffusion takes place in various models, for instance in material where heat
conduction is not very good; see the model in this section. Other examples
are the slow spreading of pollution in estuaries or seas and, in mathematical
biology, the slow spreading of a population in a domain.

First, we consider a one-dimensional bar described by the spatial variable
z and length of the bar L; the temperature of the bar is T'(z, t), and we assume
slow heat diffusion. The endpoints of the bar are kept at a constant tempera-
ture. Heat is produced in the bar and is also exchanged with its surroundings,
so we have that T = T'(x,t) is governed by the equation and conditions

oT 0T

ot~ " ox2
with boundary conditions T'(0,t) = to,T(L,t) = t1, and initial temperature
distribution T'(x,0) = ¢ (x). The temperature of the neighbourhood of the bar
is s(x);v(x) is the exchange coefficient of heat and v(x) > d with d a positive
constant so the bar is nowhere isolated.
In the analysis we shall follow Van Harten (1979). From Chapter 5, we
know how to determine an asymptotic expansion for the stationary (time-
independent) problem. Starting with the approximation of the stationary

—7(@)[T = s(2)] + g(=)



122 9 Evolution Equations with Boundary Layers

problem, we will analyse the time-dependent problem. One of the questions
is: does the time-dependent expansion converge to the stationary one?

Inspired by our experience in Chapter 5, we expect boundary layers near
z =0 and x = L with local variables

@ _L—x
5—%777—7~

The approximation of the stationary solution will be of the form
T() = V() +eVa(@) +&7 -+ +Yo(&) +Y2Va(6) + Vo(n) + €/ V() 4o+

where Vy + €V} is the first part of the regular expansion and the boundary
layer approximations satisfy

d?Yy

az 7

(0)Y5 = 0,¥5(0) = to — Vo(0), lim Yo(¢) = 0.

Yo(n) will satisfy

We find

Yo(&) = (t0 = Vo(0))e VIO, Yo() = (11, — Vo(L))e V7.

9.1.1 The Time-Dependent Problem

Substituting a regular expansion of the form T'(x,t) = Uy(x,t)+eUy (z,t) - - -,
we find in lowest order

% = —v(z)Uo +v(2)s(x) + g(x), Uo(z,0) = ¢ (),

with solution
Uo(x,t) = Vo(x) + (v(x) = Vo())e 7",

This first-order regular expansion satisfies the initial condition and, as y(x) >
0, the regular part of the time-dependent expansion tends to the regular part
of the stationary solution as ¢ tends to infinity.

This suggests proposing for the full expansion

Substituting this expansion in the equation produces

X,  9°X,

ot De? —7(0)Xo



9.2 Slow Diffusion on a Semi-infinite Domain
with boundary condition, matching condition, and initial condition

X(Oat) = tO - U0(07t)a£1i>noloX0(€at) = 07X0(£70) = 0.

This problem is solved by putting X = Zy exp(—v(0)t), which yields

2y _ 92y
ot oe2

Applying Duhamel’s principle (see, for instance, Strauss, 1992), we find

Xo(€,t) = %e—vm)t /°° 5 (t_ 4§;> e

2

I

with 6(2) = (to — U(0, 2)) exp((0)2).

In the same way, we find for X(n,t) the problem

0X, 9%X _
aito - 67720 — (L)X

with boundary condition, matching condition, and initial condition
X(0,t) =ty — Uy(L, t),nlin;o Xo(n,t) =0, Xo(n,0) = 0.
The solution is obtained as before and becomes
Xo(n,t) = \%eivw)t /:; ¢ (t - 772) e dr

472

with 6(2) = (tz — Uo(L, 2)) exp((L)2).

9.2 Slow Diffusion on a Semi-infinite Domain

123

A different problem arises on considering for ¢ > 0 the semi-infinite domain

x > 0 for the equation
@ — 5@ _ (t)%
at oz P\Vor

with initial condition ¢(z,0) = f(x) and boundary condition ¢(0,t) = g(?)
(boundary input). The functions p(t), f(z), g(t) are assumed to be sufficiently
smooth, and p(t) does not change sign. Moreover, we assume continuity at

(0,0) and, for physical reasons, decay of the boundary input to zero:

£(0) = g(0), lim = 0.

t—o0

We start again with a regular expansion of the form
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oz, t) = ug(x,t) + euy (2, t) + 2 - -

to find for the first two terms after substitution

8u0 8’[1,0 _
o P0G =0
8u1 8u1 - 82’&0

a5 P05 = 2

Introducing P(t) = fot p(s)ds, the equation for ug has the characteristic z —
P(t), which implies that any differentiable function of x — P(t) solves the
equation for wg. (The reader who is not familiar with the characteristics of
first-order partial differential equations can verify this by substitution.) At
this stage, the easiest way is to satisfy the initial condition by choosing

wo(a.t) = f(z — P(1)).

A consequence is that for u; we have to add the initial condition u(z,0) = 0.
Solving the equation

ouq ouq 0?

L p(t) 2 = o (e = P®)

with the initial condition, we find

w (2, 1) = /0 %(Jc + P(s) — 2P(t))ds.

This regular expansion does not satisfy the boundary condition at = = 0,
so we expect the presence of a spatial boundary layer there. Introducing the

boundary layer variable
x

€=

we expect for the solution ¢(z,t) an expansion of the form

e’

oz, t) = uo(x,t) + eur(z,t) + - + (£, 1)
with initial and boundary conditions
»(€,0) = 0,9(0,t) = g(t) — uo(0,8) — eus (0,8) — €+
and matching condition
lim ¥(&,t) = 0.
§—o0

Introducing the boundary layer variable into the equation for ¢ yields

6’(/J _ 1—2u82¢ —v 8¢ _
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A significant degeneration arises if 1 — 2v = —v or ¥ = 1. Assuming that we
can expand ¥ = g + ety + 2 -+, we have
&1ho Oy B
- 852 +p(t)67£ - 07 ¢0(0»t) - g(t) - f(_P(t))7
Py O ot
-G GE = G 0.0 == [ (P~ 2P(0)as.

For 1y, we find the expression
(&) = A(t)e" ™S + B(t)g + C (1)

with A, B, C suitably chosen functions.
From the matching condition, we find B(t) = C(¢) = 0 and the condition

p(t) < 0.

With this condition, we have

Yo(&.t) = (9(t) — F(=P(t))e? ¢,

which satisfies the initial and boundary conditions. It is easy to calculate
and higher-order approximations.

9.2.1 What Happens if p(t) > 0?

This problem was analysed by Shih (2001); see also this paper for related
references. We recall that the regular expansion starts with uo(z,t) = f(z —
P(t)). If p(t) < 0, the characteristic z — P(t) = constant is not located in
the quarter-plane x > 0,¢ > 0, but if p(t) > 0, the characteristics x — P(t) =
constant extend into this domain. We have f(0) = ¢(0), but the derivatives of
these functions are generally not compatible. This causes jump discontinuities
along the characteristic curve  — P(t) = 0, which can be compensated by a
boundary layer along this curve. It turns out that the appropriate boundary
layer variable in this case is

_z=P)
=

For more details of the analysis, see Shih (2001).

9.3 A Chemical Reaction with Diffusion

A number of chemical reaction problems can be formulated as singularly per-
turbed equations. Following Vasil’eva, Butuzov, and Kalachev (1995), we con-
sider the problem
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ou 0%u
el =— —alx,t)=— ) = f(u,x,t €,
(5 - ae05) = st +
where 0 < 2 < 1,0 <t < T, and a(z,t) > 0. We shall consider this as a
prototype problem for the more complicated cases where u and x are vectors
and we consider a system of equations.

The initial condition is

u(z,0) = ¢(z).
Natural boundary conditions in this case are the Neumann conditions
ou ou
—(0,t) = —(1,t) = 0.
2 (0,6) = SE(L1)

Putting ¢ = 0, we have f(u,z,t) = 0, and we note a similarity with the initial
value problems of Chapter 8. We will indeed impose a similar condition as in
the Tikhonov theorem (Section 8.2): assume that f(u,z,t) = 0 has a unique
solution ug(z,t) and that
%(UO(xvt)axvt) <0

uniformly for 0 <z <1,0<t<T.

We shall determine the lowest-order terms of the appropriate expansion.
A regular expansion of the form w(z,t) = ug(z,t) + euy -+ will in general
not satisfy the initial and boundary conditions. This suggests the presence of
an initial layer near ¢t = 0 and boundary layers near x = 0 and x = 1. We
subtract the regular expansion by putting

U(l‘,t) = UO(xat) +eup---+ ’U(a:7ta7a€777)a
in which we assume that v is of the form

v = PE(1'7T) + Qg(f,t) + Re(nat)v

where 7 = t/e and £ and 7 are the boundary layer variables near x = 0 and
x = 1, respectively. Substitution produces for v

. (8u0 ou; v 0%y 0%y 821)) B

ot TS T (@G meew )G —aln g

= fuluo(z,t),z,t)(eur +v+--)
We assume expansions for P, @, R such as P.(x,7) = Py(x,7)+ePy --- . After
putting ¢ = e7, we find for Py
oFy
or
with an initial condition for Py(x,0). It is natural to assume that Qu(&,0) =
Ry(n,0) = 0 so that

= f(uo(z,0) + Po(x,7) + Qo(&,0) + Ro(n,0),2,0)
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PO(x’ 0) = d)(.ﬁ) - UO(J;7O)'
We solve the equation for Py with x as a parameter, noting that Py(z,7) =0
is an equilibrium solution; we have to assume that the initial condition is
located in the domain of attraction of this equilibrium solution, as we did in
the Tikhonov theorem. In that case, we have immediately that the matching
condition
lim Py(z,7) =0

T—00
is satisfied. As x is a parameter, we still have the freedom to put Py(0,7) = 0.
To determine the boundary layer variables, we have to rescale the equation.
We abbreviate again P + Q + R = v and put £ = x/&” to find near =0

1 2v (Uf t)a

96z flugtv, €, t)+e

A significant degeneration arises if v = % We will require the boundary layer
solution R.(n,t) to vanish outside the boundary layer near x = 1, so the
equation for Qo (¢, t) becomes

9*Qo
—CL(O, t) 852 = f(UO(Oa t) =+ QOa Oa t)
From the Neumann condition at x = 0, we have at lowest-order
Oug OPy _10Qo
t t) =
8 (O ) 8.’1} (07T)+€ 2 85 (07 ) 07
which yields
Qo
t
e =0

with the matching condition
£—o00

We conclude that Qo(&,t) = 0 and that nontrivial solutions Q1(,t), Q2(&,t),
etc., arise at higher order.

In the same way, we conclude that Ry(&,t) = 0 and finally that the lowest-
order expansion of the solution is of the form

4
uo(z,t) + Py <x, 8) .
Remark

The computation of higher-order approximations leads to linear equations for
@1, Ry, etc. An additional difficulty is that there will be corner boundary
layers at (z,t) = (0,0) and (1,0) involving boundary layer functions of the
forms Q*(&,7) and R*(n,7) at higher order. For more details, see Vasil’eva,
Butuzov, and Kalachev (1995), where a proof of asymptotic validity is also
presented.
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9.4 Periodic Solutions of Parabolic Equations

Following Vasil’eva, Butuzov, and Kalachev (1995), we will look for 27-
periodic solutions of the equation

u Ou
€902 = Bt + sz, t)u+ f(x,t) +eg(x, t,u) +e---

with Dirichlet boundary conditions

u(0,t) = u(l,¢) =0
and periodicity condition

u(z,t) = u(x, t + 27)

for 0 < x <1andt > 0. All time-dependent terms in the differential equation
are supposed to be 2m-periodic. To illustrate the technique, we shall analyse
an example first and discuss the more general case later.

9.4.1 An Example

Consider the equation

0u  Ou .
€92 = ot +a(z)u+ b(z)sint

with a(x) and b(z) smooth functions; a(x) > 0 for 0 <z < 1.
Based on our experience with problems in the preceding sections, we expect
that the boundary layer variables

T 11—z
\/5777* \/g)

will play a part, so we will look for a solution of the form

£=

U(Z‘,t) = U’O(l‘vt) + Qo(gvt) + \ﬁQl(g,t) + R0(777t) + \@Rl(n’t) +e-,

where ug(z,t) is the first term of a regular expansion of the form wug(z,t) +
cuy(z,t) + &2 ---. The equation for ug(z,t) is

% + a(x)ug + b(x)sint = 0,

which has the general solution

t
c(x)e” 2@t _ b(x)e_a(m)t/ @)% sin sds.
0
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After integration and applying the periodicity condition to determine the
function ¢(x), we find

and
a(z)b(z)

uo(x’t):_aQ(x)—Fl a?(z) +1

Note that ug(z, t) is 2m-periodic but ug will in general not satisfy the boundary
conditions. Introducing the boundary layer variable £, we find for Qo(&,t) the
equation

Q0 _ 00

o2 ot
where we have used that wug(x,t) satisfies the inhomogeneous equation and
that Ro(n,t) vanishes outside a boundary layer near x = 1. For Qo(&,t), we
have the boundary, matching, and periodicity conditions

Qo(0,t) = —uo(O,t),glili Qo(&,t) = 0,Q0(&,t) = Qo(&,t + 2m).

a(0)Qo,

As Qo(&,t) is 2m-periodic in ¢, we propose a Fourier series for )y and, the
boundary condition only having two Fourier terms, we postulate

Qo(&,t) = f1(§)sint + fo(&) cost.

Substitution in the equation for @ yields

1= —fa+a(0)f1,
3 = —f1+a0)fs.

This is a linear system with characteristic equation (A% — a(0))? +1 = 0 and

with eigenvalues
A ==x+/a(0) +14,%++/a(0) — 7.

We assumed a(0) > 0; the matching condition requires us to discard the so-
lutions corresponding with +4/a(0), and we retain the independent solutions

e VU cos g e VaOEgin ¢,

We find
fi(§) = e~ Va(0)¢ (CZL((O))Z( ) cos§+asin§> ,
F2(6) = \/Wi( (O)(O)Jrlcos§+ﬂsin§),

where a and  can be determined by substitution in the equations for f; and

Ja.



130 9 Evolution Equations with Boundary Layers
Introducing the boundary layer variable n, we find for Ry(n, t) the equation

9Ry _ OR

= — 1

where we have again used that u(x,t) satisfies the inhomogeneous equation
and that Qo(&,t) vanishes outside a boundary layer near x = 0. For Ry(n,t),
we have the boundary, matching, and periodicity conditions

RO(Lt) = 7u0(1’t)7nh~>nolo RO(nvt) = O,Ro(mt) = RO(n7t+ 271—)

Again we retain a finite Fourier series, and the calculation runs in the same
way.

9.4.2 The General Case with Dirichlet Conditions

We return to the general case

02 0
56—;; = a—qz + s(x, tyu+ f(z,t) +eg(z, t,u) +e---

with Dirichlet boundary conditions «(0,tf) = w(1l,t) = 0 and all time-

dependent terms 2m-periodic in ¢t. Again we expect the same boundary layer

variables £ and 7 and an expansion of the form

u(z,t) = ug(z,t) + Qo(&:t) + VeQi(§,t) + Ro(n,t) + VeRi(n,t) +e---,

where wug(z,t) is the first term of the regular expansion. The equation for
uo(x,t) is
8U0

ot + s(x,t)ug + f(z,t) =0,

which has to be solved with x as a parameter. After integration by variation of
constants, we have a free constant - dependent on z - to apply the periodicity
condition to ug.
As before, we can derive the equation for the boundary layer solution near
=0, ,
aago = 2 50,000

with boundary, matching, and periodicity conditions

Qo(0,t) = —uo((),t),gliﬁlﬂgo Qo(&,t) = 0,Q0(&,t) = Qo(&,t + 2m).

A Fourier expansion for () is again appropriate, and we expand

5(0,t) = ag + Z(ak cos kt + by, sin kt)
k=1



9.4 Periodic Solutions of Parabolic Equations 131

and in the same way ug(0,t). We assume
ag > 0.

For g, we substitute

Qo(&. 1) = ao(€) + > (a(€) cos kt + B (&) sin kt).

k=1

The coefficients are obtained by substitution of the Fourier series for Q)¢ and
s(0,t) into the differential equation for Qg, which produces an infinite set of
equations; they can be solved as they are ODE’s with constant coefficients.
In the same way we determine the boundary layer function Rg(n,t). Note
that higher-order approximations can be obtained by extending the regular
expansion and subsequently deriving higher-order equations for Q, Rg, k =
1,2, ---. These equations are linear.

9.4.3 Neumann Conditions

The problem

0%u  Ou 9
€32 = Bt + s(z, t)u+ f(x,t) +eg(a,t,u) +&°---
with Neumann boundary conditions
ou ou
—(0,t) = —(1,t) =0
8.’17( Y ) 8.7}( Y )

and all terms in the equation 27-periodic in t is slightly easier to handle.
Determine again a regular expansion of the form ug(z,t)+¢ - - - and assume
again a full expansion of the solution of the form

u(xvt) = uo(xvt) + Qo(f,t) + \ﬁQl(f»t) + Ro(ﬁat) + \ﬁRl(%t) +e---.

The regular expansion will in general not satisfy the Neumann conditions, and
we require for instance at x = 0

dug duy 2 19Qo 01 _
o (O’t)+€ax (0,t) +¢ +ooo o o (0,t) + o (0,t) +e---=0.

Multiplying with € and comparing coeflicients, we have

0Qo 0Q
—(0,t) =0, —(0,t) = ———(0,¢),---
720, = 0. 520, =~ 520,
The equation for Qg will again be
0?Qo _ 0Qo
0&2 ot
which is satisfied by the trivial solution. A similar result holds for Ry(n,t).
Nontrivial boundary layer solutions will generally arise at higher order.

+ S(Oa t)Qo,



132 9 Evolution Equations with Boundary Layers
9.4.4 Strongly Nonlinear Equations

Thus far, we have considered weakly nonlinear equations. It is of interest to
consider more difficult equations of the form

u  Ou ) +
€ = = T, tu)+e---
dx?2 Ot Y
with Dirichlet or Neumann boundary conditions.
The main obstruction for the construction of an expansion is the solvability

of the lowest-order equations. For the regular expansion, we have

8u0

—_— z,t,ug) =0,

ot + f( 0)
where, after solving the equation, we have to apply the periodicity condition.
For the boundary layer contribution, this is even nastier. Assuming again an
expansion for the periodic solution u(z,t) of the form u(x,t) = ug(x,t) +

Qo(&,t) + Ro(n,t) + /- -, we have

92 o
ago — % + £(0,,u0(0,t) + Qo) — £(0,t,ue(0,1)),

which looks nearly as bad as the original problem in the case of Dirichlet
conditions. At higher order, the equations are linear.

In the case of Neumann conditions, we have again that the trivial solution
Qo(&,t) = 0 satisfies the equation and the boundary condition.

9.5 A Wave Equation

As a prototype of a hyperbolic equation with initial values, we consider the

equation
029 3¢ 96 96\
E(aﬂ_aﬁ>_<a&v+bat>_o’

where t > 0, —oo < x < 400. The initial values are
(;5(1’,0) = f(x)a¢t(x70) = g(l'), —00 <z < +00.

The functions f(x),g(x) are sufficiently smooth; a and b are constants, and
in a dissipative system b > 0. As we shall see, the constants have to satisfy
the conditions 0 < |a| < b.

The wave operator 92/0x? — 92 /0t* has real characteristics

r=t—x,s=t+x.

The reduced (e = 0) equation
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a% + b% =0
ox ot
has characteristics of the form bx — at = constant; we call them subcharac-
teristics of the original equation. Any differentiable function of (bx — at) or
(v — $t) satisfies the reduced equation.

We start by calculating a formal approximation. This will give us the
practical experience that will lead to more general insight into hyperbolic
problems. Again we start by assuming that in some part of the half-plane
t>0,—00 < x < 400; a regular expansion exists of the form

be(z,t) = Z £"pn(x,t) + 0(e™Th).

n=0
The coefficients ¢,, satisfy
Opo  ,0p0
“or 0o =
a¢n 8¢n 62¢n—1 82(bn—l
“or TV T ou? R

We find ¢o = h(z),z = = — §t, and h(z) a differentiable function of its
argument. The equation for ¢, becomes

8(251 8(251 _ 82}1 th _ a2 17 a
o T Ta o -\ )" (“"_ t)'

Transforming ¢,z — ¢, z, we find

1 _ a? "

b? —a?

(bl (Z7t) = b3

where h(z) and k(z) still have to be determined. It would be natural to choose
h(z) = f(z), but we leave this decision until later.

We cannot satisfy both initial values, so we expect boundary layer be-
haviour near ¢ = 0. Subtracting the regular expansion

so that
R (2)t + k(z),

1/}(58,15) = ¢(I,t) - Z 5n¢n($7t)
n=0

and substitution in the original wave equation yields

82¢ 821/J 81/] 81/} _ m+1
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The initial values are

Y(@,0) = f(z) = > "bn(x,0),
0

¢t(x7 0) = g(.%‘) - Zgn(bnt (I>O)'
0

We introduce the boundary layer variable

t
57 .

Transforming x,t — x, 7, the equation for ¢ becomes

0? 19y 07 0 0
-~ B 4 il *:0 m—i—l.
(6 922 © oz Yoz~ ¢ Vor v (™)
A significant degeneration arises when 1 — 2v = —v or v = 1. Near t = 0, we

clearly have an ordinary boundary layer. Assuming the existence of a regular

expansion
m

U= e Pn(x,7) + 0™,
n=0

we find
Ly =0,
Loy = a%, etc.,
with o 5
Li = 92 bg.

The initial conditions have to be expanded and yield

Yoz, 0) = f(z) = h(x), $1(2,0) = —k(z),
%(m) =0, %(x,(}) = g(a) + 31 (@).

The matching conditions take the form

lim ¢, (z,7) =0,n=0,1,2,--- .
T—>00
For 1, we find
Yo(x,7) = A(z) + B(z)e .
The restriction b > 0 is necessary to satisfy the matching conditions and, to
satisfy 0ig/0T = 0, we are then left with the trivial solution, g (z,7) = 0.
So this determines h, as we have to take g (z,0) = 0:
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For v, we find the same expression as for ¢5. Matching produces again A(z) =
0, leaving

1(z,7) = Cx)e™ 7.

The initial values yield

which determines k:

k(z) = %”“") + 51 (@),

At this stage, we propose the formal expansion

0e(o,) = flw — 1) + e[ E52 (0 — 40) + bolo — §0) + & 1'(z - §1)
el @)+ ga)le 2

It is clear that, outside the boundary layer, the solution is dominated by the
initial values of ¢ that propagate along the subcharacteristic through a given
point.

This, however, opens the possibility of the following situation. The solution
at a point P(z,t) is determined by the propagation of initial values along
the characteristics (i.e., no information can reach P from the initial values
inz < Aorxz > B). If |a] > b, the formal expansion consists mainly of
terms carrying information from these forbidden regions. This means that in
this case the formal expansion cannot be correct, resulting in the condition
0 < |a|] < b; see Fig. 9.1.

We demonstrate this somewhat more explicitly by considering the problem
where ¢(x,0) = f(z) =0,—00 < z < 400, ¢+(x,0) = g(x). The solution can
be written as an integral using the Riemann function R:

x+t
oz, t) = /_t R.(x — 7,t)g(r)dr.

Riemann functions are discussed in many textbooks on partial differential
equations, such as Strauss (1992). For some special values of a, b, the Riemann
function can be expressed in terms of elementary functions. Suppose now that
we prescribe

g(z) >0,z < A,z > B,

g(z) =0,A<z<B.

It is clear that in this case ¢(x,t)|p = 0. On the other hand, the formal
expansion yields

I R A —bt/e L 2.
qbg(m,t)—bg(x bt) bg(w)e +e .
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t

t = constant

e g .

\

8(x) =

Fig. 9.1. Characteristics and subcharacteristics in the hyperbolic problem of Section
9.1.

If |a] > b, it is clear that ¢(z,t)|p # 0, which means that in this case the
formal expansion does not produce correct results.

Remark

The condition |a| < b means that the direction of the subcharacteristic is
“contained” between the directions of the characteristics. In this case, one
calls the subcharacteristic time-like.

9.6 Signalling

As an example of the part played by boundaries, we consider a so-called
signalling or radiation problem. We have z > 0,¢ > 0. At ¢t = 0, the medium
is in a state of rest: ¢(x,0) = ¢¢(x,0) = 0. At the boundary, we have a source
of signals or radiation:

¢(0,t) = f(t),t > 0.
Wave propagation is described again by the equation

P 9% 99 ;09\ _

where 0 < a < b. As ¢ is initially identically zero, the solution for ¢ > 0 will be
identically zero for x > t. (Information propagates along the characteristics.)
As before we start with a regular expansion.
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i

Ty

Fig. 9.2. Signalling: a source at the boundary = = 0.

be(x,t) =Y "bn(z,t) +0(e™H).

n=0

We find again ¢g = h(z),z = = — ¢t.

b2 — a2

= R (2)t + k(2)

o1 =

with h, k sufficiently differentiable functions. We can satisfy the boundary
condition by putting
(]50 =0, t < gm

_ b b
= f(t—2x), t> 2.

(f is defined only for positive values of its argument.)

Note that a consequence of this choice of ¢ is that, unless f(0) = 0,
the regular expansion is discontinuous along the subcharacteristic t = gx, SO
we expect a discontinuity propagating from the origin as in general f(0) #
0, f/(0) # 0, etc. However, the theory of hyperbolic equations tells us that
such a discontinuity propagates along the characteristics, in this case z = t,
so we expect a boundary layer along the subcharacteristic to make up for this
discrepancy; see Fig. 9.2.

We transform x,t — £, ¢ with

whereas ¢.(x,t) = (£, t). We have
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0 _, 0
%—m 9
0 _,a0 0
a—>—5 ga—f—ka.

The equation becomes LX) = 0 with
0? _,a 02 0? 0

L*:172u7 21 PG S
c=E Teaa T yaea ‘o ar

where ¢ = 1 — a?/b®. A significant degeneration arises if v = 1, so that the
operator becomes
0? 0
Li=cz—= —b=.
€2 ot
Note that ¢ > 0; near the subcharacteristic ¢t = gx, we have a parabolic
boundary layer. For the boundary layer solution, an expansion of the form

2m
Ye(€,1) = Y ™ (€,8) + 0(e™FF)

n=0

is taken, where 1) is a solution of the diffusion equation
sto =0,

which has to be matched with the regular expansion. We have, moving to
the right-hand side of the subcharacteristic, (¢ < Sx) that ¥y — 0. On the
left-hand side, the regular expansion becomes

: _ +

lim f(z) = f(07)

on approaching the subcharacteristic, which should match with ¢y moving to
the left. We find, omitting the technical details of matching, that

Po(&,t) = %f((ﬁ)erfc (ﬁ) _

where

2 R
erfc(z) = —= e dt; erfc(0) = 1.
7l

The boundary layer approximation g satisfies the equation while 1(0,t) =
% f£(0%); moreover, moving to the right-hand side of the characteristic £ — oo
or z — 00, we have agreement with the expression above for erfc(z).

Note that we did not perform the subtraction trick before carrying out
the matching, but, as we have seen, 1)y satisfies the required conditions. Note
also that, according to this analysis, the formal approximation becomes zero
in the region between the characteristics ¢t = gm and t = x.
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9.7 Guide to the Literature.

A survey of results obtained in the former Soviet Union for parabolic equations
has been given by Butuzov and Vasil’eva (1983), and Vasil’eva, Butuzov, and
Kalachev (1995). For expansions and proofs, see also Shih and Kellogg (1987)
and Shih (2001) and further references therein. The first section on a problem
with slow diffusion and heat production is actually a simplified version of a
more extensive problem (Van Harten, 1979). In all of these papers, proofs of
asymptotic validity are given.

We shall not consider here the case of equilibrium solutions of parabolic
equations, which reduces to the study of elliptic equations; for an introduction
to singular perturbations of equilibrium solutions of systems with reaction and
diffusion, see Aris (1975, Vol. 1, Chapter 3.7).

A classical example of a nonlinear diffusion equation is Burgers’ equation

Ut + UlUy = EUgy

on an infinite domain, which is also a typical problem for studying shock
waves. An introductory treatment can be found in Holmes (1998, Chapter 2).
Applications of slow manifolds (Fenichel theory) and extensions are de-
scribed by Jones (1994), Kaper (1999) and Kaper and Jones (2001). These
papers contain many references and applications. One possibility is to project
the solutions of the evolution equation to a finite space, which reduces the
problem to the analysis given in the preceding chapter (ODE’s). Another pos-
sibility is to compute travelling or solitary waves; an example is the paper by
Szmolyan (1992). It is typical to start with an evolution equation such as

U + Uy + Ugge + g(uzx + uzzxaz) = 0»

(see for instance Jones, 1994) and then look for solitary waves (i.e., solutions
that depend on x — ¢t alone). This results in a system of ordinary differential
equations that contains one or more slow manifolds. The reason for omitting
these examples in this chapter is that in what follows one needs an extensive
dynamical systems analysis with subtle reasoning also to connect the results
to the original evolution equation. The results, however, are very interesting.

Another important subject that we did not discuss is combustion, which
leads to interesting boundary layer problems. A basic paper is Matkowsky
and Sivashinsky (1979); introductory texts are Van Harten (1982), Buckmas-
ter and Ludford (1983), and Fife (1988). More recent results can be found
in Vasil’eva, Butuzov, and Kalachev (1995), and Class, Matkowsky, and Kli-
menko (2003).

For hyperbolic problems, the formal construction of expansions has been
discussed in Kevorkian and Cole (1996). Constructions and proofs of asymp-
totic validity on a timescale O(1) have been given in an extensive study by
Geel (1981); see also De Jager and Jiang Furu (1996). The proofs are founded
on energy integral estimates and fixed-point theorems in a Banach space. An
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extension to larger timescales for hyperbolic problems has been given by Eck-
haus and Garbey (1990), who develop a formal approximation that is shown
to be valid on timescales of the order 1/e.

9.8 Exercises
Exercise 9.1 Consider the hyperbolic initial value problem

e(ugt — Ugs) + aug + ugy = 0,
u(z,0) =0,
u(z,0) = g(z) (x € R),

based on Kevorkian and Cole (1996), with a > 1. We will introduce ¢ by
u(z, 1) = ¢z, 1) exp(“5).

a. Compute « and 3 such that

2 _
5(¢tt _¢x$) - <a de 1) ¢=O

Consider the case a = 1. In this special case the function ¢(z,t) has to
satisfy the wave equation, so write: ¢(z,t) = ¥ (z — t) + ¥y (x + t).

b. Compute the functions t; and 1),; use the initial conditions of u(x,t).

c¢. Give the exact solution u(x,t,e) of the given problem for a > 1.

d. Construct an approximation U(x,t,¢) of the form

Uz, t,e) = Uy(x,t) + Uy (2, t) + eWi(z,7) + 0(?)

with 7 =t¢/e. 3
e. Compare the approximation U(z,t,¢) with the exact solution u(x,t,¢).

Exercise 9.2 Consider the equation
ElUgy = U — Ug, T > 0,1 >0,
with initial condition u(x,0) = 1 and boundary condition u(0,t) = exp(—t).

a. Produce the first two terms of a regular expansion and locate the boundary

layer(s).
b. Repeat the analysis when we change the boundary condition to u(0,t) =
sint.

Exercise 9.3 As an example of a parabolic problem on an unbounded do-
main, consider Fisher’s equation (KPP)

U = EUgy +u(l —u), —0o < x < 00,t > 0,

with u(z,0) = g(z), 0 <u < 1.



9.8 Exercises 141

a. Determine the stationary solutions in the case € = 0. Which one is clearly
unstable?

b. Introduce the regular expansion u = wug(x,t) +eu(x,t) +- -+ and give the
equations and conditions for ug, u;.

c. Solve the problem for ug(z,t).

Exercise 9.4 Consider the parabolic initial boundary value problem

e(ur — augy) + bu = f(x),
u(z,0) =0, a>0,b >0,
u(0,t) = 0, (x,t) € R?
u(l,t)=0,0<z<1,0<t<T.

We construct an approximation in four steps.
a. Compute the regular expansion U (x,t):
Ul(x,t,e) = Up(a,t) + Uy (x,t) + 0(e?).
b. Compute the initial layer correction IIy(z,7), 7 = t/e, and give the equa-
tion (with initial value) for IT; (x, 7) such that V(z,t, ) satisfies the initial
condition at ¢t = 0:

V(x,t,e) = Ulx,t,e) + Ho(z,7) + I (x,7) + 0(*),

c. Compute the boundary layer correction

Q0(€7t)a€ =

il

and give the equations for Q1(&,t) and Q2

—~

&, t) such that
W(:&t, 5) = V({L‘7t, 5) + QO(&t) + \/ng(é_?t) + 5QQ(§7t) + 0(53/2)

satisfies the boundary condition at £ = 0. In the same way, boundary layer
corrections can be constructed at the boundary x = 1 with (£* = %),

g
we omit this.

Also, at the corner boundary points (0,0) and (1,0), corrections are
needed.

d. Give the equations for the corner boundary layer corrections Py(, ),
Py(&,7), and Py(&,7) at (0,0) (& = %, T = t/e). Give the initial bound-
ary values.

Combining (a), (b), (c¢) and (d) produces an approximation @(z,t,e) of the
solution u(z,t,¢) of the given problem of the form
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a(xa t, 6) = Uo(.f, t) + HO(Z‘7 T) + QO(§7 t)
+P0(§a T) + \@[Ql(fvt) + Pl(gvT)]
+e[Un(,t) + I (z,7) + Qa(&, 1) + Pa(€,7)] + 0(?),
where 7 = t/e,§ = x/+/c. Note that corner boundary layer corrections at
(1,0) can be constructed in the same way with £* = (1—x)/+/e. No correction

terms are added for the boundary z = 1 and the corner point (1,0), so the
approximation only holds on

{(,t) eR?*0<x<1—d, (0<d<1)and0<t<T}.



10

The Continuation Method

In Chapter 1 we considered an equation L.y = 0 that contains a small pa-
rameter €. We associate with this equation an “unperturbed” problem, the
equation Loy = 0. If the difference between the solutions of both equations
in an appropriate norm does not tend to zero as e tends to zero, we call the
problem a singular perturbation problem.

Actually, when formulated with suitable norms, most perturbation prob-
lems are singular. This does not only apply to boundary layer problems as
considered in the preceding chapters, but also to slow-time problems, as we
shall see in what follows. In all of these cases, the solutions of the unperturbed
problem can not be simply continued with a Taylor expansion in the small
parameter to obtain an approximation of the full problem.

Simple perturbation examples can be found in the exercises of Chapter 2,
where we looked at solutions of algebraic equations of the form

a(e)z? + ble)x 4 c(e) = 0,

in which a, b, and ¢ depend smoothly on . Associating with this problem the
“unperturbed” or “reduced” equation

a(0)z? 4 b(0)x + ¢(0) = 0,

we found that in the analysis the implicit function theorem plays a fundamen-
tal part. If x¢ is a solution of the unperturbed problem and if

2a(0)zo + b(0) # 0,

the implicit function theorem tells us that the solutions of the full problem
depend smoothly on ¢ and we may expand in integral powers of € x. =
g + €---. If this condition is not satisfied, we cannot expect a Taylor series
with respect to € and there may be bifurcating solutions.

We shall discuss this application of the implicit function theorem for initial
value problems for ordinary differential equations.
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10.1 The Poincaré Expansion Theorem

We start with a few examples.

Example 10.1
x(t) is the solution of the initial value problem

t=-x+e z(0)=1
The unperturbed problem is
y=—y, y(0) =1
We have z(t) = e+ (1 —e)e t,y(t) = e, s0
lz(t) —y(t)| = —ece " <e, t>e.
The approximation of x(t) by y(t) is valid for all time.

Example 10.2
x(t) is the solution of the initial value problem

t=x+e¢, £(0)=1.
The unperturbed problem is
y=y, y(0) =1,

and we have
z(t) — y(t)] = e(e’ — 1),

so we have an approximation that is valid for 0 < ¢t < 1 (or any positive
constant that does not depend on ¢).

We might conjecture that in the second example the approximation breaks
down because the solutions are not bounded. However, to require the solutions
to be bounded is not sufficient, as the following example shows.

Example 10.3
Consider the initial value problem

i+ (14¢)%x =0, 2(0) =1,#(0) =0,
with solution z(¢) = cos(1 4 ¢)t. The unperturbed problem is
§+y=0,y(0)=14(0)=0

which is solved by y(t) = cost. So we conclude that |z(t) — y(¢)| = 2|sin(t +
set)sin(4et)|, which does not vanish with €; take for instance t = m/e. One
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might expect an improvement of the timescale where the approximation is
valid when expanding to higher order. However, this is generally not the case.
Expand z(t) = cost + ex1(t) + €2 - -- and substitute this expression into the
differential equation. To O(e) we obtain the problem

21 +2cost+x1 =0, x1(0) = 21(0) = 0.

The solution is z1(t) = —t¢sint and is an unbounded expression, which we
cannot call an improvement.

We shall now formulate the general perturbation procedure and state what
we can expect in general of the accuracy of the approximation. Consider the
initial value problem for x € R™

z = f(t,z,e), z(to) = ale).

We assume that f(t,z,e) can be expanded in a Taylor series with respect to
z (in a neighbourhood of the initial value) and with respect to €. We also
assume that a(e) can be expanded in a Taylor series with respect to . The
solution of the initial value problem is z.(t).

We associate with this problem the unperturbed (or reduced) problem

.%:0 = f(t,l‘o,()), .’L‘(to) = CL(O),
with solution z((¢). The Poincaré expansion theorem tells us that
[|z:() = zo(t)ll = Oe), to <t < 1o+ C,

with C a constant independent of €. As C' is O(1) with respect to ¢, this is
sometimes called an approximation valid on the timescale 1.

We can improve the result by expanding to higher order. More generally
the Poincaré expansion theorem asserts that z.(¢) can be expanded in a con-
vergent Taylor series of the form

l‘g(t) = Sbo(t) =+ 51’1(t) + -+ 5”In(t) =+ .-

The terms x,(t) are obtained by substituting the series in the differential
equation and expanding the vector function f with respect to € as

do+edy +e2=f(t,xo+ a2 e), ale) =ap+ea; +e2---,
which after expansion and collecting equations at the same power of € produces

io = f(t,0,0), wo(to) = ao,
of of
1 = =—(t,20,0)x1 + =—(¢,20.0), z1(t0) = a1,
1 6.’1}( 05 ) 1 85(’ 0 )a 1(0) 1
and similar equations at higher order. Note that, apart from the unperturbed
equation for xg, all equations are linear. For the nth-order partial sum, we
have the estimate



146 10 The Continuation Method
|z (t) = (2o(t) + ex1(t) + - + " (t))]| = O )

for tg <t <tg+ C. So by this type of expansion we can improve the accuracy
but not the timescale!

Example 10.4
Consider the damped harmonic oscillator

i+ 2i+2=0, 2(0)=1, &(0)=0.

Ignoring the known, exact solution, we put x.(t) = zo(t) + ez1(t) + -+ to
obtain the initial value problems

.’E() +x9 = 0, xo(O) = ]., xo(O) = 0,
.fl +x1 = 721"0, 1‘1(0) == 0, Il(O) =0.

We find zo(t) = cost and for zy
Z1+ 21 =—2cost, £1(0) =0, £1(0) =0,

with solution
x1(t) =sint — t cost.

This looks bad. The solutions of the damped harmonic oscillator are bounded
for all time and even tend to zero, while the approximation has an increasing
amplitude. However, the approximation is valid only on the timescale 1.

Such terms that are increasing with time were called “secular terms” in as-
tronomy. The discussion of how to avoid them played an important part in
the classical perturbation problems of celestial mechanics. Poincaré adapted
the approximation scheme to get rid of secular terms.

10.2 Periodic Solutions of Autonomous Equations

To a certain extent, periodic solutions are determined by their behaviour on
a timescale 1. This characteristic enables us to obtain a fruitful application of
the Poincaré expansion theorem. Usually this is called the Poincaré-Lindstedt
method.

In this section, we consider autonomous equations of the form

&= f(z,e), x € R,

for which we assume that the conditions of the expansion theorem have been
satisfied. In addition, we assume that the unperturbed equation & = f(z,0)
has one or more periodic solutions. Can we continue such a periodic solution
for the equation if € > 07
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The reason to make a distinction between autonomous and nonautonomous
equations is that in autonomous equations the period is not a priori fixed. As
a consequence, a period Ty of a periodic solution of the unperturbed equation
will in general also be perturbed. To fix the idea consider the two-dimensional
equation

i+x=cf(zx,ic¢).

If e = 0, we have a rather degenerate case, as all solutions are periodic and even
have the same period, 27. We cannot expect that all of these periodic solutions
can be continued for £ > 0, but maybe some periodic solutions will branch
off. For such a solution, we will have a period T'(¢) with T'(0) = Ty = 2w. A
priori we do not know for which initial conditions periodic solutions branch
off (if they do!), so we assume that we find them starting at

For a two-dimensional autonomous equation, putting ©(0) = 0 is no restric-
tion. The expansion theorem tells us that on the timescale 1 we have

lim = a(0) cost.
e—0

It is convenient to fix the period by the transformation
wt=10, w?=1-ene),

where 7(g) can be expanded in a Taylor series with respect to € and is chosen
such that any periodic solution under consideration has period 27. With the
notation z’ = dx/d6, the equation becomes

o 4 =en(e)z + (1 —en(e)) fla, (1 - enle)) " 2a’ &)

with initial values z(0) = a(e),2’(0) = 0.
Abbreviating the equation to

we are now looking for a suitable initial value a(¢) and scaling of w (or 1) to

obtain 27-periodic solutions in #. This problem is equivalent with solving the
integral equation

x(0) = a(e) cos O + 5/0 F(x(s),2'(s),e,n(g))sin(d — s)ds

with the periodicity condition (0 + 27) = () for each value of 6.
Applying the periodicity condition, we find

0+2m
/0 F(a(s), 2/ (5), &,1(2)) sin(0 — s)ds = 0.
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Expanding sin(f — s) = sinflcoss — cosfsins and using that the sin- and
cos-functions are independent, we find the conditions

B@E) (e = [ Fale)a (5, 2n(e)) s sds =0,

2m
Ir(a(e),n(e) = [ F(x(s),2'(s),e,n(e)) cos sds = 0.
0
For each value of ¢, this is a system of two equations with two unknowns, a(e)
and 7n(g). According to the implicit function theorem, this system is uniquely
solvable in a neighbourhood of € = 0 if the corresponding Jacobian J does
not vanish for the solutions:

(I, 1)
d(a(e), n(e))
The way to handle the periodicity conditions and the corresponding Jacobian

is to expand the solution x.(t) and the parameters a(e), n(e) with respect to
€. At the lowest order, we find

sl

F(xo(t),zy(t),0,7(0)) = n(0)a(0) cost + f(a(0) cost, —a(0)sint,0)

and the equations

2m
f(a(0) cos s, —a(0) sin s, 0) sin sds = 0,
0
2m

m(0)a(0) + f(a(0) cos s, —a(0) sin s, 0) cos sds = 0.
0

These equations have to be satisfied (necessary condition) to obtain a periodic
solution. If the corresponding Jacobian does not vanish, a nearby periodic
solution really exists. The condition derived from the lowest-order equations
is

5=y

9(a(0), n(

We shall study this condition in a number of examples. Note that if we
can satisfy the periodicity conditions but the Jacobian vanishes at low-
est order, we have to calculate the Jacobian at the next order. Assuming
that the Poincaré expansion theorem applies, we have the convergent series
J=Jy+eJy+---+e&"J,+ . This calculation may decide the existence of
a unique periodic solution, but it is possible that the Jacobian vanishes at all
orders. This happens for instance if we have a family of periodic solutions so
instead of having the existence of a unique solution, vanishing of the Jacobian
can in some cases imply that there are many more periodic solutions. We shall
meet examples of these phenomena.
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Example 10.5
(Van der Pol equation)
A classical example is the Van der Pol equation

i+ x=ci(l—az?),

which has a unique periodic solution for each positive value of €. Of course, we
consider only small values of €. Transforming time by wt = 6, w=2 = 1—en(e),
we find

2+ =en(e)r+e(l—en(e)za' (1 — z?)

with unknown initial conditions x(0) = a(e),z’ = 0. The periodicity condi-
tions at lowest order become

2m
- / a(0) sin s(1 — a*(0) cos? s) sin sds = 0,
0
2m
m(0)a(0) — /0 a(0) sin s(1 — a?(0) cos? s) cos sds = 0.

After integration, we find

Apart from the trivial solution, we find a(0) = 2,7(0) = 0 (the solution a(0) =
—2 produces the same approximation), so a periodic solution branches off at
amplitude 2. The existence has been given, but we check this independently
by computing the Jacobian at (a(0),7(0)) = (2,0): Jo = 4 so the implicit
function theorem applies.

Andersen and Geer (1982) used a formal manipulation of the expansions
and obtained for the Van der Pol equation the expansion to O(g!%%).

Example 10.6
Consider the equation

i+ x=ex’.

It is well-known that all the solutions of this equation are periodic in a large
neighbourhood of (0,0). We follow the construction by again putting wt =
0, w2 =1—en(e) to find

" 4+ 2 =en(e)x + ea®

and at lowest order the periodicity conditions

2m 2m
/ a®(0) cos® ssin sds = 0, m1(0)a(0) + / a®(0) cos® s cos sds = 0,
0 0



150 10 The Continuation Method

so that the first condition is always satisfied and the second condition gives
3 9
a(0) { n(0) + 1% (0) ] =0.

We conclude that a(0) can be chosen arbitrarily and that 7(0) = —24?(0). For
the Jacobian, we find Jy = 0, as there exists an infinite number of periodic
solutions.

Remark (on the importance of existence results)

Suppose that one can apply the periodicity conditions but that the Jacobian
J vanishes. Why bother about this existence question? The reason to worry
about this is that higher-order terms may destroy the periodic solution. A
simple example is the equation

P+r=cx®—c"i

with n a natural number > 2. We can satisfy the periodicity conditions to
O(e"~1), but the equation has no periodic solution.

10.3 Periodic Nonautonomous Equations

In this section, we consider nonautonomous, periodic equations so the period
is a priori fixed. There are still many subtle problems here, as the period T of
a periodic solution of the unperturbed equation can be near the period of the
perturbation or quite distinct. To fix the idea, we consider the two-dimensional
equation

I4+x=cf(x,z,t¢).

We shall look for periodic solutions that can be continued for € > 0. Let us
assume that the perturbation is T-periodic with a period near 27. To apply the
periodicity condition, it is convenient to have periodicity 27 so we transform
time with a factor

w2 =1-¢€f(e), Ble) =Po+ebr+-

with known constants Sy, G1,- - -.

In autonomous equations, we have the translation property that if y(¢)
is a solution, y(t — a) with a an arbitrary constant is also a solution. This
is not the case in nonautonomous equations, so it is natural to introduce a
phase 1 that will in general depend on &: ¥ (g) = g + ¢y +¢&2---. The time
transformation becomes

wt =60 —1(e)

and the equation transforms with 2’ = dz/df to

o+ =eBe)w+e(1—eB(e)) f(z, (1 — eB(e)) 22, (1 - £B(e))2 (6 — ¥(e)), ).
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We shall look for 27-periodic solutions starting at
z(0) = a(e), ©(0) =0,

with the expansion a(e) = ag + €aq + - - -, which still has to be determined.
As before, the differential equation can be transformed to an integral equa-
tion, in this case of the form

0
x(0) = a(e) cos O + s/ F(x(s),2'(s),%(e), s,¢,) sin(0 — s)ds
0
with F' = F(z,2',1,0,¢) or

F = pe)a+(1-h(e)f(z, (1 - e6()) 2, (1 - £B())2 (0 — (), )
and with the periodicity condition x(6 4 27) = x(0) for each value of 6. So
27

; F(x(s),2'(s),%(g), s,€) sin(f — s)ds = 0.

We find the two conditions

" F(z(s),2'(s),(e), s, &) sinsds = 0,
0

2
/0 F(xz(s),2'(s),%(¢), s,€) cos sds = 0.

This is a system of two equations with two unknowns, a(e) and t(e), which
we shall study in a number of examples.

Example 10.7
(forced Van der Pol equation)
Consider the case of the Van der Pol equation with a small forcing

i+ =ei(l — 2% +chcoswt.
Using the transformations outlined above, we have
F = B(e)a(0) + (1 — B()[(1 — 2B(=)) ¥’ (1 — 22(0)) + hcos(9 — ()],
which can be expanded to
F = Boag cos ) — agsinO(1 — a2 cos® s) + hcos( — 1)) +&--- .

From the periodicity conditions, to first order we find

1
I = —ayp (1 - 4a%) + hsinygy = 0,

Iy = Boag + hcosy = 0.
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For the Jacobian, we find at lowest order
7 - ’ (I, I1)
) = |2
d(ao, ¥o)

Ezact 2m-periodic forcing means Gy = 0.
Exploring this case first, we find ¥g = 7/2,37/2, and

1
ao (1 - 4a(2)> = *th.

If |h| > h* = 4/(3+/3), we have one solution; see Fig. 11.3. When |h| passes
the critical value h*, there is a bifurcation producing three solutions. At the
value h = 0, we have returned to the “ordinary” Van der Pol equation that
has one periodic solution with ag = 2.

If By = 0, we have Jy = |(1 — 3a2)h|. We observe that at the bifurcation
values h = h*,0, the Jacobian J;, vanishes.

= |h| ‘(1 - Za%) sin g — By cos g .

If By # 0, we have the relation

N
2
oN
|
—

tan g = G

and a similar analysis can be made.

Example 10.8
(damped and forced Duffing equation)
A fundamental example of mechanics is an oscillator built out of a Hamilto-
nian system with damping and forcing added. A relatively simple but basic
nonlinear case is

&+ epd + x + eya® = ehcoswt

with damping coefficient © > 0. The equation of motion of the underlying
Hamiltonian system is obtained when p = h = 0. Putting ey = —1/6 produces
the first nonlinear term of the mathematical pendulum equation.

Using the formulas derived above, we have in this case

f = pi —~ya3 4+ hcoswt
and after transformation
F = B(e)2(0) + (1 — £8())[—(1 — £B(e)) b pua’ — 7a® + hcos(8 — (e))],
which can be expanded to
F = Boag cos O + pag sinf — 'yag cos® @ + hcos(d — o) +e--- .

The periodicity conditions to first order produce
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Iy = pag + hsinyy = 0,

3
Iy = Boag — Zva% + hcosyg = 0.

The Jacobian to first order becomes

g ’ oI, I)
)= | =12

d(ao, ¥o)
Easiest to analyse is the case without damping, u = 0. We have the periodicity
conditions

. 9
= |h| ’MSH”/JO + (50 - 4%13) cos Yo

3
hsinyg = 0, Byag — zvag + hcosypy =0,

so that 1y = 0,7, and two possibilities,
3
ag (50 - 47a8) = +h.

Interestingly, the product Sy also plays a part in the bifurcations (the ex-
istence of periodic solutions). If Gy > 0, we have one or three solutions
depending on the value of h, and if Byy < 0, there is only one solution. This
picture also emerges from the Jacobian

Jo = ’h <50 - Z’Yﬁ) cos ¥

We conclude that a small detuning of the forcing from exact 27-periodicity is
essential to obtain interesting bifurcations. On taking 8y = 0, we find to first
order the periodicity conditions

3
hsintyy = —pag, hcosg = Zvag.
Again there are two possible solutions for the phase shift vy corresponding
with one periodic solution each for whatever the values of h, i, and (£ 0)
are. This is also illustrated by the Jacobian, which at an exact 27-periodic
forcing, using the periodicity conditions, becomes

27
W+ Tt

= lao] 16

. 9
Jo = |h| |usinthy — Z’Yag cos Yo

Example 10.9

(Mathieu equation)

Linear equations with periodic coefficients play an important part in physics
and engineering. A typical example is the m-periodic Mathieu equation that
can be written in the form

&+ (w? + ecos2t)x = 0.
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Of particular interest is usually the question of for which values of w and ¢
the solutions are stable (i.e., decreasing to zero) or unstable. The answer to
this question is guided by Floquet theory, which tells us that for w fixed,
the (two) independent solutions of the equation can be written in the form
exp(A(e)t)p(t) with p(t) a m-periodic function. So the two possible expressions
for the so-called characteristic exponents A(g) - call them \; and Ao - deter-
mine the stability of the solutions. Also from Floquet theory we have that
A1(g) + Az2(e) = 0. For extensive introductions to Floquet theory, see Magnus
and Winkler (1966) and Yakubovich and Starzhinskii (1975), for summarising
introductions Hale (1963) or Verhulst (2000).

The expansion theorem tells us that the exponents A1 2(¢) can be expanded
in a Taylor series with respect to € with A1(0) = wi, A2(0) = —wi. This has im-
portant consequences. If w is not close to a natural number, any perturbation
of Ay 2(0) will cause it to move along the imaginary axis, so for the possibility
of instability we only have to consider the cases of w near 1,2,3,---.

It turns out that in an w, e-diagram, we have domains emerging from the
w-axis, called Floquet tongues, where the solutions are unstable; see Fig. 10.1.
The boundaries of these tongues correspond with the values of w, e where the
solutions are periodic (i.e., they are neutrally stable). We shall determine these
tongues in two cases.

One should note that if we have for a linear homogeneous equation one
periodic solution, we have a one-parameter family of periodic solutions and
definitely no uniqueness. In this case, the boundaries of the tongues corre-
spond with periodic solutions, so the two independent solutions are periodic
and have the same period. However, this uniqueness question need not bother
us, as we know a priori that in this case families of periodic solutions exist.

We assume that w? = m? —efB(e) with m = 1,2,--- and B(¢) = By + e+
- a known Taylor series in €. The equation becomes

& +mPx = ef(e)x — e cos 2t

It will turn out that in the cases m = 2,3,--- we have to perform higher-
order calculations. In the case of nonautonomous equations, it is then more
convenient to drop the phase-amplitude representation of the solutions and
use the transformation x, & — y1, yo:

x(t) = y1(t) cos mt + ya2(t) sin mt,

Z(t) = —my (t) sin mt + mys(t) cos mt.
The expansion of z(t) will take the form z(¢) = y1(0) cosmt + y2(0) sinmt +
€---. For y1,ys, we find the equations

€

1 = ——(B(g) — cos 2t)(y1 cosmt + yo sin mt) sin mt,
m

g2 = —(B(e) — cos 2t) (y1 cos mt + ya sinmt) cos mt.

So
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Fig. 10.1. Instability (or Floquet) tongues of the Mathieu equation & 4 (w? +
ecos2t)x = 0. The shaded domains correspond with instability.

The Mathieu equation can be transformed to an integral equation by formally
integrating the equations for y; and y, and substituting them into the expres-
sion for x(t).

We shall now use the periodicity conditions in various cases.

10.3.1 Frequency w near 1

The solutions of the unperturbed (harmonic) equation are near 27-periodic
and the forcing is m-periodic; such a forcing is called subharmonic. We will
look for 27m-periodic solutions, and we have the periodicity conditions

2m
/ (B(g) — cos2s)(y1(s) cos s + ya(s) sin s) sin sds = 0,
0
2
/ (B(e) — cos 2s)(y1(s) cos s + ya(s) sin s) cos sds = 0.
0
Expanding, we find to first order the periodicity conditions

y2(0) (ﬂo + %) =0, 4(0) (ﬂo _ %) —o.

For the boundaries of the Floquet tongue, we find Gy = j:% or to first order
wr=1%+ %5.
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10.3.2 Frequency w near 2

The solutions of the unperturbed equation are m-periodic like the forcing, and
so we are looking for 7-periodic solutions of the Mathieu equation. We have

/ﬂ(ﬁ(g) — c0s25)(y1(s) cos s + y2(s) sin s) sin 2sds = 0,
0

/ (B(e) — cos 2s)(y1(s) cos s + ya(s) sin s) cos 2sds = 0.
0
To first order, we find

y2(0)Bo =0, y1(0)Bo = 0.

To have nontrivial solutions, we conclude that Gy = 0 and we have to expand
to higher order. For this we compute

y1(t) = 1y1(0) — % / (— cos 25)(y1(0) cos 2s + y2(0) sin 2s) cos 2sds + O(g?)
0

3 4 1
= y1(0) + 16 {yl(O) (3 — cos 2t — 3 cosGt)

+ y2(0) (Sin 2t — %Sin 6t>} + 0(?).

Substituting this expression in the periodicity conditions produces #; = 4—18 or
b1 = f%. Accordingly, the Floquet tongue is bounded by

w2=4—£52+--- ,w2=4+%52+--- .
Subsequent calculations will show that the neglected terms are O(e?).

The calculations for m = 3,4,--- will be even more laborious. The same
holds when we want more precision (i.e., calculation of higher-order terms)
for a particular value of m. In this case, computer algebra can be very helpful,
especially as we know in advance here that the expansions are convergent. For
a computer algebra approach, see for instance Rand (1994).

Remark

In Section 15.3, we will show that, for certain values of w near 1, the solutions
in the instability tongue are growing exponentially with £3¢. This is not in
contradiction with the Poincaré expansion theorem, as the theorem guarantees
the existence of an expansion in integer powers of € on the timescale 1. Such
an expansion is clearly not valid on the timescale where the instability is
developing. For periodic solutions the situation is different, as in this case
timescale 1 implies “for all time” (assuming that the period does not depend
on the small parameter). An extensive discussion of timescales is given in
Chapter 11.
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Example 10.10

(Mathieu equation with damping)

In general, dissipation effects play a part in mechanics, so it seems natural to
look at the effect of damping on the Mathieu equation

i+ epd + (W +ecos2t)x =0,

where p is a positive coefficient and we consider the simplest case of w near
1: w? =1 —¢fy + O(e?). Omitting the O(g?) terms, the equation becomes

¥+ x = ¢efor — epd — e cos(2t)x.

In the periodicity conditions derived in the preceding example, we have to
add the term

1(y2(0) sin s — ya(0) cos )

to the integrand. This results in the periodicity conditions

%Myl(o) + (ﬁo + ;) y2(0) =0,

1 1
Bo — 5 | y1(0) — 5 py2(0) = 0.
2 2
To have nontrivial solutions, the determinant has to be zero or

1
/6)0::':5 1_.“27

and for the boundaries of the instability domain, we find

1
wi=1+ 56\/1 — pl.
As a consequence of damping, the instability domain of the Mathieu equation

shrinks and the tongue is lifted off the w-axis.

10.4 Autoparametric Systems and Quenching

Consider a system consisting of weakly interacting subsystems. To fix the idea,
we consider a system with two degrees of freedom (four dimensions). Suppose
that in one degree of freedom stable motion is possible without interaction
with the other subsystem; such motion is usually called “normal mode be-
haviour” and in many cases this will be a (stable) periodic solution. Is this
normal mode stable in the four-dimensional system? If not, the corresponding
instability phenomenon is called autoparametric resonance.

This question is of particular interest in engineering problems where the
normal mode may represent undesirable behaviour of flexible structures such
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as vibrations of overhead transmission lines, connecting cables, or chimney
pipes. In the engineering context, normal modes are often called “semitrivial
solutions”. We may try to destabilise them by actually introducing a suitable
interacting system. This may result in destabilisation or energy reduction
of the undesirable normal mode; this process of permanent reduction of the
amplitude of the normal mode is called “quenching”, and the second oscillator,
which does the destabilisation, is called the “energy absorber”. For a survey
and treatment of such problems, see the monograph by Tondl et al. (2000).

In the case of Hamiltonian systems, we may have autoparametric resonance
and a normal mode may be destabilised; an example is the elastic pendulum.
However, because of the recurrence of the phase flow, we have no quenching.
For this we need energy dissipation in the second oscillator.

— - J
e ~9-~-9

Fig. 10.2. Example of an autoparametric system with flow-induced vibrations. The
system consists of a single mass on a spring to which a pendulum is attached as an
energy absorber. The flow excites the mass and the spring but not the pendulum.

Example 10.11
(quenching of self-excited oscillations)
Consider the system

i —e(1— )i+ o = =f(2,),
§+eny+ ¢*y = eyg(z,y),

where 1 is the (positive) damping constant, f(z,y) is an interaction term with
expansion that starts with quadratic terms, and the interaction term g(x,y)
starts with linear terms. In Fig. 10.2, a pendulum is attached as an example of
an energy absorber. The equation for x is typical for flow-induced vibrations,
where (1 — #2)4 is usually called Rayleigh self-excitation.

To fix the idea, assume that f(z,y) = c12% + cozy + c3y?, g(x,y) = dyx +
day. (This is different from the case where a pendulum is attached.) Putting
y = 0 produces normal mode self-excited oscillations described by

i—e(l—iHi 4z = ecia®.



10.4 Autoparametric Systems and Quenching 159

As in Example 10.5 for the Van der Pol equation, we transform time by
wt=10, w?=1-¢n(e) to find

2 +z=en(e)r+e(l—en(e)2a’ (1 — (1 —en(e)) 'a") + e(1 — en(e))era?

with unknown initial conditions x(0) = a(e),2’ = 0. The periodicity condi-
tions at lowest order become

2m
- / [a(0) sin s(1 — a?(0) sin” 5) + c1a?(0) cos? s] sin sds = 0,
0
2m
7 (0)a(0) — / [a(0) sin s(1 — a?(0) sin? s) + ¢1a?(0) cos? 5] cos sds = 0.
0
After integration, we find as for the Van der Pol equation

Mm(1—iﬁmozza

1(0)a(0) =0,
so, apart from the trivial solution, we have a(0) = 2,7(0) = 0. (The solu-
tion a(0) = —2 produces the same approximation.) A periodic solution ¢(¢)

branches off at amplitude 2 with first-order approximation z¢(t) = 2 cost. For
the periodic solution we have the estimate ¢(t) = 2cost + O(e).

To study the stability of this normal mode solution, we put z(t) = ¢(t)+u.
Substitution in the equation for z and using that ¢(t) is a solution, we find

ii+u=e(1—¢?)i—e(20u+ 1) (p+1) +e(c1(20u+u?) + co(d+u)y + c31?).

Also, we substitute x(t) = ¢(t) + u in the equation for y. To determine the
stability of ¢(t), we linearise the system and replace ¢(t) by its first-order
approximation z(t) to obtain

i +u = e(1 — 12sin? t)i + edeyucost + e2cay cost,
i+ q*y = —epy + €2dyy cost.

The equations are in a certain sense decoupled: first we can solve the problem
for y, after which we consider the problem for u. This decoupling happens
often in autoparametric systems.

As in Example 10.9, we use the transformation y,y — y1, yo:

y(t) = y1(t) cos gt + y2(t) sin gt,
y(t) = —qy1(t) singt + qya2(t) cos qt.

The expansion will take the form y(t) = y1(0) cos gt + y2(0) singt +¢- - -. For
Y1, Y2, we find the equations
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. £ . . .
U =:-5[uqy1(t)sulqt—-uqyz(t)cosqtﬁ-2d1(y1cosqt+—yzsnlqt)cost]snlqt
. £ . .

Yo = g[uqyl (t) sin gt — puqys(t) cos gt + 2d; (y1 cos gt + ys sin qt) cos t] cos gt.

Integration and application of the periodicity conditions leads at first order
to nontrivial results if ¢ = % We find

1
MY — dyys =0,

1
diyr — FHy2 =0
We have nontrivial solutions if the determinant of the matrix of coefficients
vanishes, or
p? = 4d?.

If the damping coefficient p satisfies 0 < p < 2|d;|, we have instability with re-
spect to perturbations orthogonal to the normal mode (in the y — g direction);
if u > 2|dy|, we have stability.

It is an interesting question whether perturbations in the normal mode
plane can destabilise the normal mode. For this we have to solve the equation
for u. With the choice ¢ = % and if ¢ # 0, we find that u = 0 is unstable; the
calculation is left to the reader.

10.5 The Radius of Convergence

When obtaining a power series expansion with respect to € by the Poincaré-
Lindstedt method, we have a convergent series for the periodic solution. So,
in contrast with the results for most asymptotic expansions, it makes sense to
ask the question of to what value of e the series converges.

In the paper by Andersen and Geer (1982), where 164 terms were calcu-
lated for the expansion of the periodic solution of the van der Pol equation,
the numerics surprisingly suggests convergence until ¢ = O4(1). These re-
sults become credible when looking at the analytic estimates by Grebenikov
and Ryabov (1983). After introducing majorising equations for the expansion,
Grebenikov and Ryabov give some examples. First, for the Duffing equation
with forcing,

i+x—ex® =casint.

Grebenikov and Ryabov show that the convergence of the Poincaré-Lindstedt
expansion for the periodic solution holds for

0<e<1.1l|al 5.

In the case of the Mathieu equation
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i+ (a+ecos2t)z =0
near a = 1, they obtain convergence for
0<e<5.65.

For the resonances a = 4,9, O4(1) estimates are also found.

Finally, we note that the radius of convergence of the power series with
respect to the small parameter ¢ does not exclude continuation of the periodic
solution beyond the radius of convergence. A simple example is the equation

3
T+ gsx' + 2z = —3sin 2t.
The equation contains a unique periodic solution

1 €

t) = ——=sin2t + —— cos 2t
¢ (t) 1+¢€? + 1+¢e?

that has a convergent series expansion for 0 < ¢ < 1 but exists for all values

of .

10.6 Guide to the Literature

The techniques discussed in this chapter were already in use in the eigh-
teenth and nineteenth centuries, but the mathematical formulation of such
results for initial value problems for ordinary differential equations was given
by Henri Poincaré. Usually his method of using the expansion theorem to
construct periodic solutions is called the Poincaré-Lindstedt method, as Lind-
stedt produced a formal calculation of this type. The procedure itself is older,
but Poincaré (1893, Vol. 2) was the first to present sound mathematics. His
1893 proof of the expansion theorem is based on majorising series and rather
complicated, see also Roseau (1966) for an account. More recent proofs use
a continuation of the problem into the complex domain in combination with
contraction; an example of such a proof is given in Verhulst (2000, Chapter
9).

The analysis is in fact an example of a very general problem formulation.
Consider an equation of the form

F(u,e) =0

with F' a nonlinear operator on a linear space - a Hilbert or Banach space -
and with known solution u = ug if € = 0, so F(ug,0) = 0. The problem is
then under what condition we can obtain for the solution a convergent series

of the form
U= ug + Z €M Uy,

n>1
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The operator F' can be a function, a differential equation, or an integral equa-
tion and can take many other forms. Vainberg and Trenogin (1974) give a
general discussion, with the emphasis on Lyapunov-Schmidt techniques, and
many examples.

A survey of the implicit function theorem with modern extensions and ap-
plications is given by Krantz and Parks (2002). Application of the Poincaré-
Lindstedt method to systems with dimension higher than two poses no funda-
mental problem but requires laborious formula manipulation. An example of
an application to Hamiltonian systems with two degrees of freedom has been
presented in two papers by Presler and Broucke (1981a, 1981b). They apply
formal algebraic manipulation to obtain expansions of relatively high order.
Rand (1994) gives an introduction to the use of computer algebra in nonlinear
dynamics.

More general nonlinear equations, in particular integral equations, are con-
sidered by Vainberg and Trenogin (1974). The theoretical background and
many applications to perturbation problems in linear continuum mechanics
can be found in Sanchez Hubert and Sanchez Palencia (1989).

Apart from this well-founded work, there are applications to partial differ-
ential equations using the Poincaré-Lindstedt method formally. It is difficult
to assess the meaning of these results unless one has a priori knowledge about
the existence and smoothness of periodic solutions.

10.7 Exercises

Exercise 10.1 Consider the algebraic equation
22— 3 +e)x+2=0,

which has three real solutions for small € > 0.
a. Can one obtain the solutions in a Taylor series with respect to €7
b. Determine a two-term expansion for the solutions.

Exercise 10.2 Kepler’s equation for the gravitational two-body problem is
E—esnbE=M

with M (depending on the period) and e (eccentricity) given. Show that the
angle F, 0 < E < 27, is determined uniquely.

Exercise 10.3 Consider the equation
b=1—2+ex?

If e =0, x = 1 is a stable equilibrium and it is easy to see that if ¢ > 0, a
stable equilibrium exists in a neighbourhood of x = 1.
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a. Apply the Poincaré expansion theorem to find the first two terms of the
expansion o(t) + ez (t) +---.

b. Compute the limit for ¢ — +o00 of this approximation. Does this fit with
the observation about the stable equilibrium?

Exercise 10.4 In Example 10.4, we showed for the damped harmonic oscil-
lator that secular (unbounded) terms arise in the straightforward expansion.
One might argue that this is caused by the presence of linear terms in the per-
turbation, as these are the cause of linear resonance. Consider as an example
the problem

i +x=cex? x(0)=1,2(0)=0.

a. Show that no secular terms arise for xo(t) and x4 (¢).
b. Do secular terms arise at higher order, for instance for xs(t)?

Exercise 10.5 Consider again the Van der Pol equation (Example 10.5) and
calculate the periodic solution to second order. The calculation to higher order
becomes laborious but it is possible to implement the procedure in a computer
programme. Andersen and Geer (1982) did this for the Van der Pol equation
to compute the first 164 terms.

Exercise 10.6 It will be clear from Examples 10.5 and 10.6 that an interest-
ing application arises in examples such as

i+ =er®+2(1 - 2?).

At lowest order, we find that the first-order Jacobian Jy vanishes, but in this
case a unique periodic solution exists. When going to second order in ¢, the
Jacobian does not vanish and this unique periodic solution is found. Check
this statement and compute the approximation to this order.
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Averaging and Timescales

In this chapter, we will consider again initial value problems for ordinary
differential equations involving perturbations. In the preceding chapter we
encountered the idea of “an approximation valid on a certain timescale”. This
is an important concept that we have to formulate more explicitly.

Suppose that we want to approximate a (vector) function z.(t) for ¢ > 0
by another function y.(t). If we have for ¢ > 0 the estimate

x2(t) —y(t) = 0O(e™), 0<e"t <C,

with m,n, C constants independent of e, we shall say that y.(t) is an O(¢")-
approzimation of x.(t) on the timescale 1/e™.

Note that if necessary we can generalise somewhat by replacing €™ by the
order function é;(¢) and €™ by the order function d5(e).

Example 11.1

Consider the function z.(t) = (1+¢ +&2t) sint with O(g)-approximation sin ¢
on the timescale 1/¢. At the same time, sin is an O(e? )-approximation on the
timescale 1/¢%. It is also easy to see that (1+¢) sint is an O(£2)-approximation
on the timescale 1.

We shall often use this abbreviation of “an approximation on a timescale”.
In the preceding chapter, we approximated periodic solutions, and in such
cases approximations of a quantity such as an amplitude are valid for all time.
In general, the results are much more restricted; usually we will be happy to
obtain an approximation on a timescale such as 1/ or 1/&2. As the estimates
are valid for € — 0, these are already long timescales.

11.1 Basic Periodic Averaging

Suppose that we have a differential equation of the form
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z = f(t,x,¢€)

with f periodic in t. We could try to approximate the solutions by simply
averaging the function f over time. In general, however, this leads to incorrect
results, as was realised already by Lagrange and Laplace in the eighteenth
century. The correct approach is to solve the problem for ¢ = 0 and use
these “unperturbed” solutions to formulate “variational” equations, also called
equations “in the standard form”, which can be averaged. As an example, we
look again at Example 10.4, where a straightforward expansion with respect
to € produced secular terms.

Example 11.2
Consider the initial value problem

&+ 2ei+2=0, z(0) =1, ©(0) = 0.
This equation is of the form
i+x=cf(zx,z), x(0) =a, £(0) = b, (11.1)

with f(x,4&) = —2%&, and we can study this more general equation with the
same effort.
The unperturbed equation is

rT+x=0
with solutions of the form
x(t) = rocos(t + ), (t) = —rosin(t + o),

in which 7y, are determined by the initial conditions. To study the per-
turbed problem, Lagrange formulated the “variation of constants” method by
replacing rg, 1o by the variables r(t), ¥ (t), so we transform x, & to 7,1 by

x(t) = r(t) cos(t + ¢(t)), z(t) = —r(t) sin(t + ¥(t)).
Differentiation of z(¢) has to produce &(t), which yields the condition
i cos(t + 1) — Wrsin(t + 1) = 0.

Differentiation of # and substituting this and the expressions for x(t),&(t)
into the differential equation (11.1) gives

—isin(t + ) — rcos(t + ) = ef (rcos(t + ), —r(t +1)).
Solving from the two algebraic equations for 7 and v, we find
7= —esin(t + ) f(rcos(t + ), —r(t +v)), (11.2)
Y = —wa(rcos(t—l—d)),—rsin(t-i-l/)))- (11.3)

r
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In the transformation from x, & to polar coordinates r, v, we of course have to
exclude a neighbourhood of the origin; this is also illustrated by the presence
of r in one of the denominators.

The equations express that r and 1 are varying slowly with time, and the
system is of the form § = eg(y,t). This slowly varying system is called the
standard form. The idea is now to consider only the nonzero average of the
right-hand sides - keeping r and v fixed - and leave out the terms with average
zero. We can think of the right-hand sides as functions periodic in ¢ (ignoring
the slow dependence of r and % on t), which we Fourieranalyse, and then we
omit all higher order harmonics.

In our problem, we have f(x,%) = —24 so that

= —e2rsin’(t + ),
¥ = —e2cos(t + ) sin(t + ).

Now we average, replacing 7,1 by their approximations 7, ¥,:

1 2

ry = —6— 2rsin?(t + )dt = —erg,
2 0

. 1 2m

g = —E— 2 cos(t + ) sin(t + ¢)dt = 0.
27T 0

Solving this with r,(0) = 79, 14 (0) = 1o, the approximation takes the form
74 (t) = roe " cos(t + o).

Note that secular terms are absent. We shall discuss the nature of the approx-
imation later on.

Let us apply this procedure to the Van der Pol equation in the following
example.

Example 11.3
The Van der Pol equation is

i+r=c(l—-aH1,

and we transform again x(t) = r(t) cos(t + (t)), (t) = —r(t)sin(t + ¥(t)).
Using Egs. (11.2) and (11.3) with f = (1 — 22)4, we find
= —esin(t +)(1 — 2 cos?(t + ) (—rsin(t + 1)), r(0) = ro,

b= SV 2 o2 b)) (—rsin(t + ), $(0) = to.

r

The right-hand sides are 27-periodic in ¢ and we average over t, keeping r and
1 fixed. Replacing 7, by their approximations r,,1,, we have:
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T 1 .
e =e— (1 — =92 . = 0.
T 52< 47"a>,¢ 0

Clearly, the phase v, is constant in this approximation, and we can solve the
equation for r, to find
%st

o€

r2 1’
1+ Fer -1

ro(t) =

Taking the limit of this expression for r,(t) for t — oo, we find that r,(¢) — 2
so this solution seems to be stable. This value of r, corresponds with the am-
plitude of the periodic solution of the Van der Pol equation that we computed
in Chapter 10 using the Poincaré-Lindstedt method.

There is an easier way to obtain this result. In the differential equation for
T4, the right-hand side has two zeros corresponding with stationary solutions
of the amplitude: r, = 0 and r, = 2. The first one corresponds with the
trivial solution. The second one means that choosing rg = 2, r,(t) will keep
the value 2 for all time. Obviously, such a stationary solution of the amplitude
corresponds with a periodic solution. We shall discuss this more extensively
in Section 11.3.

Remark

The equation &4z = € f(z, &) is an example of an autonomous equation. (Time
t does not arise explicitly in the equation.) Such equations have special features
that also show up in the averaging results. Consider again the equation for v
in Eq. (11.3):

cos(t + 1)

) =—¢ f(rcos(t+ ), —rsin(t + )).

As 1) is kept constant during the averaging process, we might as well transform

T =t + 1 so that
CosT

b= —c

f(rcost,—rsinT)

and average over 7. The averaged equation for ¢ will be of the form 1, =
eF(ry) and will not depend on .

The solution of the averaged equations is reduced to solving a first-order
equation for r,. In general the averaging of an autonomous equation of order
n will result in a reduction to a system of order n — 1.

Example 11.4
(damped and forced Duffing equation)
Consider again Example 10.8 describing the forced Duffing equation

&+ epd +eya® + x = chcoswt, (11.4)
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where we assume w™2 = 1 — Bye, which means that the forcing period is near
27. It is easier when we transform 7 = wt to obtain
By gl

" 3 1 h

T+ Ee—T +E—T + —5x = E— COST,

w w w w

where a prime denotes differentiation with respect to 7. Expanding and mov-
ing the O(e) terms to the right, we get

" + & = efox — epa’ — eya® + ehcosT 4+ O(?).

In deriving the system (11.2), (11.3), we did not use any explicit form of the
right-hand side f, so in polar variables r, 1 we get to O(e) the slowly varying
system

/

' = —esin(t + ) (Box — px’ — ya® + hcosT),
P = few(ﬂox — pz’ —ya® + heosT).

r
In the preceding equations x and z’ still have to be replaced by r(7) cos(t +
(7)) and —r(7) sin(7 + (7)) respectively. Averaging this system over 7 pro-
duces

/

1
Ta _55(1“"(1 + hsiny,),

1 3 CcOS Yq
Yh =3¢ (ﬁo — S+ h¢) -
r

a

It is interesting to note that again - as in the Van der Pol equation - stationary
solutions of the right-hand side produce periodic solutions of the forced Duff-
ing equation; the expressions are the same as those obtained by the Poincaré-
Lindstedt method. However, the averaging result produces more information.
We can now also study the flow near the periodic solutions and thus their
stability.

11.1.1 Transformation to a Slowly Varying System

To apply averaging, we need a system in the standard form
T =cf(t, x).

Sometimes such a system is called the variational system of the original
equations from which they were derived. The system describes the dynamics
around a certain unperturbed state. The classical example is the perturbed
harmonic equation

i+ wie =ef(t,z, @),

where w is a positive constant, the frequency. As before, we can use an
amplitude-phase transformation of the form
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z(t) = r(t) cos(wt + ¥(t)), (11.5)
z(t) = —r(t)wsin(wt + 1(t)). (11.6)

Using variation of constants with these expressions, we find
= sin(wt + ) f (¢, r cos(wt + ), —rw sin(wt + 1)), (11.7)
w

)= —5 cos(wt + ) f(t,rcos(wt + ¢), —rwsin(wt +1)).  (11.8)

Of course, we can write the independent solutions of the unperturbed equation
in a different form and obtain an equivalent system. This may be computa-
tionally advantageous.

The equivalent transformation

z(t) = y1(t) coswt + yalt) sinwt, (11.9)
z(t) = —wyi (t) sinwt +wy2(t) cos wt, (11.10)
leads to the standard form
g = —%sinwtf(tw(t),:’c(t)) (11.11)
Uo = ecoswt f(t, z(t), £(t)), (11.12)

where the expressions for x(t) and z(t) still have to be substituted. We shall
consider some examples.

Example 11.5
Consider the Duffing equation with positive damping

&4 epd + x4+ eya® = 0.

Using amplitude-phase variables r, 1, we find (see the preceding subsection)
for the averaged equations

1 . 3
Tq = fism"a, P = gsfyr?l.

Using the transformation from Eqgs.(11.9), (11.10), we find, after averaging,

1

y - § 2 2
Y1a = —5eHY1a + 8€7y2a(y1a + Y24)

) 1 3 9 9

Y24 = §€:uy2a + ggpyyla (yla + yQa)'
Of course, the results are equivalent, but the expressions in amplitude-phase
form are looking much simpler. We see immediately that (u indicating positive
damping) the amplitude is decreasing exponentially; the phase is changing
slowly, depending on the amplitude.
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Consider now a case where the second transformation by Egs. (11.9) and
(11.10) is more useful.

Example 11.6
Consider the Mathieu equation

%+ (14 2ecos2t)z = 0.

In phase-amplitude form, from the transformation Eqgs. (11.5) and (11.6), we
find

7 = 2esin(t + ) cos 2t r cos(t + ),
Y = 2 cos?(t + 1) cos 2t.

Averaging produces
. 1 . . 1
Toq = 557“@ sin 24, g, = 55 c0S 2¢,.

This system is not convenient to analyse, and it is even nonlinear.
Trying the second transformation from Egs. (11.9) and (11.10), we have

§1 = 2esintcos 2t(y; cost + yo sint),
2 = 2e cost cos 2t(yy cost + ya sint).

Averaging produces

. 1 . 1
Yla = —§€y2a, Y20 = _§€y1a~

These are linear equations with constant coefficients and are easier to analyse;

the eigenvalues are i%e so that the approximations of y;,ys are a linear

combination of exp(£3et). If for instance z(0) = zo, #(0) = 0, we have

1 1 1 1
Y1a(t) = 55506_%875 + ixoeéat, Y2a(t) = ifoe_%gt - §$0€%€t7
and for z,(t):
1 —Let . 1 Llet .
za(t) = S Toe™? “(cost +sint) + 5 %oe? “(cost — sint).

Note that these solutions of the Mathieu equation show the instability of the
trivial solution.

This process of variation of constants to produce a slowly varying standard
form can be applied to a system of equations provided we know the solutions
for e = 0 more or less explicitly. For instance, for the n-dimensional initial
value problem
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z=Alt)x +ef(t,x), (0) = xo,

we can produce the standard form by variation of constants if we know the
fundamental matrix of the system y = A(t)y.

More generally, considering a system of the form & = f(¢t, z, ), all depends
on the knowledge we have of the solutions of the unperturbed system & =
f(t,z,0). For instance, in the case of the perturbed mathematical pendulum
equation

I+sinr=c¢---,

the unperturbed solutions are elliptic functions. The analysis becomes rather
technical but can still be carried out.

11.1.2 The Asymptotic Character of Averaging
It is important to know the nature of the averaging approximations.

Theorem 11.1
Consider the n-dimensional system

i =cf(t,x) +e%g(t,z,¢), £(0) = xo, t > 0.

Suppose that f(¢,x) is T-periodic in ¢ with 7' > 0 a constant independent of
€. Perform the averaging process

PO =7 [ feva,

where y is considered as a parameter that is kept constant during integration.
Consider the associated initial value problem

j=ef°(y), y(0) = =o.

Then we have y(t) = x(¢) + O(e) on the timescale 1/¢ under fairly general
conditions:

e the vector functions f and g are continuously differentiable in a bounded
n-dimensional domain D, zy an interior point, on the timescale 1/¢;

e y(t) remains interior to the domain D on the timescale 1/¢ to avoid bound-
ary effects.

The smoothness conditions can be weakened somewhat; see the notes on
the literature.

It is interesting to know that in some cases the timescale of validity can be
extended, for instance to the timescale 1/e2 or sometimes even for all time.
Boundedness of the solutions or the presence of a classical attractor can be
used. However, these are exceptions that require stronger conditions on the
differential equation.

To show that in general the time estimate is optimal we consider the
following example.
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Example 11.7
Consider the equation

i = 2ex?sin?t, £(0) = 1.

The right-hand side is 2w-periodic in ¢, and averaging over t produces the
associated initial value problem

g=cey? y(0) =1,

with solution )

y(t) = 1 ——

The function y(t) becomes unbounded when ¢ approaches 1/e. Note that if
we choose for instance t = 1/(2¢), y(t) takes the value 2. For the domain D,
we can take any compact segment containing z(0) = 1 as an interior point
but y(t) will leave D on the timescale 1/e. We have

on the timescale 1/e. In this example, we can also compute the solution x(t)
in the form of elementary functions:

1
© 1—et+ jesin2t’

x(t)

Such a comparison with the exact solution is only possible in special cases,
and it is remarkable that we can still prove the asymptotic validity theorem
in general.

One might think that in this example the fact that the solution becomes
unbounded on a timescale 1/¢ is essential for the restriction on the time
interval. This is not the case, as the following very simple example shows.

Example 11.8
Consider the harmonic equation with a slightly perturbed frequency

Z+(1+42)z=0.
Amplitude-phase variables produce the standard form

7 = 2esin(t 4+ 1p)rcos(t + ),
Y = 2 cos?(t + ).
Averaging produces )
T =0, 1Y, = —¢.

Putting for instance r(0) = 1, ¥(0) = 0, we find for the solution and the
approximation
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x(t) = cos(V1 + 2et), x4(t) = cos(t + &t).

As z(t) = cos(v/1 + 2et) = cos(t + et + O(et)), the validity of the approxi-
mation cannot be extended to O(1/e?).

In our statement about the asymptotic character of the averaging process,
we assumed that the period T does not depend on . What is important here
is that T does not become unbounded as € tends to zero. The following simple
example shows this.

Example 11.9
Consider the equation

& = ecos(et), x(0) = xo.

Crude averaging produces ¢, = 0 and so z,(t) = z¢. Integration yields the
solution z(t) = sin(et) + x and so z,(t) is not an asymptotic approximation
on the timescale 1/e.

This kind of assumption becomes important when integrating orbits near
a separatrix, a homoclinic or heteroclinic orbit.

11.1.3 Quasiperiodic Averaging

In a number of applications, more than one period plays a part. If there is a
common period, we can use this to average, but this is not always the case.

Example 11.10
Consider for instance

&+ (14 2ecos2t)z = ef(t),

which is a Mathieu equation with small external forcing. The Mathieu equa-
tion contains a m-periodic term, and the unperturbed equation is 27-periodic.
If f(t) is T-periodic with T'/7 rational, we can find a common period. But
suppose for instance that 7' = 7+/3. In this case, there is no common period
and we might, after putting the problem in the standard form, try to aver-
age over both periods. Using amplitude-phase variables x,& — r,v¢ by the
transformation Egs. (11.5) and (11.6), we find

7 = 2esin(t + 1)) cos 2t r cos(t + 1) — esin(t + 1) f(t),
W = 2¢ cos?(t + 1) cos 2t + ; cos(t + ) f(1).

Taking for instance f(t) = cos(%t), we can write for sin(¢ + ) f(¢)

sin(t + 1) cos (;t) :%sin <t+53t+¢> —i—%sin (t—jgt—i—@b),
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which consists of the sum of two functions with different periods. A similar
splitting applies to the term cos(t + ¢)f(t) in the equation for 1. We can
now average the two terms over their respective periods, which produces an
asymptotic approximation when we solve the averaged equation.

Theorem 11.2
To formulate the result more generally, consider the n-dimensional initial value
problem in the standard form

N
T = ez ful(t, ), 2(0) = xo,
n=1

where the vector functions f,(¢t,z) have N independent periods T,,n =
1,---,N. Averaging over the respective periods, we obtain the associated
system

N 1 Ty
i=eX 7 [ hat it v =

n=1

As before, we have y(t) = z(t) + O(e) on the timescale 1/¢.

There are two important restrictions here. First IV has to be finite, and
second it should be possible to write the right-hand side of the equation as a
sum of vector functions where each of them is periodic with one period.

In a number of interesting problems, it is not possible to satisfy these con-
ditions. We shall discuss such cases in the next section and in the subsequent
chapter.

11.2 Nonperiodic Averaging

Suppose now that we have obtained a slowly varying system & = ef(¢, ),
where the right-hand side is not periodic and also not a finite sum of periodic
vector fields.

Example 11.11
Consider the equation

t=e(-1+

) a(0) = L

with solution
.I‘(t) _ e*EtJrE 1n(1+t).

Suppose that we could not solve the equation. The right-hand side is not
periodic, but we might try a more general form of averaging by taking the
limit
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li ! / ' 1+ ! dt

im — — — | xdt = —
T—oo T 0 1 +t

and considering the associated (averaged) system

y = —&y, y(o) = 17

with solution y(t) = exp(—et). As we know the exact solution, we can explic-
itly compare
j(t) — y(t)| = e~ (=D — 1)

On the timescale 1/¢e, we have |z(t) — y(t)] = O(g|ln¢€l), so in this case more
general averaging produces an asymptotic approximation on a long timescale
but with a somewhat bigger error than €. Note that if a vector field is periodic
in t, this general averaging limit exists and equals the (ordinary) average; see
Section 15.8. In the exercises, we repeat this calculation for different right-
hand sides.

There is a theory behind this more general averaging, which we summarise
as follows.

Theorem 11.3
Consider the n-dimensional system

i =cf(t,x) +e%g(t,x,¢), 2(0) = x0, t > 0.

Suppose that f(¢,z) can be averaged over ¢ in the sense that the limit

T—oo T

y) = Jim f/ f(t,y)d

exists, where y is again considered a parameter that is kept constant during
integration. Consider the associated initial value problem

v =ef"(), y(0) = zo.

Then we have y(t) = x(t) + O((¢)) on the timescale 1/e under fairly general
conditions:

e the vector functions f and g are continuously differentiable in a bounded
n-dimensional domain D with xg an interior point on the timescale 1/¢;

e y(¢) remains interior to the domain D on the timescale 1/ to avoid bound-
ary effects.

For the error d(¢), we have the explicit estimate

d(e) =sup sup e
2€D 0<et<C

/0 (F(s,2) — fO(x))ds

with C a constant independent of .



11.2 Nonperiodic Averaging 177
In Verhulst (2000, Chapter 11), there is the following, more realistic example.

Example 11.12
Consider an oscillator with friction that, through wear and tear, increases
slowly with time. The equation is

F+ef(t)x+z=0.

Assume that f(0) =1 and f(¢) increases monotonically with time. Examples

are
1

1+t
In amplitude-phase variables r, 1), we have with Egs. (11.5) and (11.6)

7"" = —ersin®(t + ) f(),
W = —esin(t + ) cos(t + ) f(t).

filt)=2—e€7", fot) =2

We can perform averaging in the more general sense, and both for fi(¢) and
f2(t) we find the approximating system

'fa = —E&Tq, qj)a =0.
In both cases, we have the approximation
24 (t) = r(0)e " cos(t + 1(0)).

The error, however, is different. For the function f;(t), the integral fot (f(s,x)—
f%(z))ds is uniformly bounded, so the error is O(g). Choosing f(t), the inte-
gral is logarithmically growing and we have d(g) = O(g|lng]).

Such a difference is not unexpected. Note that the approximation corre-
sponds with a constant friction coefficient 2, which is the limit for ¢ — oo of
f1(t) and fa(t). The function fi(t) reaches this limit much faster than fa(t).

The more general version of averaging is highly relevant for the treatment
of so-called almost-periodic functions. We will not give an explicit definition,
but we note that for almost-periodic functions there exists an analogue of
Fourier theory so that a vector field f(t,z) that is almost-periodic in ¢, can
be written as a uniformly convergent series

(oo}

f(t,2) = (An(x) cos Ant + By (x) sin Ant).

n=0

If f(t,z) is periodic, we would have A\, = n, but in this more general case
the A\, can be any sequence of real numbers. The collection of these num-
bers is called the generalised Fourier spectrum. For an almost-periodic vector
function, the following average exists:
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A strong contrast with periodic Fourier theory is that if the average f9(z) van-
ishes, the primitive of f(¢, z) need not be bounded for all time. This weakens
the error estimate, as we shall see in an explicit example.

Example 11.13
Think of an equation that contains a function of the form

o= ,i e <2nt+ 1> |

A simple example would be & = ¢f(t)x.

We shall make a number of statements that are proved in Section 15.8.
First, we note that the average of f(¢) vanishes. To estimate the error induced
by using this average, we find, interchanging summation and integration,

> 1 t s
in(-——)d
/f ?(znﬂv/osm(%ﬂ) ’
oo o0
1 t 2,
- 1- ~ .
20:2n+1< COb(Q +1)> %:Qnﬂbm 2020 + 1)

The series converges for each fixed value of ¢ but is not bounded for all time.
In Section 15.8 we estimate

sup / f(s O(]Ine|),

0<et<C

and so the error when using the averaged equation is O(e|Ilng|).

The error estimate in this example is typical for almost-periodic functions
with a Fourier spectrum that accumulates near zero. To find the actual error
estimates is in general not so easy, as we have to estimate growth rates of
diverging series.

11.3 Periodic Solutions

When averaging the Van der Pol equation in Example 11.3, we obtained for
the amplitude r the approximate equation

We noted that choosing r, = 0 corresponds with the trivial solution and
choosing r, = 2 yields the periodic solution.
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If we find a stationary solution rg of an (approximate) amplitude equa-
tion vy = f(rq), we know that r(t) = ro + O(g) on the timescale 1/e. If we
have additional information about the existence of corresponding periodic so-
lutions, we can use the stationary solutions (critical points of f) to find these
solutions. This shows the importance of connecting quantitative information
with qualitative results. We consider a simple, artificial example.

Example 11.14
The one-dimensional equation

=¢(1+sint —x)
can be averaged to produce
y=e(l-y).
The exact solution is

z(t)=1-— cost + sint + ce <,

1+2 1+62

where ¢ is determined by the initial condition. The last term vanishes for
t — oo and what remains is a 27-periodic solution in a neighbourhood of

= 1. At the same time, y = 1 is a stationary solution of the averaged
equation.

For slowly varying systems in the standard form, these results are part of
a very general theorem:

Theorem 11.4

(Bogoliubov and Mitropolsky)

Consider the n-dimensional system & = ef(t,xz) with f(¢,x) T-periodic and
the averaged system ¢ = £f°(y); yo is a stationary solution of the averaged
equation (f%(yo) = 0). If

e f(t,x) is a smooth vector field;
e for the Jacobian in yo we have

of°(y)
‘ 8y |y:yo 7é Oa
then a T-periodic solution of the equation & = ef(t,x) exists in an e-

neighbourhood of = yq.

We can even establish the stability of the periodic solution, as it matches
exactly the stability of the stationary solution of the averaged equation. This
reduces the stability problem of the periodic solution to determining the eigen-
values of a matrix.
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Remark

We have noted before that averaging an autonomous equation or system elim-
inates one angle or, more generally, reduces the system with one dimension.
The implication is that a stationary solution obtained from an autonomous
equation always has one eigenvalue zero and so J = 0. This is for instance
the case for the Van der Pol equation. In accordance with this observation,
we have an important modification of the existence requirement for periodic
solutions in the case of n-dimensional autonomous equations: the Jacobian in
1o must have rank n — 1.

Example 11.15
Consider again the forced Duffing quation (11.4)

&+ epd +eya® + 2 = ehcoswt,

with it > 0,h # 0,w™2 = 1 — Bye. This is a fundamental example representing
nonlinear oscillation with damping and forcing. Transforming 7 = wt we found
in amplitude-phase variables the averaged system

1
r —Ea(m"a + hsintg),

1 3 cos Y,
Yo = —5¢ <ﬁo - Zyrz + hw> .
r

a

Stationary solutions r, > 0 satisfy the transcendental equations

3
pre 4+ hsint, = 0, By — 177“2+hcoji _o.

For the derivative of the right-hand side, leaving out the scalefactor —%5, we

find
I hcos i,
_%,Yra _hcoigb,,, _hsu;;ba .

Leaving out the scalefactor isQ, the Jacobian J becomes

cos? ’z,/)a) h

Ta Ta

J = <,usin1/)a + gfyri cosg, + h

For periodic solutions to exist, we have the requirement J # 0 when the
stationary solutions are substituted.

To be more explicit, we will look at the case of exact resonance 3y = 0.
For the stationary solutions, we have

3
hsiny, = —pury, hcosv, = Zyri.
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Using that cos? ¥, + sin® ¢, = 1, we find

9 26 2,2 2
1767 Ta+.u Taih :07

which always admits at least one positive solution for r,. For the Jacobian,
we have, eliminating ,,

27
J=rq (ﬂ+ 16’727"3) :

If 4 and v do not vanish simultaneously, we have J > 0, so a stationary
solution r, > 0 corresponds with a periodic solution of the original forced
Duffing equation.

11.4 The Multiple-Timescales Method

It is time to discuss a very popular method and its relation with averaging.
When we considered initial value problems in the context of averaging for an
equation such as

i+x=cf(zx,i),

we first introduced the standard form y = eg(t,y) (with y two-dimensional)
by an amplitude-phase transformation x = rcos(t + ), etc., or something
related. After averaging, we have an equation of the form 7, = ¢%(y,). It is
clear that we can absorb ¢ in time by putting 7 = £t so the approximation y,
will be a function of 7. Using again the transformation for the standard form,
we then obtain an approximation

x(t) = 2q(t,7) + 0o(1) = 24(¢, et) + o(1).

Of course, similar reasoning holds for more general equations. If we have
the n-dimensional equation & = f(¢,x,e), we suppose that we can solve the
unperturbed problem & = f(¢,z,0), which produces a variation of constants
transformation to a slowly varying system of the form ¢ = eg(t, y). Again the
approximation of y will be a function of 7 and the approximation of x(t) will
be a function of ¢ and 7.

This experience with approximations of slowly varying systems suggests an
elegant idea: introduce directly an approximation of the form z(t) = x,(¢, 7)
into the original equation. As this means that we have two variables, the
equations to be solved are partial differential equations. As it turns out, these
are easy to solve. We explore this for the Van der Pol equation.

Example 11.16
A multiple-timescale analysis of the Van der Pol equation

i+ a=ci(l —2?)
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means that we will look for an approximation of the form
z(t) = 2o(t,7) +exy(t,7) + 2.

To replace  and &, we differentiate

or  Ox fé782x+2 02x+ 2 0%
ot or ot? otor or?’

We substitute this into the equation and collect terms of equal size in € to
find at lowest order
621‘0
ot?

The variable 7 is absent in the equation at this order; integration yields

ao(t,7) = r(7) cos(t +¥(r)).

To determine r and v, we have to look at the next order. The equation at

O(e) is

+ x¢ = 0.

82331 821'0 8x0 2
a2 g T = g -

or

02z, o dr dip . 9 o
52 +a f2%s1n(t+z/1)+2rcos(t+z/;)%frsm(tJrz/;)(lfr cos®(t+1)).

Again, at this order, we have no derivatives with respect to 7, so we may
treat this as an ordinary differential equation with “constants” depending on
7. The solution will be given by
brodr dy
x1(t) = R(7) cos(t + ¢(7)) + 2% sin(s + ¥) + 2r cos(s + ’(/))E
0

—rsin(s + 1) (1 — r® cos?(s 4+ v))) sin(t — s)ds.

At this point, we may wonder whether the method leads to a full determi-
nation of terms, as we have introduced new unknown functions of 7 without
determining the first ones. The answer to this is that our approximations are
expected to be bounded on the timescale 1/¢. This inspires us to apply the
secularity conditions of the Poincaré-Lindstedt method discussed in Chapter
10. Terms resonating with sint and cost have to vanish from the integral.
From the coefficient of sin(¢ + 1), we find that necessarily

dr
9 _ Z
e T+ 4r =0.

From the coefficient of cos(t + ),

dy
2r— = 0.
TdT
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We conclude that (1) is constant, for instance 0. We can solve the equation
for r,
roe%T
2 10
(1+ (7 — 1))
which is the same result we obtained by averaging in Example 11.3. It is

also clear that on choosing ro = 2 we obtain the same approximation for the
periodic solution as before.

r(r) =

To show that in general first-order averaging corresponds with a first-order
multiple-timescale calculation is quite easy. We assume again that we can solve
an unperturbed (¢ = 0) problem to obtain a slowly varying system of the form

&= ef(t )
with f T-periodic. A multiple-timescale expansion will be of the form
z(t) = zo(t,7) + e (t,7) + 2+,

where we can take ¢(0,0) = 2(0), 21(0,0) = 0, etc. Differentiation transforms
to

a_o, o
dt ot Ot
Substituting the expansion into the equation and transforming yields
3x0 8;100 81'1

W‘FEW‘FEW‘F”':gf(t,1'0+5991+"')»

We Taylor expand
f(t,l’o +exy + ) = f(t7x0) +€Df(t,xo)$1 +52"'

with D f an n X n matrix, the first derivative of the n-dimensional vector field
f with respect to the n-dimensional variable x.
Collecting terms of order 1 and order €, we find

6:00 -

o O

6351 - 6580

o *ﬁJrf(t;IO)

From the first equation, we find
xo(t, 7) = A(7), A(0) = 2(0),

in which the function A(7) is still unknown. It is also easy to integrate the
second equation; we find

z1(t,7) = /Ot (—ilif + f(s,A(7))> ds+ B(T).
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B(7) is again an unknown function; to fit the initial condition, we have B(0) =
0. We apply again the secularity condition by requiring that the integral be
bounded. This is the case if the Fourier expansion of the integrand has no
constant term or its average is zero,

;/OT (_i’ifj N f(s,A(T))> ds =0,

which is the case if we have

dA T
P %/0 f(s, A(7))ds,

With this requirement and A(0) = x(0), we have determined A(7). The ap-
proximation obtained in this way is exactly the same as the one obtained
by averaging. At the same time, we observe that multiple-timescales analysis
produces, at least to first order, an O(e) approximation on the timescale 1/¢
if f(t,x) is periodic in t.

Conclusion

The use of timescales ¢ and 7 = et helps us to develop an elegant and in-
tuitively clear perturbation method. It is understandable that the method is
rather popular. Natural questions are whether we can develop higher-order
approximations in the same way and whether this requires more than two
timescales. The answer is that this is possible, but a fundamental problem
is that such expansions are based on an a priori assumption regarding the
form of the timescales. This is a very serious objection, as in open research
problems we do not know which timescales are prominent. We will return to
this question in the subsequent chapter, where we will see that at the next
order unexpected timescales may appear.

11.5 Guide to the Literature

The method of averaging goes back to the eighteenth century, in particular to
Lagrange and Laplace; see Lagrange (1788), which contains a clear description
of the method. It took a long time for the first proof of asymptotic validity
to appear: in 1928 in a paper by Fatou. An influential book has been the
monograph by Bogoliubov and Mitropolsky (1961); in this book one also finds
general averaging and the first formulation and proof of the existence and
approximation of periodic solutions by averaging (Section 11.3). A number
of new results and proofs can be found in the monograph by Sanders and
Verhulst (1985); see this book for more historical details and see also the
introductions in Murdock (1999) and Verhulst (2000).

The idea of “elimination of secular terms” arose in the early work of La-
grange and Laplace. It was taken up again by Poincaré (1893) in his treatment
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of periodic solutions; for this idea Poincaré refers to Lagrange. Nowadays, it
plays an essential part in all asymptotic methods for long-time dynamics.

The method of multiple-timescales was invented by Kryloff and Bogoliubov
(1935). Another paper in this school was by Kuzmak (1959), but they did not
pursue the idea as “they thought multiple timing was not a good method”
(Mitropolsky, 1981). The method of multiple-timescales was independently
discovered by Kevorkian (1961), Cochran (1962), and Mahony (1962) and
promoted by Nayfeh (1973). Using the method, Kevorkian ingeniously solved
a number of difficult problems. We shall discuss the method again in the next
chapter.

11.6 Exercises

Exercise 11.1 An oscillator with nonlinear damping is described by
&+ 2ei + cai® + x = 0.

If a > 0, we call the nonlinear damping progressive. Compute an asymptotic
approximation of the solutions valid on 1/e.

Exercise 11.2 The Duffing equation is an example of the more general (po-
tential) equation
I4+z+ef(x)=0

with f(x) a function that has a convergent Taylor series near z = 0. Compute
an asymptotic approximation of the solutions valid on 1/e.

Exercise 11.3 An interesting extension of Example 11.10 is the nonlinear
Mathieu equation
# 4 (14 2ecos2t)x +eax® =0

with a a constant. Study this equation by computing asymptotic approxima-
tions.

Exercise 11.4 Consider again the equation in Example 11.10:
&+ (14 2ecos2t)x = ef(t)

with f(t) = cos(%t). Choose initial values x(0) = 1,£(0) = 0, and compute
an asymptotic approximation of the solution.

Exercise 11.5 Consider the initial value problem
i = exsint?, z(0) = 1.

Compute an approximation valid on the timescale 1/e. Give an error estimate.
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Exercise 11.6 Consider the initial value problem

1

1+t> ,2(0) = 1.

T = exsin (
Compute an approximation valid on the timescale 1/e. Give an error estimate.

Exercise 11.7 The Rayleigh equation is

i+ =ei(l —i?).
Compute an asymptotic approximation of the periodic solution.
Exercise 11.8 Using averaging, find 2m-periodic solutions of the system

21 = ex1 (22 cos’t + 2x3sin? ¢ — 2),
Zg = exo(2x3 cos®t + 2z sin? ¢t — 2),

¥3 = ex3(2x) cos® t + 2o sin?t — 2).
Exercise 11.9 Consider the equation
i+ 2 =ei(l — 3z% — 53?).

Prove that the equation has a periodic solution, and compute an asymptotic
approximation.

Exercise 11.10 Consider the forced Duffing equation from Example 11.15.
Determine the stability of the periodic solution(s) obtained in the case 5y = 0.

Exercise 11.11 Consider for the forced Duffing equation from Example
11.15 the special case of no friction (¢ = 0) and the cases of a softening
spring (v < 0) and a hardening spring (v > 0). Do periodic solutions exist? If
they do, determine their stability.



12

Advanced Averaging

In this chapter, we will look at a number of useful and important extensions
of averaging. Also, at the end there will again be a discussion of timescales.

12.1 Averaging over an Angle

In oscillations, we can identify amplitudes and angles and also other quantities
such as energy, angular momentum, etc. An angle can often be used as a time-
like quantity that can be used for averaging. A simple example is the Duffing
equation in Example 11.5.

Example 12.1
Consider the Duffing equation with positive damping and basic (positive)
frequency w,

&+ epd + wix + ey = 0.

Using amplitude-phase variables r, ¢, we found slowly varying equations that
could be averaged. Instead, we put © = wy and propose an amplitude-angle
transformation of the form

z(t) = r(t)sing(t), y(t) = r(t) cos (). (12.1)

When transforming z, #(y) — r, ¢, we use the differential equation and the
relation between & and y to find

= ECOS¢(—uwr cos ¢ — yr° sin® o),
w

sing (—pwr cos ¢ — yr sin® ¢).
,

¢
These equations are 2m-periodic in ¢, and the equation for r looks like the

standard form for averaging except that time is not explicitly present. We
average the first equation over ¢ to find
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Toq = —§5ura

with solution 74(t) = r(0) exp(—3et).

What does r,(t) represent? We have averaged over ¢ but are interested in
the behaviour with time. Below we will formulate a theorem that states that
rq(t) is an O(e) approximation of r(¢) on the timescale 1/¢ if w is bounded
away from zero (w = O4(1)).

The last condition is quite natural. In averaging over ¢, we treated ¢ as a
time-like variable. This would not hold in an asymptotic sense if for instance
w is O(e). In such a case, a different approach is needed.

We will now look at a classical example, a linear oscillator with slowly
varying (prescribed) frequency.

Example 12.2
Consider the equation
&+ w?(et)r = 0.

We put @ = w(et)y, 7 = t, and use transformation (12.1) to find

1 d
r= _ET(T) T;:?“COSQ ?,
. 1 d
o =w(r)+ smﬁ sin ¢ cos ¢,

T =¢c.

If we assume that 0 < a < w(7) < b (with a,b constants independent of ¢),

we have a three-dimensional system periodic in ¢ with two equations slowly

varying. The function w(7) is smooth and its derivative is bounded.
Averaging the slowly varying equations over ¢, we obtain

L
2w(T) dr "a:

T =c¢.

We write 7 instead of 7,, as the equation for 7 does not change. From this

system, we get
dr, 1 dw

dr — 2w(T) ar' v
which can be integrated to find

() = TOVE0
V()

Note that the quantity r,(et)\/w(et) is conserved in time. The same tech-
niques can be applied to equations of the form
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i+ epd +w?(et)r +ef(x) = 0.
The application is straightforward and we leave this as an exercise.

We now summarise the result behind these calculations:

Theorem 12.1
Consider the system

i =eX(p,x) 4+,
b=wx)+e--,

where the dots stand for higher-order terms. We assume that x € D C R, ¢
is one-dimensional, and 0 < ¢ < 2m. Averaging over the angle ¢ produces

2w

XOy) = | X(¢,y)dg.

Assuming that

the right-hand sides of the equations for z and ¢ are smooth;
the solution of

y=¢eX"(y), y(0) = =(0)

is contained in an interior subset of D;
e w(x) is bounded away from zero by a constant independent of ¢,

then z(t) — y(t) = O(¢) on the timescale 1/¢.

What happens if the frequency in Example 12.2 is not bounded away from
zero? We consider a well-known example that can be integrated exactly.

Example 12.3
A spring with a stiffness that wears out in time is described by

In the analysis of Example 12.2, we considered such an equation with the
condition that the variable frequency w(et) is bounded away from zero. On
the timescale 1 /e, this is still the case, so we conclude from Example 12.2 that
the amplitude r(t) on this timescale is approximated by

r(0)y/&10)

ra(et) = e

With 7(0) = 1,w(et) = e~ 25, we find

r(t) = e1 4+ O(e)
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on the timescale 1/e. Of course, this result may not carry through on longer
timescales.

The exact solution can be obtained by transforming s = 2¢~'e~4*/2, which
leads to the Bessel equation of index zero and the solution

2 2 2 2
Z’(t) = gYO (5) J() (86_;“) — gJo (€> YQ (56_%&%) 5

where Jp,Yy are the well-known Bessel functions of index zero. On the
timescale 1/¢, all of the arguments are large and we can use the known be-
haviour of Bessel functions for arguments tending to infinity. We find that the
solution is approximated by

z(t) = ¥ sin <§(1 - e_Et/2)> +0(e).

Naturally, this agrees with the results obtained by averaging. If time runs
beyond 1/e, the arguments of the Bessel functions Jy and Yy tend to zero.
Using the corresponding known expansions, we find that the solution behaves
as c¢1t + co with

e 2 7 _71.2772277(11+)
c1 = 7Tcos e ’02_5 sin e 7Tcos e ne ¥,

where v is Euler’s constant. Interestingly, on timescales larger than 1/e, there
are no oscillations anymore, while the velocity co becomes large with .

In the examples until now, we have introduced a different way of averaging
but not a real improvement on elementary averaging as discussed in the pre-
ceding chapter. An improvement can arise when the equation for ¢ is rather
intractable and we are satisfied with an approximation of the quantity x.

As we have seen, interesting problems arise when w(x) is not bounded away
from zero. In the next section, this will become a relevant issue in problems
with more angles. To prepare for this, we consider an example from Arnold
(1965).

Example 12.4
Consider the two scalar equations

& =¢e(l—2cosg),
¢ =z

If 2(0) > 0, independent of €, w(x) = z will remain bounded away from zero
and averaging produces

§ =¢, y(0) = x(0),

so that y(t) = z(0) + et and z(t) — y(t) = O(e) on the timescale 1/e. What
happens if 2(0) < 0? The system is conservative (compute the divergence or
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differentiate the equation for ¢ to eliminate ), and the original system has
two stationary solutions (critical points of the right-hand side vector field):
(z,¢) = (0,%) and (x,$) = (0, 3F). So for these solutions the expression y(t) =
z(0) + &t is clearly not an approximation. However, this expression represents
an approximation of z(t) if £(0) < 0 until z(¢) enters a neighbourhood of
x = 0. This is usually called the resonance zone and the set corresponding with
x = 0 the resonance manifold for reasons that will become clear in the next
section. A picture of the phase-plane of the solutions helps us to understand
the dynamics (see Fig. 12.1). Starting away from = = 0, z(t) increases as a
linear function with small modulations. In the resonance zone, the solutions
may be captured for all time or pass through the resonance zone.

Fig. 12.1. Passage through resonance and capture into resonance in Example 12.4;
the resonance zone is located near the resonance manifold x = 0.

This resonance zone is really a boundary layer in the sense we discussed in
Chapter 4. We can see that by rescaling near x = 0: { = z/d(¢). Transforming
z, ¢ — &, ¢, the equations become

: €
T
¢ =d(e)L.

A significant degeneration arises when the terms on the right-hand side are
of the same order or

(1 —2cos¢),

€
5(e)

We conclude that d(¢) = /e, which is the size of the resonance zone.

= d(¢).

This example of a conservative equation is more typical than it seems.
Consider for instance the two much more general scalar equations
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i =ef(o,),

¢ = g(x),
with f and g smooth functions and f(¢,x) 27-periodic in ¢. Averaging over
¢ is possible outside the zeros of g. Suppose g(a) = 0 and rescale

r—a

e

The equations become

6(e)€ = ef(d,a+6(€)§),

¢ = gla+5(€)§).
Expanding, we find

6(e)¢ = ef(d,a) + O(4(e)e),

¢ = 6(e)g' ()€ + O(5°(e)).-
Again, a significant degeneration arises if we choose 6(g) = /e, which is the
size of the resonance zone. The equations in the resonance zone are to first
order

§ = Vef(#,a),
¢ =Veg'(a)g,

which is again a conservative system.

12.2 Averaging over more Angles

When more angles are present, many subtle problems and interesting phe-
nomena arise. We start with a few simple examples.

Example 12.5
Consider first the system

& = ex(cos ¢1 + cos @),

¢.1:17

P2 = 2.

We average the equation for = over ¢; and ¢2, which produces the averaged
equation &, = 0 so that z,(t) = z(0). The solution z(t) can easily be obtained

and reads
x(t) _ x(o)ee(sin(t+¢1(0))+% sin(2t+¢2(0)))7

s0 x4(t) = x(0) is an approximation and this correct answer seems quite
natural, as the right-hand sides of the angle equations do not vanish.
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We modify the equations slightly in the next example.

Example 12.6
Consider the system

& = ex(cos ¢1 + cos Pg + cos(2¢1 — ¢2)),
(Z;l - 17
¢ = 2.

We average the equation for x over ¢, and ¢o, which produces again the
averaged equation i, = 0 so that z,(t) = 2(0). Also, the solution z(t) can
easily be obtained and reads

CL‘(t) — m(o)ee(sin(t—&-(ﬁl(o))—i—% sin(2t+¢2(0))+t cos(2¢p1 (0)—(132(0)))7

80 z4(t) = x(0) is in general not an approximation valid on the timescale 1/e.
What went wrong?

The right-hand side of the equation for x actually contains three angle
combinations, ¢1, P2, and 2¢1 — ¢o. Averaging should take place over three
angles instead of two. Adding formally the (dependent) equation for this third
angle, we find that the right-hand side vanishes. The experience from the pre-
ceding section tells us that we might expect trouble because of this resonance.

Note that this example is rather extreme in its simplicity. The angles vary
with a constant rate so that once we have resonance we have for all values of
a resonance manifold, it fills up the whole z-space. In general, the angles do not
vary with a constant rate and behave more as in the following modification.

Example 12.7
Consider the system

& = ex(cos ¢y + cos g2 + cos(2¢1 — ¢2)),

We have still the same three angle combinations in the equation for x as in
the preceding example. Resonance can be expected if ¢; = 0, ¢2 = 0, or
2¢1 — ¢y = 2(z — 1) = 0. This leads to resonance if z = 0 and if z = 1 with
corresponding resonance manifolds. Outside the resonance zones around these
manifolds, we can average over the three angles to find the approximation
24 (t) = 2(0). How do we visualise the flow?

Outside the resonance manifolds x = 0 and « = 1, the variable z is nearly
constant. To see what happens for instance in the resonance zone near x = 1,
we put ¥ = 2¢1 — ¢ and rescale,

rz—1

=50
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Introducing this into the equations and expanding, we obtain

0(2)€ = e(cos ¢y + cos 2 + cos ) + O(ed(e)),

Y = 26(e)¢,
$1 =14 0(5(e)),
¢ = 2.

The three angles are dependent and can be replaced by two angles, for in-
stance ¢ and 1, but this makes little difference in the outcome. A significant
degeneration arises on choosing d(e) = /e, which is the size of the resonance
zone. We find locally

€ = e(cos g1 + cos g + cos ) + O(e),

¥ = 2/,
¢1 =1+ O(\/€)7
bo = 2.

The system we obtained has two slowly varying variables, £ and 1, and two
angles with O(1) variation, so we can average over ¢; and ¢2 to obtain equa-
tions for the first-order approximations &, and ,:

éa = \/5 COS Yq,
o = 2y/e&a.

Differentiation yields that 1, satisfies the (conservative) pendulum equation

e — 2ecosp, =0,

which describes oscillatory motion in the resonance zone. It is remarkable that
we have found a conservative equation at first order, which is of course very
sensitive to perturbations. The original system of equations is not conserva-
tive, so this suggests that we have to compute a second-order approximation
to obtain a structurally stable result.

Before presenting a more general formulation, we consider the phenomenon
of resonance locking.

Example 12.8
Consider the four-dimensional system

S.UI =g,
&g = ecos(P1 — ¢2),
¢1 = 2x4,

¢52 =z + Ta.
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There is one angle combination, ¢1 — ¢2, and we expect resonance if ¢ — o =
r1 — 9 vanishes. Outside the resonance zone around the line 21 = x5 in the
1, To-plane, we can average over the angles to obtain

T1q = €, Toq = Oa

so that z1, = et + x1(0), 22, = x2(0). Inside the resonance zone, we can
analyse the original equations by putting

T =11 — T2, =1 — P2,
which leads to the reduced system
& =¢e(1 — cosv)),
Y =z
Differentiation of the equation for v produces
¥ +ecost =,

which is a forced pendulum equation.

Note that we have resonance locking as the solutions x = 0, cosy = 1 are
equilibrium solutions of the reduced system.

This is typical for many near-integrable Hamiltonian systems where we
have in general an infinite number of resonance zones in which resonance
locking can take place.

12.2.1 General Formulation of Resonance

We will now give a general formulation for the case of two or more angles.
Consider the system

i =X (9,2)

with x € R®, ¢ € T™; T™ is the m-dimensional torus described by m angles.
Suppose that the vector function X is periodic in the m angles ¢ and that we
have the multiple (complex) Fourier expansion

“+ o0
X(¢p,z) = ST ke, () RrorRade ki d)
ki k=00
with (k1,---, k) € Z™. The resonance manifolds in R™ (a-space) are deter-

mined by the relations

k‘l.Ql(J?) —+ - k‘m.Qm(l‘) =0,
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assuming that the Fourier coefficient ¢, with k = (kq,- - - , ky,, ) does not vanish.

In applications, there are usually order of magnitude variations in the
Fourier coefficients so that we can neglect some. If the resonance manifolds do
not fill up the whole xz-space, we can average outside the resonance manifolds
to obtain the equation for the approximation z,(t),

&q = €co,... 0(Ta)-

One can prove that outside the resonance manifolds, assuming that z(0) =
24(0), we have the estimate

x(t) — xq(t) = O(e) on the timescale 1/e.

12.2.2 Nonautonomous Equations

In practice, it happens quite often that time ¢ enters explicitly into the equa-
tions. Consider the system

:t = eX(qS?t? z)?
¢ = (),

with the vector function X periodic in ¢. The scaling to the same period of
angles and time is important to make the variations comparable. Suppose that
¢ is m-dimensional; put

¢m+1 = ta (berl = ]-7

and consider averaging over m + 1 angles.
This procedure is correct, but of course the dependence on ¢ may produce
many additional resonances.

Example 12.9
Consider the system

& =eX(¢1,t, ),
(i)l =z,

with X (¢1,¢, ) = 2xsintsin ¢;. Putting
¢2 = t7 Q.52 = 1) X((blata I‘) = .’L‘(COS((bl - t) - COS(¢1 + t))7
we obtain the system with two angles,

i = ex(cos(¢y — ¢2) — cos(p1 + ¢2)),
(/:51 =2z,
¢2 = 1.
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The resonance manifolds correspond with the zeros of the right-hand sides of
gi)l — gf)g and (jﬁl + gﬁg, so we find x = 1 and z = —1. Outside these resonance
zones, we can average over the angles to find &, = 0. In the resonance zones,
the flow is again described by pendulum equations.

Note that the Fourier expansion of X contains only two terms. If there were
an infinite number of terms, we would have resonance relations like

]{11I+k’2 :O,

which would produce resonance manifolds for an infinite number of rational
values of x.

12.2.3 Passage through Resonance

We have seen an example of locking into resonance. Interesting phenomena
arise when we have passage through resonance; in Example 12.11, we shall see
an application.

To start with, we discuss an interesting example of forced passage through
resonance that was constructed by Arnold (1965).

Example 12.10
A seemingly small variation of an earlier example is the system

T =€,

Ty = e cos(¢1 — ¢2),
¢1 = 21 + 22,

¢.2 = X2,

with initial values z1(0) = —a, 22(0) = 1, ¢1(0) = ¢2(0) = 0, with a a constant
independent of . We have one angle combination that can lead to resonance
(i.e., if ¢1 — 2 = 21 = 0). Integration produces

21(t) = —a+et, ¢1(t) — Pa(t) = —at + %51?2,

¢
1
x2(t) =1+ 5/0 cos <as + 2552> ds.

If 1(0) > 0 (a negative), the solution does not pass through the resonance
zone around z; = 0. Partial integration produces that z2(t) = 1 + O(e) for
all time. If 21(0) < 0 (a positive), we have forced crossing of the resonance
zone. In the case a = 0, we start in the resonance zone and we can use the

well-known integral
e 1
/ cos s2ds = —
0 2

and so we have

0ol
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so if a = 0 we find the long-term effect of this crossing by taking the limit
t — 00

. 1
tligolo Ig(t) = 1 + 5\/776.

2
x)t)
1.75

1.5

1.25

10 20 30 40 50 60 70

Fig. 12.2. Dispersion of orbits by passage through resonance; the five orbits started
at 21(0) = —a with a =2,2+¢,2+ 26, = 0.1.

More generally, we have to calculate or estimate

i 1
lim x9(t) =14 6/ cos (—as + 82) ds.
t—o0 0 2

Transforming

we find

o) 1 e <] 2
6/ cos (—as + 52) ds = \/25/ cos (_a + u2> du,
0 2 __a_ 2e
VoH
which can be split into

a2 [e%¢] a2 e3¢}
V2 | cos (2> / cosu?du + sin (2> / sinu?du | .
13 _\/% g _\/%

The two integrals equal v/(7/2) 4+ o(1), so that we have an estimate for the
long-term effect of passing through resonance,

t

lim 25(t) =1+ Ve (cos (32) + sin (Zz) + 0(1)> .
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This shows that the effect of passing through resonance is O(y/¢) and remark-
ably that the solution displays sensitive dependence on the initial condition.
Small changes of a produce relatively large changes of the solution. This “dis-
persion” of orbits is illustrated in Fig. 12.2.

Finally, we shall briefly discuss an application in mechanics that displays
both passage through and (undesirable) capture into resonance.

Example 12.11

Consider a spring that can move in the vertical z direction on which a rotating
wheel is mounted; the rotation angle is ¢. The wheel has a small mass fixed on
the edge that makes it slightly eccentric, a flywheel. The vertical displacement
z and the rotation ¢ are determined by the equations

itr=c(—2®—a+ #? cos $) + O(e?),

b=c¢ (1(2 —¢)+ (1 —1x) sin¢> +0(e%).

See Evan-Ewanowski (1976) for the equations; we have added an appropriate
scaling, assuming that the friction, the nonlinear restoring force, the eccentric
mass, and several other forces are small.

To obtain a standard form suitable for averaging, we transform

T =rsingy, & =1rcospy, ¢ = 1, p1 = £2,

with » > 0,2 > 0. This introduces two angles and two slowly varying quan-
tities:

7 = £cos go(—1>sin® o — 1 cos ¢y + 2% cos ¢y),
N=c¢ <i(2 — 2) +sin¢; — rsin ¢y singbg) ,
él = ‘(27

. 1 2?
¢ =1+¢ <r2 sin* ¢y + 3 sin 2¢ — — cos ¢ singi)g) .
r

The O(e?) terms have been omitted. Resonance zones exist if
m2+n=0, m,n€Z.

In the equation for r and 2 to O(e), the angles are ¢1, o, d1 + P2, b1 — ¢a.
As ¢1 and ¢o are monotonically increasing, the only resonance zone that can
arise is when ¢7 — ¢o = 0, which determines the resonance manifold {2 = 1.
Outside the resonance zone, a neighbourhood of {2 = 1, we average over the
angles to find the approximations r, and {2, given by

1

7."a = —35ETa,

2
0, = Y0
a—zg(— a).



200 12 Advanced Averaging

This is already an interesting result. Outside the resonance zone, r(t) =
rq(t) + O(e) will decrease exponentially with time; on the other hand, §2(t)
will tend to the value 2. If we start with £2(0) < 1, £2(¢) will after some time
enter the resonance zone around {2 = 1. How does this affect the dynam-
ics? Will the system pass in some way through resonance or will it stay in
the resonance zone, resulting in vertical oscillations that are undesirable for
a mounted flywheel.

The way to answer these questions is to analyse what is going on in the
resonance zone and find out whether there are attractors present. Following
the analysis of localising into the resonance zone as before, we introduce the
resonant combination angle ¥ = ¢ — ¢ and the local variable

-1
e
Transforming the equations for r, {2 and the angles, the leading terms are

O(y/¢€); we find

w =

7;':5:..’

. 1 . 1 1

w=+e Z—ksmqﬁl—ircosw+§rcos(2¢1—z/)) +e--n,
b= aote

¢ =1+ Vew.

We can average over the remaining angle ¢1; as the equation for r starts with
O(e) terms, we have in the resonance zone that r(t) = r(0) + O(y/e). The
equations for the approximations of w and ¥ are

We = ﬁ(l - 1rcos1/1> ,

12
) = Vew.

By differentiation of the equation for v,, we can write this as the pendulum

equation
.. 1 1
e + 557"(0) costh, = e

The timescale of the dynamics is clearly +/et; there are two equilibria, one a
centre point and the other a saddle. They correspond with periodic solutions
of the original system. The saddle is definitely unstable, and for the centre
point we have to perform higher-order averaging, to O(g), to determine the
stability. This analysis was carried out by Van den Broek (1988); see also Van
den Broek and Verhulst (1987). The result is that by adding O(e) terms, the
centre point in the resonance zone becomes an attracting focus so that the
corresponding periodic solution is stable.

The implication is that for certain initial values the oscillator-flywheel
might pass into resonance and stay there. Van den Broek (1988) identified
three sets of initial values leading to capture into resonance.
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1. Remark
An extension of the theory of averaging over angles is possible for systems
of the form

i =eX(¢, ),

This generalisation complicates the calculations; see Section 5.4 in Sanders
and Verhulst (1985).
2. Remark

In the examples studied here, we obtained pendulum equations describing
the flow in the resonance zones of the respective cases. This was observed
by many authors in examples. In Section 11.7 of Verhulst (2000), it is
shown that a first-order (in €) computation in a resonance zone always
leads to a conservative equation - often a pendulum equation or system
of pendulum equations - describing the flow. This is remarkable, as the
original system need not be conservative at all and the first-order result
will probably change qualitatively under perturbation. The result stresses
again the importance of second-order calculations in these cases.

12.3 Invariant Manifolds

An important problem is to determine invariant manifolds such as tori or
cylinders in nonlinear equations. Consider a system such as

z = f(x) +eR(t,x,¢€).

Suppose for instance that we have found an isolated torus T, by first-order
averaging. Does this manifold persist, slightly deformed as a torus 7', when
considering the original equation? Note that the original equation can be seen
as a perturbation of the averaged equation, and the question can then be
rephrased as the question of persistence of the torus 7, under perturbation.
If the torus in the averaged equation is normally hyperbolic, the answer is af-
firmative. Normally hyperbolic means, loosely speaking, that the strength of
the flow along the manifold is weaker than the rate of attraction to the mani-
fold. We have used such results in Chapter 9 for Tikhonov-Fenichel problems.
In many applications, however, the approximate manifold that one obtains
is hyperbolic but not normally hyperbolic. In the Hamiltonian case, the tori
arise in families and they will not even be hyperbolic.

We will look at different scenarios for the emergence of tori in some exam-
ples. A torus is generated by various independent rotational motions - at least
two - and we shall find different timescales characterising these rotations.
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12.3.1 Tori in the Dissipative Case

First, we look at cases where the branching off of tori is similar to the emer-
gence of periodic solutions in the examples we have seen before. The theory
of such questions was considered extensively by Bogoliubov and Mitropolsky
(1961) and uses basically continuation of quasiperiodic motion under per-
turbations; for a summary and other references, see also Bogoliubov and
Mitropolsky (1963). Another survey and new results can be found in Hale
(1969); see the references therein.

There are many interesting open problems in this field, as the bifurca-
tion theory of invariant manifolds is clearly even richer than for equilibria or
periodic solutions. We present a few illustrative examples.

Example 12.12
Consider the system

8
F+r=c¢ (Qx + 2% — ga’cs +y%2% + y2x2> +&2Ryi(z,y),
4wy =e(— 9 + 2% + 2%y%) + 2 Rao(,y),

where R; and Rs are smooth functions. Introducing amplitude-phase coor-
dinates by x = 7y cos(t + 1), & = —rysin(t + ¢1),y = rocos(wt + 2),y =
—wrg sin(wt + 1), and after first-order averaging, we find, omitting the sub-
scripts a, the system

fo=eri(l—rf) ¢ = —,
. T2 3 :
ro = 5? <1 — 47“%) ,wz =0.

The averaged equations contain a torus 7T, in phase-space described by
xa(t) = cos(t — et + 1(0)), &4 (t) = —sin(t — et + ¢1(0)),

Ya(t) = gx/gcos(wt +12(0)), 9o (t) = —2%) 3sin(wt + 12(0)).

From linearisation of the averaged equations, it is clear that the torus is at-
tracting: it is hyperbolic but not normally hyperbolic, as the motion along
the torus has O(1) speed and the attraction rate is O(g). If the ratio of 1 —¢
and w is rational, the torus 7, is filled up with periodic solutions. If the ra-
tio is irrational, we have a quasiperiodic (two-frequency) flow over the torus.
Remarkably enough, the theorems in the literature cited above tell us that in
the original equations a torus T exists in an O(e) neighbourhood of T, with
the same stability properties. The torus is two-dimensional and the timescales
of rotation are in both directions O(1).

The next example was formulated as an exercise by Hale (1969). It is a rich
problem and we cannot discuss all of its aspects.
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Example 12.13
Consider the system

Pt+a=c(l—-2*—ay’)i,
j+w’y=e(l—y*—az?)y,

with e-independent positive constants a, o, w. Using the same amplitude-phase

transformation as in the preceding example, we find the slowly varying system

1 = erysin(t + 1) (1 — 72 cos?(t + 1) — ars cos? (wt + 1hy)) sin(t + 1),

Yy = ecos(t + 1)(1 — 72 cos?(t + 1) — ars cos?(wt + o)) sin(t + 1),

Ty = ergsin(wt + ) (1 — 13 cos? (Wt + 1bg) — ar? cos®(t + 1)) sin(wt + 1)),
g = e cos(wt + o) (1 — r2 cos®(wt + 1hy) — ar? cos?(t + 1)) sin(wt + 12).
First-order averaging yields different results in two cases, w # 1 and w = 1.

However, in all cases we have the following periodic solutions that are also
present as solutions of the original equations.

Normal modes

Putting r; = 0,79 = 2 produces a normal mode periodic solution P, in the
4,1y coordinate plane. In the same way, we obtain a normal mode periodic
solution P; in the x,4 coordinate plane by putting ro = 0,71 = 2. These
normal modes in the coordinate planes also exist in the original system. Their
stability is studied by linearisation of the averaged equations.

w#1

The averaged equations are (we omit again the subscript a)

1 1
T = %7’1 (1 — 17’% — 2a7’§) ,

¢1 = 07

1 1
o = %rz (1 — ng — 2047"%) ,
Py = 0.

Linearisation around the normal modes produces matrices with many zeros.
In the case r1 = 0,72 = 2 (P2), we find for the derivative in the y, g-plane
—e, which means attraction in this plane; in the z,Z-plane, we find for the
derivative %6(1 — 2a), which means attraction if a > % and repulsion if a < %
In the case of repulsion, we have instability of the r; = 0,72 = 2 normal mode.
In the same way, we find instability of the ro = 0,71 = 2 normal mode P; in
the x, 2-plane if a < %

We will now study the flow outside the coordinate planes. Stationary so-
lutions outside the normal modes can be found if simultaneously
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1 1
1—17%—5(17‘%:07 1—17"3—50#%:0.

These relations correspond with quadrics in the rq, ro-plane. They intersect,

@
P, Stable
P, Stable
P, Stable
P, Unstable
T, Unstable
1
2
P, Unstable
P, Unstable
P, Unstable
P, Stable
T, Stable

Fig. 12.3. Diagram of invariant manifolds, periodic solutions, and tori in Example

12.13; the point a = %, a= % is exceptional.

producing one solution, in the cases a < %, a < % and a > %, o> % In these
two cases, the stationary solutions of the averaged equations correspond with
a torus T,. By linearisation of the averaged equations, we can establish the

instability of the torus if a > %,a > 1. Stability cannot be deduced from

the averaged system in these coordinateQS, as the matrix is singular. However,
it is interesting to write in this case the original system in amplitude-angle
coordinates and perform averaging over two angles.

Putting © = r1sin¢g1,& = r1cos ¢,y = rosin(wes), y = rew cos(wes), we
find when averaging over ¢, ¢o

1 1 .
7 = 37“1 (1 — ZTZ — 2a7‘§) 01 =14+ 0(e),

1 1 .
Tg = %Tg (1 — Zr% — 200%) , 02 =1+ 0(e).

For the system in amplitude-angle coordinates, we can apply the theory cited
above with the conclusion that the torus T,, when it exists, corresponds with
a torus T of the original equations. The torus is stable if a < %, a < % and
unstable if a > %, a > %; see Fig. 12.3. One can see immediately that a critical
case is a = a = % In this case, the averaged equations contain an invariant
sphere r? 4+ 3 = 4 in four-dimensional phase-space. For the question of per-
sistence of this invariant sphere (slightly deformed) in the original equations,



12.3 Invariant Manifolds 205

first-order averaging is sufficient. The sphere is a first-order approximation
of a centre manifold. For the flow on the sphere, we need higher-order ap-
proximations. Outside this special point, we can cross the lines a = %, a= %
to pass from a phase-space with two periodic solutions to a phase-space of
two periodic solutions and a torus. When crossing these lines, one of the nor-
mal modes changes stability and produces the torus by a so-called branching
bifurcation. The results are summarised in the diagram of Fig. 12.3. In this
example, the torus again is two-dimensional and the timescales of rotation are
in both directions O(1).

w=1
We consider now the special resonance case when the basic frequencies are
equal. The averaged equations are

1 1 1
7.“1 = g’l"l (1 — ZT% — 5(17"% + Zarg C082(¢1 - ¢2)) 3
. £ .
P = —gw“% sin 2(¢1 — 12),

1 1 1
o = %7“2 (1 - ir% - Ear% + zarf cos 2(1p — w2)> ,

’ng %ar% Sil’l 2(’(/)1 — wg)

Using the combination angle x = 2(1; — 12), the equations become

€ 1 1 1
T = P (1 - ZT% - §(W% + Zar% COSX) J

1, 1 1
fo = §r2 <1 — 73 - qari + o cos X) ;

X = —i(ar% + ar3) sin y.

Apart from the normal modes P, and P, we find phase-locked periodic so-
lutions in a general position by putting sin x = 0. Introducing this condition
into the equations for the amplitudes, we find that for these solutions to exist
we have

1 1 1
1—17"% frng:I:Za%fO,
1 1 1
1-— Zr% — 5047"% Jr:tzozrf =0.

The analysis of these equations and the corresponding stability is a lot of work
but straightforward and is left to the reader.

As stated in the introduction to this section, when we start off with a normally
hyperbolic torus, small perturbations will only deform the torus. A simple
example follows.
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Example 12.14

F+x=p(l-a®)i+ef(z,y),
i+ w’y = p(l—y*)y+eg(z,y),

with e-independent positive constant w, u a fixed large, positive number,
and smooth perturbations f, g. Omitting the perturbations f, g, we have two
normally hyperbolic relaxation oscillations. If w is irrational, the combined
oscillations attract to a torus filled with quasiperiodic motion. Adding the
perturbations f, g cannot destroy this torus but only deforms it. Also, in this
example the torus is two-dimensional but the timescales of rotation are in
both directions determined by the timescales of relaxation oscillation (see
Grasman, 1987) and so O(1/p).

12.3.2 The Neimark-Sacker Bifurcation

Another important scenario for creating a torus arises from the Neimark-
Sacker bifurcation. Suppose that we have obtained an averaged equation & =
ef(x,a) with dimension 3 or higher by variation of constants and subsequent
averaging; a is a parameter or a set of parameters. We have discussed before
that if this equation contains a hyperbolic critical point, the original equation
contains a periodic solution. The first-order approximation of this periodic
solution is characterised by the timescales ¢ and et.

Suppose now that by varying the parameter a a pair of eigenvalues of
the critical point becomes purely imaginary. For this value of a, the averaged
equation undergoes a Hopf bifurcation, producing a periodic solution of the
averaged equation; the typical timescale of this periodic solution is et, so the
period will be O(1/¢). As it branches off an existing periodic solution in the
original equation, it will produce a torus, and the bifurcation has a different
name: the Neimark-Sacker bifurcation. The result will be a two-dimensional
torus that contains two-frequency oscillations, one on a timescale of order 1
and the other with timescale O(1/¢). A typical example runs as follows.

Example 12.15
A special case of a system studied by Bakri et al. (2004) is

&+ ekt + (1 +ecos2t)x 4+ exy = 0,
G+ey+4(1+¢e)y —ex? = 0.

This is a system with parametric excitation and nonlinear coupling;  is a pos-
itive damping coefficient that is independent of €. Away from the coordinate
planes, we may use amplitude-phase variables with = 7y cos(t + ¢1),& =
—rysin(t + 1),y = rocos(2t + ¢a),y = —2rysin(2t + ¢1); after first-order
averaging, we find, omitting the subscripts a, the system
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. Ty 1. 1

71 =¢er <42 sin(2yy — ¥92) + 1 sin 2¢; — 2/1) ,
. D) 1

P =€ <4 cos(2¢1 — o) + 1 cos 21j;1> ,

Fp =g 2 <’"% Sin (2, — ) — 1) ,

2 47“2
' £ r?
1/)2 = 5 <47a12 COS(21,Z)1 — 1/12) + 2) .

Putting the right-hand sides equal to zero produces a nontrivial critical point
corresponding with a periodic solution of the system for the amplitudes and
phases and so a quasiperiodic solution of the original coupled system in x and
y. We find for this critical point the relations

2 1

72 = 4/5r9, cos(201 —1hy) = ——=, sin(201 —1hy) = —=, 71 = \/ 26 + /5 — 16K2.
V5 V5

This periodic solution exists if the damping coeflicient is not too large: 0 <

Kk < Y5 Linearisation of the averaged equations at the critical point while

1
using these relations produces the matrix

0 0 I -n

45 40

0 —x —Lo i

A = 2 2\/5 802
T1 o1 L
V5 2v5 2 45

2 1 45 1

™1 ’r‘% 2

Another condition for the existence of the periodic solution is that the critical
point is hyperbolic (i.e., the eigenvalues of the matrix A have no real part
zero). It is possible to express the eigenvalues explicitly in terms of x by us-
ing a software package such as MATHEMATICA. However, the expressions are
cumbersome. Hyperbolicity is the case if we start with values of k just below
% = 0.559. Diminishing x, we find when x = 0.546 that the real part of two
eigenvalues vanishes. This value corresponds with a Hopf bifurcation that pro-
duces a nonconstant periodic solution of the averaged equations. This in turn
corresponds with a torus in the orginal equations (in z and y) by a Neimark-
Sacker bifurcation. As stated before, the result will be a two-dimensional torus
that contains two-frequency oscillations, one frequency on a timescale of order
1 and the other with timescale O(1/¢).

12.3.3 Invariant Tori in the Hamiltonian Case

Integrability of a Hamiltonian system means, loosely speaking, that the sys-
tem has at least as many independent first integrals as the number of degrees
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of freedom. As each degree of freedom corresponds with one position and one
momentum, n degrees of freedom will mean a 2n-dimensional system of differ-
ential equations of motion. With n independent integrals, the special structure
of Hamiltonian systems will then invoke a complete foliation of phase-space
into invariant manifolds.

Most Hamiltonian systems are nonintegrable, but in practice most are
near an integrable system. A fundamental question is then how many of these
invariant manifolds survive the nonintegrable perturbation. This question was
solved around 1960 in the celebrated KAM theorem, which tells us that near a
stable equilibrium point under rather general conditions, an infinite subset of
invariant tori will survive. There is now extensive literature on KAM theory;
for introductions, see Arnold (1978) or Verhulst (2000). This is an extensive
subject and we restrict ourselves to an example here.

Example 12.16

A classical mechanical example is the elastic pendulum. Consider a spring
that can both oscillate in the vertical z direction and swing like a pendulum
with angular deflection ¢, where the corresponding momenta are p, and p.
The model is discussed in many places, see for instance Van der Burgh (1975)
or Tuwankotta and Verhulst (2000). It is shown there that near the vertical
rest position, the Hamiltonian can be expanded as H = Hy + Hs + ¢Hs +
e2Hy + O(e3) with Hp a constant; ¢ measures the deflection from the rest
position. We have

1 1
Hy; = Jws (22 +p2) + SWs (¢? +p§) ,

w 1
H3 = ¢ <2Z¢2 — Zpi) s

ow,

1 3w¢ 2 9 1 4
Hi=— | =-—2 _
4 J(2wzzp¢ 227 )

with positive frequencies w,,wy; o is a positive constant depending on the
mass and the length of the pendulum. As expected from the physical setup,
the relatively few terms in the Hamiltonian are symmetric in the second degree
of freedom and also in p,. Due to the physical restrictions, we will have for
the frequency ratio w,/wg > 1.

Fixing w, /wg # 2, we find that by averaging to first order all terms vanish.
For these frequency ratios, interesting phenomena take place either on a longer
timescale or on a smaller scale with respect to €. The important lower-order
resonance is the 2 : 1 resonance, which has been intensively studied. This
resonance is the one with resonant terms of the lowest degree.

The case w, = 2,wy = 1.
The equations of motion derived from the Hamiltonian can, after rescaling of
parameters, be written as
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Z4+4z=c¢ <<,z52 — ;rbz) +0(e?),
b+ ¢ =e(2¢ — 2:¢) + O(e?).

Introduce the transformation z = ry cos(2t + 1), 2 = —2ry sin(2t + 1), ¢ =
1o cos(t +1b2), ¢ = —rasin(t + 13).

An objection against these amplitude-phase transformations is that they
are not canonical (i.e., they do not preserve the Hamiltonian structure of the
equations of motion). However, as we know, they yield asymptotically correct
results; also, the averaging process turns out to conserve the energy. We omit
the standard form and give directly the first-order averaging result, leaving
out the approximation index a:

. . 3 2.
7 = —&—75sin
1 16 2 X
: 3r3
=c cos
®1 T6r; C%X

, 3 :
To = 617“17”2 s x,

. 3r
P2 = 2L cos X
4
with x = 29 —1)1. Actually, because of the presence of the combination angle
X, the system can be reduced to three equations. It is easy to find two integrals
of this system. First is the approximate energy integral

4r? + 13 = 2F,

with F indicating the constant, initial energy. The second integral is cubic
and reads
2p?cosx = I,

with I a constant determined by the initial conditions.

Note that the approximate energy integral represents a family of ellipsoids
in four-dimensional phase-space around stable equilibrium. For each value of
the energy, the second integral induces a foliation of the energy manifold into
invariant tori. In this approximation, the foliation is a continuum, but for
the original system the KAM theorem guarantees the existence of an infinite
number of invariant tori with gaps in between. The gaps cannot be “seen” in
a first-order approximation, and remarkably enough, they cannot be found at
any algebraic order of approximation.The gaps turn out to be exponentially
small (i.e., of size €% exp (—b/e®) with suitable constants a, b, ¢). This analy-
sis is typical for time-independent Hamiltonian systems with two degrees of
freedom and to some extent for more degrees of freedom. A description and
references can be found in Lochak et al. (2003).
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In this case of an infinite set of invariant tori, we have basically two
timescales. Embedded on the energy manifold are periodic solutions with pe-
riod O(1). Around the stable periodic solutions, the tori are nested, with the
periodic solutions as guiding centers. In the direction of the periodic solution,
the timescale is O(1), and in the other direction(s) it is O(1/¢).

The case of two degrees of freedom is easiest to visualise. The energy
manifold is three-dimensional, and a section perpendicular to a stable periodic
solution is two-dimensional. In this section, called a Poincaré section, the
periodic solution shows up in a few points where it subsequently hits the
section. Around these fixed points, we find closed curves corresponding with
the tori. Orbits moving on such a torus hit a particular closed curve recurrently
with circulation time on the closed curve O(1/¢).

12.4 Adiabatic Invariants

In Example 12.2; we considered a linear oscillator with slowly varying (pre-
scribed) frequency:
&+ w?(et)r = 0.

Putting 7 = et and assuming that 0 < ¢ < w(7) < b (with a,b constants
independent of €), we found

so that the quantity r,(et)\/w(et) is conserved in time with accuracy O(e)
on the timescale 1/e. Such a quantity we call an adiabatic invariant for the
equation. More generally, consider the n-dimensional equation & = f(z,et, ¢)
and suppose that we have found a function I(x,et) with the property

I(z,et) = I(2(0),0) 4+ o(1)

on a timescale that tends to infinity as e tends to zero. In this case, we will
call I(x,et) an adiabatic invariant of the equation.

Note that this concept is a generalisation of the concept of a “first integral”
of a system. The equation & = f(x,et,€) may not have a first integral but,
to a certain approximation, it behaves as if it has the adiabatic invariant as a
first integral.

In a number of cases in the literature, the concept of an adiabatic invariant
is also used for equations of the type & = f(x,¢). However, in such a case we
prefer the term “asymptotic integral”.

In some cases, the simple trick using 7 = €t as a dependent variable pro-
duces results. Consider the following nearly trivial example.
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Example 12.17
Replace the equation
i+ = calet)x?,

with a(et) a smooth function, by the system

F+a=ca(r)2® 7 =c.
First-order averaging in amplitude-angle coordinates r, ¢ as in Example 12.1
for the Duffing equation can easily be carried out. Supposing that r(0) = ro,
we have the approximation r(t) = ro + O(e) valid on the timescale 1/e. The
implication is that the quadratic integral x2(¢) + @2(t) = 73 is conserved to
O(e) on the timescale 1/e. This is a simple but nontrivial adiabatic invariant
for the system.

A much more difficult example arises when the perturbation term depends
on et but is not small. Consider for instance the equation

i+ x = a(et)z?.

Huveneers and Verhulst (1997) studied this equation in the case where a(0) =
1 and the smooth function a(et) vanishes as ¢ — oo. In this case, there exist
bounded and unbounded solutions and the analysis leans heavily on averaging
over elliptic functions that are the solutions of the equation

i+x =2
The analysis is too technical to include here.

The example of the Duffing equation is typical for the treatment of Hamil-
tonian systems with one degree of freedom and slowly varying coefficients and
can be found in many texts on classical mechanics; see for instance Arnold
(1978). With additional conditions, it is sometimes possible to extend the
timescale of validity of the adiabatic invariant beyond 1/e.

Such examples can also be extended to more degrees of freedom, but the
analysis becomes much more subtle. The extension of the timescale beyond 1/¢
is then not easy to reach. Fascinating problems arise when the slowly varying
coefficient leads the system through a bifurcation value. Unfortunately, this
topic is beyond the scope of this book, but we give some references in our
guide to the literature at the end of this chapter.

12.5 Second-Order Periodic Averaging

To calculate a second-order or even higher-order approximation, generally
takes a much larger effort than in first order. One reason for this extra ef-
fort could be to obtain an approximation with higher precision but a more
fundamental motivation derives from the fact that in quite a number of cases
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essential qualitative features are not described by first order. Let us consider
a few simple examples. For the Van der Pol equation (Example 11.3)

i+ x=ci(l —az?),

we have obtained a first-order approximation of the unique periodic solution.
Suppose we add damping of a slightly larger magnitude. A model equation
would be

Ftepd +x=eii(l —2?),

where the damping constant g is positive. At first order, the solutions are
damped, but do we recover a periodic solution at second order? In this case the
answer is “no,” as we know from qualitative information about this particular
type of equation; see for instance Verhulst (2000). In most research problems,
we do not have much a priori knowledge. A slightly less trivial modification
arises when at first order we have just a phase shift, changing the “basic”
period. A model equation could be

i+ —ear® = %i(1 — 2?)

with a a suitable constant. We shall analyse this equation later on.

12.5.1 Procedure for Second-Order Calculation
Consider the n-dimensional equation in the standard form
& =cef(t,x) +%g(t,x) + R, z, ),

in which the vector fields f and g are T-periodic in t with averages f° and
g" (T independent of ). The vector fields f and g have to be sufficiently
smooth; in particular, f has to be expanded, as we shall see. The higher-order
term R(t,x,¢) is smooth and bounded as ¢ tends to zero. If we are looking
for T-periodic solutions, R in addition has to be T-periodic.

The interpretation of results of second-order averaging is more subtle than
in first order, so we have to show some of the technical details of the construc-
tion. We denote with V f(¢, x) the derivative with respect to x only; this is an
n X n matrix. For instance, if n = 2, we have x = (21, 22), f = (f1, f2), and

Of1(t,z1,x2) Of1(t,x1,x2)
_ 0 0.
Vi) = | optase) optam) |-

oz Oxo

The reason we need this nabla operator (V) is that to obtain a second-order
approximation we have to Taylor expand the vector field. We need another
vector field:

Wt z) = / (f(s,2) — fO())ds — afa),
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where of course f(s,z) — f%(x) has average zero, but this does not hold nec-
essarily for the integral (think of the function sintcost); a(z) is chosen such
that the average of u', u!'®(z) vanishes. We now introduce the near-identity
transformation

z(t) = w(t) + eu' (t,w(t)). (12.2)

This is also called the averaging or normalising transformation. Substituting
Eq. (12.2) into the equation for z, we get

1

w(t) + s%(t, w(t)) + eVl (£, w(t))w(t)

=cf(t,w(t) +eul (t,w(t))) + 2g(t,w(t) + eu' (t,w(t))) + > .

Using the definition of u!, the left-hand side of this equation becomes
(I +eVaul(t,w)w + ef(t,w) —efO(w),

where I is the identity n x n matrix. Inverting the matrix (I + eVul(t, w))
and expanding f and g, we obtain

W = efO(w) + 2V f(t,w)u'(t,w) + 2g(t,w) +&>--- .

We put
fl(t"r) = Vf(tv z)ul(tam)a

the product of a matrix and a vector. Introducing now also the average f
and the equation

0= ef(v) +*f1(v) + 26" (v), v(0) = z(0),
we can prove that
z(t) = v(t) + eul(t,v(t)) + O(?)

on the timescale 1/e.

Note, that we did not simply expand with the first-order approximation
as a first term; v(t) contains already terms O(e) and O(g?). What does this
mean for the timescales? One would expect et and €2t, but this conclusion is
too crude, as we shall see later on.

This second-order calculations has another interesting aspect. As u! is
uniformly bounded, v(t) is an O(e)-approximation of z(¢). In general, it is
different from the first-order approximation that we obtained before. This
illustrates the nonuniqueness of asymptotic approximations. In some cases,
however, the interpretation will be that v(¢) is an O(e)-approximation on a
different timescale. We shall return to this important point in a later section.

As mentioned above, we are now able to compute more accurate approxi-
mations but, more excitingly, we are able to discover new qualitative phenom-
ena. A simple example is given below.
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Example 12.18
Consider the equation

i+ x—eax® =2 (1 — 2?)

with a a suitable constant independent of e. Introducing amplitude-phase
variables x(t) = r(t) cos(t + ¥ (t)), z(t) = —r(t) sin(t + (t)), we find

F(t ) = ( ar” sinfg ;f)(foﬁgW)), Prw) = (;WQ).

Using initial values r(O) = To, 1 (0) = 0, we have a first-order approximation
2q(t) = rocos(t — e2ardt), i4(t) = —rosin(t — e3ardt) corresponding with a
set of periodic solutlons with an O(e) shifted period that also depends on
the initial rg. Does a periodic solution branch off from one of the first-order
approximations when considering second-order approximations? We have to
compute and average f; = V fu'. Abbreviating ¢t + 1 = a, we find

() = ( —3ar? sina cos® a —ar® cos* a + 3ar® sin® o cos? a)
= 3 s

—2ar cos* 4ar? cos® asin «

4

and, using cos* a = % + %cos 200 + %cos 4a,

—Zar 25in 20 — L ar?sin 4o

Wt ) = ( Sar 0082a+ Sar cos4a)
32

Multiplying, we find f;, and after averaging
0
0 _
fi(r) = ( 25516a2r4>

Now we can write down the equation for v as formulated in the procedure for
second-order calculation. Note that g°(v) was calculated in Example 11.3 and
we obtain

If v1(0) = ro = 2, we have a stationary solution v;(¢) = 2, and with v2(0) =
$(0) =0

3 51
va(t) = fegat - 52Ea2t.

An O(e?)-approximation of the periodic solution is obtained by inserting this
into u! so that

r(t) =2+ ceacos2(t 4+ va(t)) + 5% cos 4(t + va(t)) + O(£?),

P(t) = va(t) —easin2(t + va(t)) — 5% sin4(t + vy (t)) + O(e?),
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valid on the timescale 1/e. At this order of approximation, the timescales for
the periodic solution are t,et, and £2t. Can you find the timescales for the
other solutions?

12.5.2 An Unexpected Timescale at Second-Order
As another example, we consider the following Mathieu equation.

Example 12.19
Consider

F+(1+ea+e’b+ecos2t)r =0

with free parameters a, b, which is a slight variation of the Mathieu equation
we studied in Examples 10.9 and 11.6; see also the discussion in Section 15.3.
Transforming by Egs. 11.9

x(t) = y1(t) cost + ya(t) sint, &(t) = —y1(t)sint + y(t) cost,
we obtain the slowly varying system

1 = sint(ea + € cos 2t 4 £2b) (y1 (t) cos t + yo(t) sint),
o = —cost(ea + e cos 2t + £2b)(yy (t) cost + ya(t) sint).

We use again the terminology of the procedure for second-order calculation.
We have to first order

Py ye) = ( %1(“— 3)v2 >

—5(a+ %)yl

so that the first-order approximation is described by

. 1 1
a=¢5\a— 5 ) Y2a
1 B B Y2

/ L + !
a = —€Z 5 a-
Y2 9 a 9 n

This is a system of linear equations with constant coefficients; the solutions
are of the form cexp(At) with A an eigenvalue of the matrix of coefficients.

We find
1 /1
=4+-4/= — a2
)\1’2 D) 1 a

It is clear that we have stability of the trivial solution if a® > % and instability
if a? < i; a= ﬁ:% determines the boundary of the instability domain, which
is called a Floquet tongue. On this boundary, the solutions are periodic to
first approximation. What happens when we look more closely at the Floquet
tongue? We find for Vf and u!
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sint cost(a + cos 2t sin? t(a + cos 2t
vf(t7y1ay2): ( ( ) ( ) )

—cos?t(a+ cos2t) —sintcost(a + cos2t)

e (2 1 _a
Wt o) = ( y1(4acqs 2t + 15 €08 4t) +1y2( sin2t + § sin 2t — 6 sin 4t))
—y1(§sin 2t + 7 sin2t + 15 sm4t) + y2(% cos 2t + = cos 4t)
After some calculations, we find the average

0 _ (g_ﬁ_i)?&
1y, 12) = <( +i+Zi)y >

When adding ¢°, we can write down the equation for v as formulated in the
procedure for second-order calculation:

) _gl 1 _|_€2 g ﬁ i+1b
1= \* g™ 8 8 642"

. 1 n 1 e a n a? n 1 1 b
= —&e— - el-4+—4+=—= .
2 2 \" T2 " s 8 "6 2)"
Choosing for instance a = %, we have one of the boundaries of the Floquet
tongue consisting of periodic solutions. The equations for v become

. 1

U] =€ 2(64+ b> V2,

. 1 o f 7 1

Vg = 7551)1 +e <64 — 2b) V1.

For the eigenvalues of the matrix of coefficients to second order, we find

1 1 1)\ /7 1
=4 - _ _ _ 4
ALz \/ (32+b) * (64+2b> (64 Qb)g

We conclude that 1f 5 +b > 0, we have stability, and 1f 5 +b <0, we have
instability. The Value b = 32 gives us the second-order approxnnatlon of the
Floquet tongue. This result has an interesting consequence for the timescales
of the solutions in the case a = %; they are t, t, €%t, £2t. The timescale £2¢ is
quite unexpected.

Remark

Second-order general averaging, without periodicity assumptions, runs along
the same lines as demonstrated in the periodic case. For the theory and ex-
amples, see Sanders and Verhulst (1985).

12.6 Approximations Valid on Longer Timescales

In a number of problems, we have a priori knowledge that the solutions of
equations we are studying exist on a longer timescale than 1 /¢ or even exist for
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all time. Is it not possible in these cases to obtain approximations valid on such
a longer timescale? For instance, when calculating an O(&?)-approximation on
the timescale 1/¢ as in the preceding section, can we not as a trade-off consider
this as an O(e)-approximation on the timescale 1/2? It turns out that in
general the answer is “no,” as can easily be seen from examples. However, we
shall consider an important case where this idea carries through.

12.6.1 Approximations Valid on O(1/¢?)
We formulate the following result.

Theorem 12.2
Consider again the n-dimensional equation in the standard form

i =cf(t,x) +e%g(t,x) + 3R(t,z,€)

in which the vector fields f and g are T-periodic in t with averages f© and ¢°
(T independent of €); f, g, and R are sufficiently smooth. Suppose that

fz)=o.

We have from the first-order approximation z(t) = z(0) + O(e) on the
timescale 1/e. Following the construction of the second-order approximation
of the preceding section, we have with f9(z) = 0 the equation

It is easy to prove that
x(t) =v(t) + O(e)

on the timescale 1/2? (Van der Burgh, 1975).

A simple example is given as follows.

Example 12.20

i+ x—cax® =0, r(0) =re,1(0) =0,

with a an e-independent parameter. In amplitude-phase variables r, ¢, we find
with transformation (11.5)

i = —ar?sin(t + ¥) cos?(t + 1),
qL = —arcos®(t + V),

so with f(t,7,1) for the right-hand side we have f°(r,) = 0. For the second-
order approximation, we abbreviate ¢ + ¢ = a and calculate

—2arsin acos? a —ar? cos® o + 2ar? sin? a cos a)
)

Vit = ( ;

—acos® o 3ar cos? asin o
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1. .2 3
Far° COS” «x
ul(tv’rvd)): ( 3 3 )

—arsinoa + %ar sin

With f; = Vfu!, we find after averaging

) = (_50 2T2> :

12¢
We conclude that o1 = 0,79 = —e23a%v?, and we have x(t) = rqcos(t —
521%a27“(2)t) + O(g), valid on the timescale 1/¢2.

This is already a nontrivial result, but a more interesting example arises when
considering the Mathieu equation for other resonance values than those stud-
ied in Example 12.19.

Example 12.21
Consider
&+ (n? +ca+ e*b +ecosmt)xr = 0,

again with free parameters a,b. Transforming by Eq. (11.10)
1
z(t) = y1(t) cosnt + —ya(t) sinnt, ©(t) = —ny1(t)sinnt + ya(t) cosnt,
n

we obtain the slowly varying system

1
n € sin nt(a + cos mt) (y1 (t) cosnt + —yo(t) sinnt) + 0(52> ,
n n

1
o = ~ % cos nt(a + cosmt) (y1 (t) cosnt + —ya(t) sin nt) +O(e?).
n n

It is easy to see (by averaging) that f¥ is nontrivial if 2n —m = 0, which is the
case of Example 12.19. This is the most prominent resonance of the Mathieu
equation. For other rational ratios of m and n, we find other resonances with
different sizes of the resonance tongues. As an example, we explore the case
m =n = 2. If 2n — m # 0, the averaged equations are dominated by the
parameter a so it makes sense to choose a = 0, as the Floquet tongue will be
narrower than in the case 2n — m = 0. The equation becomes

i+ (44 e?b+ e cos2t)x = 0.
We omit the expressions for Vf and u! and produce f; directly:

o5 Sin4t(—6y; + 2y; cos 4t + ys sin 4¢)

fl(tvylayQ) =
Z—é cos? 2t(—6y; + 2y cos 4t + yg sin 4t)

So we find
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1
0 382 Y2
I (yl,yz) =
1
—96Y1

and for the second-order equations

oo 2¥2 (L b o 2Y (5
V1 =€ 8(48+b),vg—6 2(48 b)

The solutions vy (t) and vs(t) are O(e)-approximations of y; (¢) and y,(¢) valid
on the timescale 1/£2. From the eigenvalues, we conclude instability if

The Floquet tongue in the case m = n = 2 is determined by the boundary
values 4 — jze? and 4 + &2,

When assuming m # 2n and m # n, we can study higher order Floquet
tongues. See also the discussion in Example 10.9, where the tongues are de-
termined by the continuation (Poincaré-Lindstedt) method, and in particular

Fig. 10.1.

12.6.2 Timescales near Attracting Solutions

Another natural idea to obtain extension of the timescale of validity is at-
traction. Suppose the solutions are attracted exponentially fast to a special
solution, equilibrium or periodic, for which the process will also result in a
kind of compression of the neighbouring solutions. In this case, we have the
following result.

Theorem 12.3
Consider the n-dimensional equation in the standard form

i =cf(t,x) +e*R(t,x,¢)

in which the vector field f is T-periodic in ¢ with average f° (T independent
of €); f and R are sufficiently smooth. Suppose that f°(x) contains a critical
point (equilibrium of the averaged equation) z = a, so f°(a) = 0. We assume
that all the eigenvalues in x = a have a negative real part. The solution
x(t) starting in (0), which is located in an interior subset of the domain of
attraction of x = a, is approximated by the solution z,(t) of the averaged
equation starting in z(0) as

x(t) — x24(t) = O(e), 0 <t < 0.

Example 12.22
A simple example is the one-dimensional equation
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i = —e2sin® tx + 2R(t, )

with averaged equation
To = —Tq.

We have z(t) = 2(0) exp(—t) + O(e) for all time.

Example 12.23
More important is the forced Duffing equation in Example 11.4

&+ epd + eyax® + x = eh cos wt,

with p > 0; we choose the case of exact resonance w = 1. In this case, the
system averaged to first order is

1
To = ——&(prq + hsini,),

2
: 1 3 cos Yy,
o =—z€|—= h .
o = =g (a2 4 0220 )

The critical points are determined by the equations

3
Sqrd,

hsiny, = —ury, hcosy, = 1

Using these equations, it is not difficult to find the eigenvalues

1 3v3
)\1, - 2#:&17|’Y|7’a7

so if we find critical points, they are asymptotically stable and the solutions
attracting to the corresponding periodic solution are approximated by the
solutions of the averaged equation for all time.

A problem arises when the original equation is autonomous. In this case,
a periodic solution has at least one eigenvalue zero, a feature that is inherited
by the averaged equation.

Example 12.24
Consider again the Van der Pol equation

i+z=c(l -2t

with averaged equation (amplitude-phase)

o 1
7;(1:5712 <l—r> 1/Ja—0

As we remarked in the discussion of Example 11.3, we can reduce such an
autonomous equation by introducing 7 =t + 1 and average over 7. We find
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droe T4 1,
a5 (14%>’

and we can apply the theory as follows. Solutions r(7) starting outside a
neighbourhood of r = 0 are approximated for all times 7 or ¢ by the solutions
of the averaged equation. Such a result is not valid for the phase .

This example can easily be generalised for second-order autonomous equa-
tions.

12.7 Identifying Timescales

A fundamental question that comes up very often is whether we have the
right expansion coefficients with respect to & and, in the context of evolution
problems, whether we have the right timescales. In the framework of boundary
layer problems, we have developed a technique in Chapter 4 to identify local
or boundary layer variables. This technique works fine in many cases but not
always. When studying evolution problems, the situation is worse; we shall
first review some clarifying examples.

12.7.1 Expected and Unexpected Timescales

In Chapters 10 and 11, we have seen that in equations of the form & = f(t,z, ¢)
where the right-hand side depends smoothly on &, the solutions can sometimes
be expanded in powers of ¢ while we have timescales such as t, et, and €%¢. In
fact, as we have shown before, when first-order averaging is possible, we have
definitely the timescales t and et. However, in general and certainly at second
order, the situation is not always as simple as that.

Example 12.25
Consider for ¢ > 0 the linear initial value problem

. 1 2
T+ ——x=¢€

i~ faypr 20 =20 =0,

with solution
z(t) = eln®(1 +t),

so x(t) is characterised by the timescale & In?(1+4t), and 4(t) by the timescales
t and e1ln(1 +¢).

Example 12.26
Consider the initial value problem for the Bernoulli equation

& =% —cx, v(0) =1
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For the constants, we have 0 < a < 1,¢ > 0. The solution of the initial value

problem is
1
1 1 11—«
x(t) = ( + (1 - ) e_c(l_a)t> .
c c

The solutions starting with z(0) > 0 tend to stable equilibrium ¢ T, We
consider two cases.

1. Choose ¢ = ¢, where a does not depend on ¢:

& =a —ex, z(0) =1,

1
1 1 T—a
= (L (- 1) o)
13 3

One of the expansion coefficients is sfﬁ, and the relevant timescale is
et.
2. Choose ¢ =¢,1 — a = ¢, producing

with solution

b=a'"% —ex, z(0) =1,

z(t) = (i + (1 - i) e_EZt)i .

The relevant timescale is 2t, and 1/ plays a part in the expansion.

with solution

The Mathieu equation in Example 12.19 is important to show that unexpected
timescales occur in practical problems.We summarise as follows.

Example 12.27
Consider

i+ (1+ea+e’b+ecos2t)x = 0.

On choosing a = :I:%7 the solutions are located near or on the Floquet tongue.

A second-order approximation has shown that the timescales in this case are
3 .

t,et,e2t, e2t. They naturally emerge from the averaging process.

Other important examples of unexpected timescales can be found in the

theory of Hamiltonian systems. These examples are much more complicated.

12.7.2 Normal Forms, Averaging and Multiple Timescales

The Mathieu equation that we discussed above is a linear equation where the
calculation to second order yields an unexpected timescale. In Section 15.3, we
show for matrices A with constant entries that, when arising in equations of
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the form & = Az, in particular the bifurcation values produce such unexpected
timescales. For nonlinear equations, we have no general theory, only examples
and local results.

Where does this leave us in constructing approximations for initial value
problems? When given a perturbation problem, we always start with transfor-
mations and other operations that we think suitable for the problem. The main
directive is that there should be no a priori assumptions on the timescales.
The general framework for this is the theory of normal forms, of which aver-
aging is one of the parts (see for instance Sanders and Verhulst, 1985). In this
framework, suitable transformations are introduced, and from the analysis of
the resulting equations the timescales follow naturally. Also, the correspond-
ing proofs of validity yield confirmation and natural restrictions on the use of
these timescales.

It should be clear by now that the method of multiple timescales for initial
value problems of ordinary differential equations is not suitable for research
problems except in the case of simple problems that are accessible also to first-
order averaging. For other problems, this method presupposes the presence of
certain timescales, a knowledge we simply do not have.

Multiple timing, as it is often called, is of course suitable and an elegant
method in the cases of solved problems where we know a priori the structure
of the approximations. It should also be mentioned that the formal calcula-
tion schemes of multiple timing are easier to extend to problems for partial
differential equations; we will return to this in Chapter 14. However, proofs
of validity of such extensions are often lacking.

12.8 Guide to the Literature

There are thousands of papers associated with this chapter. We will mention
here basic literature with good literature sections for further study. Several
times we touched upon the relation between averaging and normalisation.
Averaging can be seen as a special normal-form method with the advantage of
explicitly formulated normal forms. On the other hand, normal-form methods
are approximation tools, using in some form localisation around a special point
or another solution. More about this relation can be found in Arnold (1982)
and Sanders and Verhulst (1985). The same references can be used for the
theory of averaging over angles. A monograph by Lochak and Meunier (1988)
is devoted to this topic.

Invariant manifolds represent a subject that is still very much in devel-
opment. The idea to obtain tori by continuation was introduced by Bogoli-
ubov and Mitropolsky (1961, 1963) and extended by Hale (1969). Tori can
emerge in a different way by Hopf bifurcation of a periodic solution; this
is called Neimark-Sacker bifurcation. Usually, numerical bifurcation path-
following programs are used to pinpoint such bifurcations, but the demon-
stration by averaging is for instance shown in Bakri et al. (2004).
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Invariant tori in the Hamiltonian context is a very large subject with an
extensive body of literature and many interesting books; for an introduction,
see Arnold (1978) or Verhulst (2000). Lochak et al. (2003) discusses what
happens between the tori and gives many references. A survey of normalisation
and averaging for Hamiltonian systems is given in Verhulst (1998).

The theory of adiabatic invariants is a classical subject that is tied in both
with problems of averaging over angles and bifurcation theory. For the classical
theory, see Arnold (1978) and, in particular, the survey by Henrard (1993).
Slowly varying coefficients may lead a system to passage through a bifurcation.
Neishstadt (1986, 1991), Cary et al. (1986), Haberman (1978) and Bourland
and Haberman (1990) analysed the slow passage through a separatrix. See
also Diminnie and Haberman (2002) for changes of the adiabatic invariant in
such a setting. Adiabatic changes in a Hamiltonian system with two degrees
of freedom are discussed in Verhulst and Huveneers (1998).

Second-order averaging and longer timescales are studied in Sanders and
Verhulst (1985). Van der Burgh (1975) produced the first estimates on the
timescale 1/e2. An extension to O(¢?) on the timescale 1/£2 is given in Ver-
hulst (1988).

Multiple-timescale methods are discussed for instance in Hinch (1991),
Kevorkian and Cole (1996), and Holmes (1998). For a comparison of multiple
timing and averaging, see Perko (1969) and Kevorkian (1987).

12.9 Exercises

Exercise 12.1
¥+ 2i+eid+x=0.

Use the amplitude-angle transformation 12.1 to obtain a system that can
be averaged over the angle ¢; give the result for the approximation of the
amplitude.

Exercise 12.2
&+ epd + w?(et)r + ex® = 0.

Use the amplitude-angle transformation (12.1) to obtain a system that can be
averaged over the angle ¢; give the result (with additional assumptions) for
the approximation of the amplitude.

Exercise 12.3 Consider the system
i =e+esin(gr — ¢2),
¢1 =,
¢2 = .’52.

Determine the location(s) of the resonance manifold(s) and an approximation
away from these location(s).
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Exercise 12.4

& =cecos(t — 1 + ¢2) +esin(t + ¢1 + ¢2),
Qsl = 2.’E,

61.92 = z°.

Determine the location(s) of the resonance manifold(s) and an approximation
away from these location(s).

Exercise 12.5 In Example 12.9, we stated that in the two resonance zones
the flow is described by two pendulum equations. Verify this statement.

Exercise 12.6 Consider the Duffing equation with slowly varying coefficients
in the form
&+ w?(et)r = calet)a®.

Compute an adiabatic invariant for the equation with suitable assumptions
on the coefficients a(et) and w(et).

Exercise 12.7 In the beginning of Section 12.5, we stated that the equation
i+ epd +x =e?i(1 — 2?)

with positive damping constant p does not contain a periodic solution. Ig-
noring the theory of periodic solutions behind this, verify this statement by
discussing the second-order approximation.

Exercise 12.8 Determine a second-order approximation for the solutions of
i+ —eax? = %i(1 — 2?)

with a a suitable constant independent of . Can we identify a periodic solu-
tion? Replace the O(e) term by ex™ with m an even number and repeat the
analysis.

Exercise 12.9 A start for the calculation of higher-order Floquet tongues
in the case of the Mathieu equation from Example 12.19 with m # 2n and
m # n is the determination of the second-order approximation. Show that the
equations are

, 9 V2 1 . U1 1
T R e S A I L R —
ITE o2 <2m2—8n2+ )’”2 © 2 <2m2—8n2+>

What can we conclude at this stage for the size of the higher-order Floquet
tongues? Note in this context that the first tongue has a separation between
the boundaries that are to first order straight lines, the second tongue is
bounded by parabolas, and the higher-order tongues have boundaries that
are tangent as ¢ tends to zero; see Fig. 10.1.
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Exercise 12.10 Consider the system

i =y + e(2? sin 2t — sin 2t),
y = —4x.

Find equilibria and corresponding periodic solutions of the associated av-
eraged system. For which initial conditions can we extend the timescale of
validity beyond 1/¢7?

Exercise 12.11 Consider a Hamiltonian system with two degrees of freedom,
the so-called Hénon-Heiles family:

i+ x = e(ar2® + asy?),

i+ w?y = e2azy, as # 0.

a. Show that for w = 2 first-order averaging produces a nontrivial result.

b. Consider w = 1 and determine the equations for the second-order approx-
imation.

c. Determine in the case w = 1 two integrals of motion of the averaged
equations and indicate their geometrical meaning.

d. Determine in the case w = 1 the conditions for the existence of short-
periodic solutions in a general position away from the normal modes.

Exercise 12.12 Consider a Hamiltonian system with two degrees of freedom
to which we have added damping and parametric excitation:

&+ 2ed + (4 +cacost)r = ey?,
i+ 2ey + (1 + ebcos 2t)y = 2exy.

a. If e = 0, we have two normal modes. Can we continue them for ¢ > 0?
b. Can you find other periodic solutions?



13

Averaging for Evolution Equations

13.1 Introduction

The analysis of weakly nonlinear partial differential equations with evolution
in time is an exciting field of investigation. In this chapter, we consider specific
results related to averaging and do not aim at completeness; see also the guide
to the literature, in particular the book by Kevorkian and Cole (1996), for
many other problem formulations and techniques. As the analysis of evolution
equations involves rather subtle problems, we will in this chapter discuss in
more detail some theoretical results of averaging.

Note that the examples discussed in this chapter are really research prob-
lems and involve many open questions. Some of our examples will concern
conservative systems. In the theory of finite-dimensional Hamiltonian sys-
tems, we have for nearly integrable systems the celebrated KAM theorem,
which, under certain nondegeneracy conditions, guarantees the persistence
of many tori in the nonintegrable system. For infinite-dimensional, conserva-
tive systems, we now have the KKAM theorems developed by Kuksin (1991).
Finite-dimensional invariant manifolds obtained in this way are densely filled
with quasiperiodic orbits; these are the kind of solutions we obtain by approx-
imation methods that involve projection on finite-dimensional subspaces. It is
stressed, however, that identification of approximate solutions with solutions
covering invariant manifolds is only possible if the validity of the approxima-
tion has been demonstrated.

13.2 Operators with a Continuous Spectrum

Various forms of averaging techniques are used in the literature. They are
sometimes indicated by terms such as “homogenisation” or “regularisation”
methods, and their main purpose is to stabilise numerical integration schemes
for partial differential equations. However, apart from numerical improve-
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ments, we are also interested in qualitative characteristics of the solutions.
This will be the subject of the subsequent sections.

13.2.1 Averaging of Operators

A typical problem formulation would be to consider the Cauchy problem (or
later an initial boundary value problem) for equations such as

ur + Lu = ef(u), t > 0,u(0) = uo, (13.1)

where L is a linear operator, u is an element of a suitable function space, and
f(u) represents the nonlinear terms.

To obtain a standard form for averaging in the case of a partial differential
equation can already pose a formidable technical problem, even in the case of
simple geometries. However, it is reasonable to suppose that one can solve the
“unperturbed” (¢ = 0) problem in sufficient explicit form before proceeding
to the nonlinear equation.

A number of authors, in particular in the former Soviet Union, have ad-
dressed problem (13.1). For a survey of results, see Mitropolsky, Khoma, and
Gromyak (1997); see also Shtaras (1989). There still does not exist a unified
mathematical theory with a satisfactory approach for higher-order approxi-
mations (normalisation to arbitrary order) and enough convincing examples.
Here we shall follow the theory developed by Krol (1991), which has some
interesting applications. Consider the problem (13.1) with two spatial vari-
ables x,y and time t; assume that, after solving the unperturbed problem, by
a variation of constants procedure we can write the problem in the form of
the initial value problem

We have
L(t) = La(t) + L1 (1),
where
0? 52 2
Ly(t) = bl(%%ﬂ@ + bz(iﬂ,y,t)M + bg(x7y7t)87y25
Li(t) = ai( t)2+ ( t)ﬁ
1(t) = a1(z, v, B as(x, vy, 9

in which Lo(t) is a uniformly elliptic operator on the domain and L1, Ly and
thus L are T-periodic in t; the coefficients a;, b; and the initial value « are
C* and bounded with bounded derivatives.

We average the operator L by averaging the coefficients a;, b; over t

1 [T _ 1 [T
ay) = 7 [ o by = 5 [ nyod
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producing the averaged operator L. As an approximating problem for Eq.
(13.2), we now take

oF - . -
A rather straightforward analysis shows the existence and uniqueness of the
solutions of problems (13.2) and (13.3) on the timescale 1/e. Krol (1991)
proves the following result.

Theorem 13.1

Let F be the solution of initial value problem (13.2) and F the solution of
initial value problem (13.3). Then we have the estimate |F — F| = O(¢) on
the timescale 1/¢. The norm ||.|| is the supnorm on the spatial domain and on
the timescale 1/e.

13.2.2 Time-Periodic Advection-Diffusion

As an application, Krol (1991) considers the transport of material (chemicals
or sediment) by advection and diffusion in a tidal basin. In this case, the
advective flow is nearly periodic and diffusive effects are small.

Example 13.1
The problem can be formulated as

E;f? +V.(uC) —ecAC =0, C(x,y,0) =~(z,y), (13.4)
where C(xz,y,t) is the concentration of the transported material, the flow
u = uo(x,y,t) +eu(z,y) is given, ug is T-periodic in time and represents the
tidal flow, and eu is a small rest stream. As the diffusion process of chemicals
and sediment in a tidal basin is slow, we are interested in a long-timescale
approximation.

If the flow is divergence-free, the unperturbed (¢ = 0) problem is given by

0Cy
W""’LLOVCO —0 CO(x Y, ) _’Y(xvy)a
a first-order equation that can be integrated along the characteristics or
streamlines. Cj is constant along the characteristics, which are the solutions
of p
%(P(t)(xay)) = Uo(P(t)(.’L‘,y),t).

Co = v(Q(t)(z,y)) is the solution with Q(t) the inverse of P(t). In the spirit
of variation of constants, we introduce the change of variables

C(I7y’t) = F(Q(t)(x,y),t). (135)
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Note that the technical construction depends very much on the geometry of
the tidal basin. We expect F' to be slowly time-dependent when introduc-
ing Eq. (13.5) into the original equation (13.4). By differentiation, we find
explicitly

0

0
7F(x7y7t) = E

5 (C(PWO.y).0)

= 2 P(0) (), OV O(P() a.0). )
= AC(P1),),1) — 2us (P, 0)) VO(P) ), 0).

We have found a slowly varying equation of the form (13.2). It is not essen-
tial to use the assumption that the flow ug + cuy is divergence-free, it only
facilitates the calculations.

Averaging produces a parabolic equation for F, the solutions of which tend
to the equilibrium solution obtained by putting the right-hand side equal to
zero. Equilibrium is described by an elliptic equation that can for instance be
solved by a numerical package.

Krol (1991) presents some extensions of the theory and explicit examples
where the slowly varying equation is averaged to obtain a time-independent
parabolic problem. Quite often such a problem still has to be solved numeri-
cally and one may wonder what then is the use of this technique. The answer
is that one needs solutions on a long timescale and that numerical integration
of an equation where the fast periodic oscillations have been eliminated has
been shown to be a much safer procedure.

The analysis presented thus far can be used for bounded and unbounded
domains. To study the equation on spatially bounded domains while adding
boundary conditions, does not present serious obstacles to the techniques and
the proofs.

13.3 Operators with a Discrete Spectrum

In this section, we shall be concerned with theory and examples of weakly
nonlinear hyperbolic equations. Such equations can be studied in various ways.
Krol (1989) and Buitelaar (1993) consider semilinear wave equations with a
discrete spectrum to prove asymptotic estimates on the 1/¢ timescale.

The procedure of the averaging theorem by Buitelaar involves solving an
infinite number of ordinary differential equations. In most interesting cases,
resonance will make this virtually impossible and we have to take recourse to
truncation techniques; we discuss results by Krol (1989) on the asymptotic
validity of truncation methods that at the same time yield information on the
timescale of interaction of modes.
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13.3.1 A General Averaging Theorem
We would like to study semilinear initial value problems of hyperbolic type
ug + Au = eg(u, ug, t,e), u(0) = ug, u(0) = vy,

where A is a positive self-adjoint linear operator on a separable Hilbert space
like the Laplacian with boundary conditions. Examples are the wave equation

Ut — Uy = Ef (U, Uz, up, ty2,8), 20,0 <z <,
where
u(0,t) = u(m, t) = 0,u(x,0) = ¢(z), ut(x,0) = (x),0 <z <,
and the Klein-Gordon equation
Ust —um—&-aQu:Eu?’7 t>0,0<x<ma>0,

with similar initial boundary conditions. More generally, consider the semi-
linear initial value problem

6571: + Aw =ef(w,t,e), w(0) = wo,

where —A generates a uniformly bounded Cy-group H(t), —oco < t < +00, on
the separable Hilbert space X, and f satisfies certain regularity conditions
and can be expanded with respect to € in a Taylor series, at least to some
order. A generalised solution is defined as a solution of the integral equation

w(t) = H(t)wo + 6/0 H(t —s)f(w(s), s, e)ds.

Using the variation of constants transformation w(t) = H(t)z(t), we find the
integral equation corresponding with the standard form

t
t) = wo —|—€/ F(z2(s),s,e)ds, F(z,s8,¢)=H(—s)f(H(s)z,s,¢).
0
Introduce the average F° of F by

FO(z2) :hm—/ F(z,s,0)d

T—oo T

and the averaging approximation z(t) of z(t) by

() = wo + & / " Fo(z(s))ds.

0
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Under rather general conditions, Buitelaar (1993) proves that z(¢)—z(t) = o(1)
on the timescale 1/¢; see Section 15.9.

In the case where F(z,t,¢) is T-periodic in ¢ or quasiperiodic, we have the
estimate z(t) — Z(t) = O(g) on the timescale 1/¢.

Remark

The procedure described here is important for the formulation of the theory.
In practice, the procedure of producing an integral equation and the subse-
quent operations are usually replaced by expanding the solution in a series
of orthogonal functions derived from the unperturbed (¢ = 0) equation. Sub-
stitution of this series in the equation and taking inner products yields an
infinite set of coupled ordinary differential equations that is equivalent with
the original equation. This will be demonstrated in the following subsections.

13.3.2 Nonlinear Dispersive Waves

As a prototype of a nonlinear wave equation with dispersion, one often con-
siders the equation

Ut — Uy +u=c€f(u), t>0,0 <z <.

In the case f(u) = sinu, this is called the sine-Gordon equation, and if
f(u) = u? it is called a nonlinear, cubic Klein-Gordon equation. The first one
is “completely integrable”, the second one is not but behaves approximately
like an integrable equation.

Example 13.2
Consider the nonlinear Klein-Gordon equation

Upp — Upy +u=cu®, t>0,0 <z <, (13.6)

with boundary conditions «(0,¢) = w(mr,t) = 0 and initial values u(x,0) =
o(x),us(x,0) = t(x), which are supposed to be sufficiently smooth. The
problem has been studied by many authors; for an introduction to formal
approximation procedures, see Kevorkian and Cole (1996).

What do we know qualitatively? We have the existence and uniqueness
of solutions on the timescale 1/¢ and for all time if we add a minus sign on
the right-hand side. Kuksin (1991) and Bobenko and Kuksin (1995) consider
Klein-Gordon equations as a perturbation of the (integrable) sine-Gordon
equation and prove, in an infinite-dimensional version of the KAM theo-
rem, the persistence of many finite-dimensional invariant manifolds in system
(13.6). See also the subsequent discussion of results by Bourgain (1996) and
Bambusi (1999).

The equivalent integral equation given above is suitable for proving results.
For a quantitative analysis, a Fourier analysis producing an infinite number
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of ordinary differential equations looks more convenient. Putting ¢ = 0, we
have for the eigenfunctions and eigenvalues

vp(z) = sin(nz), A\, = w2 =n*+1,n=1,2,---.

We propose to expand the solution of the initial boundary value problem for
Eq. (13.6) in a Fourier series with respect to these orthogonal eigenfunctions

of the form -

u(t,z) = tn(t)on(x). (13.7)

n=1
Substitution of the expansion into Eq. (13.6) produces an infinite series with
linear terms on the left-hand side and a series with mixed cubic terms on
the right-hand side. At this point, we will use the orthogonality of the eigen-

functions vy, (z). By taking inner products for n = 1,2,--- (i.e., multiplying
the equation with v,,(z) and integrating over the segment [0, 7]), most of the
terms drop out. Performing this for m = 1,2,---, we find an infinite system

of ordinary differential equations that is equivalent to the original problem:
un—’_wiun :Efn(ulau2a"')a n = 1527"' .

We have not only obtained an infinite number of equations, but the right-hand
sides also still contain an infinite number of terms. However, the spectrum
given by A\,,n =1,2,--- is such that for Eq. (13.6) nearly all terms vanish by
averaging. Introducing the standard form
Un (t) = an(t) cos wyt + by, (t) sinwyt, (13.8)
Up (1) = —wnan(t) sinw,t + wy by (t) coswpt, (13.9)

we find after averaging (a tilde denotes approximation)

an = _€U7Lbna bn = Eandn-
We have that the energy is conserved in each mode,
Q2+ =FE, n=12---,

and we have for the constants o,

1 (3 3
=~ (2N E - 2E, |.
Tn An<8kz_1k 32 ")

The averaging theorem yields that this approximation has precision o(¢) on
the timescale 1/e; if we start with initial conditions in a finite number of
modes, the error is O(g).

The result is that the actions or amplitudes are constant to this order of
approximation, and the angles are varying slowly as a function of the energy
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level of the modes. Clearly, more interesting things may happen on a longer
timescale or at higher-order approximations.

In a second-order calculation, Stroucken and Verhulst (1987) find inter-
action between modes n and 3n, which leads them to conjecture that on a
timescale, longer than 1/e this interaction will be more prominent.

An example with no conservation of energy is studied by Keller and Ko-
gelman (1970), who consider a Rayleigh type of excitation. The authors use
multiple timing to first order, which yields the same results as averaging.

Example 13.3
Consider the equation

1
utt—umr—&—u:a(ut—?)u?), t>0,0<x<m,

with boundary conditions «(0,¢) = w(mr,t) = 0 and initial values u(x,0) =
¢(z),ur(z,0) = ¢(z) that are supposed to be sufficiently smooth. As before,
putting € = 0, we have for the eigenfunctions and eigenvalues

vp(z) =sin(nz), Ay =w?> =n*+1, n=1,2,---,

and again we propose to expand the solution of the initial boundary value
problem for the equation in a Fourier series with respect to these eigenfunc-
tions of the form (13.7). Substituting the expansion into the differential equa-
tion we have

oo oo o0 oo
. 2 . . . . 3 . . 3
lpsinnz + » (n° 4+ Duysinne =€ ) 4y sinne — §( Uy, sinnz)”.

n=1 n=1 n=1 n=1

When taking inner products with sinma,m = 1,2,---, the linear terms are
easy to obtain; we have to Fourier analyse the cubic term

oo
(Z iy sinnz)® =

n=1

o0 oo o0
Z ud sin® nx + 3 Z u?uj sin? iz sin jz + 6 Z ;U U, Sin 4 sin jx sin k.
1 i i£j#k
This produces many terms, as the equation for w,, is produced by the terms
sinmx that arise if n = m, 3n = m, j — 2i = m, and so on. At this stage,
it is clear that we will not have exact normal mode solutions, as for instance
mode m will excite mode 3m.
At this point we can start averaging and it becomes important that the
spectrum not be resonant. In particular, we have in the averaged equation for
U, only terms arising from 43, and Zf;m U21,y,. The other cubic terms do
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not survive the averaging process; the part of the equation for m = 1,2,---
that produces nontrivial terms is

. 2 . 1 .3
U, + Wy, Uy = € um—fu - = uum + -

z;ﬁm

where the dots stand for nonresonant terms. This is an infinite system of
ordinary differential equations that, apart from the nonresonant terms, is
equivalent to the original problem.

Note that later, in Example 13.5, we will have an operator that produces
many more complicating resonances.

We can now perform the actual averaging in a notation that contains only
minor differences with that of Keller and Kogelman (1970). Introducing the
standard form (13.8) as before, we find after averaging the approximations
given by (a tilde denotes approximation)

u>\>—~

. n?+1
20, = €a, |1 bQ
a, = €a ( + 5 (a2 +

0 ~

> (K +1)( k+bﬁ>,
k=1

7 7 n*+1 72 1 o 2 72

2bnzabn<1+ T (a2 +b2) Z;k +1)(a; + 0 | .

This system shows fairly strong (although not complete) decoupling because
of the nonresonant character of the spectrum. Because of the self-excitation,
we have no conservation of energy. Putting a2 + I;i = FE,, n=12-.-,
multiplying the first equation with a,, and the second equation with b, and
adding the equations, we have

. n2+1 1 > 2
EnsEn<1+ T En—z;(k +1)Ey | .

We have immediately a nontrivial result: starting in a mode with zero energy,
this mode will not be excited on a timescale 1/e. Another observation is that
if we have initially only one nonzero mode, say for n = m, the equation for
FE,, becomes

E,, =¢E,, (13(m +1)E,, )

16
We conclude that we have stable equilibrium at the value
g 16
3(m2+1)

More generally, the averaging theorem yields that the approximate solutions
have precision o(¢) on the timescale 1/¢; if we start with initial conditions in
a finite number of modes the error is O(e).
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We consider now a conservative system with a few more complications. The
example is based on Buitelaar (1994).

Example 13.4

Consider a homogeneous rod that is distorted by external forces. The defor-
mations are described by the extension u(z,t) and the torsion angle 6(z,t).
The rod has fixed ends and without external forces is located along the z-axis,
0 < a < 7. The equations we will consider are

Upr = bD1Upy + DoOpy — a1 — agf + 5(00u2 + clu9+0292),

1
O = botigy + b3bre — asu — ash + ¢ (201u2 + 2coub + d292> .

We assume smooth initial values and zero boundary conditions; the exter-
nal force is derived from a potential. The coefficients are constants that are
determined by the physical properties of the rod.

Analysis of the linear system obtained for € = 0 produces the eigenfunc-
tions for u and 6,

U,(z) =sinnz, V,(x) =sinnz, n=1,2,---,

so we propose to expand the solution of the initial boundary value problem
for the system in two Fourier series with respect to these eigenfunctions of the
form (13.7):

Zun sinnz, 0(x,t) Z@ sinnx.

n=1

Substituting into the system and, after taking the inner products with sinnz,
we find forn=1,2,---

tin + (a1 + byn®)uy, + (ag + 00?0, =¢...,
o, + (as + bon®)u, + (a3 +bsn*)O, =¢...,
where the dots stand for an infinite series of quadratic terms in u,, and ©,,.

The basic frequencies of the unperturbed system can be obtained in the usual
way as the eigenvalues of a matrix of coefficients, in this case

0 1 0 0
—(ay +b1n?) 0 —(az + ban?) 0
0 0 0 1

—((12 + b2'fL2) 0 —(a3 + b3n2) 0

with characteristic equation for the eigenvalues

()\2 + ay —+ b1n2)()\2 + as —+ b3n2) = (ag =+ b2n2)2.
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It is possible, by linear transformation, to write the system as two coupled
harmonic equations. We will not do that, but we use the well-known fact that
when coupling harmonic equations by nonlinear polynomials, when averaging
to first order only the 2 : 1 resonance appears; for more details, see Sanders and
Verhulst (1985) or Verhulst (1998). Other resonances may appear at higher
order. As an example (following Buitelaar, 1994), we choose

5 3 5

a1:b1:§, a2:b2:§, a3:b3:§,
leading to the frequencies v'n? + 1 and 2v/n2 +1,n = 1,2,---. The implica-
tion is that in this case the distorted rod can be described by an infinite set of
decoupled systems of two degrees of freedom in 2 : 1 resonance. Whether this
resonance is effective (i.e., there is coupling between the modes of the systems
with two degrees of freedom) still depends on the nonlinearities and on the
initial conditions. Buitelaar (1994) shows that in this example the even modes
(n even) average to zero and the odd modes produce resonance.

Another remark is that we can also choose the coefficients such that there is
no resonance at first order. In this case, resonances may appear on timescales
longer than 1/ and between more than two modes.

13.3.3 Averaging and Truncation

The averaging result by Buitelaar is of importance in its generality; in many
interesting cases, however, because of resonances, the resulting averaged sys-
tem is difficult to analyse and we need additional theorems. One of the most
important techniques involves truncation, which has been validated for a num-
ber of wave equations by Krol (1989).

To fix the idea, consider the initial boundary value problem for the non-
linear wave equation

Upt — Uge = Ef (U, Uy, ug, t, @ €), >0,0 <z <, (13.10)
with
u(0,£) = u(m,t) = 0, u(z,0) = B(x), un(2,0) = h(2),0 <z < .

The eigenfunctions of the unperturbed (¢ = 0) problem are v, (x) = sin(nz),
n = 1,2,--- (normalisation is not necessary), and we propose as before to
expand the solution of the initial boundary value problem for Eq. (13.10) in
a Fourier series with respect to these eigenfunctions of the form

u(t,z) =Y un(t)on().

After taking inner products to obtain an infinite system of ordinary differential
equations, the next step is then to truncate this infinite-dimensional system
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to N modes. Subsequently we apply averaging to the truncated system. The
truncation, also called projection on a finite-dimensional subspace, is known as
Galerkin’s method, and one has to estimate the combined error of truncation
and averaging.

The first step is that Eq. (13.10) with its initial boundary values has
exactly one solution in a suitably chosen Hilbert space H;, = HE x Hé“_l,
where HE are the well-known Sobolev spaces consisting of functions u with
derivatives U®) € Ly[0,7] and u() zero on the boundary whenever 21 < k.
It is not trivial but rather standard to establish existence and uniqueness of
solutions on the timescale 1/¢ under certain mild conditions on f; examples
are right-hand sides f such as w3, uu?,sinu, sinhu;, etc. Moreover, we note
that:

1. If k > 3, u is a classical solution of Eq. (13.10).

2. If f = f(u) is an odd function of u, one can find an even energy integral.
If such an integral represents a positive definite energy integral, we are
able to prove existence and uniqueness for all time.

To find uy, the projection or truncation of the solution u, we have to solve
a 2NN-dimensional system of ordinary differential equations for the expansion
coefficients uy, (t) with appropriate (projected) initial values. The estimates for
the error ||u — uy|| depend strongly on the smoothness of the right-hand side
f of Eq. (13.10) and the initial values ¢(x), ¥ (x) but, remarkably enough, not
on e. The truncated system is in general difficult to solve. Averaging in the
periodic case produces an approximation 4y of uy and finally the following
theorem.

Theorem 13.2
Galerkin averaging theorem (Krol, 1989)
Consider the initial-boundary value problem for Eq. (13.10)

Utt — gy = €f(u,uw,ut,t,x,€), t> 070 <z <m,
where
u(0,1) = u(m,t) = 0, u(z,0) = ¢(x), ur(z,0) = P(z),0 <z <.

Suppose that f is k times continuously differentiable and satisfies the existence
and uniqueness conditions on the timescale 1/¢, (¢, %) € Hy; if the solution
of the initial boundary problem is (u,wu;) and the approximation obtained by
the Galerkin averaging procedure (@y, @y¢), we have on the timescale 1/¢

e — iy |lsup = O(NZ %)+ O(), N — 00,6 =0,
e — tnellsup = O(N? %)+ O(e), N — 00, — 0.

There are a number of remarks:
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e Taking N = O(s_ﬁ)7 we obtain an O(g)-approximation on the timescale
1/e, so the required number of modes decreases when the regularity of
the data and the order up to which they satisfy the boundary conditions
increases.

e However, this decrease in the number of required modes is not uniform in
k, so it is not obvious for which choice of k the estimates are optimal at a
given value of ¢.

e An interesting case arises if the nonlinearity f satisfies the regularity con-
ditions for all k. This happens for instance if f is an odd polynomial in u
and with analytic initial values. In such cases, the results are

|u — anlsup = O(N"'a™™) 4+ O(e), N = 00, — 0,
Hut - 7jLNt”sup = O(aiN) + 0(5), N — 00, € — 0,

where the constant a arises from the bound one has to impose on the size of
the strip around the real axis on which analytic continuation is permitted
in the initial boundary value problem. The important implication is that,
because of the a="V term we need only N = O(|In¢|) terms to obtain an
O(e)-approximation on the timescale 1/e.

e Here and in the following we have chosen Dirichlet boundary conditions.
It is stressed that this is by way of example and not a restriction. In Krol’s
method, we can also include Neumann conditions, periodic boundary con-
ditions, etc.

e It is possible to generalise these results to higher-dimensional (spatial)
problems; see Krol (1989) for remarks and see the example of Pals (1996)
below for an analysis of a two-dimensional nonlinear Klein-Gordon equa-
tion with Dirichlet boundary conditions. It is possible to include dispersion,
although not without some additional difficulties.

It is not difficult to apply the Galerkin averaging method to the examples of
the preceding subsection; this is left to the reader.

The following example of the Rayleigh wave equation is used sometimes
as a model for wind-induced vibration phenomena of overhead power lines.
Formal approximations obtained by different techniques can be found in Chik-
wendu and Kevorkian (1972) and Lardner (1977); see also the discussion and
estimates in Van Horssen (1988).

Example 13.5
Consider the Rayleigh wave equation with initial boundary conditions

Ugt — Ugy = €(ug —u}), £ >0,0 <z < T,
where
u(0,1) = u(m, 1) = 0, u(z,0) = B(x), u(x,0) = ¥(x),0 <z < .

In most papers, one uses %ug’ instead of u}; replacing u by /3u changes the
coefficient to 1. For the eigenfunctions, we take v,(z) = sinnz, and after
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substitution of the eigenfunction expansion (13.7) we obtain an equation of
the form

oo oo o0 oo
E by, SiInnT + E n2u, sinnx = ¢ E Up sinnz — &( E 1y, Sin nx)?’
n=1 n=1 n=1 n=1

Multiplying with sinma and integrating over [0, 7], we find for m = 1,2, --
an infinite system of nonlinearly coupled equations.

Are (approximate) normal modes or, more generally, periodic solutions
possible? As a simple case, we choose N = 3, a three-mode expansion, so that

un(x,t) = up(t) sinx + usz(t) sin 22 + ug(t) sin 3x.

This makes sense if we restrict the initial values to the first three modes.
Substitution into the Rayleigh wave equation and taking inner products with
v1, V2, v3 produces

.. . . 3 .. 3.5, 3 .5.
Uy +uy =€ (ul — Zu:{’ 2u1u§ 2u1u§ + Zu%u;z) — 4U§’LL3> s
3 3 3
g +4us = ¢ (ag — zug 2u 21y — §u2u§ — 2u1u2u3) ,
. . 3 9. 3. . 1.
Uz + 9usz = ¢ (ug — 4u§ 2u§U3 2u§u?, — zulug + 4u§’> .

Because of the resonant spectrum of the reduced (¢ = 0) equation, there are
many interacting terms. On the right-hand side of each equation, the first four
terms are generic (in the case of N modes, this would be N + 1 terms). The
other nonlinearities are caused by special spectral resonances.

It is clear that, taking in this three-mode expansion the second mode zero,
we have a four-dimensional invariant manifold. Consider as an example this
manifold (i.e., ug = @y = 0).

To illustrate the phenomena, we shall use amplitude-phase variables. In-
troducing the transformation to a slowly varying system by w; = r; cos(wt +
@), u; = —rwsin(wt + ¢;),4 = 1,3 and first-order averaging produces

. B 9 _ 27 9 _ . bt bt
rL = 57”1 < 16 % v g 167"17‘3 cos(301 — ¢3)) ’

9e . _ . ~ ~
P11 = @Tﬂ“:’) sin(3¢1 — ¢3),

. €. 81 4 3. € 7
=57 <1 - TGTg - 4T%> 96 m COS(3¢1 ¢s);
. ~3

T Ery . T

(;53 967:3 SIH(3¢1 ¢3)

Looking for periodic solutions outside the normal modes, we have the require-
ment of phase-locking,
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sin(3¢~51 — ggg) =0
and simultaneously
9 2 27 , 81~3 3~2~ 1

161 4r3j:r17"3f0 T3 — i3+ — f(),

1= 16 4 48

Combining the requirements, we find that there is one positive solution 71, 7’3
corresponding with a periodic solution of the projected three-mode system.
On a timescale longer than 1/¢, the interactions with higher-order modes have
to be taken into account. It cannot be expected that such a periodic solution
survives these interactions.

Considering the nonlinear (cubic) Klein-Gordon equation with one spa-
tial variable, we found rather simple behaviour by first-order averaging. Pals
(1996) found that the situation is different and much more complicated in the
case of more spatial variables.

Example 13.6
Consider the cubic Klein-Gordon equation with initial boundary conditions

Upp — Ugg — auyy+BU—5u t>0,0<zx,y<m,
with «, 8 > 0 and where on the boundaries

u(0,y,t) = u(m,y,t) = u(z,0,t) = u(z,7,t) =0,
and initially

u(z,y,0) = (x,y), u(x,y,0) = Y(z,y), 0 < z,y <

The parameter « originates from rescaling a rectangle to a square.

Pals (1996) gives a fairly complete quantitative analysis of the problem
together with proofs of asymptotic validity of the approximations. We have the
orthogonal eigenfunctions vy; = sin kx sin ly and eigenvalues Ay = k2+al?+5.
Introducing the eigenfunction expansion

o0
3? y, Z ukz Ukl z y)
k=1
and taking inner products, we find the infinite system of coupled equations

o0

Upt + AUk, = € E Chosl; Why 1y Whiplo Ukialsy s
ki l;=1

™ ™
Cyl; = / / sin k1 x sin kox sin ks sin ka sin [y sin loy sin [y sin lydxdy.
T y=0
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We can write the product of four sines as the sum of eight cosines. The argu-
ments are of the form

(k‘ + ]4)1 + ]62 + kg)l‘, (l + ll + 12 + lg)y,
and cg,;, does not vanish if simultaneously
k==xki £kotks, | ==Xl £l £15,

for some combinations of k;, ;. Pals (1996) shows that the normal modes are
exact solutions of the infinite system and there are many other invariant man-
ifolds with dimension larger than two. He also shows that the key resonance
is 1 : 1. This resonance may be isolated and its dynamics takes place on a
four-dimensional invariant manifold, or it can be connected to other 1 : 1
resonances, as in the 1: 1: a : a-resonance (a > 0).

As an example of the results, we consider the isolated 1 : 1 resonance.
Suppose that A\;; = Apy = A, whereas there exists no (k,) # (4, j) and (k, 1) #
(p, q) such that Ag; = A. If the initial conditions are only nonzero in the (i, j)
and (p, ¢) modes, the other modes are not excited, and there is no energy trans-
fer out of this system with two degrees of freedom in 1 : 1 resonance. Averaging
to first order in amplitude-phase variables 7;, @;;, 7pq, Ppq, rescaling time, and
putting for the averaged quantities 7;; = 7, qgij = ¢P1,Tpq = T2, quq = ¢o,we
find

71 = rirasin2(¢1 — ¢g),

; 9
o1 = r% cos2(¢1 — ¢2) + Zr% + 27‘%,
7;'2 = 77"%7‘2 sin 2(¢1 — gf)g),
. 9
¢ = r% cos2(¢1 — ¢2) + ng + 27”%.

The Klein-Gordon equation is conservative, it can be put in a Hamiltonian
framework, and this also holds for the truncated subsystem. The integral
T% + r% = constant of the averaged system is an approximate energy integral;
as usual when normalising Hamiltonian systems, there exists a second integral.
Apart from the (unstable) normal modes, the averaged system has two critical
points, which are both stable. They correspond with stable periodic solutions
of the equations for u;; and u,,. In turn, these periodic solutions correspond
with two packets of standing waves, parametrised by the energy, of the original
two-dimensional Klein-Gordon equation. One should consult Pals (1996) for
details and the analysis of other interesting cases.

In the case of Example 13.5 for the Rayleigh wave equation, a fundamental
problem is that the spectrum of the (unperturbed) equation is fully resonant.
This problem is still poorly understood. We consider now a prototype problem
of full resonance to review the results that are available.



13.3 Operators with a Discrete Spectrum 243

Example 13.7
In Kevorkian and Cole (1996) and Stroucken and Verhulst (1987), the follow-
ing initial boundary value problem is briefly discussed:

utt—umzsu?’, t>0,0<z<m,
with boundary conditions «(0,¢) = w(mr,t) = 0 and initial values u(x,0) =
o(x), us(x,0) = tp(z), which are supposed to be sufficiently smooth.

Using again the eigenfunction expansion (13.7) with v, (x) = sin(nx), A, =
n?,n=1,2,---, we have to solve an infinite system of coupled ordinary differ-
ential equations for the coefficients u, (t). In fact, the problem is reminiscent
of the famous Fermi-Pasta-Ulam problem (see for references and a discussion
Jackson (1978, 1991)), and it displays similar interaction between the modes
and recurrence.

Apart from numerical approximation, Galerkin averaging seems to be a
possible approach, and we state here the application of Krol’s (1989) Galerkin
averaging theorem to this problem with the cubic term. Suppose that for the
initial values ¢, we have a finite-mode expansion of M modes only, where
of course we take N > M in the eigenfunction expansion. Now the initial
values ¢, are analytic, and Krol (1989) optimises the way in which the
analytic continuation of the initial values takes place. The analysis leads to
the estimate for the approximation 4y obtained by Galerkin averaging:

u— oo = O(e™F1F287), 0 < evFreoomt < 1.

It is clear that if N > M the error estimate tends to O(e) and the timescale to
1/e. The result can be interpreted as an upper bound for the speed of energy
transfer from the first M modes to higher-order modes.

Important progress has been achieved by Van der Aa and Krol (1990), who
apply Birkhoff normalisation, which is asymptotically equivalent to averaging,
to the Hamiltonian system generated by H”Y, which is the Hamiltonian of the
truncated system for arbitrary NV; the normalised Hamiltonian is indicated by
HV . Remarkably enough, the flow generated by H" for arbitrary N contains
many invariant manifolds.

Consider the “odd” manifold M;, which is characterised by the fact that
only odd-numbered modes are involved in M;. Inspection of HY reveals that
M is an invariant manifold.

In the same way the “even” manifold M> is characterised by the fact that
only even-numbered modes are involved; this is again an invariant manifold
of HN. In Stroucken and Verhulst (1987), this was noted for N = 3, which
is rather restricted; moreover, it can be extended to manifolds M,, with m =
2%¢,q an odd natural number, and k a natural number. It turns out that
projections to two modes yield little interaction, so this motivates looking at
projections with at least N = 6 involving the odd modes 1,3,5 on M; and
2,4,6 on M.
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Van der Aa and Krol (1990) analyse H, in particular the periodic solutions
on M;. For each value of the energy, this Hamiltonian produces three normal
mode (periodic) solutions that are stable on M;j. Analysing the stability in
the full system generated by H® Van der Aa and Krol again find stability.

An open question is whether there exist periodic solutions in the flow
generated by H that are not contained in either M; or M.

What is the relation between the periodic solutions found by averaging
and periodic solutions of the original nonlinear wave problem? Van der Aa
and Krol (1990) compare these solutions with results obtained by Fink et
al. (1974), who employ the Poincaré-Lindstedt continuation method, to prove
existence and to approximate periodic solutions. Related results employing
elliptic functions have been derived by Lidskii and Shulman (1988). It turns
out that there is very good agreement between the various results, but the
calculation by the Galerkin averaging method is technically simpler.

We conclude with a problem that still contains many interesting open
questions. It was introduced by Rand et al. (1995) and concerns a nonlinear
partial differential equation with parametric excitation.

Example 13.8
Consider the equation

Ut — gy + €0up + (wg + eycost)u = cau, t>0,0<z<m,

with 8 > 0, the other constants positive, and Neumann boundary conditions
ug(0,1) = uy(m,t) = 0.

Rand et al. (1995) consider a three-mode truncation that is complicated
and contains many phenomena. As predicted by Krol’s (1989) analysis, the
results are confirmed by numerical analysis on a timescale 1/e. Tt is easy to
see that when truncating to an arbitrary number of modes N, all the normal
modes are solutions of the truncated system and of course this carries over to
the averaged system. Interestingly, on a timescale longer than 1/, other mode
interactions may come up, and the treatment of this is still an open problem.
We shall choose 8 = 0, = 1 in this example. Rand (1996) considers a two-
mode truncation, and we shall discuss some aspects of this analysis. Putting

u(N=2)(,t) = u1(t) + ua(t) cos z,

substituting this into the differential equation and taking inner products pro-
duces the system

.. 2 _ 3 § 2
U1 + wyul + eyug cost = € u1+2u1u2 ,

3
iip + (W3 + )ug + eyug cost = ¢ (3u%uz + 4u3) .

Even with a two-mode expansion, several low-order resonances are possible. A
first choice could be w? = 1/4, ¢? = d¢ (with § a positive constant independent



13.4 Guide to the Literature 245

of €) corresponding with a low wave speed. A second interesting choice could
be wg = 1/4,¢* = 3/4. In the second case, we have a first-order Flocquet
tongue in the first equation and a second order tongue in the second equation
(see Example 10.9). The nonlinear interaction might be interesting.

Consider now the first choice and the question of whether the trivial so-
lution wu;(t) = ug(t) = 0 and the normal modes u;(t) # 0,uz(t) = 0 and
ui(t) = 0,uq(t) # 0 are stable. As we have seen in Chapter 11, the triv-
ial solution of the Mathieu equation at this resonance value is unstable. We
conclude that this also holds for the trivial solution u;(t) = uz(t) = 0 and
the normal modes; the nonlinear terms do not change this. A more complete
analysis shows many interesting bifurcations, see Rand (1996).

13.4 Guide to the Literature

Formal approximation methods have been nicely presented by Kevorkian and
Cole (1996). A number of results of the Kiev school of mathematics can be
found in Mitropolsky, Khoma, and Gromyak (1997).

An interesting formal approach of averaging Lagrangians by Whitham
(1974) has been influential; see also Luke (1966), Bourland and Haberman
(1989), and Haberman (1991). Some of these formal methods for nonlinear
hyperbolic equations on unbounded domains have been analysed with respect
to the question of asymptotic validity by Van der Burgh (1979). See also the
survey paper by Verhulst (1999).

An adaptation of the Poincaré-Lindstedt method for periodic solutions of
weakly nonlinear hyperbolic equations was given by Hale (1967) based on the
implicit function theorem.

An extension of the advection-diffusion problem discussed above has been
obtained by Heijnekamp et al. (1995). They considered the problem with
initial and boundary values on a two-dimensional domain with small nonlinear
reaction terms and a periodic source term.

An early version of Krol’s (1989) Galerkin averaging method can be found
in Rafel (1983), who considers vibrations of bars. For interesting extensions
of Galerkin averaging see Feckan (2000, 2001).

Applying Buitelaar’s (1993) averaging theorem (Section 15.9), we often
have the case of averaging of an almost periodic infinite-dimensional vector
field that yields an o(1)-approximation on the timescale 1/¢ in the case of
general, smooth initial values. As mentioned earlier, it is not difficult to im-
prove this result in the case of finite-mode initial values (i.e., the initial values
can be expressed in a finite number of eigenfunctions vy, (x)). In this case, the
error becomes O(g) on the timescale 1/¢ if N is taken large enough.

Using the method of two timescales, Van Horssen and Van der Burgh
(1988) construct an asymptotic approximation of a wave equation with es-
timate O(e) on the timescale 1/1/e. Van Horssen (1992) develops a method
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to prove an O(g)-approximation on the timescale 1/¢ that is applied to the
nonlinear Klein-Gordon equation with a quadratic nonlinearity (—cu?).

Qualitative insight is added by Bourgain (1996), who considers the non-
linear Klein-Gordon equation in the rather general form

Ut — Uge + V(D)u=cf(u), t>0,0<z<m,

with V' a periodic, even function and f(u) an odd polynomial in u. Assum-
ing a rapid decrease of the amplitudes in the eigenfunction expansion (13.7)
and Diophantine (nonresonance) conditions on the spectrum, it is proved that
infinite-dimensional invariant tori persist in this nonlinear wave equation cor-
responding with almost-periodic solutions. The proof involves a perturbation
expansion that is valid on a timescale 1/e™ with M > 0 a fixed number.
Bambusi (1999) considers the nonlinear Klein-Gordon equation in the general
form
Upt — Uge + u = ed(x,u), t>0,0<z<m,

with boundary conditions. The function ¢(x,u) is polynomial in u, analytic
and periodic in z, and odd in the sense that ¢(x,u) = —p(—z, —u). Under a
certain nonresonance condition on the spectrum, Bambusi (1999) shows that
the solutions remain close to finite-dimensional invariant tori corresponding
with quasiperiodic motion on timescales longer than 1/¢. These statements
add to the understanding and interpretation of the averaging results.

13.5 Exercises

Exercise 13.1 Consider again the equation with a Rayleigh-type nonlinear-
ity from Example 13.3, studied by Keller and Kogelman (1970). Formulate
the problem with initial values in two modes only. Try to draw conclusions
from the averaged equations.

Exercise 13.2 As an example of averaging for advection-diffusion problems,
consider the problem

Cy + e YcostC, —eAC = €6(0,0)

for —oo <z < oo,y > 0,t > 0, where ¢ is the Dirac delta function. We assume
that on the boundary C(z,0,t) = 0 and suitable initial values. This can be
seen as a simple model of advection diffusion in a tidal motion along the coast
where at (0,0) a constant inflow of polluted material takes place.

Derive the averaged equation and show that the flow tends to a stationary
solution described by an elliptic equation. Can you visualise this final state?
For more details and other examples, see Krol (1991).
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Exercise 13.3 Consider again the Rayleigh wave equation of Example 13.5.
Formulate the truncated system in the case of a general two-mode expansion
(mode m and mode n). Choose n # 3m, m # 3n. The system reminds us of
example 12.13 (Hale); compare the results.

Exercise 13.4 Another interesting possibility is to consider Example 13.3
for two spatial variables. Formulate the problem on a square with Dirichlet
conditions (u vanishes on the boundary) and study a two-mode Galerkin pro-
jection. There is of course some freedom in choosing which two modes one
considers.

Exercise 13.5 As a research problem, consider again from Example 13.8 the
equation

Upp — CQum + efus + (wg + evycost)u = eaug, t>0,0<x<m,
with Neumann boundary conditions u,(0,t) = u,(7,t) = 0.

We allow for damping to this wave equation, so 8 > 0. How does this
affect the stability of the trivial solution and the two normal modes in a two-
mode expansion as in Example 13.87 Note that there are still many unsolved
questions regarding this equation.
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Wave Equations on Unbounded Domains

In the study of evolution equations describing wave phenomena on unbounded
domains, one is confronted with a great many concepts and methods but
usually only formal results. This is not a good reason to avoid the subject, as
there are many interesting mathematical questions and physical phenomena
in this field. Also, many parts of physics and engineering require a practical
approach to real-life problems that cannot wait until rigorous mathematical
methods are available.

So, this chapter will be different from the preceding ones because in some of
the results discussed here a mathematical justification is lacking. This holds in
particular when we are discussing perturbations of strongly nonlinear partial
differential equations. The interest of the problems and the elegance of the
methods will hopefully make up for this. Also, it may inspire exploration of
the mathematical foundations of the methods discussed in this chapter.

14.1 The Linear Wave Equation with Dissipation

Consider as a simple example the wave equation with weak energy dissipation
(damping)

O*u  d%u ou

@—w‘F&E, —oco < x <00, t>0,
with initial values u(z,0) = f(x), ut(z,0) = 0.

It is not difficult to see that a regular expansion of the form w(z,t) =

uo(x,t) +euq (z,t) + - - - produces secular terms (Exercise 14.1). If ¢ = 0, it is
useful to use characteristic coordinates

E=x—t, n=x+t.

From earlier experiences, we expect that the perturbation will also involve a
timescale 7 = et and maybe a spatial scale ex. For simplicity, we will consider
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a multiple-timescale expansion in three variables: £,7, and 7. Assuming that
the solutions are C?, we have

0 a+"’ o 3+3+53
or  0¢ ot o€ or
0? 0? 02 0?
222 ~ o0& T oeon T o

2 2 2 2 2 2 2
0 0 9 0 0 +2< 0 0 ) 5 0

o2 e “ocon o “ocor Togor) T o

The wave equation transforms to
OPu _ef Pu  Pu_ ef Ou 0u)
o&on 2 oEoT  Onor 4 o0& 0On

The multiple-timescale expansion is of the form

U = u0(§77777—) + 5U1(§77Ia7) + 82 e
Substitution in the transformed wave equation yields equations for ug and u;:

9%y Puy 1 ( 0%y 82u0> 1 (_auo 8u0>

ocon " atoy 2\ ocor " amar) 1\ o

From the first equation, we obtain

uO(ga m, T) = F(f, 7_) + G(na 7_)
with F and G arbitrary C? functions. Integration of the equation for u; yields

1 oF oG 1
wleon) = (~nGe + €50 )+ {(Fu+ GO+ A©) + B

with A, B arbitrary C? functions. There are secular terms that can be elimi-

nated by putting

oF 1 oG 1

In the next section, we shall see that the secularlty conditions are obtained
from an averaging process. The initial conditions require that

F(x,0)+ G(z,0) = f(z), —g—i(x,O) + g%(x,O) =0,

so that

wol&m, ) = 5 (7€) + Flm)e /2

If f(z) is localised (compact support), this corresponds with two waves, ini-
tially half the size of f(z), moving respectively to the right and to the left but
slowly damped in time.
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14.2 Averaging over the Characteristics

The multiple-scale expansion of the preceding section is a simple example of a
more general method developed by Chikwendu and Kevorkian (1972) that can
also be called “averaging over the characteristics”. They consider problems of
the form

Pu  O%u ou Ou
@—w—ks (875’83:)’ —oo < x <oo, t>0,
with initial values u(z,0) = f(x), u(z,0) = g(x).

The nonlinearity H is chosen such that the solutions of the nonlinear
wave equation are bounded. However, with the actual constructions, one can
consider various useful generalisations of H and other wave equations. We
return to this later.

We assume again that the characteristic coordinates ¢ = x — ¢, n=x +t
play a part and that the perturbation will also involve the timescale 7 = ¢t. In
fact, Chikwendu and Kevorkian (1972) introduce a more general fast timescale
T by putting dT'/dt = 14w (7)e+wa(7)e2+&3 - - . They show that w(7) = 0
so that, restricting ourselves to first order and O(e) expansions, we may as
well use t. Transforming the equation as in Section 14.1, we have

Ou _ef Ou  Qu) e, Ou Ou Oudu Ou
acon 2\ acor " oanor) "1 o " on TSor e " o

The multiple-timescale expansion is again of the form

u = u0(§77777.) +€U1(§,’r],7’) + 82 )
and substitution in the wave equation yields equations for ug and wuq:

82u0
98on
0%uy 1< 0%up 82u0> 1H< Oug  Oug Oug 8u0)

ocon — 2\ ocor T anor

=0,

4

o " on o o
As before, we obtain from the first equation
uO(fa 1, T) = F(fa T) + G(T/a T)

with F and G arbitrary C? functions. The equation for u; can then be written
as

82u11< 0*F 82G> 1H< OF 0G OF 8G>
1 .

ocon — 2\ acor T anor “a¢ Tayae Ty

Integration gives for the first derivatives



252 14 Wave Equations on Unbounded Domains
8u1 1 82
et H( -)d
o 2 ( "oeor ) / a
0 1 oF 82
e R Ty / H( )dg.
on 2 or 8178
As &, — o0, the derivatives must be bounded, which results in the conditions

2p 1 [ F F
—8 lim/H< 0 +8G8 —i—aG)dn,

0EOT  n—oo 21 k3 3
922G B B oF aG aF 9G
anor ~ W o H< 9 T ae T )df

These secularity conditions are partial differential equations for F' and G cor-
responding with (general) averaging over & and 7. The averaged equations
have to be solved while applying the initial conditions. The next step is to
solve the equation for w;. This again produces arbitrary functions that are
determined by considering the equation for us and again applying secularity
conditions. If we have no a priori estimates for boundedness of the solutions,
we still have to check whether the resulting approximation for ug + eu; is
bounded, as the secularity conditions on the derivatives are necessary but not
sufficient.

Remark

The actual boundedness of the solutions is not essential for the constructions
as long as the solutions are bounded on a timescale of the order 1/¢. In this
respect, the secularity conditions are misleading. As we have seen for ordinary
differential equations in Chapters 11 and 12, the averaging process is the basic
technique producing a normal form for the original equation. After obtaining
a normal form, one can usually estimate the error introduced by normalisation
on a long timescale.

Following Chikwendu and Kevorkian (1972), we give some examples.

Example 14.1
Suppose that we have nonlinear damping H = uj and so

9?u  Ou ou\®
+ , —oo < x<oo, t>0.

o~ o ot
Assume that if ¢ = 0 we have a progressive wave, initially u(z,0) =
f(z),u(x,0) = —fy(z). This gives a drastic simplification, as in this case
Uo = F(€7 T)'

The secularity conditions reduce to
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RF 1 [/ oF\® 1 (0F\°®
—— = lim — —— | dn=—={—=—) .
00T  n—oo 2n o0& 2\ 0¢
Considering this as an ordinary differential equation of the form w, =

—%w?’,w = F¢, we find

oF 1

& (T+A(Q)?
with A(€) still arbitrary. As £ = x when ¢ = 7 = 0, we can apply the initial
condition so that
A(6) = (fe() %

The approximation to first order becomes finally

¢ S
’LLO(&-,’T) :/ ( fS( )

o @ EmEe 0

For a number of elementary functions f(z), we can evaluate the integral ex-
plicitly.

Remark

We have started with an initial progressive wave, which simplifies the calcula-
tion. For more general initial conditions, we have to put ug = F'(§,7)+G(n, 7),
which enables the presence of another wave moving to the left.

Another classical example is the Rayleigh wave equation.

Example 14.2

Choosing H = —u; + %uf’, we have
0%u 52u+€ 8u+ 1 /ou\? cn< £ 0
= =3 -——+=-|= —00 < T < 00 .
oz Ot? ot 3\ ot ’ ’
Starting again with a progressive wave u(z,0) = f(z), us(z,0) = —fz(x), we

find with ug = F(&, 7) from the secularity condition

PF 1 oF 1 (0F\\ 1 (0F 1 (0F\’
o = [ (5 =5 (ac) ) =3 (5 5 (%) )

We consider this as an ordinary differential equation of the form w, = %(w —

%74)3)7 w = F¢, with solution

o= (o)

where C'(§) will be determined by the initial conditions so that
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oF _ |fe (&)l .
05 (3O + (1 - 3f2(€)e )"

Choosing certain elementary functions f(x), we can explicitly integrate the
equation for F(&, 7).

Chikwendu and Kevorkian (1972) note that an interesting result is ob-
tained by letting 7 tend to infinity. We find

o OF _ 5 fe©)
J 2 = V3rer

which corresponds with a sawtooth oscillation. Choosing for instance that ini-
tially u(x,0) = Asinpz, u(z,0) = —Ap cos px, we have a sawtooth limit with
amplitude v/3/p (depending on the wave number only) with spatial oscillation
period (wavelength) 27 /p. This limiting behaviour where an initially smooth
wave train evolves towards a nonsmooth, generalised solution is confirmed by
numerical analysis. Also, it is easy to see that there exist an infinite number
of exact sawtooth solutions with slopes £v/3. Their stability for general initial
conditions is still an open question.

14.3 A Weakly Nonlinear Klein-Gordon Equation

We return again to the cubic Klein-Gordon equation discussed earlier with
boundary values (Chapter 13) but now on an unbounded domain,

%u 9% 3
ﬁ_w+u:gu,—oo<x<oo,t>0.

This is an example of a nonlinear dispersive wave equation displaying slowly
varying wave trains. It is well-known that if € = 0 we can substitute functions
of the form f(kx &+ wt), with k and w constants, to obtain Fourier (trigono-
metric) wave trains satisfying the equation

(W —KHf"+ f=0.

2_k? =1, this produces for instance wave solutions

With dispersion relation w
of the form

Acos(kx — wt) + Bsin(kz — wt).

In this nonlinear case, we shall take a more restricted approach than in Section
14.1. We want to investigate for instance what happens to the wave trains
found moving to the right for ¢ = 0 when the nonlinearity is turned on. We
put @ = kx — wt, with k and w constants, and assume the dispersion relation
w2 — k% =1 for ¢ > 0 and moreover that the modulated wave train, at
least to first order, only depends on 6 and 7 = ¢t. With these assumptions,
transforming the equation, we find
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0? 0? 0?
u—2w5 Y + Q—U—l—uzsu?’.

962 9007 " ° o2

We assume that we may substitute the expansion
u=uo(0,7) +eu (0,7) +e%---.

To order 1, we find

62U0
W “+ ug = 0
with solution ug = a(7) cos(f + ¢(7)). To O(e), we find
82u1 82u0 3
o2 T Mg, T
or
82161 da . d¢
502 +u; = —2w (dr sin(@ + ¢) + a(7) cos(6 + gi))dT)

+a3(7) (i cos(0 + ¢) + i cos(360 + 3(;5)) .

To avoid secular terms, we put

da o 3,
E—O, 2wa(7)5+1a (1) =0,

3 a2, where a(0) = ag. We conclude that

with solutions a(7) = ag, ¢(7) = &

3
u(z,t) = ag cos (kx —wt + 8a%5t> + -
w

represents the first-order (formal) approximation of the solution. Note that in
this approximation the amplitude is still constant but there is a modulation
of the phase speed.

Remark
In this problem, we have fixed k and w and allowed for slow variations of
amplitude and phase. Another classical approach is to look for solutions of
6, or explicitly U = U(kx — wt). Again putting w? — k? = 1, we find after
substitution 2U

W +U = 8U3.
We can solve this equation in terms of elliptic functions or alternatively we
can approximate U. In the latter case, the perturbation scheme again must
allow for variations of amplitude and phase.
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14.4 Multiple Scaling and Variational Principles

A large number of equations, in particular conservative ones, can be derived
from a variational principle. Consider for instance the function u : R* xR — R
characterised by the Lagrangian

L = L(ut, ug, )

and the variational principle

5//L(ut,u£,u)dtdx = 0.

This so-called first-order variation leads to a Euler equation for u(z,t) of the
form

ooL 0oL or_
Ot duy  Ox Ou, Ou
Note that u, and 0L/0u, are vectors with components du/dx; and IL/Ou,,,

i=1,---,n. Assuming that the Euler equation corresponds with a dispersive
wave problem, we can look for special solutions of the form

u=U(9), 0 = kx; — wt,

where k;,© = 1,--- ,n and w are constants, respectively called wave numbers
and frequency. Substitution in the Euler equation produces a second-order or-
dinary differential equation, in general nonlinear, which upon integration will
contain two free constants, the amplitude and the phase. The free parame-
ters k;,w, amplitude and phase, are not arbitrary but must satisfy a so-called
dispersion relation. We shall see examples later on. This approach to Euler
(wave) equations has been applied by many scientists since the end of the
nineteenth century.

In a number of papers starting in 1965, Whitham gave a new perturbation
approach; in the description we will follow Whitham (1970, 1974) and Luke
(1966). To fix the idea, consider the strongly nonlinear, one-dimensional Klein-
Gordon equation

u 9%*u
ot 0x?

which can be derived as the Euler equation generated by the Lagrangian

+V'(u) =0,

1 1
L= iuf - §ui = V(u).
Exact periodic wave trains can be produced by substituting v = U(0) as
discussed above. We will study the slowly varying behaviour of the wave train
over large distances and for large times by introducing the slow variables
X = ex and 7 = et. The quantity 6 will depend on X and 7; moreover the
rescaling
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9

is sometimes used. The wave number and the frequency will be slowly varying:
k=0, > kX, 7)=0x, w=-0; 5 w(X,7)=—-06,.
Consistency then requires that
kr +wx =0.

The solution describing the slowly varying wave train is supposed to have the
expansion

u=U0,X,7)+cU (0, X,7) +%--- .
Transformation of the differential operators as in the previous sections yields
Uzz — Upgh® + e(Ugkx + 2Ugxk + U109k2) +e2...

ugy — Upow? + e(—Upw, — 2Uprw + Urgow?) +€2-- -,
VI = V(U)+ U V'(U) +€%--- .

Substitution into the Klein-Gordon equation produces at lowest order
(@? = K2)Upy + V'(U) =0
and to O(g)
(w? = k*)Urgg + V"(U)U; = 20Uy, + 2kUgx + wrUyg + kxUp.

As before, we have obtained a system of ordinary differential equations, only
the first one is nonlinear. The constants of integration may depend on 7 and
X. In general, the nonlinear equation will have an infinite number of solutions
periodic in € (see, for instance, Verhulst, 2000). We choose one, Uy(#), and
normalise the period to 27. The lowest order equation has the integral

S (7~ U3 +V(U) = B(X,7),

where the parameter E (“energy”) still depends on 7 and X. From the energy
integral, we can extract Uy and integrate

L _ AU
0=y kz)/\/E—V(UO)'

Integration for Uy(f) over the whole period in the phase-plane yields

— S w2 4
21 = 2(2 kﬂ%m.
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This is a relation between w, k, and E that we will again call the dispersion
relation. Whitham (1970, 1974) introduces the averaged Lagrangian L by
substituting Uy(f) into the expression for the Lagrangian and averaging over
the period

T _ 1 o 1 2 2 12
=5 | (Q(w — KU, —V(Uo)> do.

We eliminate V (Up) using the energy integral so that
1 2m

[

1
Q—kQU’sz—E:—y{ 2 _KHULdU, — E
27 J, (w )0 o (w )0 0 s

which can also be written as

L= %\/2(602 — k2) f VE —V(Up)dUy — E.

The last expression for the averaged Lagrangian L depends for a given poten-
tial V on w, k, and FE only; for the integration, Uy is a dummy variable.

Whitham proposes to use this averaged Lagrangian to obtain appropriate
Euler equations for the unknown quantities w, k, and E. So far, we did not
apply the secularity conditions to the equation for U;. Remarkably enough,
these are tied in with the variations of the averaged Lagrangian. For technical
details, see the literature cited.

Example 14.3

Consider the strongly nonlinear, one-dimensional Klein-Gordon equation

?u  0%u St utau® =0
— — - tu+au’ =0,
ot 0x?

corresponding with V(u) = %uz + %u‘l with a a constant; the equation can be
derived as a Euler equation by variation of the Lagrangian

1 15, 1 a 4
in’u%*iux*iﬂ?*zu .
With the multiple-timescale expansion v = U + eU; + 2 -- -, we have

(w? = k*)Upg + U +alU? =0
and to O(g)
(w? = E) U9 + (1 + 3aUHU; = 20wUs, 4 2kUsx + w, Uy + kx Us.

The solutions for U can be obtained as elliptic functions that are periodic in 6.
They oscillate between the two zeros of E(X,7) — U2 — 2U*. The dispersion
relation among w, k, and E takes the form
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1
o — §(w2 _ k2)7{ dUy _
V JE- 303 -3¢

The averaged Lagrangian becomes

= 2i,/2(w2 —k?)f\/E— %Ug —% 4dUy — B,
7T

for which various series expansions are available.

In the case of weakly nonlinear problems, it is easier to obtain explicit
expressions. We show this with another example that is used quite often in
the literature.

Example 14.4
Consider Bretherton’s model equation

0%u . 0*u n 0%u n 3
=+ 5+ 5 tu=eu’,
otz Ozt 022

which can be derived from the Lagrangian

1, 1

1 1 1
L:§Ut— 2 4

gui@ + iu” - §u2 + Zsu .

If € = 0, substitution of u = a cos(kz — wt) produces the dispersion relation
Wkt k%=1,

For £ > 0, we assume that the solution is slowly varying in § = k(X,7)x —
w(X,7)t, X =ex, and 7 = et:

u=a(X,7)cos(k(X,7)x —w(X,7)t)+e---.

For the averaged Lagrangian at lowest order, we find

_ 1 27
L=—

1 1
Ldf = —a*(w? — k" 4+ k> — 1)+ ——ea” +--- .
57 /. 4a(w + )+ smea” +

32

The Euler-Lagrange equation with respect to the amplitude a is L/da = 0;
this produces the dispersion relation

3
w2—k4+k2:1+15a2,
which is an extension of the “linear” dispersion relation. Other variations of
L will produce relations among amplitude a, frequency w, and wave number k
that play a part in wave mechanics. For explicit calculations, see for instance
Shivamoggi (2003).
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14.5 Adiabatic Invariants and Energy Changes

In Chapter 12, we looked at adiabatic invariants that can be seen as asymp-
totic integrals or asymptotic conservation laws of a system. In contrast with
“classical integrals of motion,” these adiabatic invariants represent a relation
between phase variables and time that is conserved with a certain precision
on a certain timescale. This is of particular interest when we want to char-
acterise changes of energy or angular momentum without having to integrate
the complete equations of motion.

In this section, we explore the ideas for ordinary differential equations,
after which, in the next section, we give an application to the Korteweg-de
Vries equation.

Example 14.5
Consider initial value problems for the equation

i+ x=cf(x,,et)

with sufficiently smooth right-hand side. Applying averaging as in Chapter

11, we can introduce amplitude-phase variables of the form (11.5) by putting

x(t) = r(t) cos(t + ¢(t)), 4(t) = —r(t) sin(t + ¢(t)). We will add two variables,
1 1

E(t) = 5a*(t) + 52°(t), 7 =et,

and, after differentiation of E(t), the two equations

dE
o exf(x,&,7), T=c.

Note that E(t) = 2r2(t). The four equations (for r, ¢, E, 7) that we can derive,
are all slowly varying; we only average the equation for E:
dE, € 2

rsin(t + @) f(r cos(t + ¢), —rsin(t + ¢), 7)dt.

As in Chapter 11, we can put s =t + ¢ with the result that ¢ does not occur
in the averaged equation. We find after averaging an expression of the form

=eF(ro(t),7) = eF(\/2E,, 7).

This is a first-order differential equation for F,(t) that we can study without
solving the averaged equations of motion. F,(t) is an adiabatic invariant with
E,(t) — E(t) = O(g) on the timescale 1/¢.

Consider as an example the Rayleigh equation

- (1.
a r = EX — =
c 3
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dE .9 1.,
— = 1-= .
g = ( 333)

Amplitude-phase variables produce

with

% = er?(t) sin®(t + ¢(t)) (1 - %rz(t) sin® (¢ + <z>(t))>

and, after averaging over t,

dE, 1 , 1,0\ 1
pTa 25ra(t) (1 4ra(t)> =ck, (1 2Ea> .

If we choose E,(t) = 2, the energy does not change in time. This is the energy
value of the well-known limit cycle of the Rayleigh equation. If we start with
E(0) < 2, the energy grows to the value 2 as the solution tends to the limit
cycle, and if we start with F(0) > 2, the energy decreases to this value.

Integrating the equation for F,, we obtain an expression that we can
interpret as an adiabatic invariant for the Rayleigh equation.

We consider now a strongly nonlinear problem based on Huveneers and
Verhulst (1997).

Example 14.6
Consider the equation
i+ x = a(et)z?

with a(0) = 1 and a(et) a smooth, positive function decreasing towards zero.
This is a simple model exemplifying a Hamiltonian system with asymmetric
potential that by some evolution process tends towards a symmetric one.
Transforming y = a(et)z, we obtain the equation

!

ij+y=y2+2swy+52---

a(et)
A prime denotes differentiation with respect to its argument. The result is
surprising. The O(g) term represents a dissipative term, which means that
our system in evolution towards symmetry is characterised by an autonomous
Hamiltonian system with dissipation added. To see what happens, we consider
a special choice: a(et) = e~°'. The equation becomes

j+y=y>—2ey+e’ .

If ¢ = 0, we have a centre point at (0,0) and a saddle at (1, 0) with a homoclinic
loop emerging from the saddle and intersecting the y-axis at (f%, 0). If e > 0,
the loop will break up but the saddle still has two stable and two unstable
one-dimensional manifolds. If ¢ = 0, we can associate with the equation the
energy
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1. 1 1
EZ*yQ"F*yQ—*Zﬁ

2 2 3
and by differentiation and using the equation for £ > 0
dE
o =2 2.

To see what happens to the homoclinic loop, we approximate E by F,, omit-
ting the €2 terms and using in the equation the unperturbed homoclinic loop
behaviour of g. Integrating from yo to y1, we have

t(y1) Y1
E, = 725/ 72 (t)dt = 725/ ydy.
t(yo) Yo

We now use that for € = 0 the homoclinic loop is given by

1, 1, 14 1
QU TV T3V T

and that the loop is symmetric with respect to the y-axis; we have

1 L /o 1
E,=>—4 \Sy® — 2+ =dy.
a= G 5/; Y~y gdy

Fortunately, this is an elementary integral. (Use MATHEMATICA or an integral
table.) We find for the first-order changed energy
1 12
E,=—-——e¢.

“T6 5
It is interesting to deduce from this the position where the stable manifold of
the unstable equilibrium intersects the y-axis. The top half of the homoclinic
loop is bent inwards with an energy change of %5, so the stable manifold has
energy (to a first approximation) & + £ and is approximately described by

1, 1, 1,4 1.6
Q¥ TV TRV T T

Introducing into this equation y = 0,y = f% +ea+---, wefind a= -8, so

the intersection takes place at approximately (—% — s%, 0). ’
Remark

This type of energy change for one homoclinic loop can be found in Gucken-
heimer and Holmes (1997). In the interior of the homoclinic loop “ordinary”
averaging is valid, but this is not the case in a boundary layer near the loop.
In Huveneers and Verhulst (1997), the computations use elliptic functions and
cover both the interior of the homoclinic loop and the boundary layer near
the homoclinic loop and the saddle. The error analysis is subtle and involves
various domains and different expressions for the adiabatic invariants; for the
passage of the saddle, the analysis follows Bourland and Haberman (1990).
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14.6 The Perturbed Korteweg-de Vries Equation

In the spirit of example 14.6 and following Scott (1999), we discuss pertur-
bations of solitons in the Korteweg-de Vries (KdV) equation. The equation
is

Ut + Uy + Ugge = f(-++), —00 <2 < 00,t >0,

where we have the KAV equation if ¢ = 0, and f is a perturbation that
may depend on x,t,u and the derivatives of u. The well-known single soliton
solution of the KdV equation is

u(z,t) = 3vsech? (\f(m — vt))

with v the constant soliton velocity. The perturbation f can have many con-
sequences, but we will study the case with the assumption that we have only
small variations of the velocity v, v = v(7), T = et.

As in the preceding section, we can directly derive an equation for the
behaviour of the energy with time. It is convenient to introduce the function
w by w, = u. The KdV equation can be derived from the Lagrangian density

2

1
L= —wyw + ~wd — 3 Was

2 6

Instead of the Lagrangian, we will use the associated Hamiltonian density

The total energy (which we will later specify for a soliton) is

H = / Hdzx.

From this energy functional, we find by differentiation

dH o ( 1, . ) d
— = — =W, Wyt WrrWarat xX.
dt - 2 Wz xx Wxx
The first term is partially integrated once and the second term twice; we also
assume that the first three derivatives of w vanish as + — +o00. We find

dH &

— 00
and finally, using that w, satisfies the perturbed KdV equation,

dH oo oo
v (—wgt + ef)widx = 5/ fwidz.

— 00
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We can explicitly compute the total soliton energy by substituting the ex-
pression for the soliton while neglecting variations of v(7); they are of higher
order. We find after integration

3602 (7)
5

H=—

and so derive variations of the energy from long-term variations of v(7):

dH 3 dv
g |
dt s dt’

Combining the general expression for dH /dt with this specific one, we find for
the velocity variation

dv 1 e

— =——F wydx.

dt 18v3 /_Oo Juwr

For the soliton (¢ = 0), we have the relation

Wy = —VW, = —VU,
and assuming that for € > 0 we have to first order w; = —v(7)u, we obtain
fwidzx.
dt 18v /
One of the simplest examples is the choice f = —u; inserting this and using

the expression for a single soliton yields after integration

dv 4

at o3¢
with solution .
v(et) = v(0)e 3.

As we can observe, in the expression for the single soliton, the amplitude
obeys the same variation with time. In an interesting discussion, Scott (1999)
notes that this result is confirmed by numerical calculations. On the other
hand, when analysing other conservation laws of the KdV equation with the
same technique, the results are not always correct. The implication is that
mathematical analysis of these approximation techniques is much needed.

14.7 Guide to the Literature

An early reference is Benney and Newell (1967), where multiple-scale meth-
ods are developed to study wave envelopes and interacting nonlinear waves.
Around the same time, Luke (1966) gave a multiple-scale analysis for some
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prominent wave equations; this is tied in with work started in 1965 and ex-
tensively described in Whitham (1970, 1974). In Whitham’s work, multiple-
scale analysis is imbedded in variational principles, employing averaged La-
grangians, which puts the computations in a more fundamental although still
formal framework. If the medium is not homogeneous, Whitham shows that
the wave action is conserved for strongly nonlinear dispersive waves analogous
to the action being an adiabatic invariant for strongly nonlinear Hamiltonian
oscillations.

Until the papers of Haberman and Bourland (1988) and Bourland and Haber-
man (1989), modulations of the phase shift for strongly dispersive waves got
little attention. Using the equation for the wave action, they developed a
modification of the approximation scheme to include higher-order effects and
characterise at what order of the perturbation scheme such effects play a part.

Chikwendu and Kevorkian (1972) developed a general multiple-scale ap-
proach for wave equations that we have called “averaging over the charac-
teristics”. See also Kevorkian and Cole (1996), where wave equations and
conservation laws are discussed. Chikwendu and Easwaran (1992) extended
this for semi-infinite domains.

Van der Burgh (1979) has shown that in a large number of weakly nonlin-
ear equations the multiple-scale analysis yields asymptotically valid results.
This is based on the usual integral inequality estimates, and the asymptotic
estimates may even be improved. See also the discussion in De Jager and
Jiang Furu (1996). We are not aware of other proofs of asymptotic validity
for unbounded domains.

Important extensions and applications have been found and are being im-
plemented. Ablowitz and Benney (1970) extended Whitham’s averaged vari-
ational principle to multiphase dispersive nonlinear waves. McLaughlin and
Scott (1978) did this extension for solitary waves and solitons. In Scott’s
(1999) book, used in the previous section, applications to the sine-Gordon
equation, the nonlinear Schrédinger equation, and other interesting examples
can be found.

14.8 Exercises

Exercise 14.1 Consider the weakly damped Klein-Gordon equation in the
form

Pu  0%u  Ou

@—w:{fa, —o00 < x < 00, t>0,
with u(z,0) = f(z), us(z,0) =0.

a. Introduce a regular expansion u(z,t) = wug(z,t) + eui(z,t) + --- and
formulate the initial value problems for ug and u.

b. Reformulate the initial value problems for uy and u; in characteristic
coordinates &, 7.
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c. Solve the initial value problems for ug and u; to show that secular terms
arise.

Exercise 14.2 Compare the first-order multiple-timescale expansion of Sec-
tion 14.1 with the exact solution. For comparison, see Chikwendu and Kevorkian
(1972).

Exercise 14.3 Consider the weakly nonlinear wave equation from Section
14.3 with damping added:

0?u  0%u ou 3
ﬁ_@+u+ga:5u,—oo<m<oo, t> 0.

Consider a wave train moving to the right. Determine the change in the sec-
ularity conditions.

Exercise 14.4 Consider the wave equation with a Van der Pol perturbation

0%u B 0%u ou

w_ﬁ—ea(l—zf), —o00o < x < o0, t>0.

Initially we have a progressive wave u(z,0) = f(z), us(z,0) = —fz(x). Com-
pute a first-order approximation as in Section 14.2. Consider a suitable initial
f(z) explicitly.
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Appendices

15.1 The du Bois-Reymond Theorem
We present the proof of the theorem in the version of Eckhaus (1979).

Theorem 15.1
(du Bois-Reymond)
For any asymptotic sequence d,,(g),n = 0,1,2,-- -, there exist order functions
§%(¢) such that for all n
8% = 0(8,).

Proof
Assume that 6,(¢) = o(1),n = 1,2, ---; if not, the statement of the theorem
is trivial. As the d,, sequence is asymptotic, we have for 0 < e < &, < &g

Spi1(2) < 8n(e).

If the graphs of the functions d,(e) intersect, we may take &, from the in-
tersection points; if not, we may take more arbitrarily a sequence &, — O.

We construct the order function §°(g) as follows. At ¢ = ¢,, we define
8°(en) = dnt1(en)-
Repeating this process for n = 1,2, - -, we obtain after connecting the 6°(e,,)

a function 6°(g) with
0 < 6%ce) < 0pyi(en) for enpy <e < ey
The estimate holds clearly for 0 < ¢ < €, so that
5%(e) < Oni1(e)
on(e) = dule)
for 0 < € < g, and all n. Taking the limit € — 0, we have
0
)
e—0 577,(5)

=0 for all n.
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+1

n+2

Fig. 15.1. Construction of 6°(¢) in the Eckhaus (1979) version of the du Bois-
Reymond theorem.

15.2 Approximation of Integrals

The proofs of the theorems for the approximation of integrals that we pre-
sented in Chapter 3 are based on partial integration and quite elementary.

Theorem 15.2
Consider the Laplace integral

o(x) = / T e ()t

with f(t) uniformly bounded for ¢+ > 0; the derivatives f()(t)--- f(m+1(¢)
exist and are bounded on [0,a],a > 0. Then

m—1
1 1 1
_ _ = r(n) - _—ax
o) = 3 et ™0 +0 (e ) 0 ()
for z — oo.
Proof

The idea is that, because of the exponent, the largest contribution arises near
t = 0 so that only the values of f(™)(t) at t = 0 play a part. Introducing the
positive constant a, we have
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¢m»::ﬂfe—“fuﬁn+1lme—“fuyu

Assuming that |f(t)] < M, we have for the second integral

o0 o0 M
/ e‘“f(t)dt‘ < M/ e Ttdt = ?e_‘“”.

Partial integration of the first integral produces

/%ﬂva=iumwwﬂwm»+1/%ﬂvaﬁ
0 z T Jo

which after repeated integration yields the result of the theorem.

O

Theorem 15.3
Consider the Fourier integral ¢(x fﬂ et f(t)dt with f(t) (m + 1) times
continuously differentiable in [, ﬂ] then

(n) (n)
( )772m 1 i 1an((13¢ zza+zzl 01 ‘n—1f nJSﬁ) zzﬁ+0(x7m71).

Proof
Partial integration produces

8
/ mtf( ) =21 zztf fﬁ zztf(l) )

1

= (@) = f(a)e) + -

Repeated partial integration produces the expansion with remainder

1 A
Rp=——— / et Fm) (1) dt

(—Zl‘)m

Partial integration of the integral on the right-hand side yields the estimate
of the theorem.

O

15.3 Perturbations of Constant Matrices

In studying differential equations, one often has to analyse square matrices
A(e) that depend smoothly on a small parameter £ and are otherwise constant.
As usual, our quantities are real, but one should be aware that many of the
following results also hold for complex matrix entries, for instance in the case
of the general expansion results 1 and 2 in the next subsection.
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Perturbations of matrices arise for instance when considering the stability
of individual solutions and when analysing bifurcations. In the latter case, the
"unperturbed” matrix A(0) will have eigenvalues zero or purely imaginary. In
all of these cases, we wish to know how the eigenvalues, and sometimes also
the eigenvectors, depend on the parameter €.

We will assume that each element of the matrix A(e) can be expanded in
a Taylor series with respect to € so that we can write

A(E):A0+€A1+€2A2+53“',

where A(0) = Ag. A1, Ag, -+ are square matrices with the same dimension as
Ap and do not depend on . One immediate problem is that often we know
Ap, a first-order perturbation analysis, will give us A, but to obtain A,
etc., usually requires a substantial computational effort. So one of the first
questions is what conclusions we can draw from our knowledge of Ag and A;.
In this respect, we will be interested in several different questions.

e Can the eigenvalues be expanded in a convergent series of the form
A=Xg+el +e2-- 0,

where \g is an eigenvalue of the matrix Ay7

e If we are in the critical case where )\ is zero or purely imaginary, how do
the perturbations affect the eigenvalues and thus the qualitative behaviour
of the solutions of the corresponding differential equations?

The first question is a classical one and was solved a long time ago. As we
shall see, in the second case these questions are not always easy to answer.
First we will summarise some results for real n X n matrices. An important
part will be played by whether the eigenvalues of Ag+¢A; or in general A(e)
are distinct or not. However, we have to clarify what we mean by “distinct”
in this perturbation context:
The eigenvalues A\, (¢) and Ay (g) are distinct if A, (€) — Ap(e) # 0 and moreover
not o(1) as € tends to zero.

In fact we may relax this condition somewhat. In many cases, A\, — A\, may
be o(1) if the difference tends to zero slowly enough. We omit such refinements.

15.3.1 General Results

We start with some basic results.

1. If an eigenvalue A\ of Ay is single and thus distinct from the other eigenval-
ues, the perturbed eigenvalue A(g) of A(g) can be expanded in a convergent
power series (a Taylor series) of the form

Me)=Xo+er +e%---.

On realising that the characteristic equation is algebraic in A, this is a
straightforward application of the implicit function theorem.
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If one of the single eigenvalues of Ay vanishes, A(e) has one small eigen-
value of size O(e).

Note that here and in the following confusion can arise from a slightly
different terminology in numerical analysis. A numerical analyst might
say: what happens when \; is a large number? The answer is that in
perturbation theory the starting point will be a rescaling of all quantities
so that we can identify the size of the parameters with respect to . It
follows that in this perturbation context A; is a fixed constant of size O(1)
as ¢ tends to zero.

. If some of the eigenvalues of Ay are multiple, the expansion of the eigen-
values of A(g) is modified by the inclusion of fractional powers of ¢ in the
convergent series. This is called a Puisieux series. A proof, in the more
general context of functions of two variables, can be found in Héormander
(1983, Vol. 2, Appendix A); basically, arguments from complex function
theory are used.

The implication of the convergent power series result and the Puisieux se-
ries is that if the matrix Ay is nonsingular and if all the eigenvalues have a
nonzero real part, there is little qualitative change by adding higher-order
perturbations. In this case, Aq is called structurally stable. An extensive
discussion and many applications can be found in Vainberg and Trenogin
(1974).

. If the matrix A(e) is symmetric with respect to the diagonal (in another
context also called Hermitean or self-adjoint), all eigenvalues are real.
Coincident eigenvalues do not affect this statement. A large number of
operators in physical problems are symmetric; for an extensive treatment,
see Parlett (1998), and for perturbations see Wilkinson (1965) or Stewart
and Sun (1990).

In this symmetric case, the eigenvalues can again be expanded in a Taylor
series with respect to . An important consequence is that if A is nonsin-
gular, stability statements will be completely decided by the eigenvalues
of Ap. Adding the perturbations will only move the eigenvalues an O(¢)
distance on the real axis.

An interesting special case arises if Ay is symmetric and A; is not. If the
matrix Ag is nonsingular, stability is again completely determined by the
eigenvalues of Ay but the eigenvalues may move into the complex plane,
which may trigger other interesting dynamics.

In general, for bifurcation problems where eigenvalues may be zero or
purely imaginary, these results for symmetric matrices can seldom be ap-
plied.

. If the matrix A(e) is derived by linearisation near an equilibrium or pe-
riodic solution of an autonomous Hamiltonian system, we know that the
eigenvalues in the complex plane are located symmetrically with respect
to the imaginary and real axes. Moreover, in the case of a periodic solu-
tion, there are two eigenvalues zero (one arising from the family of energy
manifolds and one from the usual translation property in autonomous sys-
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tems); see for instance Verhulst (2000). In the following, a and b will be
real, positive numbers. Note that in a Hamiltonian system with n degrees
of freedom, the dimension of A(¢) is 2n.
e Systems with two degrees of freedom
Suppose that Ay has rank 2. The possible eigenvalues for Ay near a
periodic solution are (0,0, —a, +a), (0,0, —bi, +bi). Because of the sym-
metry requirement, changes take place along the axes so this location
cannot be changed by higher-order perturbations.
Suppose that Ay has rank 4 near an equilibrium. The possible eigenval-
ues for Ag are (—a, +a, —b, +b), (—a, +a, —bi, +bi), (—ai, +ai, —bi, +bi),
(—a + bi,—a — bi,+a + bi, +a — bi). As far as Ay determines the out-
come, the first, second, and fourth cases are unstable and the third
case stable. If a # b, higher-order perturbations cannot change this
picture because of the symmetry requirement; if a« = b, the third case
may also lead to instability if the eigenvalues move from the imaginary
axis into the complex plane.
The Hamiltonian Hopf bifurcation arises when the system has a pa-
rameter that, when varied, moves eigenvalues on the imaginary axis
until at the bifurcation value of the parameter the eigenvalues are coin-
cident, after which they move away from the imaginary axis in opposite
directions.
e Systems with three degrees of freedom
We consider periodic solutions only. On perturbing around such solu-
tions, assuming that Ay has rank 4, we have for the possible eigenvalues
(0,0, —a, +a,—b, +b), (0,0, —ai, +ai, —bi, +bi), (0,0, —a, +a, —bi, +bi),
(0,0, —a + bi, —a — bi, +a + bi, +a — bi). Such sets of eigenvalues allow
for interesting bifurcations.
Another interesting case with many applications, for instance for incom-
pressible fluids, arises if the matrix A(e) is derived by linearisation near an
equilibrium or periodic solution of an autonomous system of differential
equations in which the phaseflow is measure-preserving. In such a case,
the trace of the matrix A(e) and so the sum of the eigenvalues equals
zero. This also holds for the traces of the matrices Ag, Ay, Ao, -+ ete. If
we have for instance a three-dimensional system, the eigenvalues of Ag can
be (0, —a, +a), (0, —ai, +ai), (2a, —a + bi, —a — bi). In the first and third
cases, we have instability; in the second case, we have stability from Ag
but instability may be caused by higher-order perturbations.
The last two cases are associated with the possibility of the so-called
Shilnikov bifurcation (see Guckenheimer and Holmes, 1997).

Although we have explicit results for the dependence of the eigenvalues on

the parameter € mentioned above, we are left with the basic problem of how

far

we have to go in calculating the perturbation matrices A;, Ao, etc., in a

number of problems. A few simple examples will illustrate this.
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15.3.2 Some Examples
In the first example, we show a result of the Newton-Puisieux expansion of

eigenvalues.

Example 15.1
Consider the matrix A(e) with the expansion

001 000 000
A(e)=[000 ] +c{ 100 | +*|00 0
000 300 0-10

in which Ay is very degenerate. Including the O(g) term, we find the approx-
imate characteristic equation

A2 —3:A=0

and eigenvalues \; = 0, A2 3 = +31/2. Adding the O(g?) term, the full char-
acteristic equation becomes

AN —3ed+e =0.
Allowing for fractional powers, the Newton-Puisieux expansion produces

1 1 1
M=-e24—e4+- Aogg=23/e— =2 +---.
1= 3¢ +816+ 2,3 Ve 65+
Note that if we have to solve the differential equation & = A(e)x time-like
variables (timescales) /et,e2t,%t and longer timescales clearly play a part.
Such problems concerning timescales are discussed in Chapters 11 and 12.

Above we introduced the concept of a structurally stable matrix, and one
might think that if at a certain order of approximation the eigenvalues have
real part nonzero, higher-order approximations will have no qualitative influ-
ence. This is too optimistic, as the following example shows (see also Sanders
and Verhulst, 1985, and Murdock, 2003).

Example 15.2
Consider the matrix A(e) with the expansion

Ae) = <8(1)) +€<_01 _02) +&? (gg)

Including the O(e) term, we find the approximate characteristic equation

(—e=A)(-2e—X) =0
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with eigenvalues \;y = —e, Ao = —2¢. The full characteristic equation, includ-
ing the O(g?) term, is
M 43N —4e2 =0

with solutions A\; = ¢, \g = —4e.

This is a disturbing example. As mentioned before, in differential equations
higher-order approximations require a considerable computational effort. We
would like to stop the calculation if going on does not change the qualitative
picture but only adds some very small quantitative corrections. From the pre-
ceding subsection, we know that we can expand the eigenvalues with respect
to the small parameter € but, in this case of a singular matrix Ay, it does not
tell us how many terms of the expansion of the matrix A(e) we need. A rough
upper limit is obtained as follows.

An upper limit for the matriz expansion
Suppose that for the expansion of A(e) to order m

Ag+eAi +e2As+ - +eMA,,,

we have that all real parts of the eigenvalues are nonzero and that the smallest
of the real parts has (or have) size Os(¢™). We assume that Ay has at least
one nonzero element; if not, we rescale by extracting . Suppose we compute
the eigenvalues of

Ao+eAr+%As+ - +eMAp+ -+ M Ay

with M > m. If the dimension of A(e) is n, we may have eigenvalues of size
O(eM/™), so in our computations we have to include the matrix expansion as
far as Ay with M/n=m or M = mn.

This agrees with our earlier observation that if Ay has eigenvalues with
real part nonzero, Ag is structurally stable, and also with our Example 15.2
where n =2, m = 1.

An improvement of the estimate can be realised when using Jordan normal
forms. Suppose that the eigenvalue we are analysing is located in a Jordan
block of size n*. Then we may use n* instead of n for our estimate. We omit
the technical details.

The relation with numerical analysis

Perturbation bounds for matrix eigenvalues are studied extensively in numer-
ical linear algebra. Our upper limit estimate is related to general estimates by
Ostrowski and Elsner; see Stewart and Sun (1990, Section IV.1).

Example 15.3
In Chapters 11 and 12, we considered the Mathieu equation

#4 (1+ca+e*b+ecos2t)r =0
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with free parameters ¢ and b. An (averaging) normal form approach produces
Ay = 0 (because of the use of co-moving variables) and to first order the
matrix

1(g— 1
Afe) :+5<_é(£+ " (e 2)) +O().

The eigenvalues are

This leads to the well-known result (see Chapter 11 for details) that for a> > %
the solutions of the Mathieu equation are stable and for a? < i they are
unstable. What happens at the transition values, for instance at a = %? In
this case, we have

We find for the eigenvalues of A(e) to this order of approximation

1 1 1 1 7
2 _ = o 3 - 7 o 4
A 4 (b 32> < Ty (b 32) (32 b) °

so if b > —é we again have stability, and if b < —% we have instability.

Note that the timescale e3¢ plays a part in this problem. The boundary case
of b= 3—12 again requires a higher-order calculation or different reasoning; see
again Chapter 12.

Example 15.4
Consider the (real) matrix A(e), where n = 2 and

01
A0_<_10>a

which, derived from a differential equation, corresponds with the harmonic
oscillator. The eigenvalues of A, are +i, and the eigenvalues of A(e) are more
generally complex. What can be the influence of perturbations? If ¢ is the
trace of Ag, k =1,2, -, the eigenvalues of A(e) can be written as

1 .
Ma= g k;sktk +i(1 4 0(e)).

The implication is that if for a certain value m we have t,, # 0, the structural
stability is not affected by perturbations higher than m. Do we have such a
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nice result for coupled oscillators where n = 4,6, or higher? Unfortunately
not, as is shown by the following example. Consider the matrix

0 1 0 0
1-2 0 1
A)=1¢9 0 0 1

0 a?? —1 —2¢
The characteristic equation can be written as
(A2 +2eX +1)? = a?e?\?

or
A2 426N+ 1 = +ae),

so that Ag has double eigenvalues +i¢, and Ay + €A4; has double eigenvalues
with negative real parts —e + v/1 — €2i. However, if we take a > 2, the full
matrix A, has eigenvalues with positive real parts, so calculations to O(g?) are
necessary in this case of coupled oscillator equations with equal frequencies.

In Chapter 11, we also considered bifurcation problems that are treated
by averaging normal form methods. Perturbations of matrices in the context
of normal form methods are discussed extensively in Bogaevsky and Povzner
(1991) and Murdock (2003). Theory, examples, and references for infinite-
dimensional problems can be found in Chow and Hale (1982).

15.4 Intermediate Matching

As we have seen in many problems, the approximation of solutions of differ-
ential equations with a small parameter usually involves several local approx-
imations (local in space, time, or both). To obtain a global approximation,
one has to match the local solutions, assuming that there is an overlap of
domains.

There is some freedom in the choice of the way the solutions are matched,
the so-called matching principle. Both mathematical analysis and personal
taste play a part here. In this context, the basic ideas of Van Dyke, Lagerstrom,
and Eckhaus should be mentioned. Discussions can be found in Fraenkel
(1969) and Eckhaus (1979), historical notes in Eckhaus (1994). As mentioned
before, a different approach to matching is by blow-up techniques; see Krupa
and Szmolyan (2001) or Popovié¢ and Szmolyan (2004).

The most elementary way of matching, used extensively in Chapters 4—
8, is “matching against zero”. To fix the idea, consider an interval with left
endpoint x = 0 where we want to determine an approximation of the function
¢<(x). Suppose that, away from = = 0, in the interior of the interval, we have
a regular expansion of the form ¢g(z) + e¢1(x) + - --. Using the subtraction
trick by putting
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Ye(x) = ¢ () — (do(x) + ed1(2) +---),

we obtain an equation for i.(z). For this equation, the regular expansion
vanishes. Near x = 0, we assume that we have a boundary layer expansion

o(&) + k1(e)Y1(€) + -+, ki1(e) = o(1), in the local (or boundary layer)
variable r
= @7 d(e) = o(1),

which plays a part near the left endpoint of the interval. “Matching against
zero” takes the form

lim ¢o(£) = 0.

=+

This is justified by stating that if we move outside an O(d(¢)) neighbourhood
of £ = 0, the boundary layer terms have to vanish.

As we have mentioned before, the overlap hypothesis assumes that there
exists a subdomain near x = 0 where both the regular and the boundary
layer expansions are valid and where they can be matched. A local variable
&o corresponding with such a subdomain can be of the form

T

f0= 5oy %0e) = o(1),0(e) = o(do(€))-

In the overlap domain, the first terms of the regular and the boundary layer
expansions are transformed:

Yo(§) — o (?éjﬁo) s o(x) = do(do(€)éo)-
For vy (§) and ¢o(z) to be matched in the overlap domain as € — 0, we have
upon expanding from the equality of the leading terms
§£Too o(€) = lim go(2).

This is a slightly more general matching rule and the simplest form of in-
termediate matching. As Eckhaus (1994) formulates it: “it may baffle serious
students because it says: the regular approximation when extended to values
where it is no longer valid equals the local approximation when extended to
values where it is no longer valid”.

In a number of problems, this matching rule is still too simple and one
has to use a natural generalisation. This consists in rewriting the boundary
layer expansion to some order and the regular expansion to (in general) some
other order in the intermediate variable and then, after expanding both of
them, asking for equality. Explicitly, consider the regular expansion to order
m re-written in the intermediate variable &,

¢0(d0(€)0) +€01(d0(€)&0) + -+ + €MD (d0(€)é0),

and the local (boundary layer) expansion to order p,
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o <(i;)((;))€o> + k1) <(;O((§)) §0> + 4 Kp(e)y <(i50((;)) 50) .

The generalised matching rule is now that both expansions, re-expanded and
truncated at some suitable order, should be equal for certain m and p.

We have seen the results of intermediate matching between a local and a
regular expansion in Chapter 6. The matching principle can also be applied
to two local expansions on nearby domains, as we shall demonstrate below.

Example 15.5
To facilitate the calculations, we study an explicitly given function

oe(x) = = =, z>0.

e
T + &2

We note that ¢.(0) = 1, and the function is exponentially small outside a
boundary layer of size O(g). There is, however, a smaller boundary layer
imbedded of size O(g2), and we identify the local variables

X X
51:77 52:7
[3) [3)

Transforming = — &;, we find that ¢.(x) takes the form

__°t &1 _ ,—& i_i )
val&) 51+€e ‘ (51 §%+ .

Transforming © — &, we find
1 1 1
—eb — 1—¢ +522+~~>.
e = e (1- e+ 528

Using the overlap hypothesis, we assume that an intermediate local variable
&o(e) = x/do(e) exists with the properties

So(e) = o(e), €2 = o(o(e)).

Rewriting 17 in the intermediate variable £, and expanding, we have

S0€0 2
W1 (61) = o— 2 (5250 —-54~-'>

P2(&2) =

52

:7—’—....
d0éo

Rewriting 15 in the intermediate variable £, and expanding, we have

g2 d0&o
1/}2(52) — W (1_6—"_“.)

62

= = 4.,
d0éo

This completes the matching of the two local expansions.
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There still exist a number of basic analysis problems with respect to the
overlap hypothesis and the justification of matching rules. The reader is re-
ferred to the literature cited above. In most if not all real-life applications,
matching in one of its different forms often meets computational obstacles but
seldom fundamental ones.

15.5 Quadratic Boundary Value Problems
Consider the boundary value problem

20— a(a,0) <d> (2,0 4 o2, 6), 6.(0) = a,6.(1) = B

dx dx
The coefficients a, b, ¢ are supposed to be sufficiently smooth, and from the
outset we assume that a(z,¢) > ag > 0 for = € [0,1],¢ € R, where ag is a
positive constant. The analysis will follow in large part Van Harten (1975),
and we have added some examples.

15.5.1 No Roots

As we have seen in Example 6.1 of Chapter 6, the construction and the solv-
ability of the problem may fail if the right-hand side has no roots. This can
be formulated as follows:

Theorem 15.4

(unsolvability)

If b2(x, ) — da(z, p)c(x,¢) < —do < 0 for z € [0,1],¢ € R, and dy a posi-
tive constant, then for ¢ sufficiently small no solution of the boundary value
problem exists.

Proof
It follows from the theory of quadratic forms that we have
¢ _ do <d¢>2

27 s 29
Ed;vQ ~ 4ag +co

dxr

with ¢y a positive constant. By integration, we have that d¢/dz will become
unbounded in an e-neighbourhood of each starting point in the interval.

O

15.5.2 One Root

In Exercise 6.4, we have seen a quadratic equation with one root of the right-
hand side.
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Example 15.6

2  (dg\’ _ _
E@ = (dl‘) s (be(()) —O"d)f(l) =B

It is instructive to analyse this problem without using the exact solution.
Substituting a regular expansion of the form ¢g(z) + e¢1(x) + - - -, we find

dbo _\ Eo1_ (dor\*_
dz " dz? dz '

We can satisfy one boundary condition. Assuming that ¢o(1) = 3, we expect

a boundary layer near « = 0. For ¢ (z), we find

A+x
=-1
d)l (.’E) n A+ 1’
where A is a suitable constant that should be determined by the matching
process. Near x = 0, we introduce the boundary layer variable
x

£ 5@ d(e) = o(1).

The equation takes the form
e &y _ 1 ()
52(e) de2  82(e) \ d¢ )
No significant degeneration is found, and we can only hope that d(g) will

be determined by the subsequent steps. Although we cannot justify this at
present, we try an expansion of the form ¥ (&) = ¥ (§) + e¢1(€) + - - -, which

leads to
o _ @i _ (Cwl>2
¢ 7 dg? dg

We conclude that ¥(§) = «. Adding the condition 1 (0) = 0, we find

$1(§) = —In(1 + BE)

with B a positive constant. Without knowing é(g), we introduce an interme-
diate variable (see Section 15.4 for intermediate matching)

€ = 5&() 3(2) = 0(8o(e)), bo(e) = o(1).

We have to expand in the intermediate variable:

¢o(z) +epi(z) —

ﬁ—gln%:ﬂ—glnA+l+~“, A>0,A< -1,
6_61n(50€0)7 AZOa
Yo(§) +ep1(§) —

a—cln (1—1—3?50) =a+elnd—clnB —eln(dp&) + - .
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The expansions match if A=0and 8 =a+¢ed —ecln B, so

o(e)
—_ = 1 —_—.
B—a=c¢ln 5
The constant B can be taken equal to 1 as it only scales d(g). We find for the

scaling of the local variable near x =0

This is correct if @ > 3. If the reverse holds, the boundary layer is shifted to
z = 1 and the regular expansion extends to = = 0.

It is easy to check from the exact solution that the expansions repre-
sent valid approximations. We could not determine the boundary layer vari-
able from a significant degeneration of the operator, but it turns out that
one boundary layer variable exists corresponding with an exponentially small
boundary layer. Remarkably enough, this local variable is derived from the
matching process.

Generalisation to the boundary problem for e¢” = a(x)(¢)? is straightfor-
ward except that there can be technical difficulties in computing the regular
expansion.

The analysis becomes very different if we assume that a(z, ¢) depends on
¢ explicitly. Van Harten (1975) gives a general result, but without a detailed
example. It is instructive to consider such a special case first.

Example 15.7
Consider the problem

d2¢ 1 do\ 2

hall - 0) = 1) = 0.

€d$2 1+|¢| (dx) ?QSE() OZ?QSE() B,O[>ﬂ>

The term |¢| need not worry us as, the solution with these boundary values
turns out to be positive. Substituting a regular expansion of the form ¢q(z) +
epi(x) + ..., we find

doo o P11 (d)'_ g
dx Tdz? 1+ go(z)] \ dx

We assume that the regular expansion satisfies the boundary condition at

x = 1. This produces

A+x

po(z) = B,¢1(x) = —(1+ ) In A1

with A a suitable constant to be determined later. Near z = 0, we introduce
the boundary layer variable
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As before, no significant degeneration is found. We try an expansion of the
form

(&) =vo(§) +evn(§) +---
leading to

by _ 1 (mﬂ):
d¢ T dg? 14+ o8] \ d€

Applying the boundary value at x = 0, we have

Po(§) = a, ¥1(§) = —(1 4+ a)In(1 + BY),

with B a suitable constant to be determined by the matching process. We
introduce an intermediate variable

& = d(g) = 0(do(¢), d0(e) = o(1),

do(e)’

and reexpand the regular and the boundary layer expansions:

$o(x) + g1 (z) —

ﬁ—g(l—i—ﬁ)lﬂAAj_l A>0 A<_1
B —e(1+ ) In(du&o), A =0,

Yo(§) + ey (§) —
a—e(l1+a)(—Ind+eln B+ eln(5p&p)).

We cannot match these expansions unless o = 3, which produces the exact,
constant solution. Of course, we made a number of assumptions, but it turns
out that if we expand with respect to order functions more general than "
or include higher-order terms, the expansions still do not match. The reason
for this is very surprising; it will follow from an analysis of the exact solution

6.(x) = (1+a) (1_“(11@35)_1

Putting (14 8)/(1 + &) = ¢, we have from our assumptions 0 < g < 1; this
makes ¢'/¢ a (very) small parameter. So, outside a neighbourhood of = 0,
we have the regular expansion

do(1) = (L+a)(qF )77 =14 =B—c(l+f)na+---

Near x = 0, it is natural to introduce the local variable

x
fzma
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which produces the expansion
¢(r) = (1+ )1 —q= €+ )77 —1=a—e(l+a)ln(l+¢&) +

However, we can define many more local variables by taking
= 4F = 0(0()), 3(e) = o(1)
= ——, q= =0(d(¢g)), d(e) = 0(1),
which produces on expanding ¢.(x) with respect to n

(1+ )(1—577+q55;16n)ﬁ_1:
(1+a)q((1—dn)g = +op)=T —1=
(14 B)(E) =T — 14+ =
B—elnd(e)(1+8)—e(1+p)nn+---.

We conclude that we have a continuum of local variables and significant de-
generations. Our matching procedures do not allow for this.

Van Harten (1975) analyses the more general problem

2
E%za(@ <j¢> ¢E( )—Q7¢5(1):ﬂ7a>6>0.

Dividing by d¢/dx and integrating yields

d¢
dzx

eln

/¢ a(t)dt + ¢ = A(¢) + ¢,

with ¢ a constant of integration. Separation of variables, integrating and ap-
plying the boundary values yields the implicitly defined solution

/a e~ AW/eqs — /a e~ AW/eqt 4.
[ &)

The integral on the right-hand side is exponentially small, and by introducing
local variables near x = 0, one can show again that a continuum of local
variables and significant degenerations exists in this problem.

Example 15.8
As a final case of a right-hand side with one root, we consider the problem

2 2
s =0 (2= 1)) L 0.0 = 0.0 =

with again a(z) > ag > 0. We do not expect anything new from this equation,
but surprisingly there are new aspects. It is convenient to transform
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¢ =u-+ / f(t)dt
0
which leads to the problem

d*u du\’ , !
U ) (dx) —ere) w0) = ) = 5 [ eyt =

Substituting a regular expansion u.(x) = ug(z)+eui(x)+- - - does not produce
a solution for uy (z) unless f(x) is constant. We try a regular expansion of the
form u.(x) = up(x) + eur(x) + - -+ :

d d? duy \°
% _, e a(x) (;;) —eff(x)+....

dx?
A significant degeneration arises if ¥ = 1/2, so that

2
o) (52) - £ =0 B — £ ate)

There will be solutions only if f/(z) > 0,z € [0, 1].

What happens if f'(z) < 0 in some part of the interval, say in a neighbour-
hood of z = x¢? With nearly the same elementary estimate as before (the case
“no roots”), we find that du/dx becomes unbounded in a /e-neighbourhood
of Zo.

We shall assume now that f/(z) > 0 and also that the regular expansion
extends to z = 1 with u.(z) = uo(z) + veui(x) + --- and

1
un(e) = w(o) = % [ VIO

For a boundary layer expansion near x = 0, we find, using the local variable

§=xz/d(e),

e &2y a(6(e)€) (dqﬁ) — ef'(8(2)€)

0%(e) de® — 0%(e) \dE
and a significant degeneration if 5(5) ve. Trying various expansions, it
turns out that we can take ¥(&) = ¥o(§) + ev1(€) + - -+ with

dvbo _ 0, @i _ a(0) (d;?

dg gz
Both equations can be integrated and produce, when applying the initial val-
ues ¥o(0) = o, ¢1(0) = 0

)2 - 1(0).

1+C

1/)0(5) = Q, ¢1(§) =1In m )
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where C' is a suitable constant to be determined by the matching process; we
have also chosen a(0) = f/(0) = 1 to avoid too many non-essential parameters.
Intermediate matching requires introducing the intermediate variable

& = %(5)7 e'/? = 0(do(€)), do(e) = o(1).

Re-expanding the regular and the boundary layer expansions, we have

uo(x) + Eéul(x) -yt (E% —£280()&),

1+C 1
#(©) +e0r () o+ LEE - chae)go
Matching is possible if
a. we take the plus sign for u; (z);
b. we choose C dependent of ¢:
C=(1- ewL?UQ -1

The result makes sense if a > ~; the reader may verify that if a < ~, the
boundary layer will be located near x = 1.

15.5.3 Two Roots

The case of two roots is in general unsolved. It will be clear from the preceding
subsection and from the examples below that many complications are possible.
Apart from examples, it is therefore important to have theory available for
guidance to make the right choices. Chang and Howes (1984) obtained results
that are useful in this respect. The use of maximum principles, can also be
helpful, see in particular Dorr, Parter, and Shampine (1973).

Example 15.9
We turn now to a relatively simple case. Consider the problem

Rl (%-1@) (52 -o0)) . 6200 = a.0.(1) = >0

In analysing the problem, it turns out that the question of whether there are
points xg such that f(zg) = g(zo) in [0, 1] plays a part in the construction.
Assuming that there is no such point, it is not a restriction to put

flx) < g(z),  €[0,1].

There are many possibilities to explore, as putting € = 0 enables us to choose
as a first-order part of a regular expansion

x x 1 1
d d d d
/Of(t)t+a7 / g(t)dt + o, / f(t)t+ﬂ,/mg(t)t+6,
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or combinations of such functions; see Section 6.3, where a similar case with
two roots is discussed. Let us assume that the regular expansion ¢g(x) +
epi(x) + -+ extends to x = 1 and that the choice

po(z) = / ft)ydt+p

is the correct one. For ¢1(z), we find in the usual way

0
‘“(‘”)*/w 70— o™

Our assumptions imply that we have boundary layer behaviour near x = 0.
Introduce the local variable

to obtain the equation
ed* [(1dy 1dy
=i = (s —100) (55 ~o00)

An expansion of the form ¢ = 1o (§) + €¥11(§) + - - - produces diyg/d§ = 0 or
(&) is constant for any choice of §(g). A significant degeneration arises on
choosing

de)=¢, v=1,

with, for v, the equation

- (G -10) (G -0)

Abbreviating f(0) = fo,g(0) = go, we find for the solutions

Y1(€) = gof —In|1 — Ael9o—f0)¢| L B

with A and B suitable constants. Applying the boundary condition at x =
0, we find ¥9(§) = a, B = 0. The possibility of matching is considered by
introducing the intermediate variable

50?6)’ e =o0(do(€)) = & = 0p&o, &= %50

Re-expanding ¢o () +epi(x)+- - and 9o(€)+ep1(€)+- - - in the intermediate
variable shows that matching fails; the reader may wish to check the details
as an exercise.

o =

We will repeat the analysis for an equation where we can obtain the exact
solution; this is a simple case, and there are other cases solvable by quadrature.
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Example 15.10
Consider the problem

¢ _ do <d¢

dr 1) ; 9:(0) = a, 9c(1) = B, 8> 0.

5@ dw
A regular expansion as proposed earlier takes the form
QZ/)()(JU) = 6a ¢1(x) = Oa T

Introducing as before the boundary layer variable £ = z/e and expanding

P(&) = Yo(§) + 1 (€) + - -+, we find

Yo(€) = o, 1 (€) =€ —In|1 — Ae| = —In|A4| — In

e ¢
1——.
A’

Re-expanding in the intermediate variable & yields

do(z) +epr(z) = B,
I [
Yo(§) +ev1(§) = a—eln|A[ + 267?0&’-
We cannot match these expansions. Instead of changing our assumptions or
trying to improve the matching process, we consider the exact solution

oe(x) = —51n|e‘ajm _ et + e % — e_aTH| +eln(l - e_%).

The behaviour of the solution is very sensitive to the choice of the (positive)
boundary values o and (.

Case 0 < B < «
In this case, the term exp(—08/¢) dominates; extracting this term, we can write

a—pB+x z _a—B+1

p(x)=F—eln|l+e = —e=—e = |—|—5ln(1—e*é)
=f-Inl+v(e)e*—e |+ -

with v(e) = exp(—(a — 8)/e). So the boundary layer variable is as predicted
but the expansion involves an unexpected, exponentially small order function.

Case0<a<f<a+1
Extracting again the term exp(—(3/¢), we observe that the exact solution
contains two local variables, near x = 0 and near z = § — o

T r+a—p
£=2, p="12F
€ 3

We can expand the solution for 0 < < f— « away from the boundary layers
near 0 and 3 — « to obtain the regular expansion o+ +- - -. In the interior of
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[ — a, 1], we have the regular expansion found earlier. Both of them should
be matched with the boundary layer expansions.

Case 8 >a+1
It is easy to check that in this case the regular expansion extends to z = 0
and that we have a boundary layer near z = 1.

The analysis of this example inspires handling of the problem of a right-
hand side with two roots as formulated initially. More general choices of f(x)
and g(z) with f(z) < g(z) show phenomena similar to those calculated here
explicitly.

15.6 Application of Maximum Principles

In Chapter 4, we introduced the concept of a formal approximation of a so-
lution. As an illustration, we present a proof of the asymptotic character of a
formal approximation obtained in Chapter 7 on elliptic equations.

In the case of the interior Dirichlet problems studied there, the concept
of formal approximation has the following meaning. Consider the bounded
domain D, boundary I', and the elliptic operator L.. We have to solve the
boundary value problem

Ls¢ = f(x,y)v T € D7¢|F = 0(.%,2/)7
where qz~5(x, y) is a formal approximation of ¢(z,y) if
Leg = f(z,y) +0(1), x € D;o|r = 0(x,y) +o(1).

We can sharpen the definition by specifying the o(1) estimates to be explicit
order functions §(¢), provided §(e) = o(1). For the difference R = ¢ — ¢, we
obtain, because of the linearity of the problem,

L:R=1L.6—L.p=o0(1),
RIF = O(l).

We conclude that to study the difference R we have to consider the same
type of boundary value problem but with an asymptotically small right-hand
side and small boundary values. In the case of elliptic operators L., which we
have studied, maximum principles will tell us that R = o(1). So é is indeed
an asymptotic approximation of ¢. The next example illustrates this for the
problem studied in Section 7.1.

Example 15.11

eAp— ¢ = fa,y), °+y* <1,
o|lr = 0(x,y), with I' the boundary of the domain.
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We found a formal approximation of the form

) = @) + O+ floalr (1= 5p) €02

in which p=1— \/W For the difference R = ¢ — g?), we have
eAR— R =r.(z,y), R|r=0.
It follows from the analysis in Section 6.1 that
re(z,y) = 0O(e), z,ye D, €—0.

From Protter and Weinberger (1967), we use the following maximum principle:
any twice-differentiable function u(x,y) that satisfies

eAu—u>0, z?2+y%<1,
uw<0, z?2+4+9y?=1,

satisfies u < 0 for 22 4+ y? < 1. From our estimate for r, we know that there
exists a positive constant ¢ such that

—ce <r(x,y)<ce, z,yeD, e—0.

We introduce on D the functions Ry (z,y) = ce, R_(z,y) = —ce. Applying
the maximum principle to R — R, we find

eA(R—Ry)— (R—Ry) =r(z,y)+ce>0,
(R—Ry)r =—ce <0,

so that R — Ry < 0 for 22 4 y? < 1. The principle applied to R_ — R yields
R_—R<O0 for 22 +y?><1.
It follows that R- < R < R, or
—ce < (p— @) <ce for x®+9° <1,

SO ¢~> is an asymptotic approximation of ¢ in the domain.
O
The functions R_ and R, that we used in the proof are called barrier func-

tions. In this problem, they are very simple; in general one needs some inge-
nuity to find such functions.
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15.7 Behaviour near the Slow Manifold

In Section 8.6, we saw that the solutions of certain initial value problems

remain in an O(g) neighbourhood of the approximate slow manifold M, for 0 <

t < L. As we shall show, the nearby slow manifold M., assuming that it exists,

is approached exponentially closely. This has some interesting consequences.
Consider the system

&= f(z,y,e), z(0) =x9, x€ DCR", t>0,
ey =g(z,y.€), y(0) =y, y€ GCR™, t>0.

The vector field f is C! and g is C? on the compact domains D and G; f and
g depend smoothly on the small parameter . Suppose that g(z,y,0) = 0 is
solved by § = ¢(x) and that

Re Sp gy(z,c,t) < —u <0, x€D,0<t<L,

where p and L are independent of €. Note that the assumptions of compactness
of D and G are essential for the existence of a unique slow manifold; see also
the discussion in Section 8.5.

e Step 1is then to realise that M is normally hyperbolic and that, according
to Fenichel (1971) and Hirsch, Pugh, and Shub (1977), for £ small enough
an invariant manifold M, exists in an O(e)-neighbourhood of Mj. The
dynamics on M, is slow (in terms of €) and the transversal dynamics is
fast. The collection of stable manifolds on which this fast dynamics takes
place is called the fast foliation.

e Step 2 consists of choosing suitable coordinates near the slow manifold,
usually called Fenichel (1979) coordinates. The smoothness of the vector
fields and the slow manifold enables us to write the system of differential
equations in the form

i = f(z,y,e), x€ DCR", ¢t>0,
ey = Az, e)y + h(z,y,e), ye GCR™, t>0,

where A is an m X m matrix, smoothly dependent on ¢, with the property
Re Sp A(z,e) < —u<0, 2€D,0<t<L,

in which g and L are independent of €. The slow manifold M, has been
shifted to correspond to y = 0; for h(z,y,e), we have the estimate

1A (z, y, )l < Kllyll*

with k a positive constant, and ||.|| indicates the Euclidean norm.
e Step 3 consists of the actual process of obtaining an exponential estimate
based on the steps 1 and 2. First we will present an elegant proof.
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15.7.1 The Proof by Jones and Kopell (1994)

Consider a neighbourhood B of the slow manifold M.. Each point (z,y) € B
has a neighbourhood H, in size independent of &, such that an exponential
estimate for y holds. This follows from the slow variation of x and the classical
Poincaré-Lyapunov estimate (see for instance Verhulst, 2000, Chapter 7). In
other words, if B is sufficiently close to M. and if (z(0),y(0)) € H, then

Iy < Cre™

as long as (z(t),y(t)) € H and for some constant Cp. Because of the com-
pactness, there is a finite covering of B of such neighbourhoods H and it can
be arranged that an orbit passes for 0 < ¢ < L through a finite number of
these neighbourhoods, independent of €. If we need m neighbourhoods, we
have explicitly the estimate

lly(t)|| < Cu,Crry -+~ Chr, e #,0 <t < L.

]

Some details have to be filled in such as the analysis of the neighbourhood
H.

15.7.2 A Proof by Estimating Solutions

A more explicit (but also more elaborate) step 3 runs as follows:
According to the O’Malley-Vasil’eva expansion theorem (Section 8.3), we have
that if ||y(0)|| = O(e), then ||y(t)|| = O(e),0 <t < L. Also, for h(zx,y,e),

ly(O)ll = O(e) = [|h(z,y,e)l| < eK]|lyl],

as long as 0 < ¢t < L and where K is a positive constant independent of e.
Following Flatto and Levinson (1955), the differential equation for y is now
written as

dy
sa = Q(T7 E)y + Q(ta €)y - Q(Ta €)y =+ h('rv Y, 6)7
Q(t,e) smoothly dependent on e and for the pa-

where we put A(z(t),e) =
7 < t < L. Variation of constants produces the integral

rameter 7 : 0 < 7 <
equation

yt) = 2oy 0) 4 1 [ QAN [ (Qls,0) = QUre)uls
+h(z(s),y(s),e)]ds.

Our assumption on the spectrum of Q(¢,¢) yields
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HeQ(T’E)t/EH < Cle Ht/e

for some positive constant C, independent of e. Together with ||y(0)|] = O(¢)
and the estimate for h, we find

t
)] < e/ & [ e t9/4(1Q(s.) = Qe | + Bl s

Now we put ||y(t)||e”/?* = z(t) and choose T = t to obtain

t
oft) < eCettl2e £ & [ emm (L5, ) - Q(t. )| + K)x(s)ds.
0

As g is C2%, we have ||Q(s,e) — Q(t,¢)|| < M|s — t|; we also note that

2e
sup e =928 ) = =,
0<s<t e

so that
t2M
z(t) <eC + C/ ( + K) z(s)ds.
0 \ M€

Putting g = C’(% + K), we find with Gronwall’s inequality (see Verhulst,
2000, Chapter 1):
2(t) < eCePt

or
ly(2)]| < eCe=W/2==Pt/e,

Remarks

1. Tt is possible to relax the differentiability conditions on f and g, but this
complicates the proof somewhat.

2. There is no a priori restriction on the interval bound L. The restriction
of the time interval arises from the conditions that x and y are in the
compacta D and G. If z(t) leaves D as in Examples 8.4 and 8.5 of Section
8.2, this imposes the bound on the time interval of validity of the estimates.
In the application to the two body problem with variable mass in Section
8.4, this theorem applies with L = +oc0.

3. As discussed in Section 8.6, the exponential closeness of the solutions to
the slow manifold M. may cause interesting “sticking” phenomena in the
cases where the slow manifold becomes unstable.
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15.8 An Almost-Periodic Function

As mentioned in Chapter 11, for almost-periodic functions there exists an
analogue of Fourier theory so that a function f(¢) that is almost-periodic in ¢
can be written as

oo

f) = Z(An cos At + By, sin A\ t). (15.1)
n=0

If f(¢) is P-periodic, we would have \,, = n, but in this more general case the
An can be any sequence of real numbers that together form the generalised
Fourier spectrum. The Fourier decomposition is always possible, and to prove
this is one of the fundamental results of the theory; to simplify our discussion,
we assume that the almost-periodic function is already given in this form. For
almost-periodic functions f(t), we have the following properties:

1. Almost-periodic functions are bounded for —oo < t < +o0.
2. The functions can be represented as a uniformly convergent series of the
form (15.1) on —oo < t < 400.

3. The generalised average
1 /7
lim — / F(t)dt
0

T—oo T

always exists.

If f(t) is P-periodic, the generalised average equals the ordinary average. To
see this, write T' = mP +r with m a natural number and 0 < r < P. We have

T mP+r P r
%/0 Ft)dt = %/O F(t)dt = %/0 f(t)dt+%/0 F(t)t.

The last integral is bounded, so if T' (or m) tends to oo, this term vanishes.
Taking the limit, the ordinary average remains.

If the average vanishes, the primitive of a periodic function is bounded and
again periodic. A consequence is that the error arising from averaging is in
the periodic case O(e). In the almost-periodic case, the primitive of f(t) need
not be bounded for all time. This weakens the error estimate, as we shall see
in the following example.

Example 15.12
Consider the almost-periodic function

6 =>" (2ni 1z Sin <2nt+ 1) '

n=0

The series is absolutely and uniformly convergent, as it is majorised by the
series with terms 1/(2n+1)%,n = 0,1, ---. Its average is zero. Because of the
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uniform convergence, the integral of f(¢) exists for each value of ¢ and it can
be obtained by interchanging summation and integration:

/f - <2n11> /ts'“(Qnil)ds
(1_COS(2nt+1>)

t
1" (2n+1)'

> as
D

This series consists of terms greater than or equal to 0 and it is split in a finite
sum and a tail as

N(e)

c- 2 '2 t — . . c- . .
zojznﬂSln 2(2n+1)_Z ' +NZ(E:) "

0
where we define )
2(2N(e) 4+ 1) = entier (6) .

(“entier(1/e)” is the number 1/¢ rounded off to the next natural number.)
For the tail, we have for ¢t < 1/e and as

sin (2(2nt+ 1)) = 2(2nt+ 1)

the estimate

=2 — t2
2 meiin’s <23
N()2n+1 2n+1 et n+142n+1)

As t <2(2n+ 1), this series converges and has size O(1) with respect to e.
The finite sum is estimated as

NE . NE)
in? < <In(2N
20:2n+1sm 2(2n+1)*22n+1 n2N(e) +1).

From the definition of N(g), we conclude that this sum is O(|Ine|).

The error arising from averaging almost-periodic functions can be found from
analysing the growth rate of a (sometimes) divergent series. There is no stan-
dard method for this. The reader might try for instance to estimate the integral
of the almost-periodic function

which also has average zero.
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15.9 Averaging for PDE’s

The averaging theorems of Krol (1989, 1991) can be found in the literature.
As Buitelaar’s (1993) general averaging theorems were published only in his
thesis, we will give an abbreviated account of the ideas.

15.9.1 A General Averaging Formulation

Consider the semilinear initial value problem

% + Aw =ef(w,t,e), w(0) = wo, (15.2)

where —A generates a uniformly bounded Cy-semigroup T'(t), —oo < ¢ < 400,
on the Banach space X. We assume the following basic conditions:

e f is continuously differentiable and uniformly bounded on D x [0, 00) x
[0, 0], where D is an open, bounded set in X.

e f can be expanded with respect to € in a Taylor series, at least to some
order.

A generalised solution of Eq. (15.2) is defined as a solution of the integral
equation:

w(t) =T (t)wo + 5/0 T(t —s)f(w(s),s,e)ds.

It is well-known that under the given conditions for f and with the uniform
boundedness of T'(t) the integral equation has a unique solution that exists
on the timescale 1/¢. The proof follows the usual contraction construction in
Banach spaces. Examples that can be put in this form are the wave equation

Ut — Uz = Ef (Uy Ugy up, ty 2, 8), 20,0 <z <, (15.3)
where
u(0,t) = u(m, t) = 0,u(x,0) = ¢(z), ut(x,0) = (x),0 <z <,
and the cubic Klein-Gordon equation
Ut —um—&-aQu:au?’7 t>0,0<z<ma>0.

Using the variation of constants transformation w(t) = T'(¢t)z(t) for Eq. (15.2),
we find the integral equation corresponding with the so-called standard form

z(t) = wo + 5/0 F(z(s),s,e)ds, F(z,s,e) =T(=s)f(T(s)z,s,e). (15.4)

Assume the existence of the average F° of F given by
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T
FOz) = lim %/0 F(z,s,0)ds (15.5)

T—o0

and the averaging approximation z(t) of z(¢t) by

t
() = wo+ ¢ / FO(3(s))ds. (15.6)
0

Under these rather general conditions, Buitelaar (1993) proves the following
theorems.

Theorem 15.5

(general averaging)

Consider Eq. (15.2) and the corresponding z(t), Z(t) given by Eqs (15.4) and
(15.6) under the basic conditions stated above. If T'(t)Z(¢) exists in an interior
subset of D on the timescale 1/¢, we have

z(t) — Z(t) = o(1)
on the timescale 1/e.

Theorem 15.6

(periodic averaging)

If in addition to the assumptions of theorem 15.5 F(z,t,¢) is T-periodic in ¢,
we have the estimate

2(t) = 2(t) = O(e)
on the timescale 1/e.
It turns out that in the right framework we can again use the methods of

proof as they were developed for averaging in ordinary differential equations.
We present some basic results that are preliminary to this.

15.9.2 Averaging in Banach and Hilbert Spaces

The theory of complex-valued almost-periodic functions was created by Har-
ald Bohr; later the theory was extended to functions with values in Banach
spaces by Bochner.

Definition (Bochner’s criterion)
Let X be a Banach space. Then h : R — X is almost-periodic if and only if h
belongs to the closure, with respect to the uniform convergence on R, of the
set of trigonometric polynomials

{Pn:R—>X:t»—>2ake“’“t|n€N,)\k € R, a GX}.
k=1

The proof of the following basic theorem was pointed out by J.J. Duistermaat.
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Theorem 15.7

Let K be a compact metric space, X a Banach space, and h a continuous func-
tion: K xR — X. Suppose that for every z € K, t +— h(z,t) is almost-periodic,
and assume that the family z — h(z,t) : K — X,¢ € R is equicontinuous.
Then the average

1 T
hY(z) = lim —/ h(z,s)ds
0

T—o0

is well-defined and the limit exists uniformly for z € K. Moreover, if ¢ : R —
K is almost-periodic, then ¢ — h(¢(t),t) is almost-periodic.

Proof

We start with the proof that H : ¢t — (z — h(z,t)) is almost-periodic: R — Y
where Y = C(K : X) is a Banach space, provided with the supnorm. Let
BC(R : X) be the space of bounded continuous mappings: R — X (provided
with the supnorm). The family H, : z — (¢t — h(z,t+ 7)),7 € R is an
equicontinuous family of mappings K — BC(R : X). Foreach z € K, {H,(z) :
7 € R} is a relatively compact subset of BC(R : X). This follows from the
almost-periodicity of ¢ — h(z,t) and Bochner’s criterion. According to the
lemma of Arzela-Ascoli, the family H,,7 € R is relatively compact in C(K :
BC(R : X)). Now the switch H — H : (H(2))(t) = (H(t))(z) is an isometry
from BC(R: C(K : X)) onto C(K : BC(R: X)). We have

sup [|(H(8))(2)|| = |H||
K

[H|| = sup sup [|(H(2))(t)]| = sup
zeK teR R z€

te
Thus H. is equal to the translate 7, H : t — H(t+7) over 7 of H, and the set
{T-H : 7 € R} is relatively compact in BC(R : C(K : X)). It follows that H
is almost-periodic (Bochner’s criterion). This implies that the average ho(z)
exists uniformly for z € K:

HHO - 1/;1{(3)(13 ho(z) — l/oth(z,s)ds

t

= sup ’
zeK

To prove next that t — h(¢(t),t) is almost-periodic, we proceed as follows.
Note that the closure L of {7, H : 7 € R} in BC(R:Y) is compact. Consider
the mapping between spaces,

s:C(R:K)xL— BCR:X),
defined by ~ 3
(¢, H) = (t = H(t)(o(1))).

The compactness of L makes the family of mappings H(t) equicontinuous.
Now the map s is continuous, for we apply the equicontinuity to

H(t)(o(t) — H'(1)(¢/ (1)),

which we can split into
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H(t)(6(1) = H(t) (&' (1) + H(1)(¢' (1) — H'(t)(¢' (1)),

whereas, because of equicontinuity,
s(¢, H) —s(¢/, H') = t = (H(t)(6(1)) — H'(1)(¢/ (1))
implies that s is continuous. Also, we have for the translate
Tr(s(¢, H)) = s(Tr, T-H),

and as {7:¢ : 7 € R} is contained in a compact subset L’ of C(R, X'), we have
that the translates T, (s(¢, H)) are contained in the compact subset s(L’ x L)
of BC(R, X). We conclude that if ¢ is almost-periodic, s(¢, H) is almost-
periodic.

O

We formulate another basic result to produce the framework for theorems 15.5
and 15.6.

Theorem 15.8

Consider Eq. (15.2) with the basic conditions; assume that X is an associated
separable Hilbert space and that —iA is self-adjoint and generates a denu-
merable, complete orthonormal set of eigenfunctions. If f(z,t,0) is almost-
periodic, F(z,t,0) = T(—t)f(T(t)z,t,0) is almost-periodic and the average
Fy(z) exists uniformly for z in compact subsets of D. Morover, a solution
starting in a compact subset of D will remain in the interior of D on the
timescale 1/e.

Proof

For z € X, we have z = ), zrex, and it is well-known that the series
T(t)z = Y, e Pklzper (A the eigenvalues) converges uniformly and is in
general almost-periodic. From Theorem 15.7 it follows that ¢t — F(z,t,0) is
almost-periodic with average Fy(z). The existence of the solution in a compact
subset of D on the timescale 1/e follows from the usual contraction argument.

O
Remarks

1. Apart from the introduction of suitable spaces and norms, the proofs of
the averaging Theorems 15.5 and 15.6 run, with the results formulated in
Theorems 15.7 and 15.8, along the line of proofs using “local averages” in
the cases of ordinary differential equations; see for instance Sanders and
Verhulst (1985). We shall not reproduce them here.

2. That the average FY(z) exists uniformly is very important in the cases
where the spectrum {\;} accumulates near a point that leads to “small
denominators”. Because of this uniform existence, such an accumulation
does not destroy the approximation.
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15.9.3 Application to Hyperbolic Equations

A straightforward application is now to consider semilinear initial value prob-
lems of hyperbolic type,

ugr + Au = ef (u, ug, t,€), w(0) = ug,ut(0) = vy, (15.7)

where A is a positive self-adjoint linear operator on a separable Hilbert space
and f satisfies the basic conditions. This is outlined in Buitelaar (1993) and
for an interesting application in Buitelaar (1994). We briefly mention two
examples.

Example 15.13
Consider the cubic Klein-Gordon equation

utt—um—i—uzsu3, t>00<z<m,

with boundary conditions u(0,t) = u(m,t) = 0.

In this case, the operator A = —% + 1 and a suitable domain for the
eigenfunctions is {u € WbH2(0,7) : u(0) = u(n) = 0}. Here W12(0,7) is
the Sobolev space consisting of functions u € L2(0,7) that have first-order
generalised derivatives in Lo (0, 7). The eigenvalues are A\, = vn?+1,n =
1,2,--- and the spectrum is nonresonant. For general initial conditions, we
obtain by averaging an o(1)-approximation on the timescale 1/¢ (Theorem
15.5).

Example 15.14
Consider the nonlinear wave equation

Upt — Ugy = €U, t>0,0< 2z <,

with boundary conditions u(0, t) = u(r, t) = 0. For the operator A = —52;, we
have eigenfunctions in {u € W2(0,7) : u(0) = u(x) = 0}. The eigenvalues
are \, = n,n = 1,2,--- and the spectrum is resonant. For general initial
conditions, we obtain by averaging an O(e)-approximation on the timescale
1/e (Theorem 15.6).

In all problems, we have to check the basic conditions for the nonlinearities
and the possible resonances in the spectrum. The initial conditions have to
be elements of the corresponding Sobolev space.

In many problems, the initial conditions are expressed as a finite sum of
eigenfunctions. As shown in Chapter 13, this generally leads to improved ap-
proximations and also to a more tractable analysis, as it restricts the number
of possible resonances.



Epilogue

“The time has come,” the Walrus said,

“To talk of many things:

Of shoes - and ships - and sealing waz -

Of cabbages - and kings -

And why the sea is boiling hot -

And whether pigs have wings.”

From “The Walrus and the Carpenter”

in “Through the Looking-glass” by Lewis Carroll

This book focuses on examples and methods, on solving problems and action.
Such an approach has the advantage of showing what analysis can do and how
it works. Hopefully it inspires one to tackle new problems. The danger, on the
other hand, is the widespread misunderstanding that perturbation theory is
“a bag of tricks” with no other merit than that the tricks work. A book full
of examples may obscure the underlying theory and background. One should
realise that nearly all of the perturbation results discussed in this book are
part of established mathematics with rigorous formulations and appropriate
proofs of validity.

The discussion about whether one should emphasise examples and tech-
niques or mathematical foundations has been going on for a long time in
applied mathematics. It is sometimes called the controversy between “doers”
and “provers”. I believe that both attitudes in applied mathematics are one-
sided and impose strong limitations on scientific achievement.

A severe restriction in research to proving the validity of methods will in
the end lead to a lack of inspiration to explore new fields and mathematical
problems. When pursued exclusively, it may even lead to “artificial generali-
sations” without a clear purpose.

The danger in which “doers” find themselves is even more serious. Fol-
lowing your intuition is fine, but one should be aware that reality can be
counterintuitive. Many unexpected results, in expansions, local variables, and
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timescales, were surprises, and surprises are exactly what scientists are look-
ing for. Interesting in such cases is the interplay of exploring examples and
studying mathematical foundations. Examples are the theory of Hamiltonian
systems and slow manifold theory discussed in earlier chapters. No progress
could have been achieved there without many analytic and numerical calcu-
lations hand in hand with basic mathematical theory that was developed in
the same period of time.

Finally, a word about “synthesis”. Is a problem solved when we have a
lot of formulas describing solutions, numerical output, and a few relevant
theorems? Is the accumulation of quantitative information enough to consider
a problem solved? These are questions considered by Henri Poincaré, who
answered them by asking in addition for qualitative insight. He asked for
both quantitative and geometric descriptions of the solutions of problems and
in this way he single-handedly developed the theory of geometric dynamics,
including perturbation theory and topology.

In this modern tradition, there are a number of good examples; we mention
the books by Guckenheimer and Holmes (1997) and Thompson and Stewart
(2002). In our book on perturbation methods, there has been little space for
this kind of synthesis. Both proofs of validity of perturbation techniques and
qualitative, geometric insight have to be supplemented and are essential for a
complete understanding of phenomena and problems.



Answers to Odd-Numbered Exercises

Chapter 2
2.1 |le= €| on [1,2] is respectively O, (e %), 04 (/e ¢), Os(%e_%), OS(%e_%).
For x > /e, |67%| < e VE.
2.3 a. f(z) = Os(g(x)) for x — 0. b. f(z) = o(g(x)) for = — co.
25 6(e)=¢— %53; no, sine — §(g) = o(e?).
2.7 a. From 2.5 f(g) = 6(¢) + O(e%); from 2.6 e2"e™* for e * cose.
b. The combined series converges to f(g).
2.9 a. For 0 < d < x,d independent of €.
b. For |z| < M, M independent of ¢.
2.11 a. Yes. b. The procedure does not apply as predicted by the implicit
function theorem; see the introduction to Chapter 10. '
2.13 a. The stationary solutions satisfy cos £ =0, (1 — 62)%e =3
b. Either e or 1 — e? is small; we have ey = g+ O(e?) and eg = 1 — %(%)% +
O(e3).
2
2150 < fol e~ Tdr < e[ eV dy = 1V/me.

Chapter 3

3.1 a. Expand et in a Taylor series; c. a # 1 (a = 1 trivial):

I'(a,z) =I'(a) — e 2% 1 + O(e 2% 2) as z — 0.

3.5 Transform the integrals by s =t + %5t2, u=—1+ %5t2, respectively.

Chapter 4

41 ¢(x) = —f(x) + f(0)e™VF + f(L)e™ V5 + VEf"(0)e™ V5 + Ef" (L)e™ V% +
O(e).

4.3 a. Near z = 0 with £ = x/¢ degeneration fd% —1;

near ¢ = 1 with n = (1 — z)/e degeneration n% +1-—n

with ¢ = (1 — z)/e? degeneration (¢ — 1)0% + 1.
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2 1-z

b. y(x) = L%—i—&ze e

Chapter 5

51 ¢ () = — 2= + e VE 4 B+
The approximation is formal.
53 a ¢e(z) = Z(1+22) + (a— )e % + -+

2
b. ¢-(z) = 5(1+22) + (a — g)meﬂ% T
asymptotically equivalent but different in the boundary layers.
5.5 a. Rescaling does not work. b. The general solution is

Az~"V1+E 4 By=1=V1+: Because of the singularity, we cannot fit the
boundary condition.

) 7\/6051% I

cos1

Chapter 6
6.1 a. g = 0, ¢, = 0(n > 1) assuming homogeneous boundary conditions.

b. ¢-(x) = Tanjvas T 1_[3(1_@)/\/@'

c. The asymptotic validity follows from the relation with the exact solution
(Example 6.3).

6.3 Assuming a boundary layer for z(t) near t = 0:

() =50 +t) — =5+, yt) = 11+ 1)* +

6.5 a. Not necessarily, as we have to consider solutions outside the saddle loop
(Fig. 6.2); b. idem.

Chapter 7
7.1 In the notation of Section 7.2

¢0(x7y> Ty 1—.1‘2, ¢1($7y) = ! 3 +$’

. (e} |
Po(€, ) = 2sinae 5 by (€, a) = — (€% cos? a — 2€ sin ) e S50,
7.5 Regular expansion gives ¢o(z,y) = —z, suggesting boundary layers near

y =0,y = b, resulting in ¢.(x,y) = —x + ze V/VZ 4 ge=(0-9)/VE ...

Chapter 8
8.1a. x(t) = fot e~ = sin(t — s)ds = Tz (sint — cost) + nge_?

b Consider t = 04(1), transform t = e7, and apply partial integration:
0 —sin(t —s)ds = ¢ fo — sm(t —er)dr =

t/e In(1 + 7) cos(t — eT)dr = —et lns +etln(e +t) —et + -
83 a. Yes. b. e = 0 = by(t) = 3(z +sint),ao(t) = Le? — lcostf Zsint
(slow manifold approximation). Higher order is derived from substitution of
the O’Malley-Vasil’eva expansion with lowest-order boundary layer equation
Do = 2 — 2b4(0) — 280, Bo(0 )—3—b0( ).
8 5 For the energy at large tlme E=3-m,—3e%(1—m,)?+¢e*--- producing
the critical mass m, = % — 86 + et
8.7 Slow manifold approximation y = A +e---, 2 = ao(t) + €--- with

do—i—ao—&—)\agzO.
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Chapter 9
9.1 (Based on Kevorkian and Cole, 1996, Chapter 3) a. « = 1,8 = a. b.

Yi(z) = —p(z), ¥ (x) = L [gla)e "/*dz. c. u(z,t) = Le~t/% fit V(x +
s)e™*/%14(g(s))ds with IO the modified Bessel function of the first kind and

order 0. d. Uy =0,U; = 9(z=2) W = g(m) e—ar .
932 u=0,u=1u=0 unstable. b. 661)? = ug(1 — ug), uo(x,0) = g(x),
85;1 = “Om + (1 — 2ug)uq, u1(z,0) = 0; separation of variables gives
o s o — ¢y (90 _ds _ 9()
fq (1 S) t—i—f s(lfs),0<q<1oru0(x,t)_W.

Note that there appear to be no boundary layers but that the validity of the
approximation is restricted. For a discussion involving the use of the timescale
T = et, see Holmes (1998).

Chapter 10
10.1 a. For a solution zg, we have the requirement 3x3 — (3+¢) # 0 as € — 0;
zg = 1 is a solution if € = 0 so there is no Taylor series near xg = 1.

11 2
boldtert o —2-2:4...
10.3 a. @9 = 1 — 29,70(0) = z(0), i1 = —a1 + 23,21(0) = 0;20(t) =

1+ z(0)e 21 (t) = 1+ (2%(0) + 22(0)t — 1)e=! — 22(0)e 2. b. Yes.
10.5 The periodic solution of the Van der Pol equation: z(f) = 2cosf +
g(3sinf — §sin30) + %+ with 6 = (1 — 5e2)t.

Chapter 11

11.1 7, = —er, — €2 a?“a,l/)a = 0; the approximation is defined by 72(t) =
o1+ 2ari(t))e _Zst,wa( ) = 1o, with ¢ determined by the initial condition
r(0).

11.3 In the notation of Example 11.6 91, = —%5y2a—|— %eayga(y%a—i—y%a), UYoq =
—%ayla - %anla(y%a + y3,), which modifies the Floquet diagram.

115 limp_yoo & f) siné®dt = 0 as [Csint?dt = ./T. We have a(t) =
14+ O(e) on the tlmescale 1/e.

3

11.7 74 = 257"&( r2), wa = 0, with behaviour as in the Van der Pol equa-
tion. _
119 7, = 257“a(1 — 2r2) 4, = 0. Following the remark in Section 11.3, we

have a periodic solutlon with approximation % 2 cos(t + ).

11.11 Stationary solutions of the averaged system e = 0,7, Bore— 4'yr3:|:h =
0 with one or three real solutions and Jacobian condition :|:3’yr + h # 0.
Depending on the parameters, the solutions have a centre (two imaginary
eigenvalues) or a saddle (one positive and one negative eigenvalue) character.

Chapter 12

(t) g —et
12.1 20 1+3 e .

12.3 Resonance mamfolds z = 0 and =z = 1; approximation outside the reso-
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nance manifolds z,(t) = 2(0) + et so if £(0) < 1 we will run into resonance.
Putting ¢1 — ¢2 = 1, we can apply separation of variables to find the integral
%xQ — %x?’ = e — ecos® + ¢ with ¢ determined by the initial conditions.
12.5 Putting 1 = ¢1 — ¢ near x = 1 and 93 = ¢1 + ¢ near z = —1,
the first-order approximation in the resonance manifolds is described by the
equation ¢ — e cosy = 0.

12.7 The first-order approximation for the amplitude is given by r, = —%57“(1,
which implies attraction towards zero. When averaging over the angle, we
conclude that this approximation is valid for all time. Averaging the second-
order terms cannot change this.

12.9 The solutions from the system for (v, vs) are stable, so the higher-order
tongues must be of size O(g?).

12.11 b. Amplitude-phase coordinates and second-order averaging produces
with X = 2(¢1a - ¢2a)

1 1
T1q = 2(12a1a2 3 2)7"1(17“%(1 sin x,
: 5 1 1 1 1
wla _ —52 1201%7,,%01 _ 82(50/1&2 + ga%)'rga + € (EG/IG/Q 2 %)T%a COS X
1 1
Toq = —€ (Eal@ 2“%)7“%(17"% sin x;,
. 9 1 1 2\ 92 5 2 9 1 2\,.2
Poq = —€ (5(11@2 + §a2)7“1a —¢? 12a2r2a +e (12a1a2 - §a2)7“1a COS X.

c. 13, 4+ r3, = 2Ey, which approximates the energy manifold; if taias # a3,
we have as a second integral 7%, (r3,(—a — cosyx) + ) = ¢ with a =
(2a? — 2a1as — 3a3)/(3aras — 2a3), v = 5(af — a3)Eo/(a1az — 5a3), Eo,c
determined by the initial conditions. The second integral describes the folia-
tion into tori of the energy manifold.

d x=0,27m,0 < 5z2— < land x = 7,37,0 < 51— < 1.

9a2—5a1

Chapter 13

13.1 B, = ¢E,(1 - Z(n2 +1)E, — 2(m? + 1)E,,),

E, =cEn(1— —(m +1)E,, — 2(n* +1)E,), n # m; periodic Solutions are
16

16
the normal modes (E,,0),(0,E,,) and E, E,, (This

solution is unstable.)
13.3 u = uy sinnx + u,y, sin mx, n # m produces

CEEE 7( 217)

3 W3
gt 2
and a similar equation for u,,, with the roles of n and m interchanged; 6, , = 1
if p =g, and 9,4 = 0 if p # ¢; putting m # 3n,n # 3m,u, = r, cos(nt +
On)s U = Ty cOS(Mit + ¢y ), ete., we find after averaging

3 1
. 2 . .2 . .2 53
Uy + NUy = €(un + 5m SnU Uy, — Up Uy, + 163m7"um)
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1 9 3 .

Tra = isrna(l — 1—6n2r,2m — ZmQT;aL Ona =0,
1 9 3 .

g = §5Tma(1 — Em%ﬁw — anrfm), Oma = 0.

There are two normal modes and one general position periodic solution.

13.5 To the truncated system are added eBu; and efus; for the trivial solu-
tion, one gets the well-known “lifting” of the stability tongue off the parameter
axis. In general, there are many bifurcations possible; see again the study of
Rand (1996).

Chapter 14
14.1 a.
0u 0%u
TU0 T (2,0) = £(a), wo(r,0) =,
O*uy  0%uy  Oug
a2~ o e @0 =00 =0.
b.

62’11,0 82u1 1 8u0 1 auo

acon " ogon ~ 10e ion
c. Use that ug = 3(f(£) + f(n))-
14.3 To the transformed equation is added —ewuy; only the secularity condi-
tion for a(7) changes and becomes 22 + q = 0.
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periodic solution, 115, 128, 147, 148,
178, 181, 215, 242

periodicity condition, 128-130, 147,
148, 151, 160

persistence, 204

phase-locking, 205, 240

plasma, 18

Poincaré expansion, 145, 156

Poincaré section, 210

Poincaré-Lindstedt, 146, 160, 162, 168,
219

Poincaré-Lyapunov, 291

polar coordinates, 167

polynomial growth, 59

progressive wave, 252, 253

projection, 238

Puisieux series, 271

quadratic nonlinearities, 71
quasiperiodic, 174, 206, 207
quenching, 158

radius of convergence, 161

Rayleigh, 116, 186, 234, 239, 240, 242,
253, 260, 261

regular expansion, 32, 33, 276

relaxation oscillation, 206

resonance, 118, 208, 237, 242

resonance locking, 194, 195

resonance manifold, 191, 193, 195-197,
199

Index 323

resonance zone, 191, 193-195, 199, 201
Riemann function, 135
rod, 236

sawtooth oscillation, 254

Schrodinger equation, 52

second-order, 234

second-order averaging, 212

secular, 249

secular terms, 112

secularity condition, 182, 250, 252

self-adjoint, 231

self-excitation, 235

self-excited oscillation, 158

semigroup, 295

separatrix, 174

signalling, 136

significant degeneration, 39, 45, 49, 50,
191, 192, 194, 281-283

sine-Gordon, 232

singular perturbation, VII, 143

slow diffusion, 121, 123

slow manifold, 94, 101, 102, 109, 111,
114, 115, 118, 139, 290

slowly varying, 169

Sobolev space, 238, 299

soliton, 263, 264

spike, 73

standard form, 166, 167, 169, 170, 179,
233, 295

standing wave, 242

stationary phase, 28

sticking, 102, 110

strongly nonlinear, 132

structurally stable, 271, 273

subcharacteristics, 133, 135, 138

subtraction trick, 36, 44, 46, 49, 103,
276

suspension bridge, 57

Tikhonov theorem, 99, 102, 126, 127

time-like, 136

time-like variable, 188

timescale, 145, 146, 156, 165, 172, 213,
215217, 221

torsion, 236

torus, 201, 202, 204, 206

transcendental equation, 20

translation property, 150
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travelling wave, 139
truncation, 237, 238
turning-point, 48, 61
two-body problem, 106

unexpected timescales, 184
uniformly elliptic, 228
uniformly valid expansion, 34
unsolvability, 63, 279

Van der Pol equation, 116, 149, 151,
159, 163, 167, 178, 180, 181, 212,
220

Van der Pol perturbation, 266

Van der Pol-equation, 168

variation of constants, 166, 170, 171,
228, 229, 231, 291

variational principle, 256

Watson’s lemma, 27

wave equation, 237, 249, 299
wave trains, 254, 256
wind-induced vibration, 239
WKBJ method, 52
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